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PREFACE 


HIS may be regarded as the sixth edition of a Treatise on the Mathematical 
Theory of the Motion of Fluids, published in 1879. Subsequent editions, 
largely remodelled and extended, have appeared under the present title. 


In this issue no change has been made in the general plan and arrangement, 
but the work has again been revised throughout, some important omissions 


have been made good, and much new matter has been introduced. 


The subject has in recent years received considerable developments, in the 
theory of the tides for instance, and in various directions bearing on the 
problems of aeronautics, and it is interesting to note that the “classical” 
Hydrodynamics, often referred to with a shade of depreciation, is here found 
to have a widening field of practical applications. Owing to the elaborate 
nature of some of these researches it has not always been possible to 
fit an adequate account of them into the frame of this book, but attempts 
have occasionally been made to give some indication of the more important 


results, and of the methods employed. 


As in previous editions, pains have been taken to make due acknowledg- 
ment of authorities in the footnotes, but it appears necessary to add that the 
original proofs have often been considerably modified in the text. 

I have again to thank the staff of the University Press for much valued 


assistance during the printing. 


HORACE LAMB 


April 1932 
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HY DRODYNAMICS 


CHAPTER I 
THE EQUATIONS OF MOTION 


1. THE following investigations proceed on the assumption that the matter 
with which we deal may be treated as practically continuous and homogeneous 
in structure; t.e. we assume that the properties of the smallest portions into 
which we can conceive it to be divided are the same as those of the substance 
in bulk. 

The fundamental property of a fluid is that it cannot be in equilibrium in 
a state of stress such that the mutual action between two adjacent parts is 
oblique to the common surface. This property is the basis of Hydrostatics, 
and is verified by the complete agreement of the deductions of that science 
with experiment. Very slight observation is enough, however, to convince 
us that oblique stresses may exist in fluids in motion. Let us suppose for 
instance that a vessel in the form of a circular cylinder, containing water 
(or other liquid), is made to rotate about its axis, which is vertical. If the 
angular velocity of the vessel be constant, the fluid is soon found to be rotat- 
ing with the vessel as one solid body. If the vessel be now brought to rest, the 
motion of the fluid continues for some time, but gradually subsides, and at 
length ceases altogether; and it is found that during this process the portions 
of fluid which are further from the axis lag behind those which are nearer, 
and have their motion more rapidly checked. These phenomena point to the 
existence of mutual actions between contiguous elements which are partly 
tangential to the common surface. For if the mutual action were everywhere 
wholly normal, it is obvious that the moment of momentum, about the axis 
of the vessel, of any portion of fluid bounded by a surface of revolution about 
this axis, would be constant. We infer, moreover, that these tangential stresses 
are not called into play so long as the fluid moves as a solid body, but only 
whilst a change of shape of some portion of the mass is going on, and that 
their tendency is to oppose this change of shape. 


2. It is usual, however, in the first instance to neglect the tangential 
stresses altogether. Their effect is in many practical cases small, and, inde- 
pendently of this, it is convenient to divide the not inconsiderable difficulties 
of our subject. by investigating first the effects of purely normal stress. The 
further consideration of the laws of tangential stress is accordingly deferred 
till Chapter X1. 


LH 
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If the stress exerted across any small plane area situate at a point P of 
the fluid be wholly normal, its intensity (per 
unit area) is the same for all aspects of the B 
plane. The following proof of this theorem 
is given here for purposes of reference. 
Through P draw three straight lines PA, 
PB, PC mutually at right angles, and let 
a plane whose direction-cosines relatively to 
these lines are J, m, n, passing infinitely 
close to P, meet them in A, B, C. Let 
Pp, P1, P2, Ps denote the intensities of the 
stresses* across the faces ABC, PBC, PCA, PAB, respectively, of the 
tetrahedron PABC. If A be the area of the first-mentioned face, the areas 
of the others are, in order, JA, mA, nA. Hence if we form the equation of 
motion of the tetrahedron parallel to PA we have p; .lA=pl . A, where we 
have omitted the terms which express the rate of change of momentum, and 
the component of the extraneous forces, because they are ultimately propor- 
tional to the mass of the tetrahedron, and therefore of the third order of 
small linear quantities, whilst the terms retained are of the second. We 
have then, ultimately, p=p,, and similarly p=p,=p3, which proves the 
theorem. 


Cc 


3. The equations of motion of a fluid have been obtained in two different 
forms, corresponding to the two ways in which the problem of determining 
the motion of a fluid mass, acted on by given forces and subject to given 
conditions, may be viewed. We may either regard as the object of our 
investigations a knowledge of the velocity, the pressure, and the density, 
at all points of space occupied by the fluid, for all instants; or we may seek 
to determine the history of every particle. The equations obtained on these 
two plans are conveniently designated, as by German mathematicians, the 
‘Eulerian’ and the ‘Lagrangian’ forms of the hydrokinetic equations, although 
both forms are in reality due to Euler+. 


The Eulerian Equations. 


4. Let u,v, w be the components, parallel to the co-ordinate axes, of the 
velocity at the point (#, y, z) at the time ¢. These quantities are then 
functions of the independent variables a, y, z, t. For any particular value of 
t they define the motion at that instant at all points of space occupied by 


* Reckoned positive when pressures, negative when tensions. Most fluids are, however, 
incapable under ordinary conditions of supporting more than an exceedingly slight degree of 
tension, so that p is nearly always positive. 

+ ‘“Principes généraux du mouvement des fluides,’’ Hist. de l’ Acad. de Berlin, 1755. 

‘*De principiis motus fluidorum,’’ Novi Comm. dead, Petrop. xiv. 1 (1759). 

Lagrange gave three investigations of the equations of motion; first, incidentally, in 
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the fluid; whilst for particular values of x, y, z they give the history of 
what goes on at a particular place. 


We shall suppose, for the most part, not only that w, v, w are finite and 
continuous functions of 2, y, z, but that their space-derivatives of the first 
order (0u/dx, dv/dx, dw/dx, &e.) are everywhere finite*; we shall understand 
by the term ‘continuous motion,’ a motion subject to these restrictions. 
Cases of exception, if they present themselves, will require separate examina- 
tion. In continuous motion, as thus defined, the relative velocity of any two 
neighbouring particles P, P’ will always be infinitely small, so that the line 
PP’ will always remain of the same order of magnitude. It follows that if 
we imagine a small! closed surface to be drawn, surrounding P, and suppose 
it to move with the fluid, it will always enclose the same matter. And any 
surface whatever, which moves with the fluid, completely and permanently 
separates the matter on the two sides of it. 


5. The values of wu, v, w for successive values of t give as it were a series 
of pictures of consecutive stages of the motion, in which however there is no 
immediate means of tracing the identity of any one particle. 


To calculate the rate at which any function F(a, y, z, t) varies for a 
moving particle, we may remark that at the time ¢ + d¢ the particle which was 
originally in the position (a, y, z) is in the position (v7+ wt, y+ vot, z+ wot), 
so that the corresponding value of F is 


oF oF oF oF 
F(a@+uét, y + vdt, 2+ wot, t+ ot)=F+udt~ + Diy. + wot + ot = 
If, after Stokes, we introduce the symbol D/Dt to denote a differentiation 
following the motion of the fluid, the new value of F is also expressed by 
F+DF/Dt.&t, whence 
DPF _oF | er pee ee 
Di ot” On 


6. To form the dynamical equations, let p be the pressure, p the density, 
X,Y, Z the components of the extraneous forces per unit mass, at the point 
(x, y, 2) at the time ¢. Let us take an element having its centre at (a, y, 2), 
and its edges 62, dy, 6z parallel to the rectangular co-ordinate axes. The rate 
at which the #-component of the momentum of this element is increasing 1s 
p ox by 62 Du/Dt; and this must be equal to the z-component of the forces 


connection with the principle of Least Action, in the Miscellanea Taurinensia, ii. (1760) [Ocwvres, 
Paris, 1867-92, i.]; secondly in his ‘‘ Mémoire sur la Théorie du Mouvement des Fluides,’’ Nowv. 
mém. de V Acad. de Berlin, 1781 [Oeuvres, iv.]; and thirdly in the Mécanique Analytique. In this 
last exposition he starts with the second form of the equations (Art. 14, below), but translates 


them at once into the ‘ Eulerian’ notation. 
* It is important to bear in mind, with a view to some later developments under the head of 


Vortex Motion, that these derivatives need not be assumed to be continuous. 
I-2 


4 The Equations of Motion (CHAP. I 


acting on the element. Of these the extraneous forces give pdxdydzX. The 
pressure on the yz-face which is nearest the origin will be ultimately 
(p—40p/dx . dx) dy d2*, 
that on the opposite face 
(p+40p/dx. dx) dy dz. 
The difference of these gives a resultant — dp/dx. dx dy Sz in the direction of 
a-positive. The pressures on the remaining faces are perpendicular to a. 
We have then 
Du 
Dt 
Substituting the value of Du/D¢ from (1), and writing down the sym- 
metrical equations, we have 


p ox dy dz = pdndydz X— LP daby6e. 


du, ou. du Ou 5 lop 
Vo ba.) by ues Ome oe 
ov ov ou ov 1 op 

at pan ng Vt SE ah 8 atin see 2 
Sides Ocuahe Or imies Oe poy’ @) 
Ow ow “ew ow 1 op 
Oe LOmioue poz 


7. To these dynamical equations we must join, in the first place, a 
certain kinematical relation between u, v, w, p, obtained as follows. 


If Q be the volume of a moving element, we have, on account of the 
constancy of mass, 
D.pQ _ 0 


Dt 

1 Dp taO 

; oe + Dy mr cette etic (1) 
To calculate the value of 1/Q.DQ/D#, let the element in question be that 
which at time ¢ fills the rectangular space d2éy6z having one corner P at 
(x, y, 2), and the edges PL, PM, PN (say) parallel to the co-ordinate axes. 
At time ¢+ d¢ the same element will form an oblique parallelepiped, and since 
the velocities of the particle L relative to the particle P are du/da. 682, 


dv/da . dx, 0w/dx. da, the projections of the edge PZ on the co-ordinate axes 
become, after the time &t, 


Ou ov ow 
(1+ 5% 8) be, sot. bz, S880, 6 


respectively. To the first order in 6¢, the length of this edge is now 


(1 + a 3) $a, 
Ox 


and similarly for the remaining edges. Since the angles of the parallelepiped 


or 


* It is easily seen, by Taylor’s theorem, that the mean pressure over any face of the element 
dx dy 6z may be taken to be equal to the pressure at the centre of that face. 
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differ infinitely little from right angles, the volume is still given, to the first 
order in 8¢, by the Ne of the three edges, 7.e. we have 


ae a= {1 +(S4 +t oe) x dbx dy 62, 


1DQ du. ov dw 
or © Di ~3a Weep 7 (2) 


Hence (1) becomes 


Dp Qu dv ow 
a p(s at ge) =o cgi Meant: (3) 
This is called the ‘equation of continuity.’ 
The expression rb ald 1 O8 veem ade alee atnta (4) 


ant ay t Oe? 
which, as we have seen, measures the rate of dilatation of the fluid at the 
point (2, y,2), is conveniently called the ‘expansion’ at that point. From a 
more general point of view the expression (4) is called the ‘divergence’ of the 
vector (u,v, w); it is often denoted briefly by 

div (u, v, w). 

The preceding investigation is substantially that given by Euler*. 
Another, and now more usual, method of obtaining the equation of con- 
tinuity is, instead of following the motion of a fluid element, to fix the 
attention on an element dx5y6z of space, and to calculate the change pro- 
duced in the included mass by the flux across the boundary. If the centre 
of the element be at (a, y, z), the amount of matter which per unit time enters 
it across the yz-face nearest the origin is 


(ou-4 ye Bx) dy8e, 
and the amount which leaves it by the opposite face is 
(pw ad =P ba) By Bz 


The two faces together give a gain 


per unit time. Calculating in the same way the effect of the flux across the 
remaining faces, we have for the total gain of mass, per unit time, in the 
space dry 6z, the formula 
OP. oO: PU 0. fe) 
-(e ae Per +—~— | dx dy 6z. 

Since the quantity of matter in any region can vary only in consequence of 
the flux across the boundary, this must be equal to 

a) 

a (pda8y68z), 


* Uc. ante p. 2. 
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whence we get the equation of continuity in the form 


Op ,0.pu ,0.pv , 0.pw_ 
au et By Faas ox Digan venues ve wod cee rene 


8. It remains to put in evidence the physical properties of the fluid, so 
far as these affect the quantities which occur in our equations. 

In an ‘incompressible’ fluid, or liquid, we have Dp/Dt= 0, in which case 
the equation of continuity takes the simple form 

cat pt Gy =O. Ps tas | ee (1) 

It is not assumed here that the fluid is of wniform density, though this is of 
course by far the most important case. 

If we wish to take account of the slight compressibility of actual liquids, 
we shall have a relation of the form 


= KP po) Por tc tev tase oot tonne een eee (2) 


or Pipa Lae Dyke 2. aces santas ceeer ee ene (3) 
where « denotes what is called the ‘elasticity of volume.’ 
In the case of a gas whose temperature is uniform and constant we have 
the ‘isothermal’ relation 
DD) Dg = Pl Po seesscsces och aametement eens eee (4) 
where , po are any pair of corresponding values for the temperature in 
question. 


In most cases of motion of gases, however, the temperature is not constant, 
but rises and falls, for each element, as the gas is compressed or rarefied. 
When the changes are so rapid that we can ignore the gain or loss of heat 
by an element due to conduction and radiation, we have the ‘adiabatic’ 
relation 

p/po = (p/po)”, aval svore ate selotestcieieteleretereveraieraisrsieteiaiete (5) 
where po and po are any pair of corresponding values for the element con- 
sidered. The constant y is the ratio of the two specific heats of the gas; for 
atmospheric air, and some other gases, its value is about 1°408. 


9. At the boundaries (if any) of the fluid, the equation of continuity is 
replaced by a special surface-condition, Thus at a fiwed boundary, the velocity 
of the fluid perpendicular to the surface must be zero, ze. if J, m, n be the 
direction-cosines of the normal, 

lef teany 4 Nw SO Desa iake adie ee eons eee (1) 
Again at a surface of discontinuity, 7.e. a surface at which the values of wu, v, w 
change abruptly as we pass from one side to the other, we must have 
1 (ty — Ug) + m (V1 — Ve) + n (Wy — We) = O, AOC GOOROOATO IG (2) 
where the suffixes are used to distinguish the values on the two sides. The 
same relation must hold at the common surface of a fluid and a moving solid. 
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The general surface-condition, of which these are particular cases, is that 
if F(a, y, z, t)=0 be the equation of a bounding surface, we must have at 
every point of it 

DET Dies OFF meee ake ces finn case ck Sree OO) 
For the velocity relative to the surface of a particle lying in it must be 
wholly tangential (or zero), otherwise we should have a finite flow of fluid 
across it. It follows that the instantaneous rate of variation of F' for a 
surface-particle must be zero. 

A fuller proof, given by Lord Kelvin*, is as follows. To find the rate of motion (+) of 
the surface F(z, y, z, t)=0, normal to itself, we write 

F(2+lodt, yt+mrdt, z+nidt, t+6t)=0, . 
where 7, m, n are the direction-cosines of the normal at (x, y, z). Hence 


be HOLY OF OF \ OF 
. (: ot oy ay ==) +3 ah 
VU Ose hi 
Since (2, m, n)= (= ; ay" =)* , 
(INS LENS, HENNE: 
nee B=1(z) +05) +) Pe 
pes a 
we have i OR aye niu D: ee /alviai Glee l= lols fele(ololelelelele svelcinceie’stelert:< Rcaieloletalsieiete (4) 


At every point of the surface we must have 
p=lu+mv+nu, 
which leads, on substitution of the above values of J, m, n, to the equation (3), 


The partial differential equation (3) is also satisfied by any surface moving with the 
fluid. This follows at once from the meaning of the operator D/D¢t. A question arises as 
to whether the converse necessarily holds; 7.e. whether a moving surface whose equation 
F=0 satisfies (3) will always consist of the same particles. Considering any such surface, 
let us fix our attention on a particle P situate on it at time ¢. The equation (3° expresses 
that the rate at which P is separating from the surface is at this instant zero: and it is 
easily seen that if the motion be continuous (according to the definition of Art. 4), the 
normal velocity, relative to the moving surface F, of a particle at an infinitesimal distance 
¢ from it is of the order ¢, viz. it is equal to (¢ where G@ is finite. Hence the equation of 
motion of the particle P relative to the surface may be written 


DOIDI= GG, 
This shews that log ¢ increases at a finite rate, and since it is negative infinite to begin 
with (when ¢=0), it remains so throughout, 7.¢. ¢ remains zero for the particle P. 
The same result follows from the nature of the solution of 
or 5 OF e Oly OF 
Ot Ox oy 
considered as a partial differential equation in #’t+. The subsidiary system of or amare 


differential equations is 


* (W. Thomson) ‘‘Notes on Hydrodynamics,” Camb. and Dub, Math. Journ. Feb, 1848, 
[Mathematical and Physical Papers, Cambridge, 1882..., i. 83.] 
+ Lagrange, Ocwvres, iv. 706. 
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in which w, y, z are regarded as functions of the independent variable ¢. These are 
evidently the equations to find the paths of the particles, and their integrals may be 
supposed put in the forms 

B=f,(a, b,c, t), y=fo(a, b,c, 2), 2=fg (a, d, G1),  s.scrneeeerononene (7) 
where the arbitrary constants a, b, c are any three quantities serving to identify a particle ; 
for instance they may be the initial co-ordinates. The general solution of (5) is then found 
by elimination of a, 6, c between (7) and 


PLT Fee, ee Se ae eee (8) 


where y is an arbitrary function. This shews that a particle once in the surface /’=0 
remains in it throughout the motion. 


Equation of Energy. 


10. In most cases which we shall have occasion to consider the extraneous 
forces have a potential; viz. we have 


a2 a 20 
X,Y, Ba a ee cette (1) 


The physical meaning of © is that it denotes the potential energy, per unit 
mass, at the point (a, y, z), in respect of forces acting at a distance. It will 
be sufficient for the present to consider the case where the field of extraneous 
force is constant with respect to the time, z.e. dQ/dt=0. If we now multiply 
the equations (2) of Art. 6 by wu, v, w, in order, and add, we obtain a result 
which may be written 


D DO Op Op Op 
Sees /pyel abe 2 pole i Z 
oP Fy (Ue + v8 + w*) + pe = (ugh tose ewe). 
If we multiply this by 6a dy6z, and integrate over any region, we find 
D AW op op op 
ara Os [[[(uh+eZ+wg) aedyae sas atone (2) 
where T=4ffp (w+? + w*) dxdy dz, V=[ffOpdadydz, ...... (3) 


ae. T’and V denote the kinetic energy and the potential energy in relation 
to the field of extraneous force, of the fluid which at the moment occupies 
the region in question. The triple integral on the right-hand side of (2) may 
be transformed by a process which will often recur in our subject. Thus, by 
a partial integration, 


[[fuge awayae = ff tou dyde—{{f po* dady dl, 


where [pu] is used to indicate that the values of pu at the points where the 
boundary of the region is met by a line parallel to « are to be taken, with 
proper signs. If 1, m, n be the direction-cosines of the inwardly directed 
normal to any element 6S of this boundary, we have dyz = + 18S, the signs 
alternating at the successive intersections referred to. We thus find that 


Sf(pu]dydz =— f{pul dS, 


9-10] Energy 9 


where the integration extends over the whole bounding surface. Transforming 
the eae terms in a similar manner, we obtain 


4 ow 


a (P+V)= = [fp Gut mo + nw) s+ [|[p G4 +e +52) deedy de (4) 


In the case of an incompressible fluid this reduces to the form 
D 
itt r)=|| (lu+mu+nw) pdS. ....ccecceeceeee (5) 


Since lu + mv + nw denotes the velocity of a fluid particle in the direction of 
the normal, the latter integral expresses the rate at which the pressures pS 
exerted from without on the various elements SS of the boundary are doing 
work. Hence the total increase of energy, kinetic and potential, of any 
portion of the liquid, is equal to the work done by the pressures on its 
surface. 
In particular, if the fluid be bounded on all sides by fixed walls, we have 
lu+mvu+nw=0 


over the boundary, and therefore 
TEAAY Cex CONSUL Mere er ete ee ere Ne eee (6) 


A similar interpretation can be given to the more general equation (4), 
provided p be a function of p only. If we write 


E=—|pd (*), ON i ae (7) 


then # measures the work done by unit mass of the fluid against external 
pressure, as it passes, under the supposed relation between p and p, from its 
actual volume to some standard volume. For example, if the unit mass were 
enclosed in a cylinder with a sliding piston of area A, then when the piston 
is pushed outwards through a space éz, the work done is pA. 6a, of which 
the factor Aéz denotes the increment of volume, t.e. of p~4. In the case of the 
adiabatic relation we find 


We may call # the intrinsic energy of the fluid, per unit mass. Now, recalling 
the interpretation of the expression 

du/dx + dv/dy + dw/dz, 
given in Art. 7, we see that the volume-integral in (4) measures the rate 
at which the various elements of the fluid are losing intrinsic energy by 
expansion; it is therefore equal to — DW/Dt, 


where WW Ee GOLOY CC, cncsaencnccecta dete corse (9) 


Hence a (P+ + W)= | | Di my PHW)GS. scores. (10) 
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The total energy, which is now partly kinetic, partly potential in relation to 
a constant field of force, and partly intrinsic, is therefore increasing at a rate 
equal to that at which work is being done on the boundary by pressure from 
without. 

On the isothermal hypothesis we should have 


H= © lo (P) pe) jessscscencrsecs seaeeme nares (11) 


where c?= po/po. This measures the ‘free energy’ per unit mass. With this 
definition of H we have an equation of the same form as (10), although the 
meaning is different. 


Transfer of Momentum. 


10a. if we fix our attention on the fluid which at the instant t occupies 
a certain region, the space which it occupies after a time 6¢ will differ from 
the original region by the addition of a surface film of (positive or negative) 


thickness 
(lu+mv+nw) &t, 


where (J, m, n) is the direction of the outward normal to the surface. Hence 
it is easy to see that the rate, at time ¢, at which the momentum of this 
particular portion of fluid is increasing is equal to the rate of increase of the 
momentum contained in a fived region having the same boundary, together 
with the flux of momentum outwards across the boundary. 

In symbols, considering momentum parallel to Ox, we have 


Du Ou du Ou Ou 
||| ee dedydz=||| p (G+ use tom +e.) dxdydz 


= |[[ogeawdyas + [ex (lu + mv + nw) dS 


- [fe EO = 2s) arnt 


= 5 |[[oudedyde + [| pu Clu + mv + nw) as, Poee oes (1) 
by Art. 7 (5). 

In steady motion (Art. 21) the first term on the right hand disappears, 
and the rate of increase of momentum of any portion of fluid is equal to the 
flux of momentum outwards across its boundary. 

Conversely, if we apply the above principle to the fluid contained at any 
instant in a rectangular space 6ady8z, we reproduce the equation of motion 
(Art. 6). 

Impulsive Generation of Motion. 


11. If at any instant impulsive forces act bodily on the fluid, or if the 
boundary conditions suddenly change, a sudden alteration in the motion may 
take place. The latter case may arise, for instance, when a solid immersed 
in the fluid is suddenly set in motion. 
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Let p be the density, u, v, w the component velocities immediately before, 
u’, v’, w’ those immediately after the impulse, X’, Y’, Z’ the components of 
the extraneous impulsive forces per unit mass, o the impulsive pressure, 
at the point (a, y, z). The change cf momentum parallel to x of the element 
defined in Art. 6 is then pdxdy8z(u’—u); the z-component of the extraneous 
impulsive forces is péad5y8zX', and the resultant impulsive pressure in the 
same direction is —da/da.da5y6z. Since an impulse is to be regarded as an 
infinitely great force acting for an infinitely short time (7, say), the effects of 
all finite forces during this interval are to be neglected. 


Hence, pdx dy 82 (u!—u) = pdabySz.X’—° dabyae, 
or ee eee 
p 0x 
ldo 
Similarly, Og A Oe a Ny, SN TRIS a c'se niew oldie Sos oon il 
y Sn (1) 
ldo 


These equations might also have been deduced from (2) of Art. 6, by 
multiplying the latter by 5¢, integrating between the limits 0 and 7, putting 


x'=|" Xde V/=| Yas Z'=|" Lat, o=| pat, 
0 0 ¥ 2 


and then making 7 tend to the limit zero. 

In a liquid an instantaneous change of motion can be produced by the 
action of impulsive pressures only, even when no impulsive forces act bodily 
on the mass. In this case we have X’, Y’, Z’=0, so that 


If we differentiate these equations with respect to 2, y, z, respectively, and 
add, and if we further suppose the density to be uniform, we find by Art. 8 (1) 


that 
Cao Ca a 


Oa? " dy® ” dz? 
The problem then, in any given case, is to determine a value of @ satisfying 
this equation and the proper boundary conditions* ; the instantaneous change 
of motion is then given by (2). 


* Tt will appear in Chapter m1. that the value of @ is thus determinate, save as to an additive 
constant. 


= 0. 
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Equations referred to Moving Axes. 


12. It is sometimes convenient in special problems to employ a system 
of rectangular axes which is itself in motion. The motion of this frame may 
be specified by the component velocities u, v, w of the origin, and the com- 
ponent rotations p, q,r, all referred to the instantaneous positions of the axes. 
If u, v, w be the component velocities of a fluid particle at (a, y, 2), the rates 
of change of its co-ordinates relative to the moving frame will be 


Dex 


¥y Dz 1 
Di =u-ut+ry—qz, —=v-vtpe-rae, = =w-wigqe—py. ...(1) 


Dt 


After a time 6&¢ the velocities of the particle parallel to the new positions 
of the co-ordinate axes will have become 


ou ouDa du Dy . du Dz 
ut(5 tae Dt cy Diwnes Di) & 
To find the component accelerations we must resolve these parallel to the 
original positions of the axes in the manner explained in books on Dynamics. 


In this way we obtain the expressions 


ou ou Dx du Des du Dz 


Bian, Leh ao Tea tyiDimios Der 
ov dv Da dv Dy , dv Dz 

oe Cy 6 Ee ee 3 
Dine” ik! Tp DeMeyn Dee as hDbs @) 


dw Da  dwDy dwDz 
= Teh Be aap Di + dy Di * de Di’ 
These will replace the expressions in the left-hand members of Art. 6 (2)*. 


The general equation of continuity is 


op 0 f De Ob; Da\ aio. (Dz 
at am Di) toy (Poe) tae Pg) =o eer eceecene (4) 
reducing in the case of incompressibility to the form 
Ou ov. ow 
aie + ay a. Oe LA Pe CIOTSICIPOI IES AC OG LO OO DOROBIAA (5) 


as before. 


The Lagrangian Hquations. 


13. Let a, b,c be the initial co-ordinates of any particle of fluid, a, y, z 
its co-ordinates at time ¢ We here consider 2, y, z as functions of the 
independent variables a, b, c, t; their values in terms of these quantities give 
the whole history of every particle of the fluid. The velocities parallel to 


* Greenhill, ‘‘On the General Motion of a Liquid Ellipsoid...,’? Proc. Camb. Phil. Soc. iv. 
4 (1880). 
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the axes of co-ordinates of the particle (a, b, c) at time t are dx/dt, Oy/dt, dz/dt, 
and the component accelerations in the same directions are 0%x/dt?, 0y/dt?, 
0°z/ot?. Let p be the pressure and p the density in the neighbourhood of 
this particle at time t; X, Y, Z the components of the extraneous forces per 
unit mass acting there. Considering the motion of the mass of fluid which 
at time t occupies the differential element of volume dx5y8z, we find, by the 
same reasoning as in Art. 6, 


oft _y _1op 
ou p 0x’ 
ey _ p_1op 
Ce p oy’ 
Oz _ lop 
oar ae p 0z 


These equations contain differential coefficients with respect to «, y, z, whereas 
our independent variables are a, b, c, t. To eliminate these differential coef- 
ficients, we multiply the above equations by dx/da, dy/da, dz/da, respectively, 
and add; a second time by é/db, dy/db, dz/db, and add; and again a third time 
by dax/éc, Oy/dc, dz/dc, and add. We thus get the three equations 


On Ge. {ory Whee +(G E \ a + lop _ 
@ m x) da * Gs ¥)3 ao ROA eed ta bo bak 
Oa On /e*y oy (a ef \s + Lopes 
aa aaee Y) 3+ iim) ap shagtap Th 
Ox dx (d*y OY Pz pV 0g. lop 
eee 4s +(% 7 tee e 


These are the ‘Lagrangian’ forms of the dynamical equations. 


14. To find the form which the equation of continuity assumes in terms 
of our present variables, we consider the element of fluid which originally 
occupied a rectangular parallelepiped having its centre at the point (a, b, c), 
and its edges 6a, 6b, dc parallel to the axes. At the time ¢ the same element 
forms an oblique parallelepiped. The centre now has for its co-ordinates 
az, y, 2; and the projections of the edges on the co-ordinate axes are 
respectively 


0a Ou 0a 

0x oy dz 

oi 6b, ah 6b, ab 6b; 
0x 
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The volume of the parallelepiped is therefore 


ao tye 
da’ da oda 
Ou Oy 02 
a5? ab? DD 6a 8b 6éc, 
ae dy ae 
dc. 00° dé 
ee , 0 (a, y, 2) 
or, as it is often written, —— ~~ §a db6de. 
d (a, b, c) 
Hence, since the mass of the element is unchanged, we have 
0 (a, Y, Z 
px a ; 5 ME 9; waacesonsscrasedacdeecnsnseneat (1) 


where pp is the initial density at (a, 6, c). 
In the case of an incompressible fluid p = po, so that (1) becomes 


C(t, 954) 1 bap coun va hmenabte (2) 


Weber’s Transformation. 
15. If as in Art. 10 the forces X, Y, Z have a potential 0, the dynamical 
equations of Art. 13 may be written 
Onda  Pydy ozdz 002 1dp 
of da dt? da Ot Oa 0a =poda 
Let us integrate these equations with respect to ¢ between the limits 0 and ¢. 
We remark that 
ee = (Fx. (3 Ow 4 
o ot da wl oto |e o ot daot 
Ox Ox Ont * s/Ga\2 
Tar ag tO Bae J, 3) dt, 
where u% is the initial value of the w-component of velocity of the particle 
(a, b,c). Hence if we write 


fe IF || ret (3) + (22) + Gi) {| dt dece (1) 


we find * ; 
On dx | Oy dy , dz dz Roy 
dt 0a Ota tda aa’ 
Ox 0x dy dy , dz Oz oN 
a ooh tT RDB aR p Ce (2) 
Ox dx dy dy , dz 0z ox 


= ~— —-W= 


AR Sor as oP ia 
ot 0c Ot dc dtdc "0c 
* H. Weber, ‘‘ Ueber eine Transformation der hydrodynamischen Gleichungen,’’ Crelle, xviii. 
(1868). It is assumed in (1) that the density p, if not uniform, is a function of p only. 
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These three equations, together with 


x (oP +0-41(5) +(4) +t. Pe E.. (3) 


and the equation of continuity, are the partial differential equations to be 
satisfied by the five unknown quantities 2, y, z,p,v; p being supposed already 
eliminated by means of one of the relations of Art. 8. 
The initial conditions to be satisfied are 
zZ=a, y=b, z=c, x=0. 


16. It is to be remarked that the quantities a, b, c need not be restricted 
to mean the initial co-ordinates of a particle; they may be any three quanti- 
ties which serve to identify a particle, and which vary continuously from one 
particle to another. If we thus generalize the meanings of a, b, c, the form of 
the dynamical equations of Art. 13 is not altered; to find the form which the 
equation of continuity assumes, let 29, yo, 2 now denote the initial co-ordinates 
of the particle to which a, b,c refer. The initial volume of the parallepiped, 
whose centre is at (29, Yo, 20) and whose edges correspond to variations 6a, 8b, Sc 
of the parameters a, }, ¢, is 


0 (9, Yoo 20) 6a) &c, 


0 (a, b,c) 
4) YJ; rs) > YO 
so that we have p aes =, orealiente 5 PR re! (1) 


or, for an incompressible fluid, 


O(a, 9) 2) _ 2 (0 Yo 20) e 
0 (a, b,c) aaa 0 (a, b, c) O GonEMmAdodseonnanocosdad 


Equations in Polar Co-ordinates, 


16a. In the preceding investigations Cartesian co-ordinates have been 
employed, as is usually most consistent in the proof of general theorems. For 
special purposes polar co-ordinates are occasionally useful, and the appropriate 
formulae, on the ‘Eulerian’ plan, are accordingly given here for reference. 

In plane polars we may use u and v to denote the radial and transversal velogities, 


respectively, at the point (7, 6) at time ¢. Since the radius vector of a particle is revolving 
at the rate v/r, the ordinary theory of rotating axes gives for the component accelerations: 

Du v Dv ,v 

atlas ee — 1 

, Ob: ie DE tae (1) 

where, by the method of Art. 5, 

UO 0 0 

—=— = Serio _ nnodbogegsodoued soueasduAceosoagnAgD 2 

Di at art” 708 2) 
The ‘expansion’ (A) is found by calculating the rate of flux out of the quasi-rectangular 
element whose sides are dr and 766 ; thus 
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In spherical polars we denote the radial velocity at (r, 6, @) by wu, the velocity at right 
angles 7 in the plane of 6 by v, and the velocity at right angles to the plane of 6 by w. A 
triad of lines drawn from the origin parallel to these directors, when taken in this order, 
will, on the usual conventions, form a right-handed system. The changes in the angular 


co-ordinates of a particle in time d¢ are given by 
rb0=v06t, rsinddp=wast. 
This involves a rotation of the above system relative to its instantaneous position, with 


components 
cos 86g, —sinddd, 86. 


Hence if p, q, r are the components of the instantaneous angular velocity of the system, 


we have 
p=~cot 6, saa r=" Ga Sedona sadoCCuRPDLABAE AC apoiyoc (4) 
The required accelerations of the particle which is at (7, 6, @) are therefore 
oes Du 2+ w? 
Di Sh ters ofa hata Sia | 
Dv ID Ue 
Di put+ru= 7 + — ; COO, se ies sal oe, eee er eee (5) 
Dw Dw. wu vw 
Di QU Doar a te t 6, 
DO ) C) ; 
where Di = Stud se- ribs Gain O56: Fits ances vobterpeicie sae tonceees (6) 


The expansion is found by calculating the flux out of the quasi-rectangular space whose 
edges are 67, 766, r sin 68, and is 


Ou dv Ow 2 
Seti ha ae ats 7 00t Ot ag deanzanecoasnnisecoemasen een (7) 


CHAPTER II 
INTEGRATION OF THE EQUATIONS IN SPECIAL CASES 


17. IN a large and important class of cases the component velocities 
u, v, w can be expressed in terms of a single-valued function ¢, as follows: 


epee op 1x0 
1 aaa ae SA iB a arate A UP: 
Such a function is called a ‘velocity-potential,’ from its analogy with the 
potential function which occurs in the theories of Attractions, Electro- 
statics, &c, The general theory of the velocity-potential is reserved for the 
next chapter; but we give at once a proof of the following important 
theorem: 

If a velocity potential exist, at any one instant, for any finite portion of 
a perfect fluid in motion under the action of forces which have a potential, 
then, provided the density of the fluid be either constant or a function of the 
pressure only, a velocity-potential exists for the same portion of the fluid at 
all instants before or after. 

In the equations of Art. 15, let the instant at which the velocity- 
potential do exists be taken as the origin of time; we have then 

Up da + vodb + wode =— ddo, 
throughout the portion of the mass in question. Multiplying the equations (2) 
of Art. 15 in order by da, db, dc, and adding, we get 
Oa 0 dz 
ay dn + oe dy + 
or, in the ‘Eulerian’ notation, 
udaz + vdy + wdz=—d(¢o+x)=— d9, say. 

Since the upper limit of ¢ in Art. 15 (1) may be positive or negative, this 
proves the theorem. 

It is to be particularly noticed that this continued existence of a velocity- 
potential is predicated, not of regions of space, but of portions of matter. 


dz — (upda + r9db + wedc) =— dy, 


* The reasons for the introduction of the minus sign are stated in the Preface. The theory of 
‘ cyclic’. velocity-potentials is discussed later. 

+ Lagrange, “ Mémoire sur la Théorie du Mouvement des Fluides,’’ Nouv. mém. de l Acad. de 
Berlin, 1781 [Oeuvres, iv. 714]. The argument is reproduced in the Mécanique Analytique. 

Lagrange’s statement and proof were alike imperfect; the first rigorous demonstration is due 
to Cauchy, ‘‘Mémoire sur la Théorie des Ondes,’’ Mém. de l’ Acad. roy. des Sciences, i. (1827) 
[Oeuvres Complétes, Paris, 1882..., 1° Série, i. 38]; the date of the memoir is 1815. Another 
proof is given by Stokes, Camb. Trans. viii. (1845) (see also Math, and Phys. Papers, Cambridge, 
1880... , i. 106, 158, and ii. 36), together with an excellent historical and critical account of the 


whole matter. 


LH 
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A portion of matter for which a velocity-potential exists moves about and 
carries this property with it, but the part of space which it originally occupied 
may, in the course of time, come to be occupied by matter which did not 
originally possess the property, and which therefore cannot have acquired it. 


The class of cases in which a single-valued velocity-potential exists includes 
all those where the motion has originated from rest under the action of forces 
of the kind here supposed; for then we have, initially, 


upda + v,db + wodc = 0, 
or go = const. 


The restrictions under which the above theorem has been proved must 
be carefully remembered. It is assumed not only that the extraneous forces 
X, Y, Z, estimated at per unit mass, have a potential, but that the density p 
is either uniform or a function of p only. The latter condition is violated, 
for example, in the case of the convection currents generated by the unequal 
application of heat to a fluid; and again, in the wave-motion of a hetero- 
geneous but incompressible fluid arranged originally in horizontal layers 
of equal density. Another case of exception is that of ‘electro-magnetic 
rotations’; see Art. 29. 


18. A comparison of the formulae (1) with the equations (2) of Art. 11 
leads to a simple physical interpretation of ¢. 

Any actual state of motion of a liquid, for which a (single-valued) 
velocity-potential exists, could be produced instantaneously from rest by the 
application of a properly chosen system of impulsive pressures, This is evident 
from the equations cited, which shew, moreover, that ¢=a@/p + const.; so 
that a = pd +C gives the requisite system. In the same way w = —p¢+C 
gives the system of impulsive pressures which would completely stop the 
motion*. The occurrence of an arbitrary constant in these expressions merely 
shews that a pressure uniform throughout a liquid mass produces no effect 
on the motion. 

In the case of a gas, @ may be interpreted as.the potential of the extraneous 
impulsive forces by which the actual motion at any instant could be produced 
instantaneously from rest. 

A state of motion for which a velocity-potential does not exist cannot be 


generated or destroyed by the action of impulsive pressures, or of extraneous 
impulsive forces having a potential. 


19. The existence of a velocity-potential indicates, besides, certain /ine- 
matical properties of the motion. 
A ‘line of motion’ is defined to be a line drawn from point to point, so 


* This interpretation was given by Cauchy, loc. cit., and by Poisson, Wém. de l’Acad. roy. des 
Sciences, i. (1816). 
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that its direction is everywhere that of the motion of the fluid. The diffe- 
rential equations of the system of such lines are 

de _dy_de 

1 at 
The relations (1) shew that when a velocity-potential exists the lines of 
motion are everywhere perpendicular to a system of surfaces, viz. the ‘equi- 
potential’ surfaces ¢ = const. 

Again, if from the point (#, y, z) we draw a linear element 8s in the 

direction (J, m, n), the velocity resolved in this direction is lu + mv + nw, or 


ee 
ads dy ds — 35 gg? Which =— =. 


The velocity in any direction is therefore equal to the rate of decrease of 
¢ in that direction. 

Taking 6s in the direction of the normal to the surface ¢ = const., we see 
that if a series of such surfaces be drawn corresponding to equidistant values 
of ¢, the common difference being infinitely small, the velocity at any point 
will be inversely proportional to the distance between two consecutive surfaces 
in the neighbourhood of the point. 

Hence, if any equipotential surface intersect itself, the velocity is zero 
at the intersection. The intersection of two distinct equipotential surfaces 
would imply an infinite velocity. 


20. Under the circumstances stated in Art. 17, the equations of motion 
are at once integrable throughout that portion of the fluid mass for which a 
velocity-potential exists provided p is either constant, or a definite function 
of p. For in virtue of the relations 


dv/dz =dw/dy, Ow/dx =du/dz, du/dy = dv/da, 
which are implied in (1), the equations of Art. 6 may be written 


Oh Ou ov ow ree 00 Z 1dp 
eet One aan. ih ten DB Rage eeaeess (3) 
These have the integral 


tc gena ME eo Cantal een (4) 
p t 
Here q denotes the resultant velocity (u?+?+w*)!, F(t) is an arbitrary 
function of t,and # is defined by Art. 10 (7), and has (in the case of a gas) the 
- interpretation there given. 

Our equations take a specially simple form in the case of an incompressible 
fluid; viz. we then have 


£8 -9-4¢+F(, Pn aan ars (5) 


2-9. 
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with the equation of continuity 


eh 8b ed 

oe ae Pa HD, woes cscccecvccecceeecvcrecs 6 

ba? * oy? +32 sy 
which is the equivalent of Art. 1 (8). When, as in many cases which we 
shall have to consider, the boundary conditions are purely kinematical, the 
process of solution consists in finding a function which shall satisfy (5) and 
the prescribed surface-conditions. The pressure p is then given by (4), and 
is thus far indeterminate to the extent of an additive function of ¢ It 
becomes determinate when the value of p at some point of the fluid is given 
for all values of ¢ Since the term F'(¢) is without influence on resultant 
pressures it is frequently omitted. 

Suppose, for example, that we have a solid or solids moving through a liquid com- 
pletely enclosed by fixed boundaries, and that it is possible (e.g. by means of a piston) to 
apply an arbitrary pressure at some point of the boundary. Whatever variations are made 
in the magnitude of the force applied to the piston, the motion of the fluid and of the 
solids will be absolutely unaffected, the pressure at all points instantaneously rising or 
falling by equal amounts. Physically, the origin of the paradox (such as it is) is that the 


fluid is treated as absolutely incompressible. In actual liquids changes of pressure are 
propagated with very great, but not infinite, velocity. 


If the co-ordinate axes are in motion, the formula for the pressure is 


aa al 39 
poe 2 OV a eee pee / 
p(y 5r) a(25- #32) Gets ee (7) 
where g=(w—UPr+(yv—VeP+ (WH WY), Leceeceeeee eee ees (8) 


This easily follows from the formulae for the accelerations given in Art. 12 (8). 


Steady Motion. 


21. When at every point the velocity is constant in magnitude and 
direction, 2.e. when 
Ou ov ow 
Bee pga 


everywhere, the motion is said to be ‘steady.’ 


In steady motion the lines of motion coincide with the paths of the 
particles. For if P, Q be two consecutive points on a line of motion, a 
particle which is at any instant at P is moving in the direction of the 
tangent at P, and will, therefore, after an infinitely short time arrive at Q. 
The motion being steady, the lines of motion remain the same. Hence the 
direction of motion at Q is along the tangent to the same line of motion, 
i.e. the particle continues to describe the line, which is now appropriately 
called a ‘stream-line.’ 
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The stream-lines drawn through an infinitesimal contour define a tube, 
which may be called a ‘stream-tube.’ 


In steady motion the equations (3) of Art. 20 give 
[2 =—-0—$4¢@+ constant... eee (2) 


The law of variation of pressure along a stream-line can however in this case 
be found without assuming the existence of a velocity-potential. For if 3s 
denote an element of a stream-line, the acceleration in the direction of motion 
is gdq/ds, and we have 


whence integrating along the stream-line, 


[@--a-49+0, hn SRS (4) 


This is similar in form to (2), but is more general in that it does not assume 
the existence of a velocity-potential. It must however be carefully noticed 
that the ‘constant’ of equation (2) and the ‘O” of equation (4) have different 
meanings, the former being an absolute constant, while the latter is constant 
along any particular stream-line, but may vary as we pass from one stream- 
line to another. 


22. The theorem (4) stands in close relation to the principle of energy. If 
this be assumed independently, the formula may be deduced as follows*. Taking 
first the particular case of a liquid, consider the filament of fluid which at 
a given instant occupies a length AB of a stream-tube, the direction of motion 
being from A to B. Let p be the pressure, q the velocity, O the potential of 
the extraneous forces, o the area of the cross-section, at A, and let the values 
of the same quantities at B be distinguished by accents. After a short 
interval of time the filament will occupy a length A,B,; let m be the mass 
included between the cross-sections at A and A, or B and By. Since the 
motion is steady, the gain of energy by the filament will be 

m ($q'? +O") — m (39g? + 2). 
Again, the net work done on it 1s pm/p—p’m/p. Equating the increment of 
energy to the work done, we have 


Erig+o-F+gt+a, 


or, using C in the same sense as before, 


which is what the equation (4) becomes when p is constant. 


* This is really a reversion to the methods of Daniel Bernoulli, Hydrodynamica, Argentorati, 
1738. 
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To prove the corresponding formula for compressible fluids, we remark that 
the fluid crossing any section has now, in addition to its energies of motion and 
position, the energy (‘intrinsic’ or ‘free’ as the case may be) 


-{ea(*), or -24 (2, 


per unit mass. The addition of these terms in (5) gives the equation oe 
In the case of a gas subject to the adiabatic law 


ppp (Ppa) ji eeRE BA ee aneem ne oar (6) 
the equation (4) takes the form 
te Ee 10 — 4 ga, ee ee 7 
exits 249 (7) 


23. The preceding equations shew that, in steady motion, and for points 
along any one stream-line*, the pressure is, ceteris paribus, greatest where 
the velocity is least, and vice versd. This statement becomes evident when we 
reflect that a particle passing from a place of higher to one of lower pressure 
must have its motion accelerated, and vice versd t. 

It follows that in any case to which the equations of the last Article 
apply there is a limit which the velocity cannot exceed}. For instance, let 
us suppose that we have a liquid flowing from a reservoir where the velocity 
may be neglected, and the pressure is yo, and that we may neglect extraneous 
forces. We have then, in (5), C = po/p, and therefore 


P= Do m~ & PG og cesar ur ctievabe meter uae (8) 

Now although it is found that a liquid from which all traces of air or other 
dissolved gas have been eliminated can sustain a negative pressure, or tension, 
of considerable magnitude, this is not the case with fluids such as we find 
them under ordinary conditions. Practically, then, the equation (8) shews 
that q cannot exceed (2p,/p)#. This limiting velocity is that with which the 
fluid would escape from the reservoir into a vacuum. In the case of water at 
atmospheric pressure it is the velocity ‘due to’ the height of the water- 
barometer, or about 45 feet per second. 


If in any case of fluid motion of which we have succeeded in obtaining 
the analytical expression, we suppose the motion to be gradually accelerated 
until the velocity at some point reaches the limit here indicated, a cavity will 
be formed there, and the conditions of the problem are more or less changed. 


It will be shewn, in the next chapter (Art. 44), that in irrotational motion 
of a liquid, whether ‘steady’ or not, the place of least pressure is always at 


* It will be shewn later that this restriction is unnecessary when a velocity-potential exists. 
+ Some interesting practical illustrations of this principle are given by Froude, Nature, xiii. 
1875. 
+ Cf. Helmholtz, ‘‘Ueber discontinuirliche Flissigkeitsbewegungen,’’ Berl. Monatsber. April 
1868; Phil. Mag. Nov. 1868 [Wissenschaftliche Abhandlungen, Leipzig, 1882-3, i. 146]. 
O. Reynolds, Manch. Mem. vi. (1877) [Scientific Papers, Cambridge, 1900... , i. 231). 
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some point of the boundary, provided the extraneous forces have a potential 
© satisfying the equation 
aD OD , #0 
dat * Oy? * Ot = 
This includes, of course, the case of gravity. 


0. 


In the general case of a fluid in which p is a given function of p we have, 
putting O =0, g=0, in (4), 
‘p 


= 2 eee ee (9) 


Pee 
For a gas subject to the adiabatic law, this gives 
yer 
ea ed 
Y— i! Po Po See pea oe 
2 
= veri Op eis) Maneatis eons naviaceme nae sete (11) 


if c, =(yp/p)*, =(dp/dp)*, denote the velocity of sound in the gas when at 
pressure p and density p, and ¢y the corresponding velocity for gas under the 
conditions which obtain in the reservoir. (See Chapter x.) Hence the limiting 


velocity is 
2 \t 
Gaye 


24. We conclude this chapter with a few simple applications of the 
equations. 


or 2:214c9, if y = 1°408. 


Flow of Liquids. 


Let us take in the first instance the problem of the efflux of a liquid from 
a small orifice in the walls of a vessel which is kept filled up to a constant 
level, so that that motion may be regarded as steady. 

The origin being taken in the upper surface, let the axis of z be vertical, 
and its positive direction downwards, so that Q=—gz. If we suppose the 
area of the upper surface large compared with that of the orifice, the velocity 
at the former may be neglected. Hence, determining the value of C in 
Art. 21 (4) so that p = P (the atmospheric pressure) when z = 0, we have* 


P 2 
—=—+g92— a ilelel<leloteleliais101rie/s1614 4 sieio\e iso's vieisieieie (1) 
A en 
At the surface of the issuing jet we have p = P, and therefore 
Ge LG cbs ei ens Ssncsisesennsnitanassess tists (2) 


i.e. the velocity is that due to the depth below the upper surface. This is 
known as Torricelli’s Theorem *. 


* This result is due to D. Bernoulli, U.c. ante p. 21. 
+ ‘De motu gravium naturaliter accelerato,’’ Firenze, 1643. 
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We cannot however at once apply this result to calculate the rate of efflux 
of the fluid, for two reasons. In the first place, the issuing fluid must be 
regarded as made up of a great number of elementary streams converging 
from all sides towards the orifice. Its motion is not, therefore, throughout 
the area of the orifice, everywhere perpendicular to this area, but becomes 
more and more oblique as we pass from the centre to the sides. Again, the 
converging motion of the elementary streams must make the pressure at the 
orifice somewhat greater in the interior of the jet than at the surface, where 
it is equal to the atmospheric pressure. The velocity, therefore, in the interior 
of the jet will be somewhat less than that given by (2). 


Experiment shews however that the converging motion above spoken of 
ceases at a short distance beyond the orifice, and that (in the case of a circular 
orifice) the jet then becomes approximately cylindrical. The ratio of the area 
of the section S’ of the jet at this point (called the ‘vena contracta’) to the 
area S of the orifice is called the ‘coefficient of contraction. If the orifice be 
simply a hole in a thin wall, this coefficient is found experimentally to be 
about °62. 


The paths of the particles at the vena contracta being nearly straight, 
there is little or no variation of pressure as we pass from the axis to the outer 
surface of the jet. We may therefore assume the velocity there to be uniform 
throughout the section, and to have the value given by (2), where z now 
denotes the depth of the vena contracta below the surface of the liquid in the 
vessel. The rate of efflux is therefore 


(2g2)t a pS's | High ae ee (3) 


The calculation of the form of the issuing jet presents difficulties which 
have only been overcome in a few ideal cases of motion in two dimensions. 
(See Chapter Iv.) It may however be shewn that the coefficient of con- 
traction must, in general, lie betwen 4 and 1. To put the argument in its 
simplest form, let us first take the case of liquid issuing from a vessel the 
pressure in which, at a distance from the orifice, exceeds that in the external 
space by the amount P, gravity being neglected. When the orifice is closed 
by a plate, the resultant pressure of the fluid on the containing vessel is of 
course nil. If when the plate is removed we assume (for the moment) that 
the pressure on the walls remains sensibly equal to P, there will be an un- 
balanced pressure PS acting on the vessel in the direction opposite to that of 
the jet, and tending to make it recoil. The equal and contrary reaction on 
the fluid produces in unit time the velocity g in the mass pqS’ flowing through 
the ‘vena contracta, whence 


PS pS ee ioe ee ee (4) 
The principle of energy gives, as in Art. 22, 
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so that, comparing, we have S’ = $8. The formula (1) shews that the pressure 
on the walls, especially in the neighbourhood of the orifice, will in reality fall 
somewhat below the static pressure P, so that the left-hand side of (4) is an 
under-estimate. The ratio S’/S will therefore in general be > }. 


In one particular case, viz. where a short cylindrical tube, projecting 
inwards, is attached to the orifice, the assumption above made is sufficiently 
exact, and the consequent value 4 for the coefficient then agrees with 
experiment. 


The reasoning is easily modified so as to take account of gravity (or other 
conservative forces). We have only to substitute for P the excess of the static 
pressure at the level of the orifice over the pressure outside. The difference 
of level between the orifice and the ‘ vena contracta’ is here neglected *. 


Another important application of Bernoulli’s theorem is to the measure- 
ment of the velocity of a stream by means of a ‘Pitot tube.’ This consists of 
a fine tube open at one end, which points up-stream, and connected at the 
other end with a manometer. Along the stream-line which is in a line with 
the axis of the tube the velocity falls rapidly from q to 0, so that the manometer 
indicates the value of the ‘total head’ p + 4pq? in the neighbourhood. A second 
manometer connected with a tube closed at the end, but with minute perfora- 
tions in the wall, past which the stream glides, determines the value of the 
‘static pressure’ p. The density p being known, a comparison of the readings 
gives the value of g. The two contrivances are often combined in one instru- 
ment. The method is extensively used in Aerodynamics, the compressibility 
of the air being found to have little effect up to speeds of the order of 200 ft. 
per sec. 


Flow of a Gas. 


24a. The steady flow of a gas subject to the adiabatic law presents some 
features of interest. 


Let o be the cross-section at any point of a stream-tube, and és an element 
of the length in the direction of flow. Omitting extraneous forces we have in 


place of Art. 23 (10) 


ies 


2y iB P 
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* The above theory is due to Borda (Mém. de l’Acad. des Sciences, 1766), who also made 
experiments with the special form of mouth-piece referred to, and found S/S’=1:942, It wus 
re-discovered by Hanlon, Proc. Lond. Math. Soe. iii. 4 (1869); the question is further elucidated 
in a note appended to this paper by Maxwell. See also Froude and J. Thomson, Proc. Glasgow 
Phil. Soc. x. (1876). It has been remarked by several writers that in the case of a diverging 
conical mouth-piece projecting inwards the section at the vena contracta may be less than half 


the area of the internal orifice. 


26 Integranon of the Hquations in Special Cases |CHAP. II 


where the zero suffix relates to some fixed section of the tube. If ¢ be the 
velocity of sound corresponding to the local values of p and p this may be 
written 


Co? fe aiialsiele[nia)efeleveislelalciale sa/siesiare (2 ) 


2 

2 eee 
q path C= teen 
Again, since the mass crossing any section in unit time is the same, 


PUT = POGOTOe ceersecrvssceverserecseverecceree (3) 


a sel ce we few ewes eee eee soreeereseseee ( ) 


It follows from (2) and (4) that in a converging tube q will increase and ¢ 
diminish, or vice versd, according as q is less or greater than c. For a diverging 
tube the statements must be reversed. Briefly, we may say that in a converging 
tube the stream velocity and the local velocity of sound continually approach 
one another, whilst in a diverging tube they separate more and more. 


These results follow also from a graphical representation of the equations (2) and (3). 
Since c? is proportional to pY~1, the latter may be written 


2 2 
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If we take abscissae proportional to c and erdinates to g, the equation (2) represents 
an ellipse of invariable shape, drawn through the point (¢), ¢). For any assigned value of 
a/oo the equation (5) represents a sort of hyperbolic curve. For a certain value (o’) of ¢ 
this will touch the ellipse, and we then have g=c. 


The curves 4A’, BB’, CC’ in the annexed diagram correspond to the ratios 
7 =8, 4, 2, 
o 


respectively, whilst the point D corresponds to the 
minimum section o’. For still smaller values of o the 
intersections with the ellipse are imaginary, and steady 
adiabatic flow becomes impossible. The diagram shews 
that for any section greater than o’ there are two possible 
pairs of values of g and c, as has been remarked by 
Osborne Reynolds and others. 


When q is less than c the representative point on 
the ellipse lies below OD. In a converging tube it 
assumes a sequence of positions such as A’, B’, 0’, the 
stream-velocity increasing, and the velocity of sound 
decreasing, as the critical section o’ is approached. 
When g is greater than ¢, on the other hand, the repre- 
sentative point lies above OD. In a converging tube 
we have a sequence such as A, B, (’; the stream-velocity ¢ 
decreases, and the velocity of sound increases. 
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25. We consider more particularly the efflux of a gas, supposed to flow 
through a small orifice from a vessel in which the pressure is py and density 
po into a space where the pressure is 7. 


If the ratio po/p, of the pressure inside and outside the vessel do not exceed a certain 
limit, to be indicated presently, the flow will take place in much the same manner as in 
the case of a liquid, and the rate of discharge may be found by putting p=, in Art. 23 (10), 
and multiplying the resulting value of g by the area o; of the vena contracta. This gives 


for the rate of discharge of mass* 
y+1 


2 yr 
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It is plain however that there must be a limit to the applicability of this result ; for 
otherwise we should be led to the paradoxical conclusion that when p, =0, z.e. the discharge 
is into a vacuum, the flux of matter is nz. The elucidation of this point is due to Prof 
Osborne Reynolds+. It appears that gp is a maximum, ¢.e. the section of an elementary 
stream is a minimum, when as appears from (4) the velocity of the stream is equal to the 
velocity of sound in gas of the pressure and density which prevail there. On the adiabatic 
hypothesis this gives, by Art. 23 (11), 


Co y +1 
oa eye 
A ee / (oy oft! 
and therefore * = (5) ; =e ( i) Nae teoeoe eo oate seoeeatect (8) 
or, if y=1-408, 20540) san aD 2 a sunies scecaanan secivaue ree hemee teemeeus (9) 


If p, be less than this value, the stream after passing the point in question widens out 
again, until it is lost at a distance in the eddies due to viscosity. The minimum sections 
of the elementary streams will be situate in the neighbourhood of the orifice, and their sum 
S' may be called the virtual area of the latter. The velocity of efflux, as found from (2), is 


g='91l1ce. 


The rate of discharge is then =qgpS, where g and p have the values just found, and is 
therefore approximately independent of the external pressure 7 so long as this falls below 
527p . The physical reason of this is (as pointed out by Reynolds) that, so long as the 
velocity at any point exceeds the velocity of sound under the conditions which obtain 
there, no change of pressure can be propagated backwards beyond this point so as to affect 
the motion higher up the stream f. 

Some recent experiments of Stanton § confirm in all essentials the views of Reynolds, 
and clear up some apparent discrepancies. 

Under similar circumstances as to pressure, the velocities of efflux of different gases 
are (so far as y can be assumed to have the same value for each) proportional to the 
corresponding velocities of sound. Hence (as we shall see in Chapter x.) the velocity of 
efflux will vary inversely, and the rate of discharge of mass will vary directly, as the 
square root of the density||. 


* A result equivalent to this was given by Saint Venant and Wantzel, Journ. de l’ Ecole Polyt. 
xvi. 92 (1839), and was discussed by Stokes, Brit. Ass. Reports for 1846 [ Papers, i. 176]. 

+ “On the Flow of Gases,’’ Proc. Manch. Lit. and Phil, Soc. Nov. 17, 1885; Phil. Mag. 
March 1886 [Papers, ii. 311]. A similar explanation was given by Hugoniot, Comptes Rendus, 
June 28, July 26, and Dec. 13, 1886. 

+ For a further discussion and references see Rayleigh, ‘‘On the Discharge of Gases under 
High Pressures,’’ Phil. Mag. (6) xxxii. 177 (1916) [Scientific Papers, Cambridge, 1899-1920, vi. 407]. 

§ Proc. Roy. Soc. A, cxi. 306 (1926). || Cf. Graham, Phil. Trans. 1846. 
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Rotating Liquid. 

26. Let us next take the case of a mass of liquid rotating, under the action 
of gravity only, with constant and uniform angular velocity @ about the axis 
of z, supposed drawn vertically upwards. 

By hypothesis, U,V, W=— oy, wx, OY, 

DOD BIAS MV Uae 
The equation of continuity is satisfied identically, and the dynamical equations 


obviously are 
lop 
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These have the common integral 
i fe? (a? + y*) — gz + const. 2.0... ssecseccedeetenes (2) 


nee 
The free surface, p =const., is therefore a paraboloid of revolution about the 
axis of z, having its concavity upwards, and its latus rectum = 29/*. 

ou eae = 20, 

Ox oy 

a velocity-potential does not exist. A motion of this kind could not therefore 
be generated in a ‘perfect’ fluid, z.e.in one unable to sustain tangential stress. 


Since 


27, Instead of supposing the angular velocity » to be uniform, let us 
suppose it to be a function of the distance r from the axis, and let us inquire 
what form must be assigned to this function in order that a velocity-potential 
may exist for the motion. We find 


w _ ae =2o0+97r go 

Ox oy - dr’ 
and in order that this may vanish we must have wr?=y,a constant. The 
velocity at any point is then = yu/r, so that the equation (2) of Art. 21 becomes 


if no extraneous forces act. To find the value of ¢ we have, using polar 
co-ordinates, 


whence b= — nw + const. = — pw tan12 + CONSE. eosce ete anon: (2) 


We have here an instance of a ‘cyclic’ function. A function is said to be 
‘single-valued’ throughout any region of space when we can assign to every 
point of that region a definite value of the function in such a way that these 
values shall form a continuous system. This is not possible with the function 
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(2); for the value of ¢, if it vary continuously, changes by — 27rp as the point 
to which it refers describes a complete circuit round the origin. The general 
theory of cyclic velocity-potentials will be given in the next chapter. 


If gravity act, and if the axis of z be drawn vertically upwards, we must add 
to (1) the term —gz. The form of the free surface is therefore that generated 
by the revolution of the hyperbolic curve 2#z= const. about the axis of z. 


By properly fitting together the two preceding solutions we obtain the case of Rankine’s 
‘combined vortex.’ Thus the motion being everywhere in. coaxial circles, let us suppose 
the velocity to be equal to wr from r=0 to r=a, and to wa?/r for r>a. The corresponding 
forms of the free surface are then given by 


o2 
s=5, (2a) +0, 
2 4 
ae Jet (#5) +6 


these being continuous with one another when r=a. The depth of the central depression 
below the general level of the surface is therefore w?a2/g. 


28. To illustrate, by way of contrast, the case of extraneous forces not 
having a potential, let us suppose that a mass of liquid filling a right circular 
cylinder moves from rest under the action of the forces 


X=Az+ By, Y=B'x+Cy, Z=0, 
the axis of z being that of the cylinder. 


If we assume u= — ay, v= ax, w=0, where o is a function of ¢ only, these values satisfy 
the equation of continuity and the boundary conditions. The dynamical equations are | 
evident 

: da 1 op 
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Differentiating the first of these with respect to y, and the second with respect to #, and 
subtracting, we eliminate p, and find 
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The fluid therefore rotates as a whole about the axis of z with constantly accelerated 
angular velocity, except in the particular case when B= 3B’. To find p, we substitute the 
value of dw/dt in (1) and integrate; we thus get 


Tate? (a2 +?) +4 (Aa? + 2Bay + Cy") + const., 
where 28=8+ B’. 
29. As a final example, we will take one suggested by the theory of 
‘electro-magnetic rotations.’ 


If an electric current be made to pass radially from an axial wire, through a conducting 
liquid, to the walls of a metallic containing cylinder, in a uniform magnetic field, the 
extraneous forces will be of the type* 


Xela ee -", sont Fy 


7) ? 
Assuming w= — oy, v=ox, w=0, where o is a function of 7 and ¢ only, we have 
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Eliminating p, we obtain ze +r DO 
: ot = Orot 
The solution of this is o=F (t)/r? +f (r), 


where /’ and f denote arbitrary functions. If o=0 when ¢=0, we have 
FO)? +f (r)=0, 


F(t)-F(0) xX 
a= ln, eee eee eer eee ee eee eee eee eee eee ee (2) 


where A is a function of ¢ which vanishes for ¢=0. Substituting in (1), and integrating, 
we find 


and therefore 


pet aa -1¥ 2 y2 
P= ( si) tan her +x (¢). 
Since p is essentially a single-valued function, we must have dA/dt=p, or A=pt. Hence 
the fluid rotates with an angular velocity which varies inversely as the square of the 
distance from the axis, and increases constantly with the time. 


If C denote the total flux of electricity outwards, per unit length of the axis, and y the 
component of the magnetic force parallel to the axis, we have «.=7yC/2mp. The above case is 
specially simple, in that the forces X, Y, Z have a potential (Q= —u tan y/x), though a ‘cyclic’ 
one. As a rule, in electro-magnetic rotations, this is not the case. 


CHAPTER III 
IRROTATIONAL MOTION 


30. THE present chapter is devoted mainly to an exposition of some 
general theorems relating to the kinds of motion already considered in 
Arts. 17-20; viz. those in which udz+vdy+wdz is an exact differential 
throughout a finite mass of fluid. It is convenient to begin with the 
following analysis, due to Stokes*, of the motion of a fluid element in the 
most general case. 

The component velocities at the point (a, y, z) being u, v, w, the relative 
velocities at an infinitely near point (x + dz, y + dy, z+68z) are 

_ Ou Ou Ou 


Drmity aa dusceh Grou 
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equations (1) may be written 
Su= adat thdy+4gdz +4}(bz— Coy), 
dv=Zhdrt+ bdy +4 foz+ $ (Fda — E82), f rreereeeeeeee (3) 
dw = tgba+hfoyt+ cdz2+4 (by — 762). 
Hence the motion of a small element having the point (a, y, z) for its 
centre may be conceived as made up of three parts. 


* «©OQn the Theories of the Internal Friction of Fluids in Motion, &c.’’ Camb. Phil. Trans. 
viii. (1845) [Papers, i, 80]. 

+ There is here a deviation from the traditional convention. It has been customary to use 
symbols such as é, 7, ¢ (Helmholtz) or w’, w”, w’’ (Stokes) to denote the component rotations 


1/dw dav te dw 5 (Fe du 
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of a fluid element. The fundamental kinematical theorem is however that of Art. 32 (3), and the 
definition of £, 7, ¢ adopted in the text avoids the intrusion of an unnecessary factor 2 (or 4 as the 
case may be) in this and in a whole series of subsequent formulae relating to vortex motion. It 
also improves the electro-magnetic analogy of Art. 148. 
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The first part, whose components are wu, v, w, 1s a motion of translation of 
the element as a whole. 

The second part, expressed by the first three terms on the right-hand sides 
of the equations (8), is a motion such that, if da, dy, dz be regarded as current 
co-ordinates, every point is moving in the direction of the normal to that 
quadric of the system 

a (de)? + b (dy)? + ¢ (dz + fSy 82+ 952da+hdady=const. ...(4) 
on which it lies. If we refer these quadrics to their principal axes, the cor- 
responding parts of the velocities parallel to these axes will be 

bu! =a' ba’, vu. =U 0y5 0 OW = C102, re seee ness aeoee'ss (5) 

if a’ (da’)? + b’ (8y’)? +c’ (82’)? = const. 

is what (4) becomes by the transformation. The formulae (5) express that 
the length of every line in the element parallel to x’ is being elongated at 
the (positive or negative) rate a’, whilst lines parallel to y’ and z’ are being 
elongated in like manner at the rates b’ and c’ respectively. Such a motion is 
called one of pure strain and the principal axes of the quadrics (4) are called 
the axes of the strain. 

The last two terms on the right-hand sides of the equations (3) express a 
rotation of the element as a whole about an instantaneous axis; the component 
angular velocities of the rotation being 4&, $n, 4¢*. 

The vector whose components are &, 7, € may conveniently be called the 
‘vorticity’ of the medium at the point (a, y, z). 

This analysis may be illustrated by the so-called ‘laminar’ motion of a liquid. Thus if 

u=py, v=0, w=0, 
we have a,b,¢,f,9,& 7=0, h=p, (=p. 


If A represent a rectangular fluid element bounded by planes parallel to the co-ordinate 
planes, then B represents the change produced in this in a short time by the strain alone, 
and @ that due to the strain plus the rotation. 


A 


B 


It is easily seen that the above resolution of the motion is unique. If we 
assume that the motion relative to the point (a, y, z) can be made up of a 
strain and a rotation in which the axes and coefficients of the strain and the 
axis and angular velocity of the rotation are arbitrary, then calculating the 

* The quantities corresponding to 4£, 4, $¢ in the theory of the infinitely small displacements 


of a continuous medium had been interpreted by Cauchy as expressing the ‘mean rotations’ of an 
element, Exercices d’ Analyse et de Physique, ii. 302 (Paris, 1841). 
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relative velocities du, dv, dw, we get expressions similar to those on the right- 
hand sides of (3), but with arbitrary values of a, b, oe g, h, &,, & Equating 
coefficients of dx, dy, 6z, however, we find that a, b, c, &c. must have respectively 
the same values as before. Hence the directions of the axes of the strain, the 
rates of extension or contraction along them, and the axis and the amount of 
the vorticity, at any point of the fluid, depend only on the state of relative 
motion at that point, and not on the position of the axis of reference. 

When throughout a finite portion of a fluid mass we have &, », € all zero, 
the relative motion of any element of that portion consists of a pure strain 
only, and is called ‘irrotational.’ 


31. The value of the integral 
J(udz+vdy+wdz), 
dx d dz 
or [(u tv ew) as, 
taken along any line ABCD, is called* the ‘flow’ of the fluid from A to D 
along that line. We shall denote it for shortness by J (ABCD). 

If A and D coincide, so that the line forms a closed curve, or circuit, the 
value of the integral is called the ‘circulation’ in that circuit. We denote it 
by [(ABCA). If in either case the integration be taken in the opposite 
direction, the signs of dx/ds, dy/ds, dz/ds will be reversed, so that we have 

I (AD)=—TI (DA), and I(ABCA)=—I(ACBA). 
It is also plain that 
I (ABCD) =I1(AB)+I(BC)+I (CD). 

Again, any surface may be divided, by a double series of lines crossing 
it, into infinitely small elements. The sum of the circulations round 
the boundaries of these elements, taken all in the 
same sense, is equal to the circulation round the 
original boundary of the surface (supposed for the 
moment to consist of a single closed curve). For, 
in the sum in question, the flow along each side 
common to two elements comes in twice, once for 
each element, but with opposite signs, and there- \ 
fore disappears from the result. There remain then oS 
only the flows along those sides which are parts of — 
the original boundary; whence the truth of the above 
statement. 

From this it follows, by considerations of continuity, that the circulation 
round the boundary of any surface-element 6S, having a given position and 
aspect, is ultimately proportional to the area of the element. 


\ Sa 


* Sir W. Thomson, ‘‘ On Vortex Motion,’ Edin. Trans, xxv. (1869) [Papers, iv. 13]. 


LH 3 


34 Trrotational Motion [cHaP. III 


If the element be a rectangle dy5z having its centre at the point (a, y, 2), 
then calculating the circulation round it in the direction shewn by the arrows 
in the annexed figure, we have 


z oO 

I(AB)= _ {v—4(0v/0z) 82} dy, I(BC)= {w+4(Ow/dy) dy} dz, 

I (CD) =— {vu + $(ev/dz) 62} dy, I (DA) =— {w —4(ew/dy) dy} 82, 
and therefore I (ABCDA)= = aes 
In this way we infer that the circulations round the boundaries of any 
infinitely small areas 58, 5S, 583, having their planes parallel to the 
co-ordinate planes, are 

E58), ndS8o, fdS83, eee eee rere rene eee see esenreee (1) 
respectively. 
Again, referring to the figure and the notation of Art. 2, we have 
I (ABCA) =I (PBCP)+I(PCAP)+J1(PABP) 
=&.lA+n.mA+6€.nA, 

whence we infer that the circulation round the boundary of any infinitely 
small area 8S is 


(LE + a7 a NL) OS, seek cee tusauee aaah as ere (2) 


We have here an independent proof that the quantities &, 7, ¢, as defined by 
Art. 30 (2), may be regarded as the components of a vector. 


It will be observed that some convention is implied as to the relation 
between the sense in which the circulation round the boundary of 88 is 
estimated, and the sense of the normal (J, m, n). In order to have a clear 
understanding on this point, we shall suppose in this book that the axes of 
co-ordinates form a right-handed system ; thus if the axes of x and y point E. 
and N. respectively, that of z will point vertically upwards*. The sense in 


* Maxwell, Proc. Lond. Math. Soc. (1) iii. 279, 280. Thus in the above diagram the axis of « 
is supposed drawn towards the reader. 
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which the circulation, as given by (2), is estimated is then related to the 


direction of the normal (J, m, n) in the manner typified by a right-handed 
screw *, 


32. Expressing now that the circulation round the edge of any finite 
surface is equal to the sum of the circulations round the boundaries of the 
infinitely small elements into which the surface may be divided, we have, 
by (2), 

f(udx +vdy+wdz) = ff (lE+mn+nf) dS, oo... (3) 
or, substituting the values of &, , ¢ from Art. 30, 
ow dv Ou dw ov ov 
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where the single-integral is taken along the bounding curve, and the double- 
integral over the surface+. In these formulae the quantities J, m, n are the 
direction-cosines of the normal drawn always on one side of the surface, which 
we may term the positive side; the direction of integration in the first member 
is then that in which a man walking on the surface, on the positive side of it, 


and close to the edge, must proceed so as to have the surface always on his 
left hand. 


The theorem (3) or (4) may evidently be extended to a surface whose 
boundary consists of two or more closed curves, provided the integration in 
the first member be taken round each of these in the 
proper direction, according to the csule just given. 
Thus, if the surface-integral in (4) extend over the 
shaded portion of the annexed figure, the directions 
in which the circulations in the several parts of the 
boundary are to be taken are shewn by the arrows, 
the positive side of the surface being that which faces 
the reader. 


The value of the surface-integral taken over a closed surface 18 zero. 


It should be noticed that (4) is a theorem of pure mathematics, and is 
true whatever functions u, v, w may be of a, y, z, provided only they be con- 
tinuous and differentiable at all points of the surface f. 


33. The rest of this chapter is devoted to a study of the kinematicas 
properties of irrotational motion in general, as defined by the equations 


| DeR) EM A A e et (1) 


* See Maxwell, Electricity and Magnetism, Oxford, 1873, Art. 23. 

+ This theorem is due to Stokes, Smith’s Prize Examination Papers for 1854, The first pub- 
lished proof appears to have been given by Hankel, Zur allgem. Theorie der Bewegung der 
Fliissigkeiten, Gottingen, 1861. That given above is due to Lord Kelvin, l.c. ante p. 33. See also 
Thomson and Tait, Natural Philosophy, Art. 190 (j), and Maxwell, Electricity and Magnetism, 
Art. 24. 

t It is not necessary that their differential coefficients should be continuous. 
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i.e. the circulation in every infinitely small circuit is assumed to be zero. The 
existence and properties of the velocity-potential in the various cases that 
may arise will appear as consequences of this definition. 


The physical importance of the subject rests on the fact that if the 
motion of any portion of a fluid mass be irrotational at any one instant it will 
under certain very general conditions continue to be irrotational. Practically, 
as will be seen, this has already been established by Lagrange’s theorem, 
proved in Art. 17, but the importance of the matter warrants a repetition 
of the investigation, in terms of the Eulerian notation, in the form given by 
Lord Kelvin *. 

Consider first any terminated line AB drawn in the fluid, and suppose 
every point of this line to move always with the velocity of the fluid at that 
point. Let us calculate the rate at which the flow along this line, from A to 
B, is increasing. If $2, dy, dz be the projections on the co-ordinate axes of 
an element of the line, we rh 
Déa 

Di 

Now Déa/Dt, the rate at ss 5x is increasing in consequence of the motion 
of the fluid, is equal to the difference of the velocities parallel to « at the 
two ends of the element, z.e. to 6u; and the value of Du/Dt is given by Art. 5. 
Hence, and by similar considerations, we find, if p be a function of p only, 
and if the extraneous forces X, Y, Z have a potential ©, 


py (ude + vBy +82) =P 60 + udu + vdu+ whw. 


AC oa) = ay Oe +u 


Integrating along the line, from A to B, we get 


D d B 
ail, (ude vdy +wde)=| - [P-o+a¢] in: (2) 


or the rate at which the flow from A to B is increasing is equal to the excess 
of the value which — fdp/p — © + 4q? has at B over that which it has at A. 
This theorem comprehends the whole of the dynamics of a perfect fluid. For 
instance, equations (2) of Art. 15 may be derived from it by taking as the 
line AB the infinitely short line whose projections were originally 8a, 8b, 8c, 
and equating separately to zero the coefficients of these infinitesimals. 

If © be single-valued, the expression within brackets on the right-hand 
side of (2) is a single-valued function of #, y, z. Hence if the integration on 
the left-hand side be taken round a closed curve, so that B coincides with A, 
we have 


D 
ay | (wae + vdy + wde) =0, ot sa Sagat othrsieareate lawns: (3) 


or, the circulation in any circuit moving with the fluid does not alter with 
the time. 
* lc. ante p. 33. 
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It follows that if the motion of any portion of a fluid mass be initially 
irrotational it will always retain this property; for otherwise the circulation 
in every infinitely small circuit would not continue to be zero, as it is initially 
by virtue of Art. 32 (8). 


34. Considering now any region occupied by irrotationally-moving fluid, 
we see from Art. 32 (3) that the circulation is zero in every circuit which 
can be filled up by a continuous surface lying wholly in the region, or which 
in other words is capable of being contracted to a point without passing out 
of the region. Such a circuit is said to be ‘reducible.’ 


Again, let us consider two paths ACB, ADB, connecting two points A, B 
of the region, and such that either may by continuous variation be made to 
coincide with the other, without ever passing out of the region. Such paths 
are called ‘mutually reconcileable.’ Since the circuit ACBDA is reducible, 
we have I (ACBDA)=0, or since J (BDA) = —I(ADB), 


I (ACB)=I(ADB); 
ze. the flow is the same along any two reconcileable paths. 


A region such that all paths joining any two points of it are mutually 
reconcileable is said to be ‘simply-connected.’ Such a region is that enclosed 
within a sphere, or that included between two concentric spheres. In what 
follows, as far as Art. 46, we contemplate only simply-connected regions. 


35. The irrotational motion of a fluid within a simply-connected region is 
characterized by the existence of a single-valued velocity-potential. Let us 
denote by — ¢ the flow to a variable point P from some fixed point A, viz. 


P 
--| (uda + vdy+wdz)........ fore tran seeeee (1) 
A 


The value of ¢ has been shewn to be independent of the path along which 
the integration is effected, provided it lie wholly within the region. Hence ¢ 
is a single-valued function of the position of P; let us suppose it expressed 
in terms of the co-ordinates (a, y, 2) of that point. By displacing P through 
an infinitely short space parallel to each of the axes of co-ordinates in 
succession, we find 

Doe Bd od 
ae oy y ey az’ (2) 
ie. b is a velocity-potential, according to the definition of Art. 17. 


The substitution of any other point B for A, as the lower limit of the 
integral in (1), simply adds an arbitrary constant to the value of ¢, viz. the 
flow from A to B. The original definition of ¢ in Art. 17, and the physical 
interpretation in Art. 18, alike leave the function indeterminate to the extent 
of an additive constant. 
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As we follow the course of any line of motion the value of ¢ continually 
decreases; hence in a simply-connected region the lines of motion cannot 
form closed curves. 


36. The function ¢ with which we have here to do is, together with its 
first differential coefficients, by the nature of the case, finite, continuous, and 
single-valued at all points of the region considered. In the case of incom- 
pressible fluids, which we now proceed to consider more particularly, ¢ must 
also satisfy the equation of continuity, (6) of Art. 20, or as we shall in future 
write it, for shortness, 


at every point of the region. Hence ¢ is now subject to mathematical 
conditions identical with those satisfied by the potential of masses attracting 
or repelling according to the law of the inverse square of the distance, at all 
points external to such masses; so that many of the results proved in the 
theories of Attractions, Electrostatics, Magnetism, and the Steady Flow of 
Heat, have also a hydrodynamical application. We proceed to develop those 
which are most important from this point of view. 


In any case of motion of an incompressible fluid the surface-integral of 
the normal velocity taken over any surface, open or closed, is conveniently 
called the ‘flux’ across the surface. It is of course equal to the volume of fluid 
crossing the surface per unit time. 


When the motion is irrotational, the flux is given by 


[fies 


where 8S is an element of the surface, and 6n an element of the normal to it, 
drawn in the proper direction. In any region occupied wholly by liquid, the 
total flux across the boundary is zero, #.e. 


the element 6n of the normal being drawn always on one side (say inwards), 
and the integration extending over the whole boundary. This may be regarded 
as a generalized form of the equation of continuity (1). 


The lines of motion drawn through the various points of an infinitesimal 
circuit define a tube, which may be called a tube of flow. The product of 
the velocity (q) into the cross-section (c, say) is the same at all points of such 
a tube. 


We may, if we choose, regard the whole space occupied by the fluid as 
made up of tubes of flow, and suppose the size of the tubes so adjusted that 
the product go is the same for each. The flux across any surface is then 
proportional to the number of tubes which cross it. If the surface be closed, 
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the. equation (2) expresses the fact that as many tubes cross the surface 


inwards as outwards. Hence a line of motion cannot begin or end at a point 
internal to the fluid. 


37. The function ¢ cannot be a maximum ora minimum at a point in the 
interior of the fluid; for, if it were, we should have 06/dn everywhere positive, 
or everywhere negative, over a small closed surface surrounding the point in 
question. Either of these suppositions is inconsistent with (2). 


Further, the square of the velocity cannot be a maaimum at a point 
in the interior of the fluid. For let the axis of # be taken parallel to the 
direction of the velocity at any point P. The equation (1), and therefore also 
the equation (2), is satisfied if we write 0¢/dx for ¢. The above argument 
then shews that 0¢/éx cannot be a maximum or a minimum at P. Hence 
there must be points in the immediate neighbourhood of P at which (6¢/dx) 


and therefore a fortiori 
ad\?_ (2d\? , (b\? 
(ae) + Gy) + () 


is greater than the square of the velocity at F*. 


On the other hand, the square of the velocity may be a minimum at 
some point of the fluid. The simplest case is that of a zero velocity; see, for 
example, the figure of Art. 69, below. 


38. Let us apply: (2) to the boundary of a finite spherical portion of the 
liquid. If r denote the distance of any point from the centre of the sphere, 
5a the elementary solid angle subtended at the centre by an element 88 of 
the surface, we have 


0p/on = — 0¢/or, 
and 6S=7rée. Omitting the factor r?, (2) becomes 


[Beene 


* BN Se Lh arte a regan (3) 


Since 1/47. {{/6da or 1/4mr?. {[pdS measures the mean value of ¢ over 
the surface of the sphere, (3) shews that this mean value is independent of 
the radius. It is therefore the same for any sphere, concentric with the 
former one, which can be made to coincide with it by gradual variation of the 
radius, without ever passing out of the region occupied by the irrotationally 
moving liquid. We may therefore suppose the sphere contracted to a point, 
and so obtain a simple proof of the theorem, first given by Gauss in his 

* This theorem was enunciated, in another connection, by Lord Kelvin, Phil. Mag. Oct. 1850 
[Reprint of Papers on Electrostatics, &c., London, 1872, Art. 665]. The above demonstration is 


due to Kirchhoff, Vorlesungen tiber mathematische Physik, Mechanik, Leipzig, 1876. For another 
proof see Art. 44 below. 
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memoir* on the theory of Attractions, that the mean value of ¢ over any 
spherical surface throughout the interior of which (1) is satisfied, is equal to 
its value at the centre. 


The theorem, proved in Art. 37, that @ cannot be a maximum or a 
minimum at a point in the interior of the fluid, is an obvious consequence of 
the above. 


The above proof appears to be due, in principle, to Frost +. Another demon- 
stration, somewhat different in form, was given by the late Lord Rayleight. 
The equation (1), being linear, will be satisfied by the arithmetic mean of 
any number of separate solutions ¢1, ¢2, ¢s, ..... Let us suppose an infinite 
number of systems of rectangular axes to be arranged uniformly about any 
point P as origin, and let ¢1, 2, $3, .-. be the velocity-potentials of motions 
which are the same with respect to these several systems as the original 
motion ¢ is with respect to the system a, y, z. In this case the arithmetic 
mean (¢, say) of the functions ¢1, ¢2, ¢3, ... will be a function of 7, the 
distance from P, only. Expressing that in the motion (if any) represented 
by ¢, the flux across any spherical surface which can be contracted to » point, 
without passing out of the region occupied by the fluid, would be zero, we have 


4arr , ae = ((). 
or 


or ¢ = const. 


39. Again, let us suppose that the region occupied by the irrotationally 
moving fluid is ‘periphractic,’§ 2.e. that it is limited internally by one or 
more closed surfaces, and let us apply (2) to the space included between one 
(or more) of these internal boundaries, and a spherical surface completely 
enclosing it (or them) and lying wholly in the fluid. If M denote the total 
flux into this region, across the internal boundary, we find, with the same 


notation as before, 
[an-— 
or 


the surface-integral extending over the sphere only. This may be written 


is) M 
ina || 09 aes 


1 i M 
whence ial| oS =z || oar = 7 +0. MP a A (4) 


7 


* « Allgemeine Lehrsiitze, u.s.w.,’’ Resultate aus den Beobachtungen des magnetischen Vereins, 
1839 (Werke, Gottingen, 1870-80, v. 199]. 

+ Quarterly Journal of Mathematics, xii. (1873). 

£ Messenger of Mathematics, vii. 69 (1878) [Papers, i. 347]. 

§ See Maxwell, Electricity and Magnetism, Arts. 18, 22. A region is said to be ‘aperiphractic’ 
when every closed surface drawn in it can be contracted to a point without passing out of the 
region. 
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That is, the mean value of ¢ over any spherical surface drawn under the 
above-mentioned conditions is equal to M/4arr + C, where r is the radius, M 
an absolute constant, and O a quantity which is independent of the radius 
but may vary with the position of the centre*. 


If however the original region throughout which the irrotational motion 
holds be unlimited externally, and if the first derivative (and therefore all the 
higher derivatives) of ¢ vanish at infinity, then C is the same for all spherical 
surfaces enclosing the whole of the internal boundaries. For if such a sphere 
be displaced parallel to a+, without alteration of size, the rate at which C 
varies in consequence of this displacement is, by (4), equal to the mean value 
of dp/dx over the surface. Since 0¢/dx vanishes at infinity, we can by taking 
the sphere large enough make the latter mean value as small as we please. 
Hence Cis not altered by a displacement of the centre of the sphere parallel 
to a. In the same way we see that C is not altered by a displacement parallel 
to y or z; ue. it is absolutely constant. 

If the internal boundaries of the region considered be such that the total 
flux across them is zero, e.g. if they be the surfaces of solids, or of portions of 
incompressible fluid whose motion is rotational, we have M=0, so that the 
mean value of ¢ over any spherical surface enclosing them all is the same. 


40. (a) If ¢ be constant over the boundary of any simply-connected 
region occupied by liquid moving irrotationally, it has the same constant 
value throughout the interior of that region. For if not constant it would 
necessarily have a maximum or a minimum value at some point of the region. 

Otherwise: we have seen in Arts. 35, 36 that the lines of motion cannot 
begin or end at any point of the region, and that they cannot form closed 
curves lying wholly within it. They must therefore traverse the region, 
beginning and ending on its boundary. In our case however this is impossible, 
for such a line always proceeds from places where ¢ is greater to places where 
it is less. Hence there can be no motion, 1. 


ap Op ab _ 4 


ox” oy’ 2 : 
and therefore ¢ is constant and equal to its value at the boundary. 


(8) Again, if d/én be zero at every point of the boundary of such a 
region as is above described, ¢ will be constant throughout the interior. For 
the condition 0¢/dn =0 expresses that no lines of motion enter or leave the 
region, but that they are all contained within it. This is however, as we have 
seen, inconsistent with the other conditions which the lines must conform 
to. Hence, as before, there can be no motion, and ¢ is constant. 

* It is understood, of course, that the spherical surfaces to which this statement applies are 


reconcileable with one another, in a sense analogous to that of Art. 34. 
+ Kirchhoff, Mechanik, p. 191. 
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This theorem may be otherwise stated as follows: no continuous irrota- 
tional motion of a liquid can take place in a simply-connected region bounded 
entirely by fixed rigid walls. 


(y) Again, let the boundary of the region consideseds consist partly of 
surfaces S over which ¢ has a given constant value, and partly of other 
surfaces % over which 0¢/€n=0. By the previous argument, no lines of 
motion can pass from one point to another gf S, and none can cross =. Hence 
no such lines exist; @ is therefore constant as before, and equal to its value 


at S. 


It follows from these theorems that the irrotational motion of a liquid in 
a simply-connected region is determined when either the value of ¢, or the 
value of the inward normal velocity — 4¢/dn, is prescribed at all points of the 
boundary, or (again) when the value of ¢ is given over part of the boundary, 
and the value of — dd/dn over the remainder. For if $1, ¢2 be the velocity- 
potentials of two motions each of which satisfies the prescribed boundary- 
conditions, in any one of these cases, the function $1 — ¢2 satisfies the condition 
(a) or (8) or (vy) of the present Article, and must therefore be constant 
throughout the region. 


41. A class of cases of great importance, but not strictly included in the 
scope of the foregoing theorems, occurs when the region occupied by the 
irrotationally moving liquid extends to infinity, but is bounded internally by 
one or more closed surfaces. We assume, for the present, that this region is 
simply-connected, and that ¢ is therefore single-valued. 


If } be constant over the internal boundary of the region, and tend every- 
where to the same constant value at an infinite distance from the internal 
boundary, it is constant throughout the region. Fr otherwise ¢ would be a 
maximum or a minimum at some point within the region. 


We infer, exactly as in Art. 40, that if ¢ be given arbitrarily over the 
internal boundary, and have a given constant value at infinity, its value is 
everywhere determinate. 


Of more importance in our present subject is the theorem that, if the 
normal velocity be zero at every point of the internal boundary, and if the 
fluid be at rest at infinity, then ¢ is everywhere constant. We cannot how- 
ever infer this at once from the proof of the corresponding theorem in Art. 40. 
It is true that we may suppose the region limited externally by an infinitely 
large surface at every point of which 0¢/én is infinitely small; but it is 
conceivable that the integral /fo¢/dn . dS, taken over a portion of this surface, 
might still be finite, in which case the investigation referred to would fail. 
We proceed therefore as follows. 


Since the velocity tends to the limit zero at an infinite distance from the 
internal boundary (S, say), it must be possible to draw a closed surface > 
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completely enclosing S, beyond which the velocity is everywhere less than a 
certain value e, which value may, by making = large enough, be made as 
small as we please. Now in any direction from S let us take a point P at 
such a distance beyond > that the solid angle which = subtends at it is 
infinitely small; and with P as centre let us describe two spheres, one just 
excluding, the other just including S. We shall prove that the mean value 
of @ over each of these spheres is, within an infinitely small amount, the 
same. For if Q, Q’ be points of these spheres on a common radius PQQ’, then 
if Q, Q’ fall within = the corresponding values of ¢ may ditfer by a finite 
amount; but since the portion of either spherical surface which falls within = 
is an infinitely small fraction of the whole, no finite difference in the mean 
values can arise from this cause. On the other hand, when Q, Q’ fall without 
x, the corresponding values of ¢ cannot differ by so much as e. QQ’, for ¢ is 
by definition a superior limit to the rate of variation of ¢. Hence, the mean 
values of ¢ over the two spherical surfaces must differ by less than e. QQ”. 
Since QQ’ is finite, whilst e may by taking = large enough be made as small 
as we please, the difference of the mean values may, by taking P sufficiently 
distant, be made infinitely small. 


Now we have seen in Arts. 38, 39 that the mean value of ¢ over the inner 
sphere is equal to its value at P, and that the mean value over the outer 
sphere is (since M = 0) equal toa constant quantity C. Hence, ultimately, the 
value of @ at infinity tends everywhere to the constant value C. 


The same result holds even if the normal velocity be not zero over the 
internal boundary; for in the theorem of Art. 39 M is divided by r, which is 
in our case infinite. 


It follows that if 0¢/dn = 0 at all points of the internal boundary, and if 
the fluid be at rest at infinity, it must be everywhere at rest. For no lines 
of motion can begin or end on the internal boundary. Hence such lines, if 
they existed, must come from an infinite distance, traverse the region occupied 
by the fluid, and pass off again to infinity; 7.e. they must form infinitely long 
courses between places where ¢ has, with an infinitely small amount, the 
same value C, which is impossible. 

The theorem that, if the fluid be at rest at infinity, the motion is deter- 
minate when the value of — d¢/dn is given over the internal boundary, follows 
by the same argument as in Art. 40. 


Green's Theorem. 


42. In treatises on Electrostatics, &c., many important properties of the 
potential are usually proved by means of a certain theorem due to Green. Of 
these the most important from our present point of view have already been 
given; but as the theorem in question leads, amongst other things, to a useful 
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expression for the kinetic energy in any case of irrotational motion, some 
account of it will properly find a place here. 


Let U, V, W be any three functions which are finite, single-valued and 
differentiable at all points of a connected region completely bounded by one 
or more closed surfaces S; let 59 be an element of any one of these surfaces, 
and l, m,n the direction-cosines of the normals to it drawn inwards. We shall 
prove in the first place that 


V aw 
[Jeo + mv+nW) is=-|[[(+5 +=) Unigada oD 


where the triple-integral is taken throughout the region, and the double- 
integral over its boundary. 


If we conceive a series of surfaces drawn so as to divide the region into 
any number of separate parts, the integral 


(CU 4 mV, 0 W ) dS. vice csecse ns ns ana (2) 


taken over the original boundary, is equal to the sum of the similar integrals 
each taken over the whole boundary of one of these parts. For, for every 
element, dao of a dividing surface, we have, in the integrals corresponding to 
the parts lying on the two sides of this surface, elements (JU +mV+nW) 6c, 
and (l’/U + m'V +n’ W) Sc, respectively. But the normals to which J, m, n 
and l’, m’, n’ refer being drawn inwards in each case, we have l’ = — 1, m’ =— m, 
n’ =—n; so that, in forming the sum of the integrals spoken of, the elements 
due to the dividing surfaces disappear, and we have left only those due to the 
original boundary of the region. 


Now let us suppose the dividing surfaces to consist of three systems of 
planes, drawn at infinitesimal intervals, parallel to yz, za, xy, respectively. If 
x, y, z be the co-ordinates of the centre of one of the rectangular spaces thus 
formed, and 62, dy, dz the lengths of its edges, the part of the integral (2) due 
to the yz-face nearest the origin is 


(u- en ) bybe, 
and that due to the opposite face is 
_ (u+ ve be) dy Oz. 


The sum of these is — dU/dw.da6y8z. Calculating in the same way the parts 
of the integral due to the remaining pairs of faces, we get for the final result 
= G4 ot ) bx Sy Sz, 


Hence (1) simply expresses the as that the surface-integral (2), taken over 
the boundary of the region, is equal to the sum of the similar integrals taken 
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over the boundaries of the elementary spaces of which we have supposed it 
built up. 

It is evident from (1), or it may be proved directly by transformation of 
co-ordinates, that if U, V, W be regarded as components of a vector, the 
expression 


00 TOV OW 


da * dy * 02 
is a ‘scalar’ quantity, z.e. its value is unaffected by any such transformation. 


It is now usually called the ‘divergence’ of the vector-field at the point (a, y, z). 


The interpretation of (1), when (U, V, W) is the velocity of a continuous 
substance, is obvious. In the particular case of irrotational motion we obtain 


[[$£as=—||[vpdedyde Le bP ate (3) 


where 6n denotes an element of the inwardly-directed normal to the surface S. 
Again, if we put U, V, W=pu, pv, pw, respectively, we reproduce in 
substance the second investigation of Art. 7. 


Another useful result is obtained by putting U, V, W = ud, v¢, w¢, respec- 
tively, where w, v, w satisfy the relation 

Ow ld ov 4 ow 

Ox ay + Oz 


throughout the region, and make 


=0 


lu+mv+nw=0 
over the boundary. We find 


[[](Gb+ og? +0) dvayaz=o. MET AEA, tee (4) 


The function ¢ is here merely restricted to be finite, single-valued, and con- 
tinuous, and to have its first differential coefficients finite, throughout the 
region. 


43. Now let ¢, ¢’ be any two functions which, together with their first 
and second derivatives, are finite and single-valued throughout the region 
considered; and let us put 


We ae ee oe, joe, 


respectively, so that L1U+mV+nW= oa, ae 
Substituting in (1) we find 


\fagh asm — [ll Ge Ge * 35 by * oe ae eee 


—f[foVeg' dadydz. ......... (5) 
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By interehanging ¢ and ¢’ we obtain 
coe (2 Op Og at oe) | 
[fe sds =— || i Ox as oy oy ts 0z Oz dad yee 
—ff[o'V2pdadydz. ......... (6) 
Equations (5) and (6) together constitute Green’s theorem * 


44. If d, d’ be the velocity-potentials of two distinct modes of irrotational 
motion of a liquid, so that 
Vide Oe Vid 0.7 cc ccaeanenesseiaemenes cme (1) 


we obtain [[o%2as- i | os" a IS¢. er ot eee ee (2) 


If we recall the physical interpretation of the velocity-potential, given in 
Art. 18, then, regarding the motion as generated in each case impulsively 
from rest, we recognize this equation as a particular case of the dynamical 
theorem that 

> Drdr = ep, qr 
where p,, g, and p,’, g, are generalized components of impulse and velocity, 
in any two possible motions of a system F. 

Again, in Art. 43 (6) let ¢’ = ¢, and let ¢ be the velocity-potential of a 

liquid. We obtain 


(IAG) + G2) + (GB) facayae=— [oP as. ....... (3) 


To interpret this we multiply both sides by 4p. Then on the right-hand 
side — 0¢/dn denotes the normal velocity of the fluid inwards, whilst p¢ is, by 
Art. 18, the impulsive pressure necessary to generate the motion. It is a 
proposition in Dynamics} that the work done by an impulse is measured by 
the product of the impulse into half the sum of the initial and final velocities, 
resolved in the direction of the impulse, of the point to which it is applied. 
Hence the right-hand side of (3), when modified as described, expresses the 
work done by the system of impulsive pressures which, applied to the surface 
S, would generate the actual motion; whilst the left-hand side gives the 
kinetic energy of this motion. The formula asserts that these two quantities 
are equal. Hence if 7’ denote the total kinetic energy of the liquid, we have 
the very important formula 


21 =—p{ [po d9 iasied “ied een Mae (4,) 


If in (3), in place of , we write dp/dx, which will of course satisfy V20p/d7=0, and 
apply the resulting theorem to the region included within a spherical surface of radius r 


* G. Green, Essay on Electricity and Magnetism, Nottingham, 1828, Art. 3 [Mathematical 
Papers (ed. Ferrers), Cambridge, 1871, p. 3]. 

+ Thomson and Tait, Natural Philosophy, Art. 313, equation (11). 

+ Ibid. Art, 308. 
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having any point (x, y, z) as centre, then with the same notation as in Art. 39, we have 


bap [fosen|fotase[f¥82 (#)as 
= {GB + Gey + (28) nares 


Hence, writing g?= u?+v2+ w?, 
ters fforae= [ff {(zB) + (Ge) + G8) 


ap ao \? Op \2 
ay (ae) +2 (<=) +2 Gee) | dedy de a staveaedwscens (5) 


Since this latter expression is essentially positive, the mean value of q?, taken over a 
sphere having any given point as centre, increases with the radius of the sphere. Hence 
g’ cannot be a maximum at any point of the fluid, as was proved otherwise in Art. 37. 


Moreover, recalling the formula for the pressure in any case of irrotational motion of a 
liquid, viz. 


é 
e- Be ST Ove eee eee (6) 
we infer that, provided the cbs crt Q of the external forces satisfy the condition 
BP Ogee adore sia aatioriwesg seta cnsipangadnainnc anes (7) 


the mean value of p over a sphere described with any point in the interior of the fluid as 
centre will diminish as the radius increases. The place of least pressure will therefore be 
somewhere on the boundary of the fluid. This has a bearing on the point discussed in 
Art. 23. 


45. In this connection we may note a remarkable theorem discovered by 
Lord Kelvin*, and afterwards generalized by him into an universal property 
of dynamical systems started impulsively from rest under prescribed velocity- 
conditions t+. 

The irrotational motion of a liquid occupying a simply-connected region 
has less kinetic energy than any other motion consistent with the same normal 
motion of the boundary. 

Let 7 be the kinetic energy of the irrotational motion to which the velocity- 
potential ¢ refers, and 7; that of another motion given by 


w= + uo, -- 2m, w= —F 4 a6, wena (8) 
where, in virtue of the equation of continuity, and the prescribed boundary- 
condition, we must have 

OUg OU OW 

Oz Oy oz 
throughout the region, and up + mvp + ny = 0 
over the boundary. Further let us write 


To=to fff (uo? + 0% + Wo) Ax dy dz. ...sccecrecsecevenees (9) 


* (W. Thomson) ‘‘On the Vis-Viva of a Liquid in Motion,’’ Camb. and Dub. Math, Journ. 


1849 [Papers, i. 107]. 
+ Thomson and Tait, Art. 312. 


= 0 
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Wefind T%=T+T%- ol [f(z + woe + 10 92) dandy de 
Since the last integral vanishes, by Art. 42 a we have 

Tye l Tele ee eee (10) 
which proves the theorem *. 

46. We shall require to know, hereafter, the form assumed by the ex- 
pression (4) for the kinetic energy when the fluid extends to infinity and is 
at rest there, being limited internally by one or more closed surfaces S. Let 
us suppose a large closed surface } described so as to enclose the whole of 8. 
The energy of the fluid included between S and & is 


- te [fess dS — to [ [oct as, fe OEE EOE (11) 


where the integration in the first term extends over S, that in the second over 
>. Since we have, by the equation of continuity, 


[[tase fes-o 


the expression (11) may be written 
~ 4p [|(@ 0) 2 as— 13 [[@- OS are cee (12) 


where C may be any constant, but is here supposed to be the constant value 
to which ¢ was shewn in Art. 39 to tend at an infinite distance from S. Now 
the whole region occupied by the fluid may be supposed made up of tubes of 
flow, each of which must pass either from one point of the internal boundary 
to another, or from that boundary to infinity. Hence the value of the integral 


[f= 


taken over any surface, open or closed, finite or infinite, drawn within the 
region, must be finite. Hence ultimately, when = is taken infinitely large and 
infinitely distant all round from S, the second term of (12) vanishes, and we 
have 


20 =~ p||(p- AS Sneent Bcc (13) 


where the integration extends over the internal boundary only. 


If the total flux across the internal boundary be zero, we have 


[| sas = 


so that (13) may be written 277 =—p [[es2 LES ReaD tite Reed ors red (14) 
simply. 


* Some extensions of this result are discussed by Leathem, Cambridge Tracts, No. 1, 2nd ed. 
(1913), They supply further interesting illustrations of Kelvin’s general dynamical principle. 
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On Multiply-connected Regions. 


47. Before discussing the properties of irrotational motion in multiply- 
connected regions we must examine more in detail the nature and classifica- 
tion of such regions. In the following synopsis of this branch of the geometry 
of position we recapitulate for the sake of completeness one or two definitions 
already given. 


We consider any connected region of space, enclosed by boundaries. A 
region is ‘connected’ when it is possible to pass from any one point of it to any 
other by an infinity of paths, each of which lies wholly in the region. 


Any two such paths, or any two circuits, which can by continuous variation 
be made to coincide without ever passing out of the region, are said to be 
‘mutually reconcileable. Any circuit which can be contracted to a point 
without passing out of the region is said to be ‘reducible.’ Two reconcileable 
paths, combined, form a reducible circuit. If two paths or two circuits be 
reconcileable, it must be possible to connect them by a continuous surface, 
which les wholly within the region, and of which they form the complete 
boundary: and conversely. 


It is further convenient to distinguish between ‘simple’ and ‘multiple’ 
irreducible circuits. A ‘multiple’ circuit is one which can by continuous 
variation be made to appear, in whole or in part, as the repetition of another 
circuit a certain number of times. A ‘simple’ circuit is one with which this 
is not possible. 


A ‘barrier, or ‘diaphragm,’ is a surface drawn across the region, and 
limited by the line or lines in which it meets the boundary. Hence a barrier 
is necessarily a connected surface, and cannot consist of two or more detached 
portions. 


A ‘simply-connected’ region is one such that all paths joining any two 
points of it are reconcileable, or such that all circuits drawn within it are 
reducible. 


A ‘doubly-connected’ region is one such that two irreconcileable paths, 
and no more, can be drawn between any two points dA, B of it; viz. any other 
path joining AB is reconcileable with one of these, or with a combination of 
the two taken each a certain number of times. In other words, the region is 
such that one (simple) irreducible circuit can be drawn in it, whilst all other 
circuits are either reconcileable with this (repeated, if necessary), or are 
reducible. As an example of a doubly-connected region we may take that 
enclosed by the surface of an anchor-ring, or that external to such a ring and 
extending to infinity. 

Generally, a region such that m irreconcileable paths, and no more, can be 
drawn between any two points of it, or such that n — 1 (simple) irreducible 
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and irreconcileable circuits, and no more, can be drawn in it, is said to be 
‘n-ply-connected.’ 

The shaded portion of the figure on p. 35 is a triply-connected space of 
two dimensions. 

It may be shewn that the above definition of an n-ply-connected space is 
self-consistent. In such simple cases as n = 2, n = 3, this is sufficiently evident 
without demonstration. 


48. Let us suppose, now, that we have an n-ply-connected region, with 
n—1 simple independent irreducible circuits drawn in it. It is possible to 
draw a barrier meeting any one of these circuits in one point only, and not 
meeting any of the n — 2 remaining circuits. A barrier drawn in this manner 
does not destroy the continuity of the region, for the interrupted circuit remains 
as a path leading round from one side to the other. The order of connection 
of the region is however diminished by unity; for every circuit drawn in the 
modified region must be reconcileable with one or more of the n — 2 circuits 
not met by the barrier. 

A second barrier, drawn in the same manner, will reduce the order of con- 
nection again by one, and so on; so that by drawing n—1 barriers ‘we can 
reduce the region to a simply-connected one. 

A simply-connected region is divided by a barrier into two separate 
parts; for otherwise it would be possible to pass from a point on one side 
of the barrier to an adjacent point on the other side by a path lying wholly 
within the region, which path would in the original region form an irreducible 
circuit. 

Hence in an n-ply-connected region it is possible to draw n —1 barriers, 
and no more, without destroying the continuity of the region. This property 
is sometimes adopted as the definition of an n-ply-connected space. 


Irrotational Motion in Multiply-connected Spaces. 


49. The circulation is the same in any two reconcileable circuits ABCA, 
A’'B'C’ A’ drawn in a region occupied by fluid moving irrotationally. For the 
two circuits may be connected by a continuous surface lying wholly within 
the region; and if we apply the theorem of Art. 32 to this surface, we 
have, remembering the rule as to the direction of integration round the 
boundary. 

I(ABCA)+I(A'O'B’A’')=0, 
or I(ABCA) =I (A’BC A’). 

If a circuit ABCA be reconcileable with two or more circuits A’B’C’ A’, 
A" BC" A", &e., combined, we can connect all these circuits by a continuous 
surface which lies wholly within the region, and of which they form the com- 
plete boundary. Hence 

I (ABCA) +I (A'O'B' A’) +1I(A"C"B" A") + &e. = 0, 
or L(ABCA)=I(A'B'C'A') +I (A"B'O" A") + &e.; 
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ae. the circulation in any circuit is equal to the sum of the circulations in the 
several members of any set of circuits with which it is reconcileable. 

Let the order of connection of the region be n +1, so that n independent 
simple irreducible circuits a1, az, ... @, can be drawn in it; and let the circu- 
lations in these be xy, K9, ... Kn, respectively. The sign of any « will of course 
depend on the direction of integration round the corresponding circuit; let 
the direction in which « is estimated be called the positive direction in the 
circuit. The value of the circulation in any other circuit can now be found 
at once. For the given circuit is necessarily reconcileable with some com- 
bination of the circuits a1, dz, ... dn; say with a, taken p, times, dy taken 
2 times and so on, where of course any p is negative when the corre- 
sponding circuit is taken in the negative direction. The required circulation 
then is 

PLES ap 5, 25% or ne By OY he RE i (1) 

Since any two paths joining two points A, B of the region together form 
a circuit, it follows that the values of the flow in the two paths differ by 
a quantity of the form (1), where, of course, in particular cases some or all of 
the p’s may be zero. 


50. Let us denote by—¢ the flow to a variable point P from a fixed 
point A, viz. 


oe 
gaa] (udot ody +d). ccecccccrieeeen (2) 
JA 


So long as the path of integration from A to P is not specified, ¢ is indeter- 
minate to the extent of a quantity of the form (1). 

If however n barriers be drawn in the manner explained in Art. 48, so as 
to reduce the region to a simply-connected one, and if the path of integration 
in (2) be restricted to lie within the region as thus modified (ze. it is not to 
cross any of the barriers), then ¢ becomes a single-valued function, as in 
Art. 35. It is continuous throughout the modified region, but its values at 
two adjacent points on opposite sides of a barrier differ by + «. To derive the 
yalue of ¢ when the integration is taken along any path in the unmodified 
region we must subtract the quantity (1), where any p denotes the number of 
times this path crosses the corresponding barrier. A crossing in the positive 
direction of the circuits interrupted by the barrier is here counted as positive, 
a crossing in the opposite direction as negative. 


By displacing P through an infinitely short space parallel to each co-ordinate 
axis in succession, we find 


so that ¢ satisfies the definition of a velocity- potential (Art. 17). It is\yow 
however a many-valued or cyclic function; 7.e. it is not possible to assign to 
every point of the original region a unique and definite value of ¢, such values 
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forming a continuous system. On the contrary, whenever P describes an irre- 
ducible circuit, p will not, in general, return to its original value, but will differ 
from it by a quantity of the form (1). The quantities «1, Kg, ... #n, which specify 
the amounts by which ¢ decreases as P describes the several independent 
circuits of the region, may be called the ‘cyclic constants’ of ¢. 


It is an immediate consequence of the ‘circulation-theorem’ of Art. 33 
that under the conditions there presupposed the cyclic constants do not alter 
with the time. The necessity for these conditions is exemplified in the problem 
of Art. 29, where the potential of the extraneous forces is itself a cyclic 
function. 

The foregoing theory may be illustrated by the case of Art. 27 (2), where the region (as 
limited by the exclusion of the origin, since the formula would give an infinite velocity there) 
is doubly-connected ; for we can connect any two points A, B of it by two irreconcileable 
paths passing on opposite sides of the axis of 2, e.g. 
ACB, ADB in the figure. The portion of the plane zx 
for which x is positive, may be taken as a barrier, 
and the region is thus made simply-connected. The 8B 


circulation in any circuit meeting this barrier once 
only, eg. in ACBDA, is 


2r 
ik p/r.rdé, or 2rp. 


That in any circuit not meeting the barrier is zero. In the modified region @ may be put 
equal to a single-valued function, viz. — 46, but its value on the positive side of the barrier 
is zero, that at an adjacent point on the negative is —27p. 


A 


More complex illustrations of irrotational motion in multiply-connected spaces of two 
dimensions will present themselves in the next chapter. 


51. Before proceeding further we may briefly indicate a somewhat different 
method of presenting the above theory. 


Starting from the existence of a velocity-potential as the characteristic 
of the class of motions which we propose to study, and adopting the second 
definition of an n+ 1-ply-connected region, indicated in Art. 48, we remark 
that in a simply-connected region every equipotential surface must either be 
a closed surface, or else form a barrier dividing the region into two separate 
parts. Hence, supposing the whole system of such surfaces drawn, we see that 
if a closed curve cross any given equipotential surface once it must cross it 
again, and in the opposite direction. Hence, corresponding to any element of 
the curve, included between two consecutive equipotential surfaces, we have a 
second element such that the flow along it, being equal to the difference 
between the corresponding values of ¢, is equal and opposite to that along the 
former; so that the circulation in the whole circuit is zero. 


If however the region be multiply-connected, an equipotential surface 
may form a barrier without dividing it into two separate parts. Let as 
many such surfaces be drawn as is possible without destroying the con- 
tinuity of the region. The number of these cannot, by definition, be greater 
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than n. Every other equipotential surface which is not closed will be re- 
concileable (in an obvious sense) with one or more of these barriers. A curve 
drawn from one side of a barrier round to the other, without meeting any of 
the remaining barriers, will cross every equipotential surface reconcileable 
with the first barrier an odd number of times, and every other equipotential 
surface an even number of times. Hence the circulation in the circuit thus 
formed will not vanish, and ¢ will be a cyclic function. 
In the method adopted above we have based the whole theory on the 
equations 
Ow dv ou dw ov Ow 
Syip os a an eed (3) 
and have deduced the existence and properties of the velocity-potential in 
the various cases as necessary consequences of these. In fact, Arts. 34, 35, 
and 49, 50 may be regarded as an inquiry into the nature of the solution of 
this system of differential equations, as depending on the character of the 
region through which they hold. 
The integration of (3), when we have, on the right-hand side, instead of 
zero, known functions of 2, y, z, will be treated in Chapter VII. 


52. Proceeding now, as in Art. 36, to the particular case of an incom- 
pressible fluid, we remark that-whether ¢ be cyclic or not, its first derivatives 
0g/dx, 0/dy, 0¢/0z, and therefore all the higher derivatives, are essentially 
single-valued functions, so that ¢ will still satisfy the equation of continuity 


or the equivalent form i i Ee Ge OMe earn tne aie eed eines (2) 


where the surface-integration extends over the whole boundary of any portion 
of the fluid. 

The theorem (a) of Art. 40, viz. that ¢ must be constant throughout the 
interior of any region at every point of which (1) is satisfied, if it be constant 
over the boundary, still holds when the region is multiply-connected. For @, 
being constant over the boundary, is necessarily single-valued. 

The remaining theorems of Art. 40, being based on the assumption that 
the stream-lines cannot form closed curves, will require modification. We 
must introduce the additional condition that the circulation is to be zero in 
each circuit of the region. 

Removing this restriction, we have the theorem that the irrotational 
motion of a liquid oceupying an n-ply-connected region is determinate when 
the normal velocity at every point of the boundary is prescribed, as well as 
the value of the circulation in each of the n independent and irreducible 
circuits which can be drawn in the region. For if ¢1, $2 be the (cyclic) 
velocity-potentials of two motions satisfying the above conditions, then 
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= ¢1— 2 is a single-valued function which satisfies (1) at every point of 
the region, and makes 0¢/dén=0 at every point of the boundary. Hence, by 
Art. 40, ¢ is constant, and the motions determined by ¢; and ¢; are identical. 

The theory of multiple connectivity seems to have been first developed by Riemann* 


for spaces of two dimensions, & propos of his researches on the theory of functions of a 
complex variable, in which connection also cyclic functions satisfying the equations 

Op Pb _ 

peta 
through multiply-connected regions, present themselves. 

The bearing of the theory on Hydrodynamics and the existence in certain cases of 
many-valued velocity-potentials were first pointed out by von Helmholtzt. The subject 
of cyclic irrotational motion in multiply-connected regions was afterwards taken up and 
fully investigated by Lord Kelvin in the paper on vortex-motion already referred tof. 


Kelvin’s Extension of Green's Theorem. 


53. It was assumed in the proof of Green’s theorem that ¢ and ¢’ were 
both single-valued functions. If either be a cyclic function, as may be the 
case when the region to which the integrations in Art. 43 refer is multiply- 
connected, the statement of the theorem must be modified. Let us suppose, 
for instance, that ¢ is cyclic; the surface-integral on the left-hand side of 
Art. 43 (5), and the second volume-integral on the right-hand side, are then 
indeterminate, on account of the indeterminateness in the value of ¢ itself. 
To remove this indeterminateness, let the barriers necessary to reduce the 
region to a simply-connected one be drawn, as explained in Art. 48. We 
may now suppose ¢ to be continuous and single-valued throughout the region 
thus modified; and the equation referred to will then hold, provided the two 
sides of each barrier be reckoned as part of the boundary of the region, and 
therefore included in the surface-integral on the left-hand side. Let 80, 
be an element of one of the barriers, «, the cyclic constant corresponding to 
that barrier, 0¢’/dn the rate of variation of ¢’ in the positive direction of the 
normal to 60;. Since, in the parts of the surface-integral due to the two 
sides of 01, 0¢’/on is to be taken with opposite signs, whilst the value of ¢ 
on the positive side exceeds that on the negative side by x, we get finally 
for the element of the integral due to $01, the value «,0¢'/dn.50,. Hence 
Art. 48 (5) becomes, in the altered circumstances, 


[2b d+ [[°P dor + x0] °% dor... 


--[[(ES+ES + 38%) de dydz— ||| 99%¢' dedy de; a) 


* Grundlagen fiir eine allgemeine Theorie der Functionen einer veriinderlichen complexen 
Grosse, Gottingen, 1851 [Mathematische Werke, Leipzig, 1876, p. 3]. Also: ‘‘ Lehrsiitze aus der 
Analysis Situs,’’ Crelle, liv. (1857) [Werke, p. 84}. + Crelle, ly. (1858). 

t See also Kirchhoff, ‘‘Ueber die Krafte welche zwei unendlich diinne starre Ringe in einer 
Flissigkeit scheinbar auf einander ausiiben kénnen,’’ Crelle, lxxi. (1869) [Gesammelte Abhand- 
lungen, Leipzig, 1882, p. 404]. 
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where the surface-integrations indicated on the left-hand side extend, the 
first over the original boundary of the region only, and the rest over the 
several barriers. The coefficient of any « is evidently minus the total flux 
across the corresponding barrier, in a motion of which ¢’ is the velocity- 
potential. The values of ¢ in the first and last terms of the equation are to 
be assigned in the manner indicated in Art. 50. 

If ¢’ also be a cyclic function, having the cyclic constants «y', «2, &., 
then Art. 43 (6) becomes in the same way 


[[o Bassey [[ odors ee [[ aot Be 
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Equations (1) and (2) together constitute Lord Kelvin’s extension of Green’s 


theorem. 


54. If,’ are both velocity-potentials of a liquid, we have 


Heyl itm em ete nats (3) 
and therefore [Je SS as+ea[[ dor +x |{F dort... 
f ,0 , f) , a) 
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To obtain a physical interpretation of this theorem it is necessary to 
explain in the first place a method, imagined by Lord Kelvin, of generating 
any given cyclic irrotational motion of a liquid-m a multiply-connected 
space. 

Let us suppose the fluid to be enclosed in a perfectly smooth and flexible 
membrane occupying the position of the boundary. Further, let n barriers 
be drawn, as in Art. 48, so as to convert the region into a simply-connected 
one, and let their places be occupied by similar membranes, infinitely thin, 
and destitute of inertia. The fluid being initially at rest, let each element 
of the first-mentioned membrane be suddenly moved inwards with the given 
(positive or negative) normal velocity —d¢/on, whilst uniform impulsive 
pressures £19, K2p,--- Knp are simultaneously applied to the negative sides of 
the respective barrier-membranes. The motion generated will be characterized 
by the following properties. It will be irrotational, being generated from 
rest; the normal velocity at every point of the original boundary will have 
the prescribed value; the values of the impulsive pressure at two adjacent 
points on opposite sides of a membrane will differ by the corresponding value 
of «xp, and the values of the velocity-potential will therefore ditfer by the 
corresponding value of «; finally, the motion on one side of a barrier will be 
continuous with that on the other. To prove the last statement we remark, 
first, that the velocities normal to the barrier at two adjacent points on 
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opposite sides of it are the Same, being each equal to the normal velocity of 

the adjacent portion of the membrane. Again, if P,Q be two consecutive 

points on a barrier, and if the corresponding values of ¢ be on the positive 

side dp, dg, and on the negative side ¢‘p, $9, we have 
br—bp=K=$o- $a, 

and therefore bo-—br=Po—P rp; 

2.6. 1f PQ =6s, Op/ds = d¢g /ds. 

Hence the tangential velocities at two adjacent points on opposite sides of 

the barrier also agree. If then we suppose the barrier-membranes to be 

liquefied immediately after the impulse, we obtain the irrotational motion 

in question. 

The physical interpretation of (4), when multiplied by —p, now follows 
as in Art. 44. The values of px are additional components of momentum, 
and those of —{fd¢/dn.dc, the fluxes through the various apertures of the 
region, are the corresponding generalized velocities. 


55. If in (2) we put ¢’=4¢, and suppose ¢ to be the velocity-potential of 
an incompressible fluid, we find 


oT = e [INGE aa) + (2) + +(2 ) | dedyde 
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The last member of this formula has a simple interpretation in terms of the 
artificial method of generating cyclic irrotational motion just explained. The 
first term has already been recognized as equal to twice the work done by 
the impulsive pressure p¢ applied to every part of the original boundary of 
the fluid. Again, px; is the impulsive pressure applied, in the positive 
direction, to the infinitely thin massless membrane by which the place of the 
first barrier was supposed to be occupied ; so that the expression 


-i ffm 


denotes the work done by the impulsive forces applied to that membrane; 
and so on. Hence (5) expresses the fact that the energy of the motion is equal 
to the work done by the whole system of impulsive forces by which we may 
suppose it generated. 


In applying (5) to the case where the fluid extends to infinity and is at 
rest there, we may replace the first term of the third member by 


~p|{(- ange dS 3}, St aan (6) 


where the integration extends over the internal boundary only. The proof 
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is the same as in Art 46. When the total flux across this boundary is zero, 
this reduces to 


-p {estas UN Ne A oe os (7) 


The minimum theorem of Lord Kelvin, given in Art. 45, may now be 
extended as follows: 


The irrotational motion of a liquid in a multiply-connected region has 
less kinetic energy than any other motion consistent with the same normal 
motion of the boundary and the same value of the total flux through each of 
the several independent channels of the region. 


The proof is left to the reader. 


Sources and Sinks. 


56. The analogy with the theories of Electrostatics, the Steady Flow 
of Heat, &c., may be carried further by means of the conception of sources 
and sinks. 


A ‘simple source’ is a point from which fluid is imagined to flow out 
uniformly in all directions. If the total flux outwards across a small closed 
surface surrounding the point be m, then m is called the ‘strength’ of the 
source. A negative source is called a ‘sink.’ The continued existence of 
a source or a sink would postulate of course a continual creation or annihila- 
tion of fluid at the point in question. 


The velocity-potential at any point P, due to a simple source, in a liquid 
at rest at infinity, is 
AO ee a alr Ben Psa Pere aor te rcv) 
where r denotes the distance of P from the source. For this gives a radial 
flow from the point, and if 6S, =r?éa, be an element of a spherical surface 
having its centre at the source, we have 


-{[2as=m, 


a constant, so that the equation of continuity is satisfied, and the flux outwards 
has the value appropriate to the strength of the source. 


A combination of two equal and opposite sources + m’, at a distance ds 
apart, where, in the limit, ds is taken to be infinitely small, and m’ infinitely 
great, but so that the product m’és is finite and equal to » (say), is called 
a ‘double source’ of strength u, and the line 5s, considered 4s drawn in the 
direction from — m’ to + m’, is called its axis. 


To find the velocity-potential at any point (a, y, 2) due to a double source 
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p situate at (2’, y’, 2’), and having its axis in the direction (J, m, ), we remark 
that, f being any continuous function, 


f(a’ + 18s, y' + més, 2’ +nds) — f(a’, y’, 2’) 
0 0 5 
=(lag ct eed TCA y' 2’). 8s, 
ultimately. Hence, putting f(a’, y’, 2’) = m'/4mr, where 
r={(e—a2’ P+ (yy Pte 2 yb 


a 0 0 x7) 
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where, in the latter form, S denotes the angle which the line 7, considered as 
drawn from (a’, y’, 2’) to («, y, z), makes with the axis (1, m, 7). 
We might proceed, in a similar manner (see Art. 82), to build up sources 


of higher degrees of complexity, but the above is sufficient for our immediate 
purpose. 


Finally, we may imagine simple or double sources, instead of existing at 
isolated points, to be distributed continuously over lines, surfaces, or volumes. 


57. We can now prove that any continuous acyclic irrotational motion of 
a liquid mass may be regarded as due to a distribution of simple and double 
sources over the boundary. 


This depends on the theorem, proved in Art. 44, that if ¢, ¢’ be any two 
single-valued functions which satisfy V?¢=0, V?¢’=0 throughout a given 


region, then ; 
{Je fs = {Je ee Rab erzia a one (5) 


where the integration extends over the whole boundary. In the present 
application, we take ¢ to be the velocity-potential of the motion in question, 


and put ¢’ =1/r, the reciprocal of the distance of any point of the fluid from 
a fixed point P. 


We will first suppose that P is in the space occupied by the fluid. Since 
¢’ then becomes infinite at P, it is necessary to exclude this point from the 
region to which the formula (5) applies; this may be done by describing a 
small spherical surface about P as centre. If we now suppose 6 to refer to 
this surface, and 6S to the original boundary, the formula gives 


Joan Gas [foe (2) as = [[P28 az a [PP as. 6) 
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At the surface = we have 0/dn (1/r)=—1/r?; hence if we put SS =rda, 
and finally make r-> 0, the first integral on the left-hand becomes = — 4p, 
where ¢p denotes the value of ¢ at P, whilst the first integral on the right 
vanishes. Hence 


be=— 7 |I- oF a4 +=[[e2 (2) AE RATT OB (7) 


This gives the value of ¢ at any point P of the fluid in terms of the values 
of ¢ and d¢/dn at the boundary. Comparing with the formulae (1) and (2) 
we see that the first term is the velocity-potential due to a surface distribution 
of simple sources, with a density — 0¢/én per unit area, whilst the second term 
is the velocity-potential of a distribution of double sources, with axes normal 
to the surface, the density being ¢. It will appear from equation (10), below, 
that this is only one out of an infinite number of surface-distributions which 
will give the same value of ¢ throughout the interior. 


When the fluid extends to infinity in every direction and is at rest there, 
the surface-integrals in (7) may, on a certain understanding, be taken to refer 
to the internal boundary alone. To see this, we may take as external boundary 
an infinite sphere having the point P as centre. The corresponding part of 
the first integral in (7) vanishes, whilst that of the second is equal to C, the 
constant value to which, as we have seen in Art. 41, @ tends at infinity. It 
is convenient, for facility of statement, to suppose C= 0; this is legitimate 
since we may always add an arbitrary constant to ¢. 


When the point P is external to the surface, $’ is finite throughout the 
original region, and the formula (5) gives at once 


o=-7-|[22 dS+ i llox(;) as a5 Fen (8) 


where, again, in the case of a liquid extending to infinity, and at rest there, 
the terms due to the infinitely distant part of the boundary may be omitted. 


58. The distribution expressed by (7) can, further, be replaced by one of 
simple sources only, or of double sources only, over the boundary. 

Let ¢ be the velocity-potential of the fluid occupying a certain region, 
and let @’ now denote the velocity-potential of any possible acyclic irrotational 
motion through the rest of infinite space, with the condition that ¢, or ’, as 
the case may be, vanishes at infinity. Then, if the point P be internal to the 
first region, and therefore external to the second, we have 


r= ae \lran Sta ||? ae G2) (9) 
0O=- a [fPSh as [le sar (;) 2S | 


where 6n, 5n’ denote elements of the normal to dS, drawn inwards to the 
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first and second regions respectively, so that 0/dn’ =—0/dn. By addition, we 


have 
bo=— ge [ft GE +o) as + 7 [[o-05, (7) as 2 


The function ¢’ will be determined by the surface-values of ¢’ or ¢’/dn’, 
which are as yet at our disposal. 

Let us in the first place make ¢’=¢ at the surface. The tangential 
velocities on the two sides of the boundary are then continuous, but the normal 
velocities are discontinuous. To assist the ideas, we may imagine a liquid to 
fill infinite space, and to be divided into two portions by an infinitely thin 
vacuous sheet within which an impulsive pressure pd is applied, so as to 
generate the given motion from rest. The last term of (10) disappears, so that 


or=-z_ [f[-(F Wy a) ) as, RN OREN (11) 


that is, the motion (on either side) is that a to a surface-distribution of 
simple sources, of density 

Ob | og" 

aft On’ ie 


Secondly, we may suppose that 0¢'/én =0¢/0n over the boundary. This 
gives continuous normal velocity, but discontinuous tangential velocity, over 
the original boundary. The motion may in this case be imagined to be 
generated by giving the prescribed normal velocity —dd/dn to every point 
of an infinitely thin membrane coincident in position with the boundary. The 
first term of (10) now vanishes, and we have 


2 yon z \|@ a = (-) ISO CRO 2ic362 (12) 


shewing that the motion on either side may be conceived as due to a surface- 
distribution of double sources, with density 
o—¢. 

It may be shewn that the above representations of ¢ in terms of simple 
sources alone, or of double sources alone, are unique; whereas the representa- 
tion of Art. 57 is indeterminate ft. 

It is obvious that cyclic irrotational motion of a liquid cannot be reproduced by any 
arrangement of simple sources. It is easily seen, however, that it may be represented by 
a certain distribution of double sources over the boundary, together with a uniform distri- 


bution of double sources over each of the barriers necessary to render the region occupied 
by the fluid simply-connected. In fact, with the same notation as in Art. 53, we find 


ree: w= 2 |[o- - 9) (7) as 1 ffe(e)a otf [fo (D) dort nn 03) 


* This investigation was first given by Green, from the point of view of Electrostatics, J.c. 
ante p. 46. 

+ Cf. Larmor, ‘‘On the Mathematical Expression of the Principle of Huyghens,”’ Proc. Lond. 
Math. Soc. (2) i. 1 (1903) [Math. and Phys. Papers, Cambridge, 1929, ii. 240]. 
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where ¢ is the single-valued velocity-potential which obtains in the modified region, and 
q’ is the velocity-potential of the acyclic motion which is generated in the external space 
when the proper normal velocity —d/én is given to each element 5S of a membrane 


coincident in position with the original boundary. 
Another mode of representing the irrotational motion of a liquid, whether 
cyclic or not, will present itself in the chapter on Vortex Motion, 


We here close this account of the theory of irrotational motion. The 
mathematical reader will doubtless have noticed the absence of some im- 
portant links in the chain of our propositions. For example, apart from 
physical considerations, no proof has been offered that a function ¢ exists 
which satisfies the conditions of Art. 36 throughout any given simply- 
connected region, and has arbitrarily prescribed values over the boundary. 
The formal proof of ‘existence-theorems’ of this kind is not attempted in 
the present treatise. For a review of the literature of this part of the 
subject the reader may consult the authors cited below*. 


* H. Burkhardt and W. F. Meyer, “Potentialtheorie,’? and A. Sommerfeld, ‘‘Randwerth- 
aufgaben in der Theorie d. part. Diff.-Gleichungen,’’ Encyc. d. math. Wiss. ii. (1900). 


CHAPTER IV 
MOTION OF A LIQUID IN TWO DIMENSIONS 


59. IF the velocities uw, v be functions of 2, y only, while w is zero, the 
motion takes place in a series of planes parallel to zy, and is the same in 
each of these planes. The investigation of the motion of a liquid under these 
circumstances is characterized by certain analytical peculiarities; and the 
solutions of several problems of great interest are readily obtained. 


Since the whole motion is known when we know that in the plane z= 0, 
we'may confine our attention to that plane. When we speak of points and 
lines drawn in it, we shall understand them to represent respectively the 
straight lines parallel to the axis of z, and the cylindrical surfaces having 
their generating lines parallel to the axis of z, of which they are the traces. 


By the flux across any curve we shall understand the volume of fluid 
which in unit time crosses that portion of the cylindrical surface, having the 
curve as base, which is included between the planes z =0, z=1. 


Let A, P be any two points in the plane zy. The flux across.any two 
lines joining AP is the same, provided they can be reconciled without passing 
out of the region occupied by the moving liquid; for otherwise the space 
included between these two lines would be gaining or losing matter. Hence 
if A be fixed, and P variable, the flux across any line AP is a function of the 
position of P. Let W be this function; more precisely, let yw denote the flux 
across AP from right to left, as regards an observer placed on the curve, and 
looking along it from A in the direction of P. Analytically, if J, m be the 
direction-cosines of the normal (drawn to the left) to any element és of the 
curve, we have 


P 
wv =| (Ub 49001) US. crt os casts onteennuskasenee (1) 


If the region occupied by the liquid be aperiphractic (see p. 40), y is neces- 
sarily a single-valued function, but in periphractic regions the value of 
may depend on the nature of the path AP. For spaces of two dimensions, 
however, persphraxy and multiple-connectivity become the same thing, so that 
the properties of , when it is a many-valued function, in relation to the 
nature of the region occupied by the moving liquid, may be inferred from 
Art. 50, where we have discussed the same question with regard to ¢. The 
cyclic constants of wy, when the region is periphractic, are the values of the 


flux across the closed curves forming the several parts of the internal 
boundary. 
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A change, say from A to B, of the point from which y is reckoned has 
merely the effect of adding a constant, viz. the flux across a line BA, to the 
value of yr; so that we may, if we please, regard as indeterminate to the 
extent of an additive constant. 

If P move about in such a manner that the value of y does not alter, it 
will trace out a curve such that no fluid anywhere crosses it, z.¢. a stream-line. 
Hence the curves y = const. are the stream-lines, and w is called the ‘stream- 
function.’ 

If P receive an infinitesimal displacement PQ (= dy) parallel to y, the 
increment of x is the flux across PQ from right to left, ie. dk=—w.PQ, or 


__ oy 
— siapg no reheat ikea (2) 
Again, displacing P parallel to 2, we find in the same way 
_o 
lr, re (3) 


The existence of a function w related to uw and v in this manner might also 
have been inferred from the form which the equation of continuity takes in 
this case, viz. 


ou 0 
Ox Oy 
which is the analytical condition that wdy—vda« should be an exact 
differential *. . 
The foregoing considerations apply whether the motion be rotational or 
irrotational. The formulae for the components of vorticity, given in Art. 30, 


Dated hues testis aiestnt, ae) 


become Le a 
E=(), rp); Seog tapas Alplsisielevsce.d ole pisie’eelexale)'eie (5) 
so that in irrotational motion we have 
2. “2. 
OA J Eis OY | ea a Ne (6) 


60. In what follows we confine ourselves to the case of irrotational 
motion, which is, as we have already seen, characterized by the existence, in 
addition, of a velocity-potential ¢, connected with u, v by the relations 

0 = OP 
a He CAR Gy (1) 
and, since we are considering the motion of incompressible fluids only, 
satisfying the equation of continuity 


Uu= 


* The function y was introduced in this way by Lagrange, Nowv. mém. de l’ Acad, de Berlin, 
1781 [Oeuvres, iv. 720]. The kinematical interpretation is due to Rankine, ‘‘On Plane Water- 
Lines in Two Dimensions,’’ Phil. Trans. 1864 [Miscellaneous Scientific Papers, London, 1881, 


p,, 495]. 
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The theory of the function ¢, and the relation between its properties and 
the nature of the two-dimensional space through which the irrotational 
motion holds, may be readily inferred from the corresponding theorems in 
three dimensions proved in the last chapter. The alterations, whether of 
enunciation or of proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal. 


For instance, we have the theorem that the mean value of ¢ over the 
circumference of a circle is equal to its value at the centre, provided the circle 
can be contracted to a point, remaining always within the region occupied by 
the fluid. 


Again, if this region extends to infinity, being bounded internally by one 
or more closed curves, and if the velocities tend to a zero limit at infinity, the 
value of ¢ tends there to a constant limit, provided the total flux across the 
internal boundaries is zero. This latter proviso is now essential. 


The fundamental solution of the equation (2) has the form ¢=Clogr, 


where r denotes distance from a fixed point. This is the case of a two-dimen- 
sional source, for if we write 


o=- = loge cadissdeueiion Sattleaess aneees (3) 
the flux outwards across a circle surrounding the point is 
og 
Fae QF T= Mise ‘ails Salt sacs eae eee (4) 


The constant m accordingly measures the output, or ‘strength’, of the source. 
We get essentially the same result if we imagine point sources of the type 
explained in Art. 56 to be distributed with uniform line-density m along its 
axis of z. The velocity in that case will be in the direction of r, and equal to 
m/2r, consistently with (3). We have here the conception of a ‘line-source’ 
(in three dimensions). 


For a double source, or ‘doublet’, as it is sometimes called, we have the 
formula 


where the symbol 0/ds indicates a space-differentiation in the direction of the 
axis of the source. If 3 be the angle which direction of r increasing makes 


with this axis, we have 6r =— &scosS, and therefore 
mw cosS 
o= Fe gt iretstenteseesetesestnccerens (6) 


Again we might establish a system of formulae analogous to those of Art. 58. 
In particular, corresponding to Art. 58 (12), we have 


br=— 5 [P= 2 Cog r) do, creseseresecessee (7) 


60-60 a | Electrical Analogies 65 


giving the value of ¢ in any region in terms of a distribution of double sources 
over the boundary. This will apply to the case of a fluid unlimited externally, 
provided the velocities tend to zero at infinity, and that the total flux outwards 
is zero. As in Art. 58 the function ¢’ refers to the space within the inner 
boundary, and is subject to the condition that 0¢’/dn = 0¢/dn at this boundary. 
A deduction from this formula will be given presently (Art. 72 a). 


60a. The foregoing kinematical relations have exact analogies in the theory 
of electric conduction. In the case of a uniform plane sheet we have 


aV OV 
Ae ier ay” wees cece ccc coer eccccrse (1) 
of , og } 
th PETE GPE AWEE, Sora. cbioraee Did ies  B ; 
wi poe (2) 


where (f, g) is the current density, V is the electric potential, and o is the 
specific resistance of the material. If we write 


OU Of UOT. Pa VG en caecs teint sees tues (3) 


these become identical with the hydrodynamical relations. This has suggested 
a practical method of solution of two-dimensional hydrokinetic problems. The 
current sheet may consist of a thin layer of feebly conducting fluid (H2SO,) 
contained in a rectangular tank, two opposite walls of which are metallic and 
maintained at a constant difference of potential whilst the remaining walls 
(and the bottom) are insulators. The equipotential lines, to which the current 
lines are orthogonal, are easily traced electrically, and in this way practical 
solutions can be obtained of problems of flow of a stream past an obstacle 
(represented by a non-conducting disk in the electrical experiment) which are 
not easily treated by analysis*. 


Again, instead of (3) we may put 
OTM Chee TSN sa eedhnch sis ets itte ps (4) 


The hydrodynamical relations are satisfied, but the stream-lines are now 
represented by the lines of equal electric potential, and can therefore be found 
directly. An obstacle has now to be represented by a disk whose conductivity 
so greatly exceeds that of the surrounding stratum that it may be regarded 
as practically perfect. This analogy has the further advantage that circulation 
can also be represented. For if (J, m) be the direction of the outward normal 
to the contour of the obstacle, the circulation is 


f(lu— mu) ds =a [UP + mg) ds, ..siccsisesesereneces (5) 


* For experimental details reference should be made to E. F. Relf, Phil. Mag. (6) xlviii. (1924). 
As a test of the method the diagram on p. 86 infra was reproduced with remarkable accuracy. 
The circulation round a lamina was also determined and compared with theory. 


LH 5 
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and is therefore proportional to the total current outwards in the electric 
analogy. For this purpose the disk is connected with one terminal of a suitable 
battery, the other terminal being connected with one of the conducting walls 
of the tank. 


61. The kinetic energy 7 of a portion of fluid bounded by a cylindrical 
surface whose generating lines are parallel to the axis of z, and by two 
planes perpendicular to the axis of z at unit distance apart, is given by the 


formula 
oT = e N(GE) + (5 se) dedy =—p | & 52 a, Hears (1) 


where the surface-integral is taken over the portion of the plane xy cut off 
by the cylindrical surface, and the line-integral round the boundary of this 
portion. Since 0¢/dn = — dw/ds, the formula (1) may be written 


the integration being carried in the positive direction round the boundary. 


If we attempt by a process similar to that of Art. 46 to calculate the energy in the case 
where the region extends to infinity, we find that its value is infinite, except when the total 
flux outwards (I) is zero. For if we introduce a circle of great radius r as the external 
boundary of the portion of the plane «xy considered, we find that the corresponding part 
of the integral on the right-hand side of (1) increases indefinitely with r. The only excep- 
tion is when M/=0, in which case we may suppose the line-integral in (1) to extend over 
the internal boundary only. 


If the cylindrical part of the boundary consist of two or more separate 
portions one of which embraces all the rest, the enclosed region is multiply- 
eonnected, and the equation (1) needs a correction, which may be applied 
exactly as in Art. 55. 


Conformal Transformations. 
62. The functions ¢ and w are connected by the relations 


op _ ov Op _ _ oy A 
On ~ ay?’ oy Ox s:P. recanehavate; oratabeysarahelcralarkereeirere | 


These conditions are fulfilled by equating ¢ + i, where 7 stands as usual 
for /(—1), to any ordinary algebraic or transcendental function of x + ty, say 


dtooh =f (e+ 90), saa kee odes aia cee aes (2) 
For then AC + ivy) =f! (a + ty) =1 = (Det Ab) ao eee (3) 


whence, equating separately the real and the imaginary parts, we see that the 
equations (1) are satisfied. 
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Hence any assumption of the form (2) gives a possible case of irrotational 
motion. The curves ¢ = const. are the curves of equal velocity-potential, and 
the curves w= const. are the stream-lines. Since, by (4), 

Opodo  Opdy _ 

ae en 

Oa dz ' dy oy 
we see that these two systems of curves cut one another at right angles, as 
already proved. Since the relations (1) are unaltered when we write — y for 
¢, and ¢ for yy, we may, if we choose, look upon the curves > = const. as the 
equipotential curves, and the curves ¢ = const. as the stream-lines; so that 
every assumption of the kind indicated gives us two possible cases of 
irrotational motion. 

For shortness, we shall through the rest of this chapter follow the usual 
notation of the Theory of Functions, and write 


Bore Wee, ec atten tes omn scart esc ccane ve eee (4) 
WEED Ae We acaitieisas so so RO ERTS (5) 


From a modern point of view, the fundamental property of a function 
of a complex variable is that it has a definite differential coefficient with 
respect to that variable*. If ¢, xy denote any functions whatever of w and y, 
then corresponding to every value of «+ zy there must be one or more 
definite values of 6+; but the ratio of the differential of this function 


to that of w + wy, viz. 
ad ise 5) 
Sb+idy é: se a) ee fe ges 
ba + voy ’ "ba + vby 
depends in general on the ratio 6a: dy. The condition that it should be the 
same for all values of the latter ratio is 
Op  . dv ae . OW 
at a= ae ix), Lit delta 3 (6) 
which is equivalent to (1) above. This property was adopted by Riemann 
as the definition of a function of the complex variable # + iy; viz. such 
a function must have, for every assigned value of the variable, not only a 
definite value or system of values, but also for each of these values a definite 
differential coefficient. The advantage of this definition is that it is quite 
independent of the existence of an analytical expression for the function. 

If the complex quantities z and w be represented geometrically after 
the manner of Argand and Gauss, the differential coefficient dw/dz may be 
interpreted as the operator which transforms an infinitesimal vector 6z into 
the corresponding vector Sw. It follows then, from the above property, that 
corresponding figures in the planes of z and w are similar in their infinitely 


small parts. 


* See, for example, Forsyth, Theory of Functions, 3rd ed., Cambridge, 1918, cc. i., ii. 
5-2 
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For instance, in the plane of w the straight lines ¢ = const., yr = const., 
where the constants have assigned to them a series of values in arithmetical 
progression, the common difference being infinitesimal and the same in each 
case, form two systems of straight lines at right angles, dividing the plane 
into infinitely small squares. Hence in the plane wy the corresponding curves 
¢ =const., yr = const., the values of the constants being assigned as before, 
cut one another at right angles (as has already been proved otherwise) and 
divide the plane into infinitely small squares. 

Conversely, if ¢, be any two functions of x, y such that the curves p=me, p=Ne, 


where ‘« is infinitesimal, and m,n are any integers, divide the plane zy into elementary 
squares, it is evident geometrically that 

Ox oy Ox  _ oy 

ap oy? dp ag 
If we take the upper signs, these are the conditions that #+7y should be a function of 
pti. The case of the lower signs is reduced to this by reversing the sign of y. Hence 
the equation (2) contains the complete solution of the problem of conformal representation 
of one plane on another*. 


The similarity of corresponding infinitely small portions of the planes w 
and z breaks down at points where the differential coefficient dw/dz.is zero 


or infinite. Since 
ee eis (7) 


dz Oa On? ee 


the corresponding value of the velocity, in the hydrodynamical application, is 
zero or infinite. 

In all physical applications, w must be a single-valued, or at most a cyclic 
function of z in the sense of Art. 50, throughout the region with which we 
are concerned. Hence in the case of a ‘multiform’ function, this region must 
be confined to a single sheet of the corresponding Riemann’s surface, and 
‘branch-points’ therefore must not occur in its interior. 


63. We can now proceed to some applications of the foregoing method. 
First let us assume w= Az", 


A being real. Introducing polar co-ordinates, 7, 6, we have 
go = Ar” cos n8, 
v= Ar” sin né. 
The following cases may be noticed. 


1°. Ifm =1, the stream-lines are a system of straight lines parallel to a, 
and the equipotential curves are a similar system parallel to y. In this case 
any corresponding figures in the planes of w and z are similar, whether they 
be finite or infinitesimal. 

* Lagrange, ‘‘ Sur la construction des cartes géographiques,’’ Nouv. mém. del’ Acad. de Berlin, 


1779 [Ocuvres, iv. 636]. For the further history of the problem, see Forsyth, Theory of Functions, 
Ch exix. 
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2°. Ifn = 2, the curves ¢ = const. are a system of rectangular hyperbolas 
having the axes of co-ordinates as their principal axes, and the curves 
= const. are a similar system, having the co-ordinate axes as asymptotes. 
The lines 6 = 0, 6 = 47 are parts of the same stream-line = 0, so that we 
may take the positive parts of the axes of a, y as fixed boundaries, and thus 
obtain the case of a fluid in motion in the angle between two perpendicular 
walls. 


3°. If n=—1, we get two systems of circles touching the axes of 
co-ordinates at the origin. Since now ¢=A/r.cos 6, the velocity at the 
origin is infinite; we must therefore suppose the region to which our formulae 
apply to be limited internally by a closed curve. 


4°, Ifn=— 2, each system of curves is composed of a double system of 
lemniscates. The axes of the system ¢ = const. coincide with # or y; those 
of the system yy = const. bisect the angles between these axes. 


5°. By properly choosing the value of n we get a case of irrotational 
motion in which the boundary is composed of two rigid walls inclined at any 
angle a. The equation of the stream-lines being 


Pee ST WE) TEL) (gee re (2) 


we see that the lines 0=0, 0=7/n are parts of the same stream-line. 
Hence if we put n = 7/a, we obtain the required solution in the form 


si 70 ae 70 
d = Ar+ cos Ps 5 A = Ar sin ae peer arecescccceres (3) 
The component velocities along and perpendicular to r are 
wt 16 ae 7 (4) 
— A a r cos a 5 and vA a Y he sln a yp te eeereeeresere 


and are therefore zero, finite, or infinite at the origin, according as @ is less 
than, equal to, or greater than 7. 


64. We take some examples of cyclic functions. 
1°. The assumption MIE NOS Leet wade aes seh bag vores sri oare ans (1) 
where yp is real, gives =-—plogr, Rie [LOS bates cae bein son sata asics (2) 


The velocity at a distance r from the origin is y/r; this point must therefore 
be isolated. by drawing a closed curve round it. 

If we take the radii @ = const. as the stream-lines we get the case of 
a (two-dimensional) source, of strength 27, at the origin. (See Art. 60.) 

If the circles r=const. be taken as stream-lines we have the case of 
Art. 27; the motion is now cyclic, the circulation in any circuit embracing 
the origin being 27. 
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a 
2°. Let us take UW — ph LOG ——— + ss avecasesogcersseavecseuseses (3) 


If we denote by 71, 72 the radii drawn to any point in the plane zy from 
the points (+ a, 0), and by 61, @2 the angles which these radii make with the 
positive direction of the axis of x, we have 


g-a=ne%, zta=ree%, 
whence hb=—plogry/re, W=— w (Ar — Oe). -receereeeeencnees (4) 


The curves ¢ =const., yr =const. form two orthogonal systems of ‘coaxal ’ 
circles. 


THRO 
ip 


Hither of these systems inay be taken as the equipotential curves, and 
the other system will then form the stream-lines. In either case the velocity 
at the points (+ a, 0) will be infinite. If these points be accordingly isolated 
by drawing closed curves round them, the rest of the plane zy becomes 
a triply-connected region. 


If the circles 6;— 6,= const. be taken as the stream-lines we have the case 
of a source and a sink, of equal intensities, situate at the points (+ a, 0). If ais 
diminished indefinitely, whilst wa remains finite, we reproduce the assumption 
of Art. 60 (5), which corresponds to the case of a double line-source at the 
origin. The lines of motion are shewn (in part) on p. 76. 


If, on the other hand, we take the circles 74/72 = const. as the stream-lines 
we get a case of cyclic motion, viz. the circulation in any circuit embracing 


64] A Row of Sources ral 


the first (only) of the above points is 27m, that in a circuit embracing the 
second is — 274; whilst that in a circuit embracing both is zero. This example 
will have additional interest. for us when in Chapter vil. we come to treat of 
‘Rectilinear Vortices.’ 


A ; ae 
3°. By a simple combination of sources we can represent the flow past a circular barrier 
due to a source at a given external point P. 


Let @ be the inverse point of P with respect to the circle, and imagine equal sources p at 


Vida - 


P 


P and Q, and a sink —y at the centre 0. Then, referring to (2) above, the value of ata 
point # on the circumference is 


b= —p (RPX+ RQOX— ROX) = —p (RPX+ ORQ)= — pw (RPX+RPO)=— uy, 
a constant over the circle*. 


4°, The potential- and stream-functions due to a row of equal and equidistant sources 
at the points (0, 9), (0, +a), (0, +2a), ... are given by the formula 


w «x logz+log (z— 1a) +log (z— 7a) + log (z— 20a) + log (24+ 21a) +..., .ceceeee (5) 
or, say, w= Clog sinh =, 
where C is real. This makes 

wz} 1 sid Ty Oe Eel) = Ctan-1 { ta (ry/@) 

o=5 C log 5 (cosh go ) ,-v=Ctan-} tga ees UN ones (7) 
in agreement with a result given by Maxwellt. The formulae apply also to the case of a 
source midway between two fixed boundaries y= +$a. 


The case of a row of double sources having their axes parallel to x is obtained by 
differentiating (6) with respect to z. Omitting a factor we have 


w= C'coth ne SBN ARB HOON INA OO SAGO NOPOSNGNOGOE (8) 
és C sinh (272/a) oi C sin (27y/a) 
“a = Sesh (2ra/a) — cos (2ry/a)’ cect, (2ma/a) — cos (2ry/a)’ | my eee (9) 
Superposing a uniform motion parallel to x negative, we have 
w=2+Ccoth™, api aiid ase diclslleels opaticewiess speenedns (10) 
a 
i ere C sinh (227-7/a) Toe Csin (2ry/a) (1) 


cosh (22a/a) — cos (2ry/a)’ cosh (22ra/a) — cos (2ry/a)” 


The stream-line =0 now consists in part of the line y=0, and in part of an oval curve 
whose semi-diameters parallel to 7 and y are given by the equations 


pe me _ aC Ih 
sinh edger y tan , ORB oene merbaocdooe net ace (12) 
* Kirchhoff, Pogg. Ann., lxiv. (1845) [Ges. Abh. 1]. 
+ Electricity and Magnetism, Art. 203. 
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If we put (6 Ft al 0 Bagoanueoepoceoccber socuBodeoUndoonnimsanopgacé 
where b is small compared with a*, these semi-diameters are each equal to 6, approxi- 
mately. We thus obtain the potential- and stream-functions for a liquid flowing through a 
grating of parallel cylindrical bars of small circular section. The second of equations (11) 
becomes in fact, for small values of x, y, 


va (1- a) shratsn ic, Ak OM, (14) 
ai+y 


65. If wbe a function of z, it follows at once from the definition of Art. 62 
that z is a function of w. The latter form of assumption is sometimes more 
convenient analytically than the former. 


The relations (1) of Art. 62 are then replaced by 


ae ty ae __ dy . 
Sha Ob) Ay oe ge a 
: dw_ 0h | Op F 
Also since Farr +1 eee gin + WwW, 
we have ae - =7(4+02), 
dw u-w q\q @q 
where q is the resultant velocity at (#, y). Hence if we write 
d. 
ese Pa Sohn ead wit A Rel Ree ye oF (2) 


and imagine the properties of the function € to be exhibited graphically in 
the manner already explained, the vector drawn from the origin to any point 
in the plane of € will agree in direction with, and be in magnitude the 
reciprocal of, the velocity at the corresponding point of the plane of z. 


Again, since 1/q is the modulus of dz/dw, we. of dx/dd + 16y/0, we have 


; ee (5) x (hy. ere ee (3) 


which may, by (1), be put into the equivalent forms 
4 (5) + Gi) =) +) = G+ GY-Ba-8e 
ge \ag) * Now) = \ow) *\ag) ~\ow) 7 ay) ob oy ayag" 


: 15 0 (@,y) 
The last formula, viz. == AE eae a SN ONES! 5 
@ 3b) 6) 


expresses the fact that corresponding elementary areas in the planes of z and 
w are in the ratio of the square of the modulus of dz/dw to unity. 


* The approximately circular form holds however for a considerable ange of values of C. 
Thus if we put C=4a, we find from (12) 
xa = +254, y/a=:250. 
The two diameters are very nearly equal, although the breadth of the oval is half the interval 
between the stream-lines y= +}a. 
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66. The following examples of this procedure are important. 


1°. Assume ie COSI EEE aint aee ences cascectas carter es (1) 
or x =c cosh ¢ cos yp, (2) 
STEALING oe aa ta 


The curves ¢ = const. are the ellipses 
a im y? 
ccosh*d c*sinh?¢ 


hee (3) 


and the curves = const. are the hyperbolas 
_@ he nl 
cosy csinty 
these conies having the common foci (+c, 0). The two systems of curves are 
shewn below. 


Since at the foci we have ¢ =0, ~~ =n7, n being some integer, we see by 
(2) of the preceding Art. that the velocity there is infinite. If the hyperbolas 
be taken as the stream-lines, the portions of the axis of # which lie outside 
the points (+c, 0) may be taken as rigid boundaries. We obtain in this 
manner the case of a liquid flowing from one Side to the other of a thin plane 
partition, through an aperture of breadth 2c. 
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If the ellipses be taken as the stream-lines we get the case of a liquid 
circulating round an elliptic cylinder, or, as an extreme case, round a lamina 
whose section is the line joining the foci (+ ¢, 0). 


At an infinite distance from the origin ¢ is infinite, of the order log 7, 
where r is the radius vector; and the velocity is infinitely small of the order 1/r. 


2°. Let ZW el a onilcuaceertecoreeGreec see: (5) 
or c=ptecosy, ye wtesin Py .....ccrcerceeee (6) 
The stream-line y= 0 coincides with the axis of «. Again, the portion of the 
line y= between «=— 0 and #=-—1, considered as a line bent back on 


itself, forms the stream-line y=; viz. as ¢@ decreases from + 0 through 
0 to — 0, # increases from — o to —1 and then decreases to — 0 again. | 
Sthallnig, for the stream-line = — 7. rt 


Since €=—dz/dw=—1-e cosy — resin y, 
it appears that for large negative values of ¢ the velocity is in the direction 
of z-negative, and equal to unity, whilst for large positive values it is zero. 


The above formulae therefore express the motion of a liquid flowing into 
a canal bounded by two thin parallel walls from an open space. At the ends 
of the walls we have ¢=0, ~= +7, and therefore €=0, «e. the velocity is 
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infinite. The forms of the stream-lines, drawn, as in all similar cases in this 
chapter, for equidistant values of yy, are shewn in the figure on p. 74*. 
If the walls instead of being parallel make angles +8 with the line of symmetry, the 


appropriate formula is 


l-n 
he coor (Lema) A) SB) 20 aes LF se taneete Seton naan eee (7) 


where n=B/m. The stream-lines ~=+-2 follow the course of the wallst. This agrees 
with (5) when n tends to the limit 0, whilst if »=4 we have virtually the case shewn on 
p. 73. 


If we change the sign of w in (5) the direction of flow is reversed. If we further super- 
pose a uniform stream in the negative direction of x, by writing w—z for w, we obtain } 
DD ea OLE == 2D toll OOe ae teem anise wenrineiscioemaninnsninetiones.se (8) 


The velocity between the walls at a great distance to the left is now annulled, and we 
have an idealized representation of a Pitot tube (Art. 24). The stream-lines can be plotted 
from the formulae 


r=Ht+4 log (P?+y"), yewttan 1 (W/p). .ccccceceeceseccsesees (9) 


67. It is known that a function f(z) which is finite, continuous, and 
single-valued, and has its first derivative finite, at all points of the space 
included between two concentric circles about the origin, can be expanded 
in the form 


F(2) = Ag+ Azz + Agz? +... + Brg tt Bas Pt woe cece (1) 


If the above conditions be satisfied at all points within a circle having the 
origin as centre, we retain only the ascending series; if at all points without 
such a circle, the descending series, with the addition of the constant Ap, is 
sufficient. If the conditions be fulfilled for all points of the plane zy without 
exception, f(z) can be no other than a constant Ao. 


Putting f(z)=$+, introducing polar co-ordinates, and writing the 
complex constants A,, B, in the forms P,+71Qn, Ryx+%S,, respectively, 
we obtain— 
p= Po + yr r”(P,,cos nd — Q, sin nO) + ZP r-” (R,, cos nO + S,sin ae (2) 
w= Qot+ Zr 7” (Q, cos nd — P,sin n6) + =P r-" (S, cos nO —R,, sinnd).) 


These formulae are convenient in treating problems where we have the 
value of ¢, or of d¢/0n, given over concentric circular boundaries. This 
value may be expanded for each boundary in a series of sines and cosines of 
multiples of 6, by Fourier’s theorem. The series thus found must be equi- 
valent to those obtained from (2); whence, equating separately coefficients 
of sin n@ and cos nO, we obtain equations to determine Pn, Qn, Rn, Sn. 


* This example was given by Helmholtz, Berl. Monatsber. April 23, 1868 [Phil. Mag. Nov. 
1868 ; Wiss. Abh. i. 154). 

+ R. A. Harris, “On Two-Dimensional Fluid Motion through Spouts composed of two Plane 
Walls,’’ Ann. of Math. (2), ii. (1901). A diagram is given for the case of B=4r. 

} Rayleigh, Proc. Roy. Soc. A, xci. 503 (1915) [Papers, vi. 329], where a few of the stream- 
lines are traced. 
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68. Asa simple example let us take the case of an infinitely long circular 
cylinder of radius a moving with velocity U perpendicular to its length, in an 
infinite mass of liquid which is at rest at infinity. 


Let the origin be taken in the axis of the cylinder, and the axes of a, y 
in a plane perpendicular to its length. Further let the axis of 2 be in the 
direction of the velocity U. The motion, supposed originated from rest, will 
necessarily be irrotational, and ¢ will be single-valued. Also, since fod/dn.ds, 
taken round the section of the cylinder, is zero, Y is also single- -valued 
(Art. 59), so that the formulae (2) apply. Moreover, since a is given at 
every point of the internal boundary of the fluid, viz. 


— <2 = = UG08.0, £009 = 0 is in antec ame nee (3) 


| 


and since the fluid is at rest at infinity, the problem is determinate, by 
Art. 41. These conditions give P, = 0, Q, = 0, and 


U cos =27 na-"-1 (R,, cos nO + S, sin n6), 
which can only be satisfied by making R, = Ua’, and all the other coefficients 
zero. The complete solution is therefore 


Ua? Ua? 
$= —_ cos 6, p=—— sin 8, ieee, Aree eee (4) 


The stream-lines y=const. are circles, as shewn above. Comparing with 
Art. 60 (6) we see that the effect is that of a double source at the origin. 
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The kinetic energy of the liquid is given by the formula (2) of Art. 61, viz. 


20 
20 =p | ddy=pU*a® | cos7.0.d@= MU. ca.. (5) 
0 


if M’, = 7a*p, be the mass of fluid displaced by unit length of the cylinder. 
This result shews that the whole effect of the presence of the fluid may be 
represented by an addition M’ to the inertia per unit length of the cylinder. 
Thus, in the case of rectilinear motion, if we have an extraneous force X per 
unit length acting on the cylinder, the equation of energy gives 


¢ (QMU* +4M’U2) = XU, 
or (M+ Mt’) 57 = x, nie) Sera ie (6) 


where M represents the mass of the cylinder itself. 


Writing this in the form 


dU ,aU 
we learn that the pressure of the fluid is equivalent to a force — M'dU/dt 
per unit length in the direction of motion. This vanishes when U is constant. 


The above result can be verified by direct calculation. By Art. 20 (7), (8) the pressure 
is given by the formula 
foo eats 
pee Bay LAO), neccee ane obec ib sim> do8aay-<knseneres (7) 
provided g denotes the velocity of the fluid relative to the axis of the moving cylinder. 
The term due to the extraneous forces (if any) acting on the fluid has been omitted ; the 
effect of these would be given by the rules of Hydrostatics. We have, for r=a, 


Ba cos 8, iT ALYY Maer tet ARE vt gn (8) 
dU dae 
whence p=p a 7, 008 6 — 27 MPO LOT Nin Mitoce scene race man mat a, (9) 


The resultant force on unit length of the cylinder is evidently parallel to the initial line 
6=0; to find its amount we multiply by —ad@.cos @ and integrate with respect to 6 
between the limits 0 and 27. The result is — Md U/dt, as before. 


If in the above example we impress on the fluid and the cylinder a 
velocity — U we have the case of a current flowing with the general velocity 
U past a fixed circular cylinder. Adding to ¢ and y the terms Ur cos 6 and 
Ur sin @, respectively, we get 


2 2 
¢= U (r+ =) cos0, w= U(r - ~) Bind: OL 98%, (10) 
The stream-lines are shewn on the next page. 


If no extraneous forces act, and if U be constant, the resultant force on 
the cylinder is zero. Cf. Art. 92. 
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69. To render the formula (1) of Art. 67 capable of representing any 
case of continuous irrotational motion in the space between two concentric 
circles, we must add to the right-hand side the term 


WA NOG Zax we piece Ce stsune sole eo oe baaeenemrens (1) 
If A=P +7Q, the corresponding terms in ¢, ¥ are 
P log 9,00. 96PG oO 10g ts cist tot on hone OE ee (2) 


respectively. The meaning of these terms is evident; thus 27P, the cyclic 
constant of w, is the flux across the inner (or outer) circle; and 27Q, the 
cyclic constant of ¢, is the circulation in any circuit embracing the origin. 


For example, returning to the problem of the last Art., let us suppose that 
in addition to the motion produced by the cylinder we have an independent 
circulation round it, the cyclic constant being «. The boundary-condition is 
then satisfied by 


a* K 
¢=U — cosd— 5 8. © Gis -aysiwiwrare) angsiace: nels, a)sieierere (3) 


The effect of the cyclic motion, superposed on that due to the cylinder, 
will be to augment the velocity on one side, and to diminish (and, it may be, 
to reverse) it on the other. Hence when the cylinder moves in a straight 
line with constant velocity, there will be a diminished pressure on one side, 
and an increased pressure on the other, so that a constraining force must be 
applied at right angles to the direction of motion. 
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The figure shews the lines of flow. At a distance from the origin they approximate to 
the form of concentric circles, the disturbance due to the cylinder becoming small in com- 
parison with the cyclic motion. When, as in the case represented, U>x/2za, there is a 
point of zero velocity in the fluid. The stream-line system has the same configuration in 
all cases, the only effect of a change in the value of U being to alter the radius of the 
cylinder on the scale of the diagram. 


When the problem is reduced to one of steady motion we have in place of (3) 


2 
=U (r+") cos 6 — = 6, Bony aie De side Fo sacaimeesatnes eae snes (4) 
whence E=const. -3¢ 
2 
= const. -}(2U sin 8+5*> ) med Arianne ae a (6) 


for r=a. The resultant pressure on the cylinder is therefore 
2r 
-/ PON OSAP MEH U, scoscscncessnsrseesavevties aomena((O) 
0 


at right angles to the general direction of the stream. This result is independent of the 
radius of the cylinder. It will be shewn later that it holds for any form of section*, 

To calculate the effect of the fluid pressures on the cylinder when moving in any 
manner we may conveniently adopt moving axes, the origin being taken at the centre, 
and the axis of x in the direction of the velocity U. If y be the angle which this makes 
with a fixed direction, the equation (6) of Art. 20 gives 


P_ 2 _42_ 4x oF ; 
pane 4q AT (7) 


* This important theorem is due to Kutta and Joukowski; see Kutta, Sitzb. d. k. bayr. Akad. 
d, Wiss, 1910. Proofs are given later (Arts. 72b, 372). 
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where g now denotes fluid velocity relative to the origin, to be calculated from the relative 
velocity-potential @+ Ur cos 6, @ being given by (3). We find, for r=a, 


(Dossy hte aes 
; =a, cos 6 — }(20sino+5* ) +a ¥sin 0+5— deo ces (8) 
The resultant pressures parallel to # and =e are eal 
2r 
» Boos dade= Syl a _ © psin 6 ad6—«pU- nes seeenaes (9) 


where M’= tee as before. 

Hence, if P, Q@ denote the components of the extraneous forces, if any, acting on the 
cylinder in the directions of the tangent and the normal to the path, respectively, the 
equations of motion of the cylinder are 


(M+) =P, 


(M+M’) 0 Xp 0+ Q. 
If there be no extraneous forces, U is constant, and writing dy/dt=U/R, where & is 
the radius of curvature of the path, we find 
B= (Mie MI ep ante esos vb sass aise sonismareoteeeensees (11) 
The path is therefore a circle, described in the direction of the cyclic motion*. 
If & 7 be the Cartesian co-ordinates of a point on the axis of the cylinder relative to 
fixed axes, the equations (10) are equivalent to 
(M+WM"') &= - et 
(M+M)i= «p+ ¥, 
where X, Y are the components of the extraneous forces. To find the effect of a constant 


force, we may put 
=("4+NM") g, Vie QU Aicssentleces Sevesdoceces eae (13) 


The solution then is &=a+c cos (nt+e), 
n=B+Z t+csin(nt+e), | 


where a, 8, ¢, « are arbitrary constants, and 

taeKp| (Me Me o.0 soon san ssacsonceseapaceorereenees (15) 
This shews that the path is a trochoid, described with a mean velocity g’/n perpendicular 
to xt. It is remarkable that the cylinder has on the whole no progressive motion in the 
direction of the extraneous force. In the particular case c=0 its path is a straight line 
perpendicular to the force. The problem is an illustration of the theory of ‘gyrostatic 
systems,’ to be referred to in Chapter v1. 


70. The formula (1) of Art. 67, as amended by the addition of the term 
A log z, may readily be generalized so as to apply to any case of irrotational 
motion in a region with circular boundaries, one of which encloses all the rest. 
In fact, for each internal boundary we have a series of the form 
Ay Ag 


=o (eo 


* Rayleigh, ‘‘On the Irregular Flight of a Tennis Ball,’’ Mess. of Math. vii. (1878) [Papers, 
i. 344]; Greenhill, Mess. of Math. ix. 113 (1880). 
+ Greenhill, l.c. 


A log (2—¢) + ma oe ar eee a ic (1) 
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where c, =a+1b say, refers to the centre, and the cvefficients A, A1, As, ... 
are in general complex quantities. The difficulty however of determining these 
coefficients so as to satisfy given boundary conditions is now so great as to 
render this method of very limited application. 


Indeed the determination of the irrotational motion of a liquid subject to 
given boundary conditions is a problem whose exact solution can be effected 
by direct processes in only a limited number of cases. When the boundaries 
consist of fixed straight walls, a method of transformation devised by Schwarz * 
and Christoffel +, to be explained in Art. 73, is available. Most of the problems 
however whose solution is known have been obtained by an inverse method, 
viz. we take some known form of ¢ or and inquire what boundary conditions 
it can be made to satisfy. Some simple examples of this procedure have already 
been given in Arts. 63, 64. 


If we take a known problem of flow with given fixed boundaries, where 
w=f(z), say, and apply a conformal transformation z= y(z’), the transformed 
boundaries in the plane of z’ will still be stream-lines, and in this way we 
derive the solution of a new problem. It is sometimes advantageous to effect 
the transformation in two or more successive steps. 


A problem which has led to important transformations in this way is that of the 
flow past a fixed circular cylinder. It is easily seen from Arts. 68, 69 that the general 
solution of this is 


a ; a? Ore z 
w=U (242) iV (2-2) + 5 log 2, SpE Hes uaACARRORARONS dances (2) 


where — U, — V are the component velocities at infinity, and « is the circulation. The 


procedure followed is to write 
LPC MeN N geen ect a tsesceees ee © Hp Pho aepasdtad (3) 


where ¢ is an intermediate complex variable and | ¢|<a, and finally 


It is obvious that the infinitely distant regions of the planes z and 2’ will be identical], and 
the general direction of the stream, and the value of the circulation, therefore the same. 
The constants ¢ and J are adjusted so that the points = +6 in the plane of ¢ may corre- 
spond to two arbitrary points A, 3 in the plane of z. 


For instance, let AB be a chord of the circle r=a, parallel to Oy and subtending an 
angle 28 at the centre 0. Referring to the figure on the next page we find 


(Gt SKINS SS, TOUR SINS padudaqodeenpecneb0soCOD aOROLs4G (5) 


* “Ueber einige Abbildungsaufgaben,” Crelle, xx. [Gesammelte Abhandlungen, Berlin, 1890, 
ii. 65]. 

Ky Sul problema delle temperature stazionarie e la rappresentazione di una data superficie,”’ 
Ann. di. Mat. (2) i. 89. See also Kirchhoff, ‘‘ Zur Theorie des Condensators,’’ Berl. Monatsber. 
1877 [Ges. Abh. 101]. Many of the solutions which can thus be obtained have interesting applica- 
tions in Electrostatics, Heat-Conduction, &c. See, for example, J. J. Thomson, Recent 
Researches in Electricity and Magnetism, Oxford, 1893. 


LH 
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Then if P be any other point in the plane of z we have 


gar OP) Ge OP 2 SRA eI etn eveseeeettetase (6) 
Z—2b (t—b\? 
It follows from (4) that yah (55) Rr Be seer orice cant esanncea mrsccacrcosre (7) 
Writing for a moment 
t—b=r,e%, t+b=rgel, 2¢—-Qbare%, J+ 2d= 14 eh, oes (8) 
we have Oy Of 2 (O42 O5)S. doe icc Oh oda ieviaven wes -aeceneaes (9) 
ot 
alien ; 


Ss —=* 


Now let P describe the circle in the plane of z, in the positive direction, starting from A. 
The corresponding point P’ in the plane of 2’ will, by (9), move so that the angle A’P’B’ is 
constant and equal to 28, the path therefore being an arc of a circle. As P passes B, 62 
increases by 7 ; hence in order that the equation (9) may subsist, 6,’ must increase by 27. 
Hence as P completes its circle, P’ moves back again along the arc B’A’. We thus obtain 
the case of a stream flowing in an arbitrary direction and with arbitrary circulation past a 
cylindrical lamina whose section is an arc of a circle*, 


: —dw dw b? 
Since Dp | (1 -3) gal sccamieeeessensarsnaaetecnootenccnns (10) 


the velocity at the edges A’, B’ will be infinite. It’can be made finite, however, at one 
edge, say B’, by a suitable determination of the circulation, viz. 


n= dre (U.cos 8 — V sin, B). > vascss soca gictat ducts ta eee 
The flow at B’ is then given by 
wu —tv=(Usin B+ V cos) sin Bem, ooo... .cccccseeeeee «-(12) 


and is of course tangential to the arc. If the general velocity of the stream is W, at an 
inclination a to B’A’, we have 


Un — Weos aj? Vise —tW win et eicceteesete este ene eee (18) 
Also, if 2 is the radius of the arc, 
asin Pe R sin OB) ee eee (14) 
The ‘lift,’ therefore, at right angles to the stream, as given by Art. 72 b, is 


2 p 8in 28 
4rpW h-— B COB (EB) It Tener ace eettecen tee nee (15) 


If instead of the circle =a in the figure we take as the circle to be transformed a circle 
touching it at A, and just including B, we get the profile of a Joukowsky aerofoil. of 


_* Kutta, l.c. ante p. 79. Some related problems are discussed by Blasius, Zeitschr. f. Math. u. 
Phys. lix. 225 (1911). 
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which the circular are is, as it were, the skeleton*. This has a cusp at the point corre- 
sponding to A, and so involves an infinite velocity at this point (only). This singularity 
may be avoided by giving a suitable value to x. 

A simple method of obtaining solutions in two important cases of two- 
dimensioned motion is explained in the following Arts. 


71. Case I. The boundary of the fluid consists of a rigid cylindrical 
surface which is in motion with velocity U in a direction perpendicular to the 


length. 


Let us take as axis of «x the direction of this velocity U, and let 8s be an 
element of the section of the surface by the plane zy. 


Then at all points of this section the velocity of the fluid in the direction 
of the normal, which is denoted by dy/0s, must be equal to the velocity of 
the boundary normal to itself, or — Udy/ds. Integrating along the section, 
we have ; 
Re a COBB gr. sir ao Read Pe 1as san ies Sas (1) 


If we take any admissible form of 1, this equation defines a system of curves 
each of which would by its motion parallel to a give rise to the stream-lines 
ar =const.t. We give a few examples. 


1°. If we choose for y the form — Uy, (1) is satisfied identically for all 
forms of the boundary. Hence the fluid contained within a cylinder of any 
shape which has a motion of translation only may move as a solid body. 
If, further, the cylindrical space occupied by the fluid be simply-connected, 
this is the only kind of irrotational motion possible. This is otherwise evident 
from Art. 40; for the motion of the fluid and the solid as one mass evidently 
satisfies all the conditions, and is therefore the only solution which the problem 
admits of. 


2°. Let y= A/r.sin 0; then (1) becomes 
A sin = LIF BUND 8 COMRDr Ie 453 oo ncccieso ns nene (2) 


In this system of curves is included a circle of radius a, provided A/a=— Ua. 
Hence the motion produced in an infinite mass of liquid by a circular cylinder 
moving through it with velocity U perpendicular to its length, is given by 


2 
= — oe Gill Oebt pasate ite. athd Ge hey (3) 
which agrees with Art. 68. 


* For further developments, and modifications of the method, reference may be made to 


Glauert, Aerofoil and Airscrew Theory, Cambridge, 1926. 
+ Cf. Rankine, l.c. ante p. 63, where the method is applied to obtain curves resembling the 


lines of ships. 
6-2 
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3°. Let us introduce the elliptic co-ordinates £, 7, connected with a, y by 
the relation 


wt iy =ccosh (E49), sceccccsscsscesseseesceeees (4) 
i x =c cosh € cos n, , 
y =c sinh & sin oi) abies Bf Béla tenes ( 


(cf. Art. 66), where € may be supposed to range from 0 to 0, and » from 0 to 
27. If we now put 


Dick Wr = Ceo et es cnsedeceess «cs ene (6) 
where C is some real constant, we have 
Ags — Cosi ain 2, bac saaa nae eee een are (7) 


_so that (1) becomes Ce sin 7 = Uc sinh & sin y + const. 


ely 
SST ST 


SOAR REY? 
SHES 


In this system of curves is included the ellipse whose parameter £ is 
determined by 
Ceo = Uc sinh &. 
If a, b be the semi-axes of the ellipse we have 
a=ccosh &, b=csinh &), 


so that C= Ube = Ub (< a 3) 


a—b a—b 


Hence the formula =- Ub (* “a } e-§ sin n 
a — 
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gives the motion produced in an infinite mass of liquid by an elliptic cylinder 
of semi-axes a, b, moving parallel to the greater axis with velocity U. 

That the above formulae make the velocity zero at infinity appears from 
the consideration that, when & is large, dx and dy are of the same order as 
eS& and edn, so that dy-/dx, dW/dy are of the order e~* or 1/r*, ultimately, 
where r denotes the distance of any point from the axis of the cylinder. At 
infinity y tends to the form A sin 6/r as in the case of a double source. 

If the motion of the cylinder were parallel to the minor axis, the formula 


would be 
+ b\+ 


v= Va (=) Cir CORD) rerio canines exer ccss (9) 

The stream-lines are in each case the same for all confocal elliptic forms 
of the cylinder, so that the formulae hold even when the section reduces to 
the straight line joining the foci. In this case (9) becomes 

MPV CEL COS Tye etme a acscseesecrie ent tes (10) 
which would give the motion produced by an infinitely long lamina of breadth 
2c moving ‘broadside on’ in an infinite mass of liquid. Since however this 
solution makes the velocity infinite at the edges, it is subject to the practical 
limitation already indicated in several instances*. 

The kinetic energy of the fluid is given by 

2T =p [say = ptt] “cost ndn 
sor pbk Rene as Roe (11) 
where 6 is the half-breadth of the cylinder perpendicular to the direction of 
motion. 

Where there is circulation « round the cylinder we have merely to add to 
the above values of y a term «&/27. In the case of the lamina the value of « 
may be adjusted so as to make the velocity finite at one edge, but not at both. 

If the units of length and time be properly chosen we may write for (4) and (6) 
atiy=cosh(E+in),  ptipae Er, 


whence 2=$ (14a): y~¥(1-ae)- 
These formulae are convenient for tracing the curves ¢=const., y~=const., which are 
figured on the preceding page. 

By superposition of the results (8) and (9) we obtain, for the case of an elliptic cylinder 
having a velocity of translation whose components are U, V, 


4 
We - (7) OMY HASGET Vy ERT (12) 
To find the motion relative to the cylinder we must add to this the expression 
Uy — Va=c(U sinh Esinn— Vcosh €COS7). ...s.seeessseese ween (13) 


* This investigation was given in the Quart. Journ. of Math. xiv. (1875). Results equivalent 
to (8), (9) had however been obtained, in a different manner, by Beltrami, ‘‘Sui principii fonda- 
mentali dell’ idrodinamica razionale,’? Mem. dell’ Accad. delle Scienze di Bologna, 1873, p. 394. 
[Opere matematiche, Milano, 1904, ii. 202.] 
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For example, the stream-function for a current impinging at an angle of 45° on a plane 
lamina whose edges are at v= +c is 


yp=- Ay gocsinh £ (C08 n= SiN 7), .....ccrecessesserensreseee (14) 


J2 
where q) is the velocity at infinity. This immediately verifies, for it makes ~=O for €=0, 
and gives 


for =o. The stream-lines for this case (turned through 45° for convenience) are shewn 
below. They will serve to illustrate some results to be obtained later in Chapter v1. 


If we trace the course of the stream-line y=0 from 6=+o to 6=—o, we find that 
it consists in the first place of the hyperbolic arc n=} 7, meeting the lamina at right angles; 
it then divides into two portions, following the faces of the lamina, which finally re-unite 
and’ are continued as the hyperbolic arc n»=$z. The points where the hyperbolic arcs 
abut on the lamina are points of zero velocity, and therefore of maximum pressure*, It is 
plain that the fluid pressures on the lamina are equivalent to a couple tending to set 
it broadside on to the stream ; and it is easily found that the moment of this couple, per 
unit length, is 4pqo?c?+. Compare Art. 124. 


72. CasE II. The boundary of the fluid consists of a rigid cylindrical 
surface rotating with angular velocity w about an axis parallel to its length. 


Taking the origin in the axis of rotation, and the axes of x, y in a perpen- 
dicular plane, then, with the same notation as before, 0/0s will be equal to 
the normal component of the velocity of the boundary, or 


* Prof. Hele Shaw has made a number of beautiful experimental verifications of the forms of 
the stream-lines in cases of steady irrotational motion in two dimensions, including those figured 
on p. 78 and on this page; see T'rans. Inst. Nav. Arch, xl. (1898). The theory of his method will 
find a place in Chapter x1. 

+ When the general direction of the stream makes an angle a with the lamina the couple is 
4mpqo?c? sin 2a. Cisotti, Ann. di. mat. (3), xix. 83 (1912). 
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if r denote the radius vector from the origin. Integrating we have, at all points 


of the boundary, PS Terk seiaai | a 


If we assume any possible form of , this will give us the equation of a series 
of curves, each of which would, by rotating round the origin, produce the 
system of stream-lines determined by wy. 


As examples we may take the following: 
1°. If we assume AAT COd 20 me A (GY), ones; scesuscseeres (2) 
the equation (1) becomes 
(go — A)a?+ (40+ A) Y= 
which, for any given value of A, represents a system of similar conics. That 
this system may include the ellipse 


ye 
at Be 
we must have (4m — A) a? = ($m + A) B?, 
Pa 
or A= 40 ° a+ be 
a® — b? 
Hence the formula = to. 2a ee “pd Vee ere eee (3) 


gives the motion of a liquid contained within a hollow cylinder whose section 
is an ellipse with semi-axes a, b, produced by the rotation of the cylinder 
about its longitudinal axis with angular velocity w. The arrangement of the 
stream-lines yr = const. is shewn on the next page. 


The corresponding formula for ¢ is 


a* — } 
Pe 0. are pg? OY es Peatss 5 "ae ote apiataes eNO 6/4 iai's? 4 fe coe (4) 


The kinetic energy of the fluid, per unit length of the cylinder, is given by 
of Tiina gk aS a RE 
2T = {| (28)'4 (=e a xdy =} Bape 8% TPAD. «.0s 


This is less than if the fluid were to rotate with the boundary, as one rigid 


mass, in the ratio of — i 
i ap b?/ 


to unity. We have here an illustration of Lord Kelvin’s minimum theorem, 
proved in Art. 45. 
2°. With the same notation of elliptic co-ordinates as in Art. 71, 3°, let 


us assume 


DEP ah mie BE af sets «Qin thd naan abiess (6) 
Since x + y*® = hc? (ersh 2E + cos 2m), 

the equation (1) becomes 

Ce-*é cos 2n — twc* (cosh 2£ + cos 27) = const. 
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This system of curves includes the ellipse whose parameter is &, provided 
Ce-*o — 4 wc? = 0, 


or, using the values of a, b already given, 


C= to(at by, 
so that wr = to (a + bY? e** cos 20 se 
6d=to (a + b)? e-2é sin 27: er eos alike ial 


At a great distance from the origin the velocity is of the order 1/r*. 


The above formulae therefore give the motion of an infinite mass of liquid, 
otherwise at rest, produced by the rotation of an elliptic cylinder about its 
axis with angular velocity w*. The diagram shews the stream-lines both 
inside and outside a rigid elliptical cylindrical case rotating about its axis. 


/ 
’ 
’ 
' 
‘ 
‘ 


-- 
= 


The kinetic energy of the external fluid is given by 
2D se ET pCe Ma cae ca cee eee cee (8) 


It is remarkable that this is the same for all confocal elliptic forms of the 
‘section of the cylinder. 


Combining these results with those of Arts. 66,71 we find that if an 
elliptic cylinder be moving with velocities U, V parallel to the principal axes 
of its cross-section, and rotating with angular velocity w, and if (further) the 


* Quart. Journ. Math. xiv. (1875); see also Beltrami, l.c. ante p. 85. 
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fluid be circulating irrotationally round it, the cyclic constant being «, then 
the stream-function relative to the aforesaid axes is 


y=— (<*5) e-# (Wb sin y — Va.cosn) + 40 (a+ 8) e-¥ 00s 2 + 5 & 


The paths followed by the particles of fluid in several of the preceding 
cases, as distinguished from the stream-lines, have been studied by Prof. 
W. B. Morton *; they are very remarkable. The particular case of the circular 
cylinder (Art. 68) was examined by Maxwell t. 


3°. Let us assume W= Ar cos 36 = A(x — 3xy?), 
The equation (1) of the boundary then becomes 
AG? B29) = BOK S OO, occ scacsevenscbonsvaseoosases (10) 


We may choose the constants so that the straight line =a shall form part of the boundary. 
The conditions for this are 
Aad—toa?=C, 34a+4o=0. 
Substituting in (10) the values of A, C hence derived, we have 
3 — a3 —3xy*+3a (#2 - a?+y*)=0. 
Dividing out by z—a, we get x* + 4ax + 4a? — 3y%, 
or Z+2a=+,/3.¥. 
The rest of the boundary consists therefore of two straight lines passing through the point 
(—2a, 0), and inclined at angles of 30° to the axis of x. 
We have thus obtained the formulae for the motion of the fluid contained within a 


vessel in the form of an equilateral prism, when the latter is rotating with angular velocity 
« about an axis parallel to its length and passing through the centre of its section; viz. 


we have 
$= 427800836, =F rosin 86, veessssssssssssssseeeee (11) 
where 2 ./3a is the length of a side of the prism ft. 


4°, In the case of a liquid contained in a rotating cylinder whose section is a circular 
sector of radius a and angle 2a, the axis of rotation passing through the centre, we may 


assume 


(2n-+1) 2/20 
+24in 41 (2) cos epee AS CENreanaeS (12) 
a a a 


the middle radius being taken as initial line. For this makes ~=4r? for 0= +a, and the 
constants Ao,,, can be determined by Fourier’s method so as to make ~=}a? for r=a. 


We find 
Aon+1=(—)"*! wa? tain pt ae inte cat te i 
aan (Qn+1)r—4a (Qn+1)m ' (Qn4+1)r+4a 

The conjugate expression for ¢ is 


in 20 @n+1) n/2a 6 
p= —tor ~ se 2Amei (2) sin (2n-+1) 5. Pe eee (14) 


* Proc. Roy. Soc. A, lxxxix. 106 (1913). 

+ Proc. Lond. Math. Soc. iii. 82 (1870) [Papers, ii. 208]. 

+ The problem of fluid motion in a rotating cylindrical case is to a certain extent mathe- 
matically identical with that of the torsion of a uniform rod or bar. The examples numbered ‘1°’ 
and ‘8°’ are mere adaptations of two of de Saint-Venant’s solutions of the latter problem. See 


Thomson and Tait, Art. 704 et seq. 
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The kinetic energy is given by 
0b a 
2T=— = ds=— seh epee tcc centomeyrs 15) 
2 p [p52 as apo | bar (7 ( 


where ¢, denotes the value of ¢ for @=a, the value of Op/én being zero over the circular 
part of the boundary*. 


The case of the semicircle a=47 will be of use to us later. We then have 


ed i 2 i 


=(—)4 ty 20. Peet eslatereeeinihe ape 16 
Se a aril ai pea (18) 


Tv 
and therefore 


di os s +apua}- = (2-5) 
[e.rar= 7 2 aaa In—1  In+1 Int3 = 8 


Hence t 27 =} rpaat (<:- 3) = 81060" x} xpotat Hea he Abeta? Aca (17) 


This is less than if the fluid were solidified, in the ratio of 6212 to 1. Cf. Art. 45. 


72a. We have seen in several instances that when a cylinder has a motion 
of translation though an infinite fluid the effect at a great distance is that of 
a double source. A general formula for this can be given in terms of certain 
constants which occur in the expression for the kinetic energy of the fluid. 


If we write DUD ite V Pas te cadivnessyscloscecwecsoatweccceasese se (1) 


where (U, V) is the velocity of the cylinder, the functions ¢;, dz are determined by the 
conditions that V?¢,;=0, V2¢.=0 throughout the external space, that their derivatives 
vanish at infinity, and that at the contour of the sylinder 


where (/, m) is the direction of the outward normal. Hence the energy of the fluid is given 
by 


ae -(o oP yA Und HOV BY ed ade ee. (3) 
Seg pe at Pp 
~ [gh 4) 
B=— |, an As= | mdiods, |) = ee ey Soren cowie seni ( 


H=- [,% Oe ds= — |e Ft ds— [mgxds— figas. | 


The two forms of H are equal by the two-dimensional form of Green’s Theorem. Cf. Art. 
121, where the general three-dimensional case is discussed. 


Referring to Art. 60 (7), suppose that a cylinder of any form of section is moving with 
unit velocity parallel to the axis of x. Taking an origin within the contour, and writing 
m= (xy- 2) +(yo—y)? 
==, 2(Lap-+0/7/o isto ey teeta nactascbinets caaste ooseehe ees (5) 


* This problem was first solved by Stokes, ‘‘On the Critical Values of the Sums of Periodic 


Series,’’ Camb. Trans. viii. (1847) [Papers, i. 305]. See also Hicks, Mess. of Math. viii. 42 (1878) ; 
Greenhill, ibid. viii. 89, and x. 83. 


+ Greenhill, l.c. t Cf. Proc. Roy. Soc. A, exi. 14 (1926) and Art. 300 infra. 
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where (2, Yo) is a distant point at which the value of ¢ is required, and (x, y) a point of 
the contour, we have 


2, 
log r=log rp— "07H 4... Asai) 4a ea (6) 
0 lxy+ 
aad 5, (los 7") = — 
A 0 
approximately. Writing 
: D— Dien Die a es can sovesemacdeteneseesenssosveuasee (7) 
in the formula referred to, we find 
A+Q)%)+H 
ang, =A tO ot Bp Morente neon adh (8) 
where 4 and H are defined by (4), and 
r= | LLL SMAI Rs secaecs tec eeGaameats ats eres sten ace (9) 


z.e. Y denotes the sectional area of the cylinder. 


The flow at a great distance is accordingly that due to a double source, but the axis of 
the source does not in general coincide with the direction of motion of the cylinder. 


The generalization of (8) is obvious. When the cylinder has a velocity (U, V) we have 


2rrope={(A+Q) OU+ HV} rot {HUt+(B+Q)V} Yo. ceecerseeeeeees (10) 

In terms of the complex variables w, z, this may be written 
Pile (A110) 2 AMS caiciag ee ace re acon scisenemoecersmmaies (11) 
with Qra=(A+Q)U+HAV, AWR=HU+(B+Q) V.  worceccecscevceees (12) 


For an elliptic cross-section we have, by comparison of Art. 71 (11) with (3) above, 
A=rb?, B=7a’, whilst Q=rab. Hence 


Pe=(A-ED) (DU x9 + @ V7o) [21% ccwinwasnseonnnnsecrodineesaee (13) 


72b. The hydrodynamic forces on a fixed cylinder due to the steady 
irrotational motion of a surrounding fluid have already been calculated in 
one or two cases. A general method, available whenever the form of w, 
= +1, for the fluid motion is known, has been given by Blasius*. 


The pressures on the contour may be reduced to a force (X, Y) at the 
origin, and a couple V. If @ be the angle which the velocity g makes with 
the axis of 2, we have 

VY +4X =—4pfq*(cos PO —781n 8) ds, ....sccsssevveeee (1) 
where the integral is taken round the contour of the cylinder. 

This may be written 

2 
Y+iX =—hp [aewy e* ds=— we {(Z) Op eiee toe’ (2) 
This gives X and FY. 

Again, if S be the angle which an element 6s of the contour makes with 
the radius vector (produced), 

N = fpr cosS ds = {prdr = — tp f (uw? +0?) (ada + ydy), «.... (3) 


* «¢unktiontheoretische Methoden in der Hydrodynamik,”’ Zeitschr. f. Math, u. Phys, lviii. 
(1910). 
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Now along a stream-line we have.vdx = udy, whence 


(wu — tu) (de + idy) = (a? + 04) (de — édy) 
and 


(u— ww)? (@ + ty) (da + idy) = (uw? + v*) {ada + ydy +1 (y da — xdy)}, 
Hence N is given by the real part of the integral 


sy i (S) mt) 11th, Seno (4) 


In the case of a cylinder immersed in a uniform stream, with circulation, 
the value of w at a great distance tends to the form 


wa A Bei log 2... 2. .sesce-sssmnas ances. (5) 


Since in (4) there are no singularities of the integrand in the space occupied 
by the fluid, the integral may be replaced by that round an infinite enclosing 
contour. On this understanding 


{ (GY dz = | (w+ 7S + G) de = 230 [S = 4riBe, ......(6) 


d za 
If the stream at infinity is (U, V), and if « denote the circulation, we have 
B==—(U=—tV), Ce —ti [lt ..ccscsacsncssencncss (7) 
Hence DA DV Y= KOU roman ok eae. epeeteeeacees (8) 


which is the generalization of the result obtained in Art. 69 for the particular 
case of a circular section. 

For the calculation of the moment JW the expression in (5) must be carried 
a stage further. Writing 


w=A+Be+Cloge+ =, ahs has aes ey. A, (9) 
‘Sag 2 2BC  C?—2BD 
(z) Tosi peu ti v 
Omitting all the terms which disappear in the case of an infinite contour we 
have 


| (ey eda oni(C' 2 BD a ee (11) 


Substituting the values of B and C from (7), writing D=a+ 78, and taking 
the real part, we find 
NV = 26 (BU 3.0 Vise one Mon eee gata (12) 
If by the superposition of a general velocity (— U,— V) the fluid were 
reduced to rest at infinity, the term D/z in (9) would be due to a translation 
of the cylinder with this velocity. Hence the values of @, 8 are as given in 
Art. 72, except that the signs are reversed. Hence (12) gives 


=p (A= By OV 3H (UP V8) ee oe (13) 
Thus for an elliptic section referred to its principal axes 


N'=— ap (Gs 0) UV ea ee (14) 
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As a further application of Blasius’ formula we may calculate the force on a fixed 
cylinder due to an external source. 


We write Meee IOP — OC) (Ly, vee soeccaneavagacs vonvedyey cae ses (15) 


where the first term represents the source at, z=c, say, and f(z) its image in the cylinder, 
te. f(z) is the addition necessary to annul the normal velocity at the contour, due to the 


source. Hence 


dw 


He , 
tB eee (2). Coot emer eee ceeeccer eee eeeeeececccceeece (16) 


The contour integral in (2) is now equal to the integral round an infinite contour minus the 
integral (in the positive sense) round the singularity at z=c. The infinite contour gives a 
zero result. In the neighbourhood of the singularity the only part of (dw/dz)? which need 
be taken into account is that containing the first power of z—c in the denominator, viz. 


_ 2nf" (c) 
z-¢ 
ultimately. Hence Tit A w= Sart fips ile) iieesecs< c02. dues dessadatassblednedah (17) 


The form of f(z) for the case of a circular cylinder is already known from Art. 64, 3°. 
The source being supposed on the axis of z, so that ¢ is real, we have 


? 


F @= =p log G—a2/c) +p logZ, ..........cr.cocecccoscesreses (18) 
Ap aS 
Sf’ O= FEN OA EE as Ne Ege aD (19) 
_ 2rp?a? = * 
Ae a aeht Vice. Wap stent snadencdeserssscevttees (20) 


In the general case, an approximation to the asymptotic form which f(z) assumes, when 
the distance of the source is great compared with the dimensions of the cross-section, is 
obtained if we suppose it to represent the effect of a translation of the cylinder with a 
velocity equal and opposite to that which the source would produce in the neighbourhood, 
if the cylinder were absent. Thus, the source being still assumed to be on the axis of x, 
we have from Art. 72a 


A+Q+71H) U 
7h we GG N eee papbrnid 545 ‘esntes 5285, (21) 
y 
where U=p/c. Hence f' (d= - eee Pence ates sooacu oucoemenewere: (22) 
2 Hy2 
and therefore A= — el ard ST ROBOSROFERBER SHEL OOOF AD UOGNS (23) 


If f (=p2/c) is the acceleration at the position of the origin, in the undisturbed stream, 

these results may be written 

Xm OLA O) J, 55 Ve RPL fon vaseseshctpeasapasctesrsessiess (24) 
For a circular section A=ra?, H=0, Q=7a?, and the formula (20) is verified, if we 
neglect terms of the order a?/c*. 

A number of elegant applications of Blasius’ method, relating to the mutual action of 
circular cylinders, with circulation, have been made by Cisottit. One of his results may 
be quoted. A cylinder of radius } is fixed excentrically within a cylindrical tunnel of 
radius a, and the intervening space is occupied by fluid having a circulation x. The 
resultant force on the cylinder is towards the nearest part of the tunnel wall, and has the 
Main c2d?+2mr /{(a+b+d) (a+b—d)(a—b+d) (a—b-ad)}, 
where d is the distance between the axes. 


* The result is due to Prof. G. I. Taylor. + Rend. d.r. Accad, d. Lincei (6) i. (1925-6). 


94 Motion of « Liquid in Two Dimensions (CHAP. IV 


Free Stream-Lines. 

73. The first solution of a problem of two-dimensional motion in which 
the fluid is bounded partly by fixed plane walls and partly by surfaces of 
constant pressure, was given by Helmholtz*. Kirchhoff+ and others have 
since elaborated a general method of dealing with such questions. If the 
surfaces of constant pressure be regarded as free, we have a theory of jets, 
which furnishes some interesting results in illustration of Art. 24, Again 
since the space beyond these surfaces may be filled with liquid at rest, with- 
out altering the conditions of the problem, we obtain also a number of cases 
of ‘discontinuous motion,’ which are mathematically possible with perfect 
fluids, but whose practical significance is more open to question. We shall 
return to this point at a later stage (Chap. xI.); in the meantime we shall 
speak of the surfaces of constant pressure as ‘free.’ Extraneous forces, such 
as gravity, being neglected, the velocity must be constant along any such 
surface, by Art. 21 (2). 

The method in question is based on the properties of the function ¢ 
introduced in Art. 65. The moving fluid is supposed bounded by stream- 
lines y=const., which consist partly of straight walls, and partly of lines 
along which the resultant velocity (q) is constant. For convenience, we may 
in the first instance suppose the units of length and time to be so adjusted 
that this constant velocity is equal to unity. Then in the plane of the 
function € the lines for which g = 1 are represented by arcs of a circle of unit 
radius, having the origin as centre, and the straight walls (since the direction 
of the flow along each is constant) by radial lines drawn outwards from the 
circumference. The points where these lines meet the circle correspond to 
the points where the bounding stream-lines change their character. 


Consider, next, the function log In the plane of this function the 
circular arcs for which g=1 become transformed into portions of the 
imaginary axis, and the radial lines into lines parallel to the real axis, since 
if $=q-1e" we have 


log €=log : Bs aati hoe hese Fe, (1) 


It remains, then, to determine a relation of the formt 


lop igs CU), vc rmt wearers ae ere tae meee (2) 
where w=¢ +2, as usual, such that the rectilinear boundaries in the plane 
of log ¢ shall correspond to straight lines y=const. in the plane of w. 
There are further conditions of correspondence between special points, one 
on the boundary, and one in the interior, of each region, which render the 
problem determinate. 


* Loc. cit. ante p. 75. 


t ‘Zur Theorie freier Flissigkeitsstrahlen,’’ Crelle, 1xx. (1869) [Ges. Abh. p. 416]. See also 
his Mechanik, cc. xxi., xxii. 


{ The use of log ¢, in place of ¢, is due to Planck, Wied, Ann. xxi. (1884). 
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When the correspondence between the planes of £ and w has been 
established, the connection between z and w is to be found, by integration, 
from the relation 


dz 
ie oe SCOOIGIOCIOO OOO oi Se iii Ci icra acca iit (3) . 


The arbitrary constant which appears in the result is due to the arbitrary 
position of the origin in the plane of z. 


The problem is thus reduced to one of conformal representation between 
two areas bounded by straight lines*. This is resolved by the method of 
Schwarz and Christoffel, already referred tot, in which each area is repre- 
sented in turn on a half-plane. Let Z7(=X+7Y) and t be two complex 
variables connected by the relation 


aon (a —#)—*" (6 —t)-Fl (6 —t)-VF oo, ci eecetennee (4) 


where a, b,c, ... are real quantities in ascending order of magnitude, whilst 
a, B, y, ... are angles (not necessarily all positive) such that 


C4 BF yt ee Dart 80... . RORU. SRS He. ae (5) 


and consider the line made up of portions of the real axis of ¢ with small 
semi-circular indentations (on the upper side) about the points a, b,c, .... 
If a point describe this line from t=— © to t=+ 0, the modulus only of the 
expression in (4) will vary so long as a straight portion is being described, 
whilst the effect of the clockwise description of the semi-circular portions is 
to introduce factors e, e’®, e’’,... in succession. Hence, regarding dZ/dt as an 
operator which converts 6¢ into 6Z, we see that the upper half of the plane of 
t is conformably represented on the area of a closed polygon whose eaterior 
angles are a, 8, v,..., by the formula 


Z = Af (a—t)—*" (b—t)-8/" (c—£)—-1 1. dt +B, cess sees (6) 
provided the path of integration in the t-plane lies wholly within the region 
above delimited. When a, b,c, ..., a, B, y, -.. are given, the polygon is com- 


pletely determinate as to shape; the complex constants A, B only affect its 
scale and orientation, and its position, respectively. 


As already indicated, we are specially concerned with the conformal 
representation of rectangular areas. If a = BP =y=5=}3r, the formula (6) 
becomes 


dt 
Z= 4 | Tea aT} 


It is easily seen that the rectangle is finite in all its dimensions unless two at 
least of the points a, b, c, d are at infinity. The excepted case is the one 


AR taal oe Meek (7) 


* See Forsyth, Theory of Functions, c. xx. 
+ See the footnotes on p. 81 ante. 
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specially important to us; the two finite points may then conveniently be taken 
to be t= +1, so that 


dt 
ee infer aay 
=A cosht4¢ B.A 0. er sictd emcees cen (8) 
In particular, the assumption 
t = cosh Cate Nt oe eee (9) 


where & is real, transforms the space bounded by the positive halves of the 
lines Y=0, Y=~k, and the intervening portion of the axis of Y, into the 
upper half of the plane ¢. Cf. Art. 66, 1°. 


Again, if the two finite points coincide, say at the origin of t, we have 
Za A [E+ B=Alogt+B. nae (10) 


This transforms the upper half of the ¢-plane into a strip bounded by two 
parallel straight lines. For example, if 


bi Cedi eke Ree (11) 
where k is real, these may be the lines Y=0, Y=7k. 


74. As a first application of the method in question, we may iake the 
case of a fluid escaping from a large vessel by a straight canal projecting 
inwards*. This is the two-dimensional form of Borda’s mouthpiece, referred 
to in Art. 24. 


The boundaries of corresponding areas in the planes of €, log ¢, and w, 
respectively, are easily traced, and are shewn in the figurest. It remains to 
connect the areas in the planes of log ¢ and w each with the upper half-plane 
of an intermediate variable ¢. It appears from equations (8) and (10) of the 
preceding Art. that this is accomplished by the substitutions 


log €=Acosh+t+B, w=Clogt+D. .....cccccee (1) 


We have here made the corners A, A’ in the plane of log € correspond to 
t=+1, and we have also assumed that ¢=0 corresponds to w=— 0, as is 
evident on inspection of the figures. To specify more precisely the values of 
the cyclic functions cosh'¢ and logt we will assume that they both vanish 
at ¢=1, and that their values at other points in the positive half-plane are 
determined by considerations of continuity. It follows that when t=—1 the 
value of each function will be ia. At the points A’, A in the plane of log ¢, 


* This problem was first solved by Helmholtz, J.c. ante p. 75. 
+ The heavy lines correspond to rigid boundaries, and the fine continuous lines to free surfaces. 
Corresponding points in the various figures are indicated by the same letters. 
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we have, on the simplest convention, log {= 0 and 2iz, respectively; whence, 
towards determining the constants in (1), we have 


0=B, Qr =i7rAa +B, 
so that LOD COSC REMG Etre ois Sets Porte (2) 


Again, in the plane of w we take the line JJ’ as the line = 0; and if the 
final breadth of the issuing jet be 2b, the bounding stream-lines will be 
w=+b. We may further suppose that ¢ = 0 is the equipotential curve passing 
through A and A’. Hence, from (1), 


wb=ir0+D, —ib=D, 


2b 
that, =— =% 
so tha Hs NOG ma BD pa tincas evs esceeaseish-nintecere. (8) 


It is easy to eliminate ¢ between (2) and (8), and thence to find the relation 


3 g 


between z and w by integration, but the formulae are perhaps more convenient 
in their present shape. 

The course of either free stream-line, say A’J, from its origin at A’, is now 
easily traced. For points of this line tis real and ranges from 1 to 0; we 
have, moreover, from (2), 10 =2cosh—4t, or t=cos$@. Hence, also, from (3), 


o= 2 OG COS AO tee ieee iasele tecpenmera eo (4) 


Since, along this line, we have d¢/ds = — ¢=— 1, we may put ¢=—s, where 
the arc s is measured from A’. The intrinsic equation of the curve is 
therefore 


s= a NORCO EO! ne sanrcgncrats acess tee ony (5) 


LH 7 
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From this we deduce in the ordinary way 
n= (sin? 40 — log sec $0), y=" (0 - SiN Gers speech aats (6) 


if the origin be at A’. By giving @ a series of values ranging from 0 to 7, the 
curve is easily plotted*. 


Line of Symmetry. 


Since the asymptotic value of y is b, it appears that the distance between 
the fixed walls is 4b. The coefficient of contraction is therefore 4, in accord- 
ance with Borda’s theory. 


75. The solution for the case of fluid issuing from a large vessel by an 
aperture in a plane wall is analytically very similar. The chief difference is 
that the values of log € at the points A, A’ in the figures must now be taken 
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to be 0 and —<z, respectively, whence, to determine the constants A, Bin 
(1) we have O=irA+B, -ir=B, 
so that logit = COSH SSE Gareth vcs sue cee aseeneeeerne (7) 


* To correspond exactly with p. 97 the figure should be turned through 180°. 
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The relation between w and t is exactly as before, viz. 


where 20 is the final breadth of the stream, between the free boundaries. 


For the stream-line AJ, ¢ is real, and ranges from —1 to 0. Since, also, 
7@=cosht—ir we may put t=cos(6+77), where @ varies from 0 to — 47. 


Hence, from (8), with ¢ =—s, we have, for the intrinsic equation of the stream- 
line, 
Sa 2 DO (BCC: 0 sae. ats oaduzscscevvenes <tesbs5 (9) 
From this we find 
4b. 2b , 
ca sin? 40, y= = {log tan (f7r + 40) —sin 6}, ......... (10) 


if the point A in the plane of z be taken as origin*. The curve is shewn (in 
an altered position) below. 


SF OO Ve 
Line of Symmetry. 


The asymptotic value of #, corresponding to 8 = — $77, is 2b/7r, the half width 
of the aperture is therefore (7 + 2)b/z, and the coefficient of contraction is 


a|(m + 2)= 611, 


76. In the next example a stream of infinite breadth is supposed to impinge 
directly ona fixed plane lamina, and thence to divide into two portions bounded 
internally by free surfaces. 

The middle stream-line, after meeting the lamina at right angles, branches 
off into two parts, which follow the lamina to the edges, and thence form the 

* This example was given by Kirchhoff (.c.), and discussed more fully by Rayleigh, ‘‘ Notes 
on Hydrodynamics,’’ Phil. Mag. Dec. 1876 [ Papers, i. 297]. 
7-2 
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free boundaries. Let this be the line y= 0, and let us further suppose that 
at the point of divergence we have ¢=0. The forms of the boundaries in the 
various planes are shewn in the figures. The region occupied by the moving 
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uN 
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Q 
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Feo eet awconass (es 
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Q 


C A I Ae 0 
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fluid now corresponds to the whole of the plane w, which must however be 
regarded as bounded internally by the two sides of the line y =0, ¢ < 0. 


With the same conventions as in the beginning of Art. 75, we have 


logy m= cosh™ 6 tary 6c. serene ses oan (1) 


or t = — cosh (log )=-4(¢-3). Re. (2) 


The correspondence between the planes of w and ¢ is best established by 
considering first the boundary in the plane of w-t. The method of Schwarz 
and Christoffel is then at once applicable. Putting a=—7, B=y=...=0, 
in Art. 73 (4), we have 


= Abn Wl Ved Al eee eae een (3) 


At I we have t=0, w= 0, so that B=0, or (say) 


To connect C (which is easily seen to be real) with the breadth (J) of the 
lamina, we notice that along CA we have = q~1, and therefore, from (2), 


t=-4 (7 +4), Q=—t—V(P-1), wcececcccseececees (5) 
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the sign of the radical being determined so as to make g=0 fort=—o. 
Also, dx/d¢é=—1/q. Hence, integrating along (A in the first figure we have 
F dz dd : dt 
= af Fdt=—- 40] othe (-t+ v@-1}, ...6) 
whence C= ae — Sera ere (7) 


Along the free boundary AT, we have log =70, and therefore, from (2) and 
(4), 


Be. 5 St — CSCC Oo anne ses ccaescsevore cs (8) 
The intrinsic equation of the curve is therefore 
l 2 
Be eA SECN ON aan WANOTE oy seaicalel Mu ae ea 9 
J oerar a 6, (9) 


where @ ranges from 0 to —47. This leads to 


4 (sec 6 + 42r), 


l 
The ser {sec 6 tan 0 — log (47° +46)I, 


the origin being at the centre of the lamina. 


oe oe + 


Line of Symmetry. 
The excess of pressure on the anterior face of the lamina is, by Art. 23 (7), 
equal to 4p(1 — q?). Hence the resultant force on the lamina is 


ef. (_- q) dt = — 290 [ ait: - qf =—4p0[  MA-1)G= 196 


It is evident from Art. 23 (7), and from the obvious geometrical similarity 
of the motion in all cases, that the resultant pressure (Po, say) will vary as 


102 Motion of a Liquid in Two Dimensions  [cHaP. IV 


the square of the general velocity of the stream. We thus find, for an arbitrary 


velocity qo*, 
Oe 


r+4 


oqo! bas ah0pdg le ae tee (12) 


Pos 


771. If the stream be oblique to the lamina, making an angle a, say, with 
its plane, the problem is modified in the manner shewn in the figures. 


log ¢ 
A C t 
 e)} _______ ee 
C A if 2 C 
de 
A’ Cc 
Ww 
wa 
A! A 
fA A?’ I Cc 


The equations (1) and (2) of the preceding Art. still apply; but at the point J we now 
have (=e~‘*("-9), and therefore t=cosa. Hence, in place of (4)t, 


ch pire 
Be MTT) te ee (13) 
At points on the front face of the lamina, we have, since g-1=|¢|, 
1 
gutless), (peat Peace SY | Renee eee eee a. (14) 


where the upper or the lower signs are to be taken according as ¢ 20, ze. according as the 
point referred to lies to the left or right of C in the first figure. Hence 


dx ,1dp_ 20 
di 9 at (Goan es Oe na arid (15) 


Between A’ and (, ¢ varies from 1 to ©, whilst between A and C the range is from 
—o to —1. If we put 
_1-cosacos@ 


COSa—COS@ ” 


the corresponding ranges of » will be from 7 to a, and from a to 0, respectively ; and we 
find 
dt COS a—COS @ 


was sin a sin 
(¢ —cos a)3 sinta 


COS a—COS@- 


sinodo, +/(#-1)= 


* Kirchhoff, l.c. ante p. 94; Rayleigh, ‘‘On the Resistance of Fluids,’’ Phil. Mag. Dec. 1876 
[Papers, i. 287]. ; 

+ The solution up to this point was given by Kirchhoff (Crelle, l.c.); the subsequent discussion 
is taken, with merely analytical modifications, from the paper by Rayleigh. 
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dx 20 : : : 
Hence pigs — Sig (1 — 008 a cos SIME SO) SLNOs seer ceeenaeeeta ce: (16) 
and therefore 
Sa {2 cos + cosasin?o+sinasine coso+($r7—o)sina}, ...... (17) 


where the origin has been adjusted so that x shall have equal and opposite values when 

o=0 and w=z, respectively ; ze. it has been taken at the centre of the lamina. Hence, in 
terms of C, the whole breadth is 

4+7 sina 

Oe OT Me cs, (18) 


The distance, from the centre, of the point (o=a) at which the stream divides is 


_2 cos a(1+sin?a)+($m —«a) sina 
4+rsina 


vt Meh EE sheet, Aig. (19) 


To find the total pressure on the front face, we have 


eg Cee dit 
Pape Ae pe i Va eee Ses ee 
$p (1g?) du= +p € 2) ait + 2pC,/( —1) (¢—cos a)? 
QC Ci«s 
=- aie Pein ease tec tee ene oe hak soem eee BAe ceed (20) 


Integrated between the limits 7 and 0, this gives mpC/sina. Hence, in terms of /, and of 
an arbitrary velocity gp of the stream, we find 
7 sina 


ae sin a 


SMB DG seeseapconpnncancoobancenpenceece (21) 


To find the centre of pressure, we take moments about the centre of the lamina. Thus 


HG [fO. 
of Be ae 2 
tp fa g?) wdx aka pees oda 
mpC Ccos a 
ma 3 mintg 2 Uererernreeereetetesetees (22) 


on substituting the value of x from (17). The first factor represents the total pressure ; 
the abscissa 7 of the centre of pressure is therefore given by the second, or, in terms of 
the breadth, 
cos a 
Be eee orien rckeecen 23 
= }$ ——__ Tree oy i Ne noe (23) 
In the following table, derived from Rayleigh’s paper, the column I gives the excess of 
pressure on the anterior face, in terms of its value when a=90°; whilst columns II and III 
give respectively the anes of the centre of pressure, and of the point where the stream 
divides, from the centre of the lamina, expressed as fractions of the total breadth *, 


a I II III 
90° 1-000 “000 “000 
70° ‘965 ‘037 232, 
50° "854 ‘075 402 
30° 641 ‘117 483 
20° 481 139 496 
10° 273 163 “500 


* For a comparison with experimental results see Rayleigh, l.c. and Nature, xly. (1891) 
[Papers, iii. 491]. 
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78, An interesting variation of the problem of Art. 76 has been discussed 
by Bobyleff*. A stream is supposed to impinge symmetrically on a bent lamina 
whose section consists of two equal straight lines forming an angle. 


If 2a be the angle, measured on the down-stream side, the boundaries in the plane of ¢ 
can be transformed, so as to have the same shape as in the Art. cited, by the assumption 
(=A¢ bes 
provided A and n be determined so as to make ¢’=1 when ¢ =e 4) and (=e 
¢=et4"+4) This gives 


— when 


Ase tir), n=2a/ 7. 
On the right-hand half of the lamina, ¢ will be negative as before, and since g-1=|¢|, 


pric ttve- LR, galt M(AAV}M coc eeeeseseeeeseees (24) 
Hence 
— ld at : dt 
ee “3 Te de= 20 | {-t+y(@-n)9= -0- nef {= t+ (2—1)}" ED a 
[Ea pan20 [7 (RI one {-t-J(P-1)} 
ayes Dy 
These can be reduced to known forms by the substitution 
--() 
where » ranges from 0 to 1. We thus find 
left ll dp ig tens By 1 @ it ad a fren 
G Sh ee anf ppp des —l-nan [i Dy sasiese (25) 
1f- do 1 wi” bh NS ate 
z Tg GB dt = —142n [dem -1-ntn [do Bachce (26) 


We have here used the formulae 
ah o~* ih @7* 
pierre ae 
1 
rece (1+ Ae 
where 1>k>0. 


Since, along the stream-line, ds/dp=—1/9, we have from (25), if 6 denote the half- 
breadth of the lamina, 


Qa 4a? [lo *!* 
p= 1484S ze @}- ste Anieth: Shlek 0 (27) 
The definite integral which occurs in this expression can be calculated from the formula 
1 @-* 1 
eetcerrersrersae (Pah ahi tad ee eee (28) 


where ¥ (m), =d/dm.log II (m), is the function introduced and tabulated by Gauss t. 
The normal pressure on either half is, by ue method of Art. 76, 


ae “1 (1_\ ae 2 
tp [| (a) dimantcp [~ 2 dom dntcp. 
* Journal of the Russian Physico-Chemical Society, xiii. (1881) [Wiedemann’s Beiblatter, vi. 
163]. The problem appears, however, to have been previously discussed in a similar manner by 
M. Réthy, Klausenburger Berichte, 1879. It is generalized by Bryan and Jones, Proc. Roy. Soc. 
A, xci. 354 (1915). 
t ‘‘Disquisitiones generales circa seriem infinitam.:. ,” Werke, Gottingen, 1870... , iii. 161. 


Snjazs?Ovemng 
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The resultant pressure in the direction of the stream is therefore 


Hence, for any arbitrary velocity g, of the stream, the resultant pressure is 


4a? 
P= — «pq, isc eee As ea « Paes (31) 


where Z stands for the numerical factor in (27). 
For a=}m, we have L=2+47, leading to the same result as in Art. 76 (12). 


In the following table, taken (with a slight modification) from Bobyleff’s paper, the 
second column gives the ratio P/P, of the resultant pressure to that experienced by a 
plane strip of the same area. This ratio is a maximum when a=100°, about, the lamina 
being then concave on the up-stream side. In the third column the ratio of P to the 
distance (2b sin a) between the edges of the lamina is compared with $pq%. For values of a 
nearly equal to 180°, this ratio tends to the value unity, as we should expect, since the fluid 
within the acute angle is then nearly at rest, and the pressure-excess therefore practically 
equal to $pqo”._ The last column gives the ratio of the resultant pressure to that experienced 
by a plane strip of breadth 26 sin a, as calculated from (12). 


P/pq,?b sina P/P, sina 


10° 039 199 227 
20° “140 359 “409 
30° 278 489 555 
40° 433 593 674 
45° 512 637 724 
50° 589 677 “769 
60° ‘733 "745 846 
oy 854 800 909 
80° 945 844 959 
90° 1:000 879 1:000 
100° 1:016 907 1:031 
110° "995 931 1-059 
120° 935 "950 1079 
130° 840 964 1096 
135° “780 ‘970 1103 
140° 713 975 1/109 
150° 559 984 1119 
160° "385 “990 1126 


996 1132 


Discontinuous Motions. 


79. It must suffice to have given a few of the more important examples of 
steady motion with a free surface, treated by what is perhaps the most system- 
atic method. Considerable additions to the subject have been made by Michell™*, 
Lovet, and other writers}. It remains to say something of the physical 

* «‘On the Theory of Free Stream-lines,’’ Phil. Trans. A, elxxxi. (1890). 
+ ‘On the Theory of Discontinuous Fluid Motions in Two Dimensions,’’ Proc. Camb, Phil. 


Soc. vii. (1891). 
{ For references see Love, Encycl. d. math. Wiss. iv. (3), 97.... A very complete account of 
the more important known solutions, with fresh additions and developments, is given by Greenhill, 
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considerations which led in the first instance to the investigation of such 
problems. 


We have, in the preceding pages, had several instances of the flow of a 
liquid round a sharp projecting edge, and it appeared in each case that the 
velocity there was infinite. This is indeed a necessary consequence of the 
assumed irrotational character of the motion, whether the fluid be incom- 
pressible or not, as may be seen by considering the configuration of the equi- 
potential surfaces (which meet the boundary at right angles) in the immediate 
neighbourhood. 


The occurrence of infinite values of the velocity may be afforded by supposing 
the edge to be slightly rounded, but even then the velocity near the edge will 
much exceed that which obtains at a distance great in comparison with the 
radius of curvature. 


In order that the motion of a fluid may conform to such conditions, it is 
necessary that the pressure at a distance should greatly exceed that at the 
edge. This excess of pressure is demanded by the inertia of the fluid, which 
cannot be guided round a sharp curve, in opposition to centrifugal force, 
except by a distribution of pressure increasing with a very rapid gradient 
outwards. 


Report on the Theory of a Stream-line past a Plane Barrier, published by the Advisory Committee 
for Aeronautics, 1910. 

The extension to the case of curved rigid boundaries is discussed in a general manner in various 
papers by Levi-Civita and Cisotti. For these, reference may be made to the Rend. d. Circolo Mat. 
di Palermo, xxiii. xxv. xxvi. xxviii. and the Rend. d.r. Accad. d. Lincei, xx. xxi.; the working 
out of particular cases naturally presents great difficulties. The matter was treated later by 
Leathem, Phil. Trans. A, ccxx. 439 (1915) and H. Levy, Proc. Roy. Soc. A, xcii. 107 (1915). The 


theory of mutually impinging jets is treated very fully by Cisotti, ‘‘ Vene confluenti,’? Ann. di 
mat. (3) xxiii. 285 (1914), 
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Hence, unless the pressure at a distance be very great, the maintenance of 
the motion in question would require a negative pressure at the corner, pice 
as fluids under ordinary conditions are unable to sustain. 


To put the matter in as definite a form as possible, let us imagine the 
following case. Let us suppose that a straight tube, whose length is large 
compared with the diameter, is fixed in the middle of a large closed vessel 
filled with frictionless liquid, and that this tube contains, at a distance from 
the ends, a sliding plug, or piston, P, which can be moved in any required 
manner by extraneous forces applied to it. The thickness of the walls of the 
tube is supposed to be small in comparison with the diameter; and the edges, 
at the two ends, to be rounded off, so that there are no sharp angles. Let us 
further suppose that at some point of the walls of the vessel there is a lateral 
tube, with a piston P, by means of which the pressure in the interior can be 
adjusted at will. 

Everything being at rest to begin with, let a slowly increasing velocity 
be communicated to the plug P, so that (for simplicity) the motion at any 
instant may be regarded as approximately steady. At first, provided a 
sufficient force be applied to Q, a continuous motion of the kind indicated in 
the diagram on p. 74 will be produced in the fluid, there being in fact only 
one type of motion consistent with the conditions of the question. As the 
acceleration of the piston P proceeds, the pressure on Q may become 
enormous, even with very moderate velocities of P, and if Q be allowed to 
yield, an annular cavity will be formed at each end of the tube. 


It is not easy to make out the further course of the motion in such a case 
from a theoretical standpoint, even in the case of a ‘perfect’ fluid. In actual 
liquids the problem is modified by viscosity, which prevents any slipping of 
the fluid immediately in contact with the tube, and must further exercise 
a considerable influence on such rapid different motions of the fluid as are 
here in question. 

As a matter of observation, the motions of fluids are often found to 
differ widely, under the circumstances supposed in each case, from the types 
represented on such diagrams as those of pp. 73, 74, 84, 86. In such a case 
as we have just described, the fluid issuing from the mouth of the tube does 
not immediately spread out in all directions, but forms, at all events for some 
distance, a more or less compact stream, bounded on all sides by fluid nearly 
at rest. A familiar instance is the smoke-laden stream of gas issuing from a 
chimney. In all such cases, however, the motion in the immediate neighbour- 
hood of the boundary of the stream is found to be wildly irregular’. 

It was the endeavour to construct types of steady motion of a frictionless 


* Certain experiments would indicate that jets may be formed before the ‘limiting velocity ’ of 
Helmholtz is reached, and that viscosity plays an essential part in the process. Smoluchowski, 
“¢ Sur la formation des veines d’efflux dans les liquides,’’ Bull. de l’ Acad. de Cracovie, 1904. 
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liquid, in two dimensions, which should resemble more closely what is 
observed in such cases as we have referred to, that led Helmholtz* and 
Kirchhoff* to investigate the theory of free stream-lines. It is obvious that 
we may imagine the space beyond a free boundary to be occupied, if we 
choose, by liquid of the same density at rest, since the condition of constant 
pressure along the stream-line is not thereby affected. In this way the 
problems of Arts. 76, 77, for example, give us a theory of the pressure 
exerted on a fixed lamina by a stream flowing past it, or (what comes to the 
same thing) the resistance experienced by a lamina when made to move with 
constant velocity through a liquid which would otherwise be at rest. 

The question as to the practical validity of this theory will be referred to 
later in connection with some related problems (Chapter XI). 


Flow in a Curved Stratum. 


80. The theory developed in Arts. 59, 60 may be readily extended to 
the two-dimensional motion of a curved stratum of liquid, whose thickness is 
small compared with the radii of curvature. This question has been discussed 
from the point of view of electric conduction, by Boltzmannt, Kirchhoff, 
Topler§, and others. 


As in Art. 59, we take a fixed point A, and a variable point P, on the surface defining 
the form of the stratum, and denote by the flux across any curve 4P drawn on this 
surface. Then ¥ is a function of the position of P, and by displacing P in any direction 
through a small distance 4s, we find that the flux across the element ds is given by 
dy /ds . ds. The velocity perpendicular to this element will be dy/h6s, where h is the thick- 
ness of the stratum, not assumed as yet to be uniform. 


If, further, the motion be irrotational, we shall have in addition a velocity-potential 


¢, and the equipotential curves @=const. will cut the stream-lines y=const. at right 
angles, 


In the case of uniform thickness, to which we now proceed, it is convenient to write 
wy for y/h, so that the velocity perpendicular to an element ds is now given indifferently 
by dy-/ds and op/dn, dn being an element drawn at right angles to 6s in the proper direction. 
The further relations are then exactly as in the plane problem; in particular the curves 
¢ =const., =const., drawn for a series of values in arithmetic progression, the common 
difference being infinitely small and the same in each case, will divide the surface into 
elementary squares. For, by the orthogonal property, the elementary spaces in question 
are rectangles, and if 43, 53, be elements of a stream-line and an equipotential line, 
respectively, forming the sides of one of these rectangles, we have dy-/ds,=0/ds,, whence 
8s, =6se, since by construction d)=Sd¢. 


Any problem of irrotational motion in a curved stratum (of uniform thickness) is 
therefore reduced by orthomorphic projection to the corresponding problem in plano. 
Thus for a spherical surface we may use, among an infinity of other methods, that of 
stereographic projection, As a simple example of this, we may take the case of a stratum 


* Ul. c. ante pp. 75, 94. 

+ Wiener Sitzungsberichte, lii, 214 (1865) [Wissenschaftliche Abhandlungen, Leipzig, 1909, 

oils 
{ Berl. Monatsber. July 19, 1875 (Ges. Abh. i. 56]. 
§ Pogg. Ann. clx. 375 (1877). 
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of uniform depth covering the surface of a sphere with the exception of two circular 
islands (which may be of any size and in any relative position). It is evident that the 
only (two-dimensional) irrotational motion which can take place in the doubly-connected 
space occupied by the fluid is one in which the fluid circulates in opposite directions round 
the two islands, the cyclic constants being equal in magnitude. Since circles project 
into circles, the plane problem is that solved in Art. 64, 2°, viz. the stream-lines are a 
system of coaxal circles with real ‘limiting points’ (A, B, say), and the equipotential lines 
are the orthogonal system passing through A, 8. Returning to the sphere; it follows from 
well-known theorems of stereographic projection that the stream-lines (including the 
contours of the two islands) are the circles in which the surface is cut by a system of 
planes passing through a fixed line, viz. the intersection of the tangent planes at the 
points corresponding to A and B, whilst the equipotential lines are the circles in which 
the sphere is cut by planes passing through these points*. 


In any case of transformation by orthomorphic projection, whether the motion be 
irrotational or not, the velocity (dy/dn) is transformed in the inverse ratio of a linear 
element, and therefore the kinetic energies of the portions of the fluid occupying corre- 
sponding areas are equal (provided, of course, the density and the thickness be the same). 
In the same way the circulation ({0y/on. ds) in any circuit is unaltered by projection. 


* This example was given by Kirchhoff, in the electrical interpretation, the problem considered 
being the distribution of current in a uniform spherical conducting sheet, the electrodes being 
situate at any two points A, B of the surface. 


CHAPTER V 


IRROTATIONAL MOTION OF A LIQUID: PROBLEMS IN 
THREE DIMENSIONS 


81. OF the methods available for irene solutions of the equation 
V2 hi ='0p.55 tiesh ancl ye eter aera (1) 
in three dimensions, the most important is that of Spherical Harmonics. 
This is especially suitable when the boundary conditions have relation to 
spherical or nearly spherical surfaces. 

For a full account of this method we must refer to the special treatises*, 
but as the subject is very extensive, and has been treated from different 
points of view, it may be worth while to give a slight sketch, without formal 
proofs, or with mere indications of proofs, of such parts of it as are most 
important for our present purpose. 

It is easily seen that since the operator V? is homogeneous with respect 
to x, y, 2, the part of @ which is of any specified algebraic degree must satisfy 
(1) separately. Any such homogeneous solution of (1) is called a ‘spherical 
solid harmonic’ of the algebraic degree in question. If ¢, be a spherical 
solid harmonic of degree n, then if we write 


Dre POS ae gocici ear ak ike cata: See eee (2) 


S,, will be a function of the direction (only) in which the point (a, y, z) lies 
with respect to the origin; in other words, a function of the position of the 
point in which the radius vector meets a unit sphere described with the origin 
as centre. It is therefore called a ‘spherical surface harmonic’ of order nt. 


To any solid harmonic ¢, of degree n corresponds another of degree 
—n-—1l, obtained by division by r2"+1; 1.2. 6=r-*"-1¢,, is also a solution of 
(1). Thus, corresponding to any spherical surface-harmonic S,, we have the 
two spherical solid harmonics r”S,, and r-"-18,,. 


82. The most important case is when n is integral, and when the surface- 
harmonic S, is further restricted to be finite over the unit sphere. In the 


* Todhunter, Functions of Laplace, Lamé, and Bessel, Cambridge, 1875. Ferrers, Spherical 
Harmonics, Cambridge, 1877. Heine, Handbuch der Kugelfunctionen, 2nd ed., Berlin, 1878. 
Thomson and Tait, Natural Philosophy, 2nd ed., Cambridge, 1879, i. 171-218. Beer Fourier’s 
Series and Spherical, ‘Cylindrical, and Ellipeoidal Harmonics, Boston, U.S.A. 1893. Whittaker 
and Watson, Modern Analysis, 3rd ed., Cambridge, 1920. 

For the history of the subject see Todhunter, History of the Theories of Attraction, &c., 
Cambridge, 1873, ii. Also Wangerin, ‘‘Theorie d. Kugelfunktionen, u.s.w.,’? Encycl. d. math. 
Wiss. ii. (1) (1904). 

+ The symmetrical treatment of spherical solid harmonies in terms of Cartesian co-ordinates 
was introduced by Clebsch, in a much neglected paper, Crelle, lxi. 195 (1863). It was adopted 
independently by Thomson and Tait as the basis of their exposition. 
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form in which the theory (for this case) is presented by Thomson and Tait, 
and by Maxwell*, the primary solution of (1) is 


ps = Alt, ele ae islele'e ele eleva sivieiousielsieisve scisieie e siete’ (3) 


This represents as we have seen (Art. 56) the velocity potential due to 
a point-source at the origin. Since (1) is still satisfied when ¢ is differ- 
entiated with respect to 2, y, or z, we derive a solution 
0 0 at 
pat oe (ES ton Re dame eS (4) 


This is the velocity-potential of a double source at the origin, having its axis 
in the direction (J, m, n); see Art. 56 (3). The process can be continued, 
and the general type of spherical solid harmonic obtainable in this way is 


o” 1 
pn =A Ohidhias.. hy?” otoies ete tetatafeteralcle oVotetee\oietetsta = aie (5) 
where ao ae a 
Oh; We Obs) leet Ba 02. 


l,, ms, Ne being arbitrary direction-cosines. 


This may be regarded as the velocity-potential of a certain configuration 
of simple sources about the origin, the dimensions of this system being small 
compared with r. To construct this system we premise that from any given 
system of sources we may derive a system of higher order by first displacing 
it through a space 3h, in the direction (/,, ms, ns), and then superposing the 
reversed system, supposed displaced from its original position through a space 
3h, in the opposite direction. Thus, beginning with the case of a simple 
source O at the origin, a first application of the above process gives us two 
sources 0,, O_ equidistant from the origin, in opposite directions. The same 
process applied to the system O,, O_ gives us four sources 0,,, O_4, O+_, 
O__ at the corners of a parallelogram. The next step gives us eight sources 
at the corners of a parallelepiped, and so on. The velocity-potential, at a 
great distance, due to an arrangement of 2” sources obtained in this way, will 
be given by (5), if 47A = m'Iyhe... ha, m’ being the strength of the original 
source at O. The formula becomes exact, for all distances 7, when 


hy, he, ... hy are diminished, and m’ increased, indefinitely, but so that A 
is finite. 
The surface-harmonic corresponding to (5) is given by 
el AL BA SR ean oe (6) 


OhyOha...0hn 7’ 
and the complementary solid harmonic by 


HS pea owe eo eee ea (7) 


* Electricity and Magnetism, c. ix. P 
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By the method of ‘inversion*, applied to the above configuration of 
sources, it may be shewn that the solid harmonic (7) of positive degree n 
may be regarded as the velocity-potential due to a certain arrangement of 
2” simple sources at infinity. 

The lines drawn from the origin in the various directions (J,, ms, %,) are 
called the ‘axes’ of the solid harmonic (5) or (7), and the points in which 
these lines meet the unit sphere are called the ‘poles’ of the surface-harmonic 
S,. The formula (5) involves 2n +1 arbitrary constants, viz. the angular 
co-ordinates (two for each) of the n poles, and the factor A. It can be 
shewn that this expression is equivalent to the most general form of 
spherical surface-harmonic which is of integral order n and finite over the 
unit sphere f. 

83. In the original investigation of Laplacet, the equation V?7¢=0 is 
first expressed in terms of spherical polar co-ordinates, r, 0, #, where 

a=~r cos 8, y =r sin @ cos o, z=rsin @ sin ow. 


The simplest way of effecting the transformation is to apply the theorem of 
Art. 36 (2) to the surface of a volume-element r60.rsin 06. 6r. Thus the 
difference of flux across the two faces perpendicular to 7 is 


s(x .7do0.r sin 080) or. 


Similarly for the two faces perpendicular to the meridian ( = const.) we find 


Me (S. ie nike SOR ar) 86, 


and for the two faces perpendicular to a parallel of latitude (@ = const.) 


Q (pe .7d6. sr) Se. 


dw \r sin dw 
Hence, by addition, 
2 Ob od Lagop 
sin @ 2 (x se) + (sin 0 <8) + 1 SF ages ERROR (1) 


This might of course have been derived from Art. 81 (1) by the usual method 
of change of independent variables. 


If we now assume that ¢ is homogeneous, of degree n, and put 


G=r7"s,,, 
; 1s Sn 1. OS 
we obtain sao 7g (sin @ 74) sin? 0 do® ~+n(n+1)S,=0, ......... (2) 


which is the general differential equation of spherical surface-harmonics. 


* Explained by Thomson and Tait, Natural Philosophy, Art. 515. 

+ Sylvester, Phil. Mag. (5), ii. 291 (1876) [Mathematical Papers, Cambridge, 1904..., iii. 37]. 

{ ‘‘ Théorie de l’attraction des sphéroides et de la figure des planétes,’’? Mém. de lV Acad. roy. 
des Sciences, 1782 [Oeuvres Completes, Paris, 1878..., x. 341]; Mécanique Céleste, Livre 2™°, ¢. ii, 
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Since the product n(n +1) is unchanged in value when we write—»—1 for 


n, it appears that 
=r" S,, 


will also be a solution of (1), as already stated (Art. 81). 
84. In the case of symmetry about the axis of a, the term 0S,/dw? dis- 
appears, and putting cos 6 =p we ie 
s {an ny lt n(nt1)S, £2 Oe siglereeethond (1) 


the HP sited divs of spherical ‘zonal’ harmonics*. This equation, con- 
taining only terms of two different dimensions in y, is adapted for integration 
by series. We thus obtain 


Zr = (n—2)n(n+ 1)(n +38) 
Sy= A {1 Fary ey 1:2,324 Le y 
(n— 042) 4 (2 = 3) (nT) (n +2) (n+4) 
+ Bly 1.2.3 1.2.3.4.5 pm sp 


The series which here present themselves are of the kind called ‘hyper- 
geometric’; viz. if we write, after Gausst, 
an Rif a.a+1.8.B+1 - 
F(a, B,y,7)=1+ Men he? tna’ deci 
a.a+1.a+2.8.84+1.8+4+2 - 
1.2.3.y.y+1l.y+2 


DE lech 


we have 
S,= AF (— $n, 44+ 40,4, pw?) + Buk (4 —3n, 14+ 4n, §, p?)....... (4) 
The series (3) is of course essentially convergent when x lies between 0 and 1; but 
when v=1 it is convergent if, and only if, 
; y—-a-B>0. 
; I (y—1).0(y-—a—B-1) 
In this case we have F(a, B, y, De a ae neo: <becinapoiceisass dieeeses (5) 
where II (m) is in Gauss’s notation the equivalent of Euler’s (m+ 1). 
The degree of divergence of the series (3) when 
y—a—-B<0, 
as aw approaches the value 1, is given by the theorem f 
F (a; B, y, 2) = (1 2) 9 By — 4; Y—By YB). ssrroeveessornersens (6) 
Since the latter series will now be convergent when «=1, we see that /’ (a, 8, y, x) becomes 
divergent as (1-)Y-*-; more precisely, for values of x infinitely nearly equal to unity, 
we have 


F(a, B, y, a= i ie ») Ci ee cl MA A 08 (7) 
ultimately. 

* So called by Thomson and Tait, because the nodal lines (S,,=0) divide the unit sphere into 
parallel belts. 


+ Lc. ante p. 104, 
t Forsyth, Differential Equations, 3rd ed., London, 1903, c. vi. 


LH 
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For the critical case where y—-a-—B=0, 
we may have recourse to the formula 
d 
< F(a, By; 2) = F (atl, B41, 741, a ee (8) 


which, with (6), gives in the case supposed 


ad 
PGB y2)=L 0-2) Fy-@ 7-8, 4h, 2) 


=F l-a) F(a, Byate Gel to sd wage (9) 


The last factor is now convergent when #=1, so that F’ (a, 8, y, x) is ultimately divergent 
as log(1—.). More precisely we have, for values of x near this limit, 


II (a =v 1 
Plo 8 048, 8) ent) GT) SI 

85. Of the two series which occur in the general expression (Art. 84 (2)) 
of a zonal harmonic, the former terminates when n is an even, and the latter 
when n is an odd integer. For other values of n both series are essentially 
convergent for values of « between +1, but since in each case we have 
y—-a—8=0, they diverge at the limits »~=+1, becoming infinite as 
log (1 — p?). 

It follows that the terminating series corresponding to integral values of 
n are the only zonal surface-harmonics which are finite over the unit sphere. 
If we reverse the series we find that both these cases (n even, and n odd) are 
included in the formula * 

1.3. 5¥r(n i). &.£-n(n—1) 
Joo) Se ae: Me - Poy 

n(n—1)(n-2)(n—3) 4 
2.4. (2n —1)(2n—8) © = 4, 
where the constant factor has been adjusted so as to make P,,(u)=1 for 
w=1+. The formula may also be written 


Le. a 
Jinlt) nat dae es Cee cece ces ececeseces wale) 


The series (1) may otherwise be obtained by development of Art. 82 (6), 
which in the case of the zonal harmonic assumes the form 


n—2 


+ 


Gee (3) 
Pe poe 
* For n even this corresponds to 4 =(—)!” pen UR Seat , B=0; whilst for n odd we have 


Bis Ona 

2.4...(n—-1)° 

+ Tables of Py, Po, ... P, were calculated by Glaisher, for values of » at intervals of -01, 
Brit. Ass. Report, 1879, and are reprinted by Dale, Five-Figure Tables..., London, 1903. A table 
of the same functions for every degree of the quadrant, calculated under the direction of Prof. 
Perry, was published in the Phil. Mag. for Dec. 1891. Both tables are reproduced in Byerly’s 
treatise, also by Jahnke and Emde, Funktionentafeln, Leipzig, 1909. The values of the ‘first 20 
zonal harmonics, at intervals of 5°, have been calculated by Prof. A. Lodge, Phil. Trans. A. cciii. 
(1904). 


A=0,B=(~jfr-) See Heine, i. 12, 147. 
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As particular cases of (2) we have 

Po(wy=1, Pr(u)=y, Po(u)=4(8u?-1), Ps(u)=4(5u3 — 8p). 

Expansions of P,, in terms of other functions of 6 as independent variables, 
in places of yu, have been obtained by various writers. For example, we have 

Le —1 1 
P,, (cos gy=1 "FD oinaya + @ ARES 

This may be deduced from (2)*, or it may be obtained independently by 
putting » = 1— 2z in Art. 84 (1), and integrating by a series. 


sintt0—.... ...(4) 


The function P,, (u) was first introduced into analysis by Legendret as the coefficient 
of h" in the expansion of 


(1 —2yh + h?)—4. 
The connection of this with our present point of view is that if @ be the velocity-potential 


of a unit source on the axis of w at a distance c from the origin, we have, on Legendre’s 
definition, for values of 7 less than ¢, 


And =(c? — Quer +r?)-4 
1 ie r 
= oti at Pat ateiaveletatvisiolorstureleiatetereleteraiereslstoreleretel (5) 


Each term in this expansion must separately satisfy V2p=0, and therefore the coefficient 
P,, must be a solution of Art. 84 (1). Since P,, as thus defined, is obviously finite for all 
values of 1, and becomes equal to unity for p.=1, it must be identical with (1). 


For values of r greater than ¢, the corresponding expansion is 


1 c c 
bape tats at See were nee ere eee nee scree ressueeeerae (6) 


We can hence deduce expressions, which will be useful to us later, Art. 98, for the 
velocity-potential due to a double-sowrce of unit strength, situate on the axis of x at a 
distance c from the origin, and having its axis pointing from the origin. This is evidently 
equal to dg/dc, where has either of the above forms; so that the required potential is, 
for r<e, 


IR Al 2 
-z (G+2.5+3P15- ee) "ahh Rr Tee (7) 
and for r>c, zx (2, gt 2P25+ ) RO steer ace ah sia sna aieeisietes (8) 


The remaining solution of Art. 84 (1), in the case of n integral, can be 
put into the more compact form ft 


1+ 
Qn (u) = 4 Pn (x) log 5 ~~ Eo bs nt eirhae (9) 
2n—1 2n —5 
where Ze = Sik year si 3(n—1) Pies oP hind Dubduecdocodson (10) 


* Murphy, Elementary Principles of the Theories of Electricity, &c., Cambridge, 1833, p. 7. 
[Thomson and Tait, Art. 782.] ; 

¢ “Sur l’attraction des sphéroides homogénes,’’ Mém. des Savans Etrangers, x. (1785). 
2.4... 


Dede ved)! whilst for 


t This is equivalent to Art. 84 (4) with, for n even, 4=0, B=(-)*” 


n odd we have sicn(eg eg eh OA , B=0. See Heine, i. 141, 147. 
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This function Q, (2) is sometimes called the zonal harmonic ‘of the second 
kind.’ 


Thus 
1+ Pree 
Qo(u) = 4 log =" Qa(u) = 4 (3? — 1) log -— — Bm, 


1 1+ 
Qu(u) = fu logs —E— 1, Qa(u) = 2 (Su? — 8u) log FE — Gut + 


86. When we abandon the restriction as to symmetry about the axis of a, 
we may suppose S,,, if a finite and single-valued function of a, to be expanded 
in a series of terms varying as cos sw and sin sw respectively. If this expansion 
is to apply to the whole sphere (i.e. from @ =0 to w = 27), we may further (by 
Fourier’s theorem) suppose the values of s to be integral. The differential 
equation satisfied by any such term is 


Je {ao Gt + [ne + )- 7a S=0. Se On (1) 


If we put Sem (le on, 
this takes the form 


(1-2) 5-264 aT +(ns) (nts+lv=0, 
which is suitable for integration by series. We thus obtain 


S,= 4 (1 - way} - _@=smtsrt)) |, 


1.2 
pee 2) (ies) Ee ee) Pre pa 
1.2.3.4 
—s=1 +2 
+ BCL = payie}y— GS EE) 
ee we (2) 


the factor cos sw or sin sw sd for the moment omitted. In the hyper- 
geometric notation this may be written 


Sn=(1—*)# {AF (4s—4n, +48 +40, $, 2) 
+ BuF (4 +4s—4n, 1 +45s4+4n, 3, p)}. ...(8) 
These expressions converge when pu? <1, but since in each case we have 
Yet 8 = 8s, 


the series become infinite as (1 — y*)-* at the limits 1 = +1, unless they 
terminate*, The former series terminates when n—s is an even, and the 


* Rayleigh, Theory of Sound, London, 1877, Art. 338, 
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latter when it is an odd integer. By reversing the series we can express both 
these finite solutions by the single formula* 


2n)! Bs =e— 
P,3 (mu) = CCST i pete \u SS EEL n—s—2 
4 (=) (n—s—1)(n—s—2)(n—s-—8) uns 
2.4. (2n—1) (2n—3) tab) 
On comparison with Art. 85 (1) we find that 
Py (w= — pays UPnw) ae = ay BR eg (5) 


That this is a solution of (1) may of course be bur independently. 


In terms of sin $6, we have 
= ES An+s)) (n—s)(n+s4+1) . 
Ps (cos oon s\lel {1 = ~ Tey 
4 m=s—V(n—s)(n+84+]1)(n+5+2) . " ne 
1,2.(8+ 1) (@4 2) oun te 
This corresponds to Art. 85 (4), from which it can easily be derived. 


Collecting our results we learn that a surface-harmonic which is finite over 
the unit sphere is necessarily of integral order, and is further expressible, if 
nm denote the order, in the form 


Beate) Aleossm 2B cintan) BC) eee (7) 
s=1 


containing 2n +1 arbitrary constants. The terms of this involving » are 
called ‘ tesseral’ harmonics, with the exception of the last two, which are given 


by the formula 

(1 — p?)#" (A, cos nw + B,sin nw), 
and are called ‘sectorial’ harmonics+; the names being suggested by the forms 
of the compartments into which the unit sphere is divided by the nodal lines 
S, = 0. 

The formula for the tesseral harmonic of rank s may be obtained otherwise 
from the general expression (6) of Art. 82 by making n —s out of the n poles 
of the harmonic coincide at the point 6 =0 of the sphere, and distributing the 
remaining s poles evenly round the equatorial circle 0 = 47. 


The remaining solution of (1), in the case of n integral, may be put in 


the form 
Sy = (A, cos sm + B,sin se) Qno (ft), .cececevesereeeees (8) 


* There are great varieties of notation in connection with these ‘associated functions,’ as 
they have been called. That chosen in the text was proposed by F. Neumann; and is adopted by 


Whittaker and Watson, p. 323. 
+ The prefix ‘spherical’ is implied; it is often omitted for brevity. 
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where * Qn (u) =(1— p2yts dt ae Eb issis BUG A OOTO EE TOOTS (9) 


This is sometimes called a tesseral harmonic ‘ of the second kind.’ 


87. Two surface-harmonics S, S’ are said to be ‘ conjugate,’ or ‘orthogonal,’ 
~ when 


[SSG has = OO oe ke conde toon tesred an iene (1) 


where Sa is an element of surface of the unit sphere, and the integration ex- 
tends over this sphere. 

It may be shewn that any two surface-harmonics, of different orders, 
which are finite over the unit sphere, are orthogonal, and also that the 2n + 1 
harmonics of any given order n, of the zonal, tesseral, and sectorial types 
specified in Arts. 85, 86, are all mutually orthogonal. It will appear, later, 
that the orthogonal property is of great importance in the physical applications 
of the subject. 


Since da =sin 0505 =— 8udw, we have, as particular cases of this 
theorem, 
| Pe Cyd = 0s, toe (2) 
1 
| WR Ban) AD Ge) di 0, seats eee (3) 
1 
a i 1, Pet ()-Po (us) eum 0 9 creel (4) 


provided m, n are unequal. 
For m =n, it may be shewn+ that 


i z (P, (u)}?dp= — cahideekan Oe tetas (5) 
HAPS 
| “(Pat (Pd = eet ge ae (6) 


88. We may also quote the theorem that any arbitrary function f(y, w) 
of the position of a point on the unit sphere can be expanded in a series of 
surface-harmonics, obtained by giving n all integral values from 0 to o, in 
Art. 86 (7). The formulae (5) and (6) are useful in determining the coefficients 
in this expansion. 

Thus, in the case of symmetry about an axis, the theorem takes the form 

SF (m) = Co + Cy Py (uw) + Cp Pa (m) +...+ On Pn (Mm) +e... cece (7) 


If we multiply both sides by Pn () du, and integrate between the limits + 1, 
we find 


Cat | , Lui dies cn ee (8) 


* A table of the functions Q,(«), Q,°(#), for various values of n and s, is given by Bryan, Proc. 
Camb. Phil. Soe. vi. 297. 
+ Ferrers, p. 86; Whittaker and Watson, pp. 306, 325. 
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and, generally, 


Uy Ibs FPR dit TOAh Sick st (9) 


For the analytical proof of the theorem recourse must be had to the 
special treatises*; the physical grounds for assuming the possibility of this 
and other similar expansions will appear, incidentally, in connection with 
various problems. 


89. Solutions of the equation V2¢=0 may also be obtained by the usual 
method of treating linear equations with constant coefficients+. Thus, the 


equation is satisfied by 
d = ert byt yz 


or, more generally, by DEL ES 1 929 enn ckotetin congas ancdsne ice (1) 
provided aE rhe Oni hits Bae tna ttackirte (2) 
For example, we may put 

TY bh ee COG 7 PEE BILL Soe ete aces eeeaniton oe (3) 
or, again, ep, 1s) F COnN ty, | BIND t.0 20), oo... cere ee (4) 


It may be shewnf that the most general solution possible can be obtained by 
superposition of solutions of the type (1). 


Using (3), and introducing the cylindrical co-ordinates x, a, w, where 
y = B COS a, Bei BI 0, ay vciee dacs esince sae (5) 


we build up a solution symmetrical about the axis of « if we take 


2a 


For, since the integration extends over a whole circumference, it is immaterial 
where the origin of S is placed, and the formula may therefore be written§ 
20 ™ 
=n | F(a im cos) ay =~ |" f (w+ iw cos) dd. ae (6) 
0 


7 


b= 52 | fle + io cos (9—o)} ds. 


This is remarkable as giving a value of ¢, symmetrical about the axis of 
z, in terms of its values f(x) at points of this axis. It may be shewn, by means 
of the theorem of Art. 38, that the form of ¢ is in such a case completely 
determined by the values over any finite length of the axis]|. 


As particular cases of (6) we have the functions 
a | Nee eS ae | ” (+ te cos 3)" dS, 
T7TJj90 Tso 


* For an account of the more recent investigations of the question, see Wangerin, l.c. 
+ Forsyth, Differential Equations, p. 444. 

{ Whittaker, Month. Not. R. Ast. Soc. lxii. (1902). 

g Whittaker and Watson, Modern Analysis, c. xviii. 

|| Thomson and Tait, Art, 498. 
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where n will be supposed to be integral. Since these are solid harmonics finite 
over the unit sphere, and since, for «=0, they reduce to r™ and r-”~, they 
must be equivalent to P,»(u)7r", and Pr, (p) rl, respectively. We thus 
obtain the forms 
P, Gis 2 | (a+ ia — p) cos SP" dS, .escsecseeeee: (7) 
0 
es dS 

Pp = — 
er =i {mw + %/(1 — 2#) cos 3}"*" 


due originally to Laplace * and Jacobit, respectively. 


90. As a first application of the foregoing theory let us suppose that an 
arbitrary distribution of impulsive pressure is applied to the surface of a 
spherical mass of fluid initially at rest. This is equivalent to prescribing an 
arbitrary value of @ over the surface; the value of ¢ in the interior is thence 
determinate, by Art. 40. To find it, we may suppose the given surface-value 
to be expanded, in accordance with the theorem quoted in Art. 88, in a series 
of surface-harmonics of integral order, thus 


h = So + Sy + Sgt... FS nH occ. ceccccesereeeeeeeeees (1) 


The required value is then 
2 
$= S++ GS +--+ Gt, A es BO (2) 


for this satisfies V?¢ = 0, and assumes the prescribed form (1) when r= a, the 
radius of the sphere. 


The corresponding solution for the case of a prescribed value of ¢ over 
the surface of a spherical cavity in an infinite mass of liquid initially at rest 


is evidently 
qt 


Ba Sry teen + —|8n+ (3 

w So + oy Sat 5 Sat oe + SG Sa tacee ceseseeeanes ) 
Combining these two results we get the case of an infinite mass of fluid 

whose continuity is interrupted by an infinitely thin vacuous stratum, of 

spherical form, within which an arbitrary impulsive pressure is applied. The 

values (2) and (3) of ¢ are of course continuous at the stratum, but the 


values of the normal velocity are discontinuous, viz. we have, for the internal 
fluid, 


and for the external fluid 
0 p Sn 


* Méc. Cél. Livre 11™2, ¢: ii. 
+ Crelle, xxvi. (1843) [Gesammelte Werke, Berlin, 1881... , vi. 148}. 
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The motion, whether internal or. external, is therefore that due to a 
distribution of simple sources with surface-density 


= (2n +1) = DERE Sees RONSON 2k toe enue es (4) 
over the sphere; see Art. 58. 


91. Let us next suppose that, instead of the impulsive pressure, it is the 
normal velocity which is prescribed over the spherical surface; thus 


é 
CP StS... t Set... i Ana teh (1) 
the term of zero order being necessarily absent, since we must have 
og 
{| om her Dine sis nates ce bese as ivan, sities dass (2) 


on account of the constancy of volume of the included mass. 
The value of ¢ for the internal space is of the form 
b = AirSy + Agr? Ss + wets +A,r"S, + ee cecccescccvcces (3) 
for this is finite and continuous, and satisfies V?¢=0, and the constants can 
be determined so as to make 0¢/ér assume the given surface-value (1); viz. 
we have nA,a"-*=1. The required solution is therefore 
Ly? 
p= ad — = Sn. eeceee Malalsrd''s aipiele sis oi#\e 6 sielve eleiviele (4) 
The corresponding solution for the external space is found in like manner 
to be 7 a 
a” ~ 
P= C2 ee pr Pn sneer eccceccercceresesscocs (5) 
The two solutions, taken together, give the motion produced in an infinite 
mass of liquid which is divided into two portions by a thin spherical membrane, 
when a prescribed normal velocity is given to every point of the membrane, 
- subject to the condition (2). 
The value of ¢ changes from a2S,/n co —aZS,/(n +1), as we cross the 
membrane, so that the tangential velocity is now discontinuous. The motion, 
whether inside or outside, is that due to a double-sheet of density 


see Art. 58. 
The kinetic energy of the internal fluid is given by the formula (4) of 
Art. 44, viz. 


af =p |[p2as = pa?® © || S,tde, isthe aieoetia (7) 


thé parts of the-integral which involve products of surface-harmonics of 
different orders disappearing in virtue of the orthogonal property of Art. 87. 
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For the external fluid we have 


a 1 
or=—p || poe d8= a2 || Sitde- Nenana (8) 


91a. The harmonic of zero order lends itself at once to the discussion of 
the two mathematically cognate problems of the collapse of a spherical bubble 
ip water, and the expansion of a spherical cavity due to the pressure of an 
included gas, as in the case of a submarine mine. 


In the former problem*, if 2 be the initial radius of the bubble, and & its value at 
time ¢, we have 


since this makes —0g/ér= R, forr=R. Hence, putting Q2=0 in Art. 22 (5), we have 
p-po_ F°R+2RR? RAR? 
; ey r Qrt * 

if py be the pressure at r=. Hence, putting r= and neglecting the internal pressure 


RR+3 R= eae ER PIE he (3) 


the integral of which is Refi= 4% QUPR I 80) S Goo ke noccoc peop oedbcl cbc ubcbencpoc: (4) 


This cannot easily be integrated further, but the time (¢,) ot total collapse can be found ; 
thus, putting R= Rost, 


= Pf e-t(1—2)-tdem WAC FOES) _ 915 et: 
nate ./(£) [27 t—a) Farm By, /(E) EP 915% Vol). «-8) 
Thus if p=1, Ro=1cm., and y)=10° 0.4.8. (1 atmosphere), ¢;=-000915 sec. 


The kinetic energy at any instant is 
Qarp RE HR we $ apo (Bo — AB), ..eeccsessscnsceceeesseeececeees (6) 


as is indeed obvious from a consideration of the work done at a distance on the fluid, 
When. the collapse occurs, the energy destroyed, or rather converted into other forms, is 
$npo hy. If Ry=1, pp= 10%, this is 4°18 x 10% ergs, or about ‘308 of a ft.-Ib. 


The equations (1) and (2) are applicable also to the problem of the expanding cavity, 
but we now neglect the pressure py at a distance. If p, be the initial pressure in the cavity, 
when R=R,, and R=0, the internal pressure at time ¢ is given by 


8y 
2 es () ces Dahesh: tt. ved aa aielaie (7) 
if we assume the adiabatic law of expansion. Hence 
«Saat fe 3 
RE+3 RP =c2 (2) Pan de. in ei eae ome (8) 
where Lat G Lf) REP OTP ER eR MP oi Be (9) 


This quantity cy is of the nature of a velocity, and determines the rapidity with which 
changes take place. The integral of (8) is 
Ry\* 
(=) } Be emeiok saree cept’ (10) 


aragoml(a) - 


* Besant, Hydrostatics and Hydrodynamics, Cambridge, 1859; Rayleigh, Phil. Mag. xxxiv. 
94 (1917) [Papers, vi. 504}. 
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It appears from (8) that the initial acceleration (#) in the radius is Co?/Ry, whatever the 
law of expansion. For (8) and (10) we find that the maximum of R-occurs when 


CANES oneh ine ns shee! eaten See ee ee (11) 
and is given by ca Ee re ee oe (12) 


Cy? By” (ya) e 


The solution is not easily completed except in the special case of y=%. Writing 


(AE SS ree AS oe Saree en ae me (13) 
we have then (1+z)? # = $ In CDE) sencetocesoesinscei esr sessincecest seiner (14) 
whence Gg F/ tog = 0/28) (1 4 824-929), cenacnscuncsssagencdsdeaesnseys (15) 


As a concrete illustration, suppose the initial diameter of the cavity to be 1 metre, and 
the initial pressure »; to be 1000 atmospheres, which makes ¢)=3°16 x 104 cm./sec. It is 
then found that the radius of the cavity is doubled in 5}, of a second, and multiplied 
five-fold in about gy sec. The initial acceleration of the radius is 2°00x 107 cm./sec.2, 
shewing that the neglect of gravity in the early stages of the motion is amply justified. 
The maximum of & occurs when &/R,=$, t='0016 sec., and is about 145 metres per 
second, or about one-tenth of the velocity of sound in water. With initial pressures of the 
order of 10,000 atmospheres or more, we should have velocities comparable with the velocity 
of sound, and the effect of compressibility would be no longer negligible*. 


92. The harmonic of the first order is involved in the problem of the 
motion of a solid sphere in an infinite mass of liquid which is at rest at infinity. 
If we take the origin at the centre of the sphere, and the axis of x in the 
direction of motion, the normal velocity at the surface is Ux/r, = U cos 0, where 
U is the velocity of the centre. Hence the conditions to determine ¢ are (1?) 
that we must have V?¢=0 everywhere, (2°) that the space-derivatives of ¢ 
must vanish at infinity, and (3°) that at the surface of the sphere (r =a) we 
must. have 


The form of this suggests at once the zonal harmonic of the first order; we 


therefore assume 


Wh cos 0 
ia a 


The condition (1) gives — 2A/a*= JU, so that the required solution ist 
3 
$= 40,03 8. eee Py ASPET aie (2) 


It appears on comparison with Art. 56 (4) that the motion of the fluid is 
the same as would be produced by a double-source of strength 27 Ua’, situate 
at the centre of the sphere. For the forms of the lines of motion see p. 128. 


* This discussion is taken from a paper ‘‘The early stages of a submarine explosion,” Phil. 


Mag. xlv. 257 (1923). cu es 
+ Stokes, ‘‘On some cases of Fluid Motion,” Camb. Trans. viii. (1843) [Papers, i. 17]. Dirichlet, 
‘‘Ueber die Bewegung eines festen Kérpers in einem incompressibeln fliissigen Medium,”’’ Berl. 


Monatsber. 1852 [Werke, Berlin, 1889-97, ii. 115). 
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To find the energy of the fluid motion we have 
27 = -p|{¢ oF dS =4paU? | cost. 2rasin 6.ad6 
0 


=e pe Ut MU oon sern. eons (3) 
if M’=%pa*. It appears, exactly as in Art. 68, that the effect of the fluid 
pressure is equivalent simply to an addition to the inertia of the solid, the 
increment being now half the mass of the fluid displaced *. 

Thus in the case of rectilinear motion of the sphere, if no external forces 
act on the fluid, the resultant pressure is equivalent to a force 

,aU 
—M Gp es (4) 
in the direction of motion, vanishing when JU is constant. Hence if the sphere 
be set in motion and left to itself, it will continue to move in a straight line 
with constant velocity. 

The behaviour of a solid projected in an actual fluid is of course quite 
different; a continual application of force is necessary to maintain the motion, 
and if this be not supplied the solid is gradually brought to rest. It must be 
remembered, however, in making this comparison, that in a ‘perfect’ fluid 
there is no dissipation of energy, and that if, further, the fluid be incompressible, 
the solid cannot lose its kinetic energy by transfer to the fluid, since, as we 
have seen in Chapter 111, the motion of the fluid is entirely determined by 
that of the solid, and therefore ceases with it. 

If we wish to verify the preceding result by direct calculation from the formula 


o-Ps FO, palaise. ota iedadn Beaters (5) 


we must remember that the origin is in motion, and that the values of 7 and @ for a fixed 
point of space are therefore increasing at the rates — U cos 6, and (U sin 6)/r, respectively ; 
or we may appeal to Art. 20 (6). In either way we find 


Paha 7 0088 +0? cos 20— Ye U2+ F(t) SA acai: (6) 


The last three terms are the same for surface-elements in the positions 6 and m—6; so 
that, when U is constant, the pressures on the various elements of the anterior half of the 
sphere are balanced by equal pressures on the corresponding elements of the posterior 
half. But when the motion of the sphere is being accelerated there is an excess of pressure 
on the anterior, and a defect on the posterior half. The reverse holds when the motion is 
being retarded. The resultant effect in the direction of motion is 


-{" 2ra sin @.ad6.p cos = — $mpa =, 
as before. 
93. The same method can be applied to find the motion produced in a 
liquid’ contained between a solid sphere and a fixed concentric spherical 
boundary, when the sphere is moving with given velocity U. 


* Stokes, /.c. The result had been obtained otherwise, on the hypothesis of infinitely small 
motion, by Green, ‘On the Vibration of Pendulums in Fluid Media,” Edin. Trans. 1833 [Papers, 
p- 315]. 
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The centre of the sphere being taken as origin, it is evident, since the space occupied 
by the fluid is limited both externally and internally, that solid harmonics of both positive 
and negative degrees are admissible; they are in fact required, in order to satisfy the 
boundary conditions, which are 

—d/dr = U cos 8, 
for r=a, the radius of the spheres, and 
op/ or =0, 
for r=6, the radius of the external boundary, the axis of » being as before in the direction 
of motion. 


We therefore assume o= (4r+5) COS) O sauaeloesvesamatiane wodadds sea daaeeeciiess (1) 
r 
and the conditions in question give 
2B 2B 
A-—3=-U, A-==0, 
a3 b3 
whence A= aU; B=t5 mu meee toremaea nae tone es pas) 


The kinetic energy of the fluid motion is given by 
27 =—p {|S dS, 


the integration extending over the inner spherical surface, since at the outer we have 
op/or=0. We thus find 


27'= ane 25 peUL 2c an ee Ein (3) 
It appears that the effective addition to the inertia of the sphere is now * 
63+ 2a3 
aa Bog (LIBS. 22 aco ste nenCEBICOREOE nav aCHEIONE SngBoaNe (4) 


As 6 diminishes from © to a, this increases continually from %mpa? to o, in accordance 
with Lord Kelvin’s minimum theorem (Art. 45). In other words, the introduction of a 
rigid spherical partition in the problem of Art. 92 acts as a constraint increasing the 
kinetic energy for any given velocity of the sphere, and so virtually increasing the inertia 
of the system. 

94. In all cases where the motion of a liquid takes place in a series of 
planes passing through a common line, and is the same in each such plane, 
there exists a stream-function analogous in some of its properties to the two- 
dimensional stream-function of the last Chapter. If in any plane through the 
axis of symmetry we take two points A and P, of which A is arbitrary, but 
fixed, while P is variable, then considering the annular surface generated by 
any line AP, it is plain that the flux across this surface is a function of the 
position of P. Denoting this function by 27, and taking the axis of x to 
coincide with that of symmetry, we may say that y is a function of # and a, 
where « is the abscissa of P, and a, = (y? + z*)8, is its distance from the axis. 
The curves = const. are evidently stream-lines. 

If P’ be a point infinitely near to P in a meridian plane, it follows from 
the above definition that the velocity normal to PP’ is equal to 

Qardyp 
Qara. PP’ 
* Stokes, l.c. ante p. 123. 
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whence, taking PP’ parallel first to @ and then to 2, 
1 ow 


=—— v 


a0a’ 


eee eres eerreseeereeseee 


where u and v are the components of fluid velocity in the directions of # and 
@ respectively, the convention as to sign being similar to that of Art. 59. 


These kinematical relations may also be inferred from the form which the 
equation of continuity takes under the present circumstances. If we express 
that the total flux into the annular space generated by the revolution of an 
elementary rectangle dx6a@ is zero, we find 


2 (u.2neda) da +2 (vy. 2ne bu) bu =0, 


a) 7) 
or an (au) + ae (ayy, ersten sscthoes seen enes (2) 


_which shews that ov.dx—au.da 
is an exact differential. Denoting this by dy we obtain the relations (1)*. 


So far the motion has not been assumed to be irrotational; the condition 
that it should be so is 
du Ou 


Ba Be | 
miichiieada'te Cy oe 0. Me ee (3) 
The differential equation of ¢ is obtained by writing 
U=— S , v= 2 
in (2), viz. it is ies + s + 2 a SL i ese aR en coe en Hh: (4) 


It appears that the functions ¢ and yf are not now (as they were in Art. 62) 
interchangeable. They are, indeed, of different dimensions. 


_ The kinetic energy of the liquid contained in any region bounded by 
surfaces of revolution about the axis is given by 


* The stream-function for the case of symmetry about an axis was introduced in this manner 
by Stokes, ‘‘On the Steady Motion of Incompressible Fluids,’ Camb. Trans, vii. (1842) [Papers, 


5 alk Its analytical theory has been treated very fully by Sampson, ‘‘On Stokes’ Current- 
Function,”’ Phil. Trans. A, clxxxii. (1891). 
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: ea. : A 
és denoting an element of the meridian section of the bounding surfaces, and 
the integration extending round the various parts of this section, in the proper 
directions. Compare Art. 61 (2). 


95. In the case of a point-source at the origin whose velocity-potential is 


the flux through any closed curve is numerically equal to the solid angle 
which the curve subtends at the origin. Hence for a circle with Ox as axis, 
whose radius subtends an angle @ at O, we have, attending to the sign, 

2a = — 2 (1 —cos 8). 
Omitting the constant term we have 


“2 or 
t=s= a TTT tttrtesetteeeneeeeesees (2) 


The solutions corresponding to any number of simple sources situate at 
various points of the axis of x may evidently be superposed; thus for the 
double-source 


01 _ cosé 
aie oer ee (3) 
077 a? sin? 6 
we have 5 heise pe pe arenes Deleleleroin laietalsisioieiaistsisie' estore (4) 
And, generally, to the zonal solid harmonic of degree — n —1, viz. to 

aaa | 
p=A re pe (5) 

ont, 
corresponds * yp=A es (6) 


A more general formula, applicable to harmonics of any degree, fractional 
or not, may be obtained as follows. Using spherical polar co-ordinates 7, 9, 
the component velocities along 7, and perpendicular to r in. the plane of the 
meridian, are found by making the linear element PP’ of Art. 94 coincide 
successively with r60 and 6r, respectively, viz. they are 


GN, Te 
mano? rem Or emer 
Hence in the case of irrotational motion we have 
0 = ae 
vane, oF = — sin 0S. sedis bine navies (8) 
Thus if PIO Gad poem crortiarnetarwaaistanes dane ss (9) 
where S,, is a zonal harmonic of order n, we have, putting « =cos 8, 
dS, 


ay ay 
—=—nr'8,, — =7%*(] — yp?) —., 

* Stefan, ‘‘Ueber die Kraftlinien eines um eine Axe symmetrischen Feldes,’”’ Wied. Ann. 
xvii. (1882). 
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The latter equation gives 
vega o (10) 
al be iis" sua igsalinieee Maas 
which must necessarily also satisfy the former; this is readily verified by 
means of Art. 84 (1). 


Thus in the case of the zonal harmonic P,, we have as corresponding values 


a IPn 


GuaaPaey sdieniercy lilies Sled yn Sepia ie (11) 
and p=rPr(u), w= 7 r-” (1 — p?) es RA Ge aaa (12) 


of which the latter must be equivalent to (5) and (6). The same relations 
hold of course with regard to the zonal harmonic of the second kind, Qn. 


96. We saw in Art. 92 that the motion produced by a solid sphere in 
an infinite mass of liquid may be regarded as due to a double-source at the 


) 


« 
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centre. Comparing the formulae there given with Art. 95 (4), it appears that 
the stream-function due to the sphere is 


The forms of the lines of motion corresponding to a number of equidistant 
values of yy are shewn on the opposite page. The stream-lines relative to the 
sphere are figured in a diagram near the end of Chapter VII. 


Again, the stream-function due to two double-sources having their axes oppositely 
directed along the axis of x will be of the form 
Ant, Bat 


Fe re? eee e ee eceecereneeeeereccscessereeees eeere (2) 


where 7, 72 denote the distances of any point from the positions P and Q, say, of the two 
sources. At the stream-surface y=0 we have 


1/T2= (A/B)%, 


z.¢. the surface is a sphere in relation to which P and Q are inverse points. If O be the 
centre of this sphere, and a its radius, we find : 


iB = OPH al =a /OGi wire. tien ed. hee (3) 


This sphere may be taken as a fixed boundary to the fluid on either side, and we thus 
obtain the motion due to a double-source (or say to an infinitely small sphere moving 
along Oz) in presence of a fixed spherical boundary. The disturbance of the stream-lines 
by the fixed sphere is that due to a double-source of the opposite sign placed at the 
‘inverse’ point, the ratio of the strengths being given by (3)*. This fictitious double- 
source may be called the ‘image’ of the original one. 


There is also a simple construction for the image of a point-source in a fixed sphere. 
The image of a source m at P will consist of a source m. O@/a at the inverse point Q, 
together with a line of sinks extending with uniform line-density —m/a from P to the 
centre Of. 

This might be deduced by integration from the preceding result, but a direct verifica- 
tion is simpler. It follows at once from Art. 95 (2) that the stream-function due to a line 
of sources of density m would be 


ARORA) oanacoencontidondedcadaonaro6sooodbadcnben (4) 


where 7, 7’ are the distances of the two ends of the line from the point considered. Hence 
the arrangement of sources just described will give, at any point & on the sphere, 


y=—m.cos RPO-m. 78 cos 0Qk-™ (OR- QR). ie Mets ae (5) 
Since QR=OR cos ORQ+0Q cos OPR, and RPO=ORQ, 


this reduces to ~=—™m, a constant over the sphere. 

For the calculation of the force on the sphere we have recourse to zonal harmonics. 
Referred to 0 as origin the velocity-potential of the original source, in the neighbourhood 
of the sphere, is given by 


1 rcosé . 7 (3cos?—1) 
o/m=— + & + 0,3 ae ate aie seer ee Pere eer eeseseseres (6) 


* This result was given by Stokes, ‘‘On the Resistance of a Fluid to two Oscillating Spheres,” 


Brit. Ass. Report, 1847 [Papers, i. 230]. 
+ Hicks, l.c. infra, p. 184. See the diagram on p. 71 ante. 


LH 
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The motion reflected from the sphere will be given by 


; acos6@  a®(3cos?6—1) 
g’/m= 9eapa 30873 =lrises's a cichola aielcioversietelelhelerajatelatavels enn (7) 


since this makes 0/dr (p+¢’)=0, for r=a. The velocity at the surface will therefore be 


Cd) 3m. 5ma . 
i etare =e ine Se ged eee ase 8 
I= — aap (+b) =5@ sin O+ Se sin 6 cos 6+ (8) 


For an approximate result we may stop the expansion at this point. The resultant 
force towards P is then 


ae =|" p08 8. 2ra! sin dé =mpa? | g? sin 6 cos 6d6 = Oe 
A 0 


eee (9) 
If f be the acceleration at O when the sphere is absent, viz. f=2m?/c*, we have 
Ka DE BOO fe Mains sou vasionsnek sasdlepnceawaieacsseres (10)*. 


97. Rankinet employed a method similar to that of Art. 71 to discover 
forms of solids of revolution which will by motion parallel to their axes 
generate in a surrounding liquid any given type of irrotational motion 
symmetrical about an axis. 

The velocity of the solid being U, and 8s denoting an element of the 
meridian, the normal velocity at any point of the surface is Udw/ds, and that 
of the fluid in contact is given by —0y/wds. Equating these and integrating 
along the meridian, we have 

Asa — 4 Ut COnSh! “ses cacs none sennas tee samen (1) 


If in this we substitute the value of yw due to any distribution of sources 
along the axis of symmetry, we obtain the equation of a family of stream- 
lines. If the sum of the strengths is zero, one of these lines will serve as the 
profile of a finite solid of revolution past which the flow takes place. 


In this way we may readily verify the solution already obtained for the 
sphere; thus, assuming 


arise Art| oi caaieae season diet ok ages (2) 
we find that (1) is satisfied for r = a, provided 
ret POL NEY eee ore re roo. (3) 


which agrees with Art. 96 (1). 


By a continuous distribution of sources and sinks along the axis it has 
been found possible to imitate forms which have empirically been found 
advantageous for the profiles of air-ships. The fluid pressures can in such 
cases be calculated, and the results compared with experiment. 


98. The motion of a liquid bounded by two spherical surfaces can be 
found by successive approximations in certain cases. For two solid spheres 
moving in the line of centres the solution is greatly facilitated by the result 
given at the end of Art. 96, as te the ‘image’ of a double-source in a fixed 
sphere. 


* Prof. G. I. Taylor, Aeronautical Research Committee, R. & M. 1166 (1928). 
+ ‘On the Mathematical Theory of Stream Lines, especially those with Four Foci and 
upwards,’’ Phil, Trans. 1871, p. 267 (not included in the collection referred to on p. 63 ante). 
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Let a, b be the radii, and ¢ the distance between the centres A, B. Let U be the 
velocity of A towards B, U’ that of B towards A. Also, P being any point, let 4P=r, 
BP=r’, PAB=6, PBA=6'. The velocity-potential will be of the form 


AMID Gian ind sete oats ixatcpavdarosumenions dias (1) 
where the functions ¢ and ¢’ are to be determined by the conditions that 
TEE PALE AES Toe Bi ee aor oa (2) 


throughout the fluid, that their space-derivatives vanish at infinity, and that 


a — cos 6, = EU) aacondupssnsodds ca canGtoasaneacondecbec (3) 
over the surface of A, whilst 

Op _ Og _ y 

a = 9 ay = — 6088, Aeades sei osdevescessirsseasies (4) 


over the surface of B. It is evident that @ is the value of the velocity-potential when A 
moves with unit velocity towards B, while B is at rest; and similarly for ¢’. 


To find ¢, we remark that if B were absent the motion of the tluid would be that due 
to a certain double-source at A having its axis in the direction AZ. The theorem of Art. 96 
shews that we may satisfy the condition of zero normal velocity over the surface of B by 
introducing a double-source, viz. the ‘image’ of that at A in the sphere B. This image is 
at H,, the inverse point of A with respect to the sphere B; its axis coincides with 4B, and 
its strength is — py b%/c?, where po is the strength of the original source at A, viz. 

po=2rra’, 

The resultant motion due to the two sources at A and H, will however violate the condition 
to be satisfied at the surface of the sphere A, and in order to neutralize the normal velocity 
at this surface, due to H,, we must superpose a double-source at Hz, the image of H, in 
the sphere A. This will introduce a normal velocity at the surface of B, which may again 
be neutralized by adding the image of Hz in B, and so on. If py, ue, ws, ... be the strengths 
of the successive images, and 7, fo, fs, ... their distances from A, we have 


62 ae py 63 1) a 
=~¢c—— = — Se et — nd 
A Caeee fa ty’ Ho 3 4 Ko at 
b? P3 68 ke tas ge apa pa (5) 


az 
rae A =F ee a 3 Fe? 
6? at hg 63 Po _ a3 
ea if)" ye ae he MA 
and so on, the laws of formation being obvious. The images continually diminish in 
intensity, and this very rapidly if the radius of either sphere is small compared with the 


shortest distance between the two surfaces. 
9-2 
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The formula for the kinetic energy is 


2T=—p | (Up+ Ug) (0 ois ©) as= LU242MUU'+NU%, ......(8) 
provided 


ae [[oBas., Ma ~p {[o 2% ds.=-p [os Basa, w=-p {Ig oP dp, .(7) 


where the suffixes indicate over which sphere the integration is to be effected. The 
equality of the two forms of J follows from Green’s Theorem (Art. 44). 

The value of ¢ near the surface of A can be written down at once from the results (7) 
and (8) of Art. 85, viz. we have 

6 
Amp =(pot+petpat.. > -2 (H+ B+. .) re08 8+ 8, steels orate (8) 

the remaining terms, involving zonal harmonics of higher orders, being omitted, as they 
will disappear in the subsequent surface-integration, in virtue of the orthogonal property 
of Art. 87. Hence, putting 0¢/0n= —cos 6, we find with the help of (5) 


a3 b8 a 68 
[—] =3 3 Os 26 = re" SE SILT era eee + eeeeee 
L= hp (wot 3po+3ygt...) = 3 mpa (143 ofl afi free ) (9) 


It appears that the inertia of the sphere A is in all cases increased by the presence of a 
fixed sphere B. Compare Art. 93. 


The value of V may be written down from symmetry, viz. it is 


5 a6 
N= pb) (143 So t8 sea eet) ccc cceccccscccces (10) 
; , a wi 
where fi=e- ee te FP 
oe a Ap ee 
Ts =c 3 fa? Si Fi? eee cee rceccccccesecccccescene (11) 
62 


and so on. 


To calculate 1 we ae the value of ¢’ near the surface of the sphere A; this is due 


to double-sources ji’, py’, ps’; ws, --. at distances c, e—f', c— fy’, c— fy’, «.. from “A, where 
poo = — 273, and 


ie dene re Cs 

@ 3 ’ py hi 139 
Bs. a eee 12 
fo (¢ Te 8? Bs. f3°3” Perro receeceececesenecceees ( ) 
Be ae he, b3 


PCE er Wn a 
and so on. This gives, for points near the surface of Take 


; @ a6 : 
Arh! = (pa + ps’ + Hs +...) — a9 @ ate Hat é a) r cos 6+&c. ...... (13) 
a mes & 


Hence Pa ep dr (pa +p’ + ps +...) 


oir ar {i+ a8 b8 abe 
Pare + 73h Hyp + FRR C— fe fet “I Reso a dae (14) 
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When the ratios a/c and b/c are both small we have 


age 33 353 
L=rpas (+3 A M=2np —-, N=3rpb (+3), cooks (15) 
approximately *, 


If in the preceding results we put b=a, U’=U, the plane bisecting AB at right angles 
will be a plane of symmetry, and may therefore be taken as a fixed boundary to the fluid 
on either side. Hence, putting c=2h, we find, for the kinetic energy of the liquid when a 
sphere is in motion perpendicular to a rigid plane boundary, at a distance h from it, 


3 
27'=% mpat (+ejt--) TERN ene eee (16) 
a result due to Stokes. 


99. When the spheres are moving at right angles to the line of centres 
the problem is more difficult; we shall therefore content ourselves with the 
first steps in the approximation, referring, for a more complete treatment, to 
the papers cited on p. 184. 


Let the spheres be moving with velocities V, V’ in parallel directions at right angles to 
A, B, and let 7, 6, and 7’, 6’, w’ be two systems of spherical polar co-ordinates having 
their origins at A and B respectively, and their polar axes in the directions of the velocities 
V, V’. The velocity-potential will be of the form 


Vot+V'¢', 
with the surface-conditions 
é Od’ 
oe —cos 6, of =0, IO DD —Ke i cnasonasnsepaconedhoc0od (1) 
and op =0, ee ae OOS IO LORD! ae DP ees. loi aces enetens (2) 
or or 


If the sphere B were absent the velocity-potential due to unit velocity of A would be 
a 
4 7a 008 6. 
Since 7 cos 6=7' cos 6’, the value of this in the neighbourhood of B will be 
a , / 
4 Br cos 0, 


approximately. The normal velocity at the surface of B, due to this, will be cancelled by 


the addition of the term 
a? b3 cos 6’ 


PT 
which in the neighbourhood of A becomes equal to 


pI 


353 
a 

a eee Se 

ts r cos 6, 


nearly. To rectify the normal velocity at the surface of A, we add the term 


1 0°08 cos 6 
or 
Stopping at this point, and collecting our results, we have, over the surface of A, 
3p3 
fete (142%) eos pi. etree bs, Bore (3) 
3 5 
and at the surface of B, p=2b. _ CONGR Mat ictccontveaseseoesadacerenteat sees (4) 


* To this degree of approximation the results may be more easily obtained without the use of 
‘images,’ the procedure being similar to that of the next Art. 
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Hence if we denote by P, Q, 2 the coefficients in the expression for the kinetic energy, 
viz. 


QT = PV24QQV Vi + RV",  ..crcosrevcecscrscscceersecccsees (5) 
a 3 3 
we have --of{[or dS, 4npa(149 >), 
ad! 353 
=-p|[o% a—mp pci aavanbenceses Reins (6) 


i= ~p | [oF dS.=4n00°(1 +). 


The case of a sphere moving parallel to a fixed plane boundary, at a distance A, is 
obtained by putting b=a, V=V', c=2h, and halving the consequent value of 7’; thus 


3 
27 =%mpa? (a +4 a) i ile en Mie Sel (7) 
This result, which was also given by Stokes, may be compared with that of Art. 98 (16)*. 


Cylindrical Harmonics. 


100. In terms of the cylindrical co-ordinates x, w, » introduced in 
Art. 89, the equation V?¢ = 0 takes the form 


ap pd, 12 lo 

Bee! Sea. Peer cree secs nvecvecee (1) 
This may be obtained by direct transformation, or more simply by expressing 
that the total flux across the boundary of an element dx.éa.a6o is zero, 
after the manner of Art. 83. 


In the case of symmetry about the axis of x, the equation reduces to the 
form (4) of Art. 94. A particular solution is then ¢= e+ y (a), provided 


x" (@) + “ x’ (w) + hy (@) =O. veces te ORS (2) 


This is the differential equation of ‘Bessel’s Functions’ of zero order. Its 
complete primitive consists, of course, of the sum of two definite functions 
of w, each multiplied by an arbitrary constant. That solution which is finite 
for «=0 is easily found in the form of an ascending series; it is usually 
denoted by CJ, (ka), where 


oS Mees 
Jolt mdse tats ate astra (3) 


* For a fuller analytical treatment of the problem of the motion of two spheres we refer to 
the following papers: W. M. Hicks, ‘‘On the Motion of two Spheres in a Fluid,’’ Phil. Trans. 
1880, p. 455; R. A. Herman, ‘*On the Motion of two Spheres in Fluid,’’ Quart. Journ. Math. 
xxii. (1887); Basset, ‘‘On the Motion of Two Spheres in a Liquid, &c.’’ Proc. Lond. Math. Soc. 
xviii. 369 (1887). See also C. Neumann, Hydrodynamische Untersuchungen, Leipzig, 1883; 
Basset, Hydrodynamics, Cambridge, 1888. The mutuel influence of ‘pulsating’ spheres, i.e. of 
spheres which periodically change. their volume, has been studied by C. A. Bjerknes, with a view 
to a mechanical illustration of electric and other forces. A full account of these researches is 
given by his son Prof. V. Bjerknes in Vorlesungen iiber hydrodynamische Fernkrafte, Leipzig, 
1900-1902. The question is also treated by Hicks, Camb. Proc. iii. 276 (1879), iv. 29 (1880), and 
by Voigt, Gott. Nachr. 1891, p, 37. 
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We have thus obtained solutions of V?¢ = 0 of the types* 
Due OI es ioaee ce teiotececeske st ssetes es (4) 


It is easily seen from Art. 94 (1) that the corresponding value of the stream- 
function is 


v =+ aretke J! (ko). is viave biele\eleleleleleiaeleivieis's elsleecsiele (5) 


The formula (4) may be recognized as a particular case of Art. 89 (6); 
viz. it is equivalent to 


a= E | cae er AG eee aes (6) 


since Jo(6)== | 008 (£ e088) dy = = |" esos dy, Berets dees (7) 


as may be verified by developing the cosine, and integrating term by term. 


Again, (4) may also be identified as the limiting form assumed by a 
spherical solid zoual harmonic when the order (n) is made infinite, provided 
that at the same time the distance of the origin from the point considered be 
made infinitely great, the two infinities being subject to a certain relation f. 


Thus we may take 


iets a\" | 
= Pa(u)=(1+2) 1) ie aa i (8) 
where we have temporarily changed the meanings of x and a, viz. 
r=a+ta, o = 2asin $8, 
; n(n+1)a?  (n—1)n(n+1)(n+2) a 
whilst ya(mynt—MAtDet, O—De@e Dara) st og 


see Art. 85 (4). If we now put k=n/a, and suppose a and n to become 
infinite, whilst & remains finite, the symbols # and @ will regain their former 
meanings, and we reproduce the formula (4) with the upper sign in the 
exponential. The lower sign is obtained if we start with 


or 
p= pel P,(). 


The same procedure leads to an expression of an arbitrary function of a 
in terms of the Bessel’s Function of zero order{. According to Art. 88, an 
arbitrary function of latitude on the surface of a sphere can be expanded in 
spherical zonal harmonics, thus 


F(a 3 (wh) Pia) [PU Pa yu!) da! ou) neonih (10) 


'* Except as to notation these solutions are to be found in Poisson, /.c. ante p. 18. 
+ This process was indicated, without the restriction to symmetry, by Thomson and Tait, 


Art. 783 (1867). 
+ The procedure appears to be due substantially to C. Neumann (1862). 
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If we denote by @ the length of the chord drawn to the variable point from 
the pole (6 = 0) of the sphere, we have 

ow = 2a sin 36, woo =— a*ou, 


where a is the radius, so that the formula may be written 


2a 
f(a) =32(n th H,(@) [, (a) A, (@') a' da’. ...... (11) 
n z 
If we now put ae bk=-, 


and finally make a infinite, we are led to the important theorem *: 


fee | ; Jo(ker) ke dk | E ERA OES (12) 


101. If in (1) we suppose ¢ to be expanded in a series of terms varying 
as COS Sm or sin sw, each such term will be subject to an equation of the form 


EOD OE DOC OnE acs ale Adee eee (13) 


02 | 0m awda ow 


This will be satisfied by ¢ = e+** y (a), provided 


vier) + 2 ni (a) + G zB 5) I (14) 


which is the differential equation of Bessel’s Functions of order st. The 
solution which is finite for «=0 may be written y (a) = OJ, (ka), where 


i ‘< ‘ 
JO =artrey ~aGeFH TAGE DEES YO) 


The complete solution of (14) involves, in addition, a Bessel’s Function 
‘of the second kind’ with whose form we shall be concerned at a later period 
in our subject f. 


We have thus obtained solutions of the equation V?¢ = 0, of the types 
_ athe T (hex C8 
b = et J, (ka) ca BO. mio heeetes ais otic saters (16) 


* For more rigorous proofs, and for the history of the theorem, see Watson, l.c. infra. 

+ Forsyth, Art. 100; Whittaker and Watson, c. xvii. 

t For the further theory of the Bessel’s Functions of both kinds recourse may be had to 
Gray and Mathews, Treatise on Bessel Functions, 2nd ed., London, 1922, and to G. N. Watson, 
Theory of Bessel Functions, Cambridge, 1923, where ample references are given to previous writers. 
An account of the subject, from the physical point of view, will be found in Rayleigh’s Theory 
of Sound, ce, ix., xviii., with many important applications. 

Numerical tables of the functions J, (¢) have been constructed by Bessel and Hansen, and more 
recently by Meissel (Berl. Abh. 1888), These are reproduced by Gray and Mathews, and, with 
valuable extensions, in Watson’s treatise. Abridged tables are included in the collections of Dale 
and of Jahnke and Emde referred to on p, 114. 
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These may also be obtained as limiting forms of the spherical solid harmonics 
cos qntt cos 
a” Pri (u) s, ane pnt Prt () at = 
with the help of the expansion (6) of Art. 86*. 
102. The formula (12) of Art. 100 enables us to write down expressions, 
which are sometimes convenient, for the value of ¢ on one side of an infinite 


plane («= 0) in terms of the values of ¢ or 2¢/0n at points of this plane, in 
the case of symmetry about an axis (Ox) normal to the plane+. Thus if 


Geet a eateries (1) 

we have, on the side z > 0, 
oe | : e-* Jy (kas) kdl | ; Lake A vi Ud ot nae (2) 
Again, if _ Es sanyo) WOT rae (ean eee etc e ok cre te: (3) 
peabnye i Je oe Jy (Ie) dk ie ie Jets ide! Vase! (4) 


The exponentials have been chosen so as to vanish for 2 = 0. 


Another solution of these problems has already been given in Art. 58, 
from equations (12) and (11) of which we derive 


o=5- {lox (2)as BAe" aie tbh. (5) 
pad =- 5 (25. fear coh 609 (6) 


respectively, where r denotes distance from the element 6S of the plane to 
the point at which the value of ¢ is required. 
We proceed to a few applications of the general formulae (2) and (4). 


1°. If, in (4), we assume f(a) to vanish for all but infinitesimal values of a, and to 
become infinite for these in such a way that 


[, f@2nada=}. 


we obtain 4nd -| CaS MULT) As aonact somes sanaraoaaenaattgste nesses (7) 
0 
and therefore, since J)’ = —J,, . 
4ay= — =f eI aK) CU Me casece dey rpiclswoniraa ein tates (8) 
0 


by Art. 100 (5). 

* The connection between spherical surface-harmonics and Bessel’s Functions was noticed by 
Mehler, ‘‘ Ueber die Vertheilung d. statischen Elektricitat in einem v. zwei Kugelkalotten begrenzten 
Korper,’’ Orelle, lxviii. (1868). It was investigated independently by Rayleigh, ‘‘On the Relation 
between the Functions of Laplace and Bessel,” Proc. Lond. Math. Soc. ix. 61 (1878) [Papers, i. 338]; 


see also Theory of Sound, Arts. 336, 338. 
There are also methods of deducing Bessel’s Functions ‘of the second kind’ as limiting 


forms of the spherical harmonies Q, (4), Q,° (4) a sw; for these see Heine, i. 184, 232. 


+ The method may be extended so as to be free from this restriction. 
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By comparison with the primitive expressions for a point-source at the origin (Art. 95), 
we infer that 


[oem ibaae=Z, [eH a (tw) a= 
0 r 0 


where r=,/(“?+ am”); these are in fact known results*. 


@ 
r(r+x)’ 


2°. Let us next suppose that sources are distributed with uniform density over the 
plane area contained by the circle a=a, 7=0. Using the series for Jo, J1, or otherwise, 
we find 
a 
| Jy (ka) ada=o J CR fee rs 8, ere (10) 
ft) 
Hencet i 
My Pee dk co ae ake 71 
=<, | eR volhm) A (ka), = -= [i« be J, (hen) Jy (het) Fy oneeee(11) 
where the constant factor has been chosen so as to make the total flux through the circle 
equal to unity. 


3°. Again, if the density of the sources, within the same circle, vary as 1/,/(a*—@?), 
we have to deal with the ore 


ii. Ora eee Ta — anal Teen 3) sin 9d9= 28, pidneeibh (12) 


where the evaluation is effected a a the series form of Jo, and treating each 
term separately. Hence 
ls fs dk @ of” F dk 
=—— —ke i a=. ———— ke J, (k haa yw eeees 13 
rane Jy (ka) sin ka — , v eee 1 (ka) sin ka F? (13) 
if the constant factor be determined by the same condition as before §. 


It is a known theorem of Electrostatics that the assumed law of density makes $ 
constant over the circular area. It may be shewn independently that 


[40a sin ka Fadn, or sin, | 


sotaanch teesene eee (14) 
748 
ir J, (ka) sin ka a ee a ns or = 


according as a<a||. The formulae (13) therefore express the flow of a liquid through a 
circular aperture in a thin plane rigid wall. Another solution will be obtained in Art. 108. 
The corresponding problem in two dimensions was solved in Art. 66, 1°. 


4°, Let us next suppose that when #=0, we have (oe C ./(a? — @) for a <a, and ¢=0 
for a>a. We find 


i Jy (ka) N (a? — w*) ada =a8 ie Jo (ka sin 9) sin $ cos? $d9 = ayy (ka), ...(15) 
0 0 


provided Kites r(1- : AS +. )=— 95 ~~ ae (16) 
Hence, by (2), ren if et J, (ka) ©  () Eaoetad male srpieees ok (17) 


* The former is due to Lipschitz, Crelle, lvi. 189 (1859); see Watson, p. 384. The latter 
follows by differentiation with respect to @ and integration with respect to x. 
+ Cf. H. Weber, Crelle, xxv. 88; Heine, ii. 180. 


+ The formula (12) has been given by various writers; see Rayleigh, Papers, iii. 98; Hiolsont 
Proc. Lond. Math. Soc, xxv. 71 (1893). 


§ Cf. H. Weber, Crelle, lxxv. (1873); Heine, ii. 192. 
|| H. Weber, Crelle, Ixxv.; Watson, p. 405. See also Proc. Lond. Math. Soc. xxxiv. 282. 
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This gives, for x=0, 
a _ . 
= (2). =o fie Jo (ka) sin ka Be Ca J, Jy (kaw) sin kody cescsesceses (18) 


after a partial integration. The value of the former integral is given in (14), and that of 
the latter can be deduced from it by differentiation with respect to a. Hence 


- (3) ioe or O(sin~* ¢ = a= Pete Rene (19) 


according as a Sa. It follows that if C=2/r. U, the formula (17) will relate to the motion 
of a thin circular disk with velocity U normal to its plane, in an infinite mass of liquid. 
The expression for the kinetic energy is 


27 = -p [fost dS— np0? [” a @*) Ir wdw=% 17 par C2, 


or CPs Sea oe 6 ee (20) 


The effective addition to the inertia of the disk is therefore 2/m (=-6366) times the 
mass of a spherical portion of the fluid, of the same radius. For another investigation of 
this question, see Art. 108. 


Ellipsordal Harmonics. 


103. The method of Spherical Harmonics can also be adapted to the 
solution of the equation 


WED Fe cna ticvsn ee ain va tae tate ciebly oe (1) 

under boundary-conditions having velation to ellipsoids of revolution *. 

Beginning with the case where the ellipsoids are prolate, we write 

a =kcos @ cosh n = kul, y = @ COS w, z= sino, 

where o@ =k sin 6 sinh y = k(1— py?) (f-1)2. } ERED 

The surfaces £=const., 4 =const. are confocal ellipsoids and hyperboloids 
of two sheets, respectively, the common foci being the points (+k, 0, 0). The 
value of £ may range from 1 to 0, whilst u lies between + 1. The co-ordinates 
pu, €, » form an orthogonal system, and the values of the linear elements 6s,, 
5s,, 5s, described by the point (a, y, z) when yp, € w separately vary are 


Bs, k (SHY by, bsc=k (AH wy 56 839 =k (1 — wt (6? — 1)? 80. 


To express (1) in terms of our new variables we equate to zero the total 
flux across the walls of a volume element 6s, ar: and obtain 


= ° (= 8s; 68.) bu + (5 7 (ae P 56 3s .) ae a: (08 Bs, i) es 


or, on ee from ae 
op ol Smell a Op _ 
ga lO- oD aah tae CHD aE) + aaa ow 


* Heine, ‘Ueber einige Aufgaben, welche auf partielle Differentialgleichungen fiihren,’”’ 
Crelle, xxvi. 185 (1843), and Kugelfunctionen, ii. Art. 38, See also Ferrers, c. vi. 
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This = also be written 
C0 is eG tie eedirgme ea RS ae 
je {0 -# SE} + raat ae ae eae 


104. If ¢ be a finite function of w and o, from » =—1 tow=+1 and 
from w = 0 to w = 2m, it may be expanded in a series of surface harmonics of 
integral orders, of the types given by Art. 86 (7), where the coefficients are 
functions of £; and it appears on substitution in (4) that each term of the 
expansion must satisfy the equation separately. Taking first the case of the 
zonal harmonic, we write 


hot Dg (iin yeep iets aes ote lee (5) 
and on substitution we find, in virtue of Art. 84 (1), 
dZ) . 
: 1) Ze 0, ee srtre te anttaetias 6 
oe {A- 2) pent) ©) 
which is of the same form as the equation referred to. We thus obtain the 
solutions 
b = Pi (pyc Pa (Crass ash aeetene eer eee (7) 
and @ = Pr (pb) Qa (G)yecaccses epee ater teen (8) 
where 


dt 
Oa (| TAGE 


oa ~ : eta! 
= §Pp (6) log 55 — "FA Pail) — egy Pua) - 
n!} ears hand Se ae te 
(n+l) ff 7 9 (ant Shes 
4 tl) (nt 2) (n +38) (n+ 4) pon—5 4 ay -.(9)* 
2.4 (2n + 3) (2n + 5) 

The solution (7) is finite when £=1, and is therefore adapted to the space 
within an ellipsoid of revolution; while (8) is infinite for = 1, but vanishes 
for =o, and is therefore appropriate to the external region. As particular 
cases of the formula (9) we note 


Q0(6) = log 25, RT, eu 
Qe (0) = 2 (8 0? — 1) log 55 5-H 
The definite-integral form of Q, shews sae 
P,(t) ee ie ie Ona pgs cece (10) 


The expressions for a ae eae as eae to (7) and (8) are 
readily found; thus, from the definition of Art. 94, 
a6 lap 6 _ 1 oy hes 
Te Sk FEAT aT Cee ae 
* Ferrers, c. v.; Todhunter, c. vi.; Forsyth, Arts. 96-99. 
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whence oo —k(g?— ne, oe =k = 28) 36 tabege Akh cae, (12) 


Thus, in the case ee (7), we have 


Fee) Pry) 


ace . ©) a dP, (u) 
“eee aii Ha ON 


4 e dPn(f) 


n@ena-# . (§? —1) mies Se Ries ee (13) 


The same result will follow of course a the second of equations (12). 


whence y= 


In the same way, the stream-function corresponding to (8) is 


9 


105. We can apply this to the case of an ovary ellipsoid moving parallel 
to its axis in an infinite mass of liquid. The elliptic co-ordinates must be 
chosen so that the ellipsoid in question is a member of the confocal family, 
say that for which €=&. Comparing with Art. 103 (2) we see that if a, c be 
the polar and equatorial radii, and e the eccentricity of the meridian section, 
we must have 


DPn(H) cpp 4, 4Qn(E) 
a a (on eo er du -(¢ a ie Bees, (14) 


k=ae, %&=l1/e, k(&2-l1)t=c. 
The surface-condition is given by Art. 97 (1), viz. we must have 
afr = — 4 UK (1 — po*) (F2 —1) + const, .............5000 (1) 
for €=&. Hence putting »=1 in Art. 104 (14), and introducing an arbitrary 
multiplier A, we have 
aes C+1 ie 
p= 4Ak(1— yp?) (6? —1) blog Fi ~ Bay 


with the condition 
eee | £ ,— blog #77} = vas 1+ - 1 log yeh me) 


fo? — &—1 2e 
The corresponding formula for the velocity-potential is 
neh 
(gy {ae log Fs -1}. Pe hen (4) 


The kinetic energy, and thence the inertia-coefficient due to the fluid, 
may be readily calculated by the formula (5) of Art. 94. 

106. Leaving the case of symmetry, the solutions of V?¢=0 when ¢ isa 
tesseral or sectorial harmonic in yw and » are found by a similar method to be 
of the types 
re Yen OTe) He “iets emerson cn (1) 


= Pr® (un). Qn’? (6) ith se, Dor See Teoh (2) 
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, 8 
Wherdeas inti S6-20h Pt y= Ce pee), a be ee.” (3) 


whilst (to avoid imaginaries) we write 


Pa(ty=(@—h oan me Ss eae an ee (4) 
amt Qu f= (gt LOO), pee (5) 
It may be shewn that 
(er) a (0 (et 8)! dg 
Qn’ (£) =(—) (n— eee (o). Ir (PaO). 1)’ ashen (6) 
whence yt (¢) Se) _ SPAS) Qua gym (yn BE eg 


As examples we may take i case of an ovary ellipsoid moving parallel 
to an equatorial axis, say that of y, or rotating about this axis. 


1°. In the former case, the surface-condition is 


op oy 
oP See 
la ot” 
for €= &, where V is the velocity of translation, or 
oT) ae k& a} 4 
ae = rere PA) COS @.. quate ee eee (8) 
This is satisfied by putting n=1, s=1, in (2), viz. 


p=A(1—p2)t (g2-1)F. {t log ae - ay COS @,..... 1. 2(9) 


the constant A being given by 


aa am Cou 2 
lo mek eaar yt tment LCC 
A [bles E-Bay ye 
2°. In the case of rotation ie Oy, if Qy be the angular velocity, we 
must have 


Op _ Ox 2 o2\ 
a (+5 - bath 


for f= & or emia ie (1k 1p) sin. oo... cesses (11) 
Putting n = 2, s=1, in the formula (2) we find 
: 
b= Au (L— pt (ott {9 Clog 2 


A being determined by comparison with an. 


1 : 
-3- aay} SIN @,. (ke) 


107. When the ellipsoid is of the oblate or ‘planetary’ form, the appropriate 
co-ordinates are given by 


x=kcos @ sinh n= kyé, ¥Y =@ COS o, Z=G sina, 
where ao = ksin 6 cosh y =k (1 — w*)t (62 + 1)3. } tee (1) 
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Here € may range from 0 to (or, in some applications, from — o through 

0 to +), whilst 4 lies between +1. The quadrics £=const., 4 = const. are 

planetary ellipsoids and hyperboloids of revolution of one sheet, all having 

the common focal circle x=0, =k. As limiting forms we have the ellipsoid 

¢=0, which coincides with the portion of the plane «=0 for which a < k, and 

the hyperboloid ~=0 coinciding with the remaining portion of this plane. 
With the same notation as before we find 


C8 + y* t = 2+ prt ns 23 (¢2 ae 
8s, =h (74) Su, dak (a5 | Sf, Ss.=k (1 — p28 (£2 + 1b 80; 


and the Se of continuity becomes 


cE) so + a nk 
2 
sa OHS} tae Ot Sh + aaa no 
Oe 2) Op 1 mp __ 8 (gs set + 1 
or 2 fa — Hw) = set i— 3e8 al +1) B41 do .(3) 
This is of the same form as Art. 103 (4), with ¢f in place of &, and the like 
correspondence will run through the subsequent formulae. 
In the case of symmetry about the axis we have the solutions 


ie en OG) Mars Pat te Fa eY edie cade (4) 
and pee PU ada ll’) cet ott ae See. (5) 
where pn(f)= 2 abs es ec — a {¢ = oe Ges 


n(n—1)(n—2)(n—3) n—4 
ant Gna tents 8) 


dt 
and Qn() = pa(6)| (pn (E)}2 (G2 + 1)’ 


=(=)" fpn(£) cot £— 7B pan (6) + ges Peale) ~~ f 
= n! fous Oe DO89 pons 
1.3.5...(2n+1) 2(2n +3) 
EE post, or (7) 
2.4(2n+3)(2n+5) 
the latter expansion being however convergent only when §>1*. As before, 
the solution (4) is appropriate to the region included within an ellipsoid of 
the family £=const., and (5) to the external space. 
We note that p,(£) “) — Pa) (hae Aei ‘roll inp? (8) 
As particular cases of the ney (7) we have 
go(S)=cot*& nm(S)=1—fcot& 
ga($) = 4 (36? + 1) cot — Fo. 


* The reader may easily adapt the demonstrations referred to in Art. 104 to the present case. 


+ 
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The formulae for the stream-function corresponding to (4) and (5) are 


ke a FPn(H) cys dpn(f) 
ob Guay ies quai ay ae nara eam a (9) 
k peg NNN as dgn (f) 
and Visa iyo —p Nat Vids» (€ + 1) wiiie. A onion on0.oc (10) 


108. 1°. The simplest case of Art. 107 (5) is when n= 0, viz. 


h = A COG... rises ns oar eines tee iennes (1) 


where ¢ is supposed to range from — 0 to +o. The formula (10) of the 
last Art. then assumes an indeterminate form, but we find by the method of 
Art. 104, 


where yu ranges from 0 to 1. This solution represents the flow of a liquid 
through a circular aperture in an infinite plane wall, viz. the aperture is the 
portion of the plane yz for which a <k. The velocity at any point of the 
aperture (€=0) is 

pg ei 

—  @ 0M (kt wt’ 
since, when #=0, ku=(k?—«*)t, The velocity is therefore infinite at the 
edge. Compare Art. 102, 3°. 


2°. Again, the motion due to a planetary ellipsoid (=) moving with 
velocity U parallel to its axis in an infinite mass of liquid is given by 


g=Ap(l—teott), p= hAk(1—p%) (C241) lat ~ cot c , (8) 


where A=-kU + lac — cot? th ; 


Denoting the polar and equatorial radii by a and ¢, and the eccentricity of 
the meridian section by e, we have 

a=, cHk(S+1)8, e=(G2 +174. 
In terms of these quantities 


ik Oe 
A=-Uc+ {a — ¢)t — x sin-} eb. tisionumieasscitebe ae iee (4) 


The forms of the lines of motion, for equidistant values of y, are shewn 
on the next page. Cf. Art. 71, 3°. 


The most interesting case is that of the circular disk, for which e=1, 
and A =2Uc/m. The value of @ given in (3) becomes equal to + Ay, or 
+ A (1 — w?/c?)?, for the two sides of the disk, and the normal velocity to 
+ U. Hence the formula (4) of Art. 44 gives 


DD alh pOUA RAM Orie Series Rae 5 
as in Art. 102 (20). 2 
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S) 


109. The solutions of the equation Art. 107 (3) in tesseral harmonics are 


=P, (pu). prt (£). 7 Fete ROPER oy (1) 
and = Py8 (ut). gn? (£) 2 coe Ramet ining: Aricent chit (2) 
where pnt (6) = (62 +1) ae Pe xs lw, dene ee (3) 
and gat(6) = (684+ RSH) 


za oy 2 
=(-¥ oP pat (6). | = nan Ae (4) 


These functions possess in property 


pat (6) te) — Pe aye (C= (ee ag) 


We may apply ae care as in Art. 108. 


leat 10 


146 Trrotational Motion of a Liquid [CHAP. V 


1°. For the motion of a planetary ellipsoid (=f) parallel to the axis of 
y we have n=1, s=1, and thence 


p=A(1—p2)8 (c2+1)3 \aat — cot-} ‘| COS @, Boviceg tee (6) 
: a 0p _ a YY 
with the condition ia Y= ae 


for $=, V denoting the velocity of the solid. This gives 


bo? + 2 epee ae 
A aes — cot th == kV. eee cree eceeeccevees (7) 


In the case of the disk (f& = 0), we have A =0, as we should expect. 


2°. Again, for a planetary ellipsoid rotating about the axis of y with 
angular velocity Q,, we have, putting n=2, s=1, 


b= Ap (1 —p?)* (624132 {3¢ cot £-8 + a3} Bill, @;\ss057k (8) 


with the surface-condition 


Sh -—0,(- 8) 


Ob Se Olamanoe 
ey 
= ee CL git E sitive, es 2. oe eee 9) 
(a < G+ DF 
For the circular disk (&& = 0) this gives 
Gaia — seo ee. oer re eee (10) 


At the two surfaces of the disk we have 
b =F 2Ap (1 — p?)? sin @, a = Fk0, (1 —p2)4 sin o, 
and substituting in the formula 
eee 
2T=—p Ne an adeadw, 
we obtain ZL 5G 16? 9 Ae. ine ek sves van erevasecnss Li 


110. In questions relating to ellipsoids with three unequal axes we may 
employ the more general type of Ellipsoidal Harmonics, usually known by the 
name of ‘Lamé’s Functionst.’ Without attempting a formal account of these 
functions, we will investigate some solutions of the equation 


Vi dick 0, csarhs Nuasrh dec eee CD 


in ellipsoidal co-ordinates, which are analogous to spherical harmonics of the 
first and second orders, with a view to their hydrodynamical applications. 


* For further solutions in terms of the present co-ordinates see Nicholson, Phil. Trans. A, 
‘ecxxiv. 49 (1924). 

+ See; for example, Ferrers, Spherical Harmonics, c. vi.; W. D. Niven, Phil. Trans. A, 
elxxxii. 182 (1891) and Proc. Roy. Soc. A, lxxix. 458 (1906); Poincaré, Figures-d’ Equilibre dune 
Masse Fluide, Paris, 1902, c. vi.; Darwin, Phil. Trans. A, cxevii. 461 (1901) [Scientific Papers, 
Cambridge, 1907-11, iii. 186]; Whittaker and Watson, c. xxiii. An outline of the theory is given _ 
by Wangerin, J.c. ante p. 110, ? 
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It is convenient to prefix an investigation of the motion of a liquid con- 
tained in an ellipsoidal envelope, which can be treated at once by Cartesian 
methods. 


Thus, when the envelope is in motion parallel to the axis of x with 
velocity U, the enclosed fluid moves as a solid, and the velocity-potential is 
simply @¢=— Uz. 

Next let us suppose that the envelope is rotating about a principal axis 
(say that of #) with angular velocity 2,. The equation of the surface being 


ae ree ZA 
ene eee (2) 


the surface-condition is 
OPT OE a PRE Sy 
oon |b oy c* 92 b? 
We therefore assume ¢ = A yz, which is evidently a solution of (1), and obtain, 
on determining the constant by the condition just written, 
a" 
$ a Cahe e at ae 2 
Hence, if the centre be moving with a velocity whose components are 
U, V, W and if 2,, Q,, Q, be the angular velocities about the principal axes, 
we have by superposition * 


Og. yz. 


b*—¢? c2#— a? a? — U2 
o =— Ur— Vy— Wz-=,—, 2 Daye — pes rah fay ee) 


We may also include the case where the envelope is changing its form, 
but so as to remain ellipsoidal. If in (2) the lengths (only) of the axes are 
changing at the rates a, b, ¢, respectively, the general boundary-condition, 
Art. 9 (3), becomes 


QO, 2a — 


Fides & a Ce 


73 a 5e ay j2 By i Pie ee (4) 
which is satisfied+ by i 
Papas ly het a any prea 
_ +( is ROA) | eae eer (5) 
The equation (1) requires that 
Gb 6 
Pil a een (6) 


which is in fact the condition which must be satisfied by the changing ellip- 
soidal surface in order that the enclosed volume ($7rabc) may be constant. 


* This result appears to have been published independently by Beltrami, Bjerknes, and 
Maxwell, in 1873. See Hicks, ‘‘ Report on Recent Progress in Hydrodynamics,”’ Brit. Ass. Rep. 
1882, and Kelvin’s Papers, iv. 197 (footnote). 

+ C. A. Bjerknes, ‘‘ Verallgemeinerung des Problems yon den Bewegungen, welche in einer 
ruhenden unelastischen Fliissigkeit die Bewegung eines Ellipsoids hervorbringt,’’? Gottinger 
Nachrichten, 1873, pp. 448, 829. 
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111. The solutions of the corresponding problems for an infinite mass of 
fluid bounded internally by an ellipsoid involve the use of a special system of 
orthogonal curvilinear co-ordinates. 

If x, y, z be functions of three parameters A, p, », such that the surfaces 

X=const, g=const., y=CONSh. ........5:cecceee (1) 


are mutually orthogonal at their intersections, and if we write 
" ii On \Ag (ON \ a (OZ \— 

he Gx) +(3) +(5) 
1 oe GED Ee 9 
ia7 = (5) + (3) +(e) ay Ase eee rae (2) 
1 


iam (ae) +) + (G5) 


the direction-cosines of the normals to the three surfaces which pass through 
(a, y, 2) will be 
Oe tee OF OL 7, 1CYt e102 Gn > OY z) 

(ux, ha se n=), (3 , ha st Lage) ( hast, hs =), --.(8) 
respectively. It follows that the oe of linear elements drawn in the 
directions of these normals will be 

dA/hi, du/he, dv/hg. 

Hence if ¢ be the velocity-potential of a fluid motion, the total flux 
into the rectangular space included between the six surfaces X + 46d, w+ 4dy, 
yt ae will be 

Op op dv = ( Op dv br Op OA Sp 
an S (ia ge iy 5) ota aa hee mn) ut (hs OP eae in) 
It appears from Art. 42 (3) that the same flux is expressed by V*¢ multiplied 
by the volume of the space, ze. by 5\dudy/Aiheh3. Hence* 


0 (hy a 0 / he 06\  0/hs Ob 
Vid= Sy psd tect A epee (ae BTN I) Se 
Pel ials tik ie ie Ok = a) tas Ge se. at) 
Equating this to zero, we obtain the general equation of continuity in 


orthogonal co-ordinates, of which particular cases have already been investi- 
gated in Arts. 83, 103, 107. 


The theory of triple orthogonal systems of surfaces is very attractive 
mathematically, and abounds in interesting and elegant formulae. We may 
note that if d, uw, v be regarded as functions of 2, y, z, the direction-cosines 


* The above method was given in a paper by W. Thomson, ‘‘On the Equations of Motion of 
Heat referred to Curvilinear Co-ordinates,’’ Camb. Math. Journ. iv. 179 (1848) [Papers, i. 25]. 
Reference may also be made to Jacobi, ‘‘ Ueber eine particulire Liésung der partiellen Diffe- 
rentialgleichung....., ,”? Crelle, xxxvi. 113 (1847) [Werke, ii. 198]. 

The Ronctorma con of V*¢ to general orthogonal co-ordinates was first effected by Lamé, ‘Sur 
les lois de l’équilibre du fiuide éthéré,”’ Journ. de l’ Ecole Polyt. xiv, 191 (1834). See also his Legons 
sur les Coordonnées Curvilignes, Paris, 1859, p. 22. 
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of the three line-elements above considered can also be expressed in the 
forms 

(-2 Ee 2) (34 Haoe 3) (2 ene ~ et) 

hy Ox’ hy oy’ hy dz : hg dx’ hg dy’ hg 02 ‘ hg 0x’ hs dy’ hg dz y 


from which, and from (3), various interesting relations can be inferred. The 
formulae already given are, however, sufficient for our present purpose. 


112. In the applications to which we now proceed the triple orthogonal 

system consists of the confocal quadrics 
at y? z 
@+O° +O F+O” 

whose properties are explained in books on Solid Geometry. Through any 
given point (#, y, z) there pass three surfaces of the system, corresponding 
to the three roots of (1), considered as a cubic in 0. If (as we shall for the 
most part suppose) a >b>c, one of these roots (A, say) will lie between oo 
and —c*, another (u) between — c? and — 6%, and the third (v) between —D? 
and —a®. The surfaces , uw, v are therefore ellipsoids, hyperboloids of one 
sheet, and hyperboloids of two sheets, respectively. 

It follows immediately from this definition of , », v, that 

2 yy 2 (.- 8) (u— 8) (v— 6) 

Fa6t Ra0t FeO ~ ara era er TO 
identically, for all values of 6. Hence multiplying by a?+ 6, and afterwards 
putting 0 = — a?, we obtain the first of the following equations: 

pa CAN +p) (e+) 
fe GCE OY Catone ie 


Wi Ral. eee (1) 


PE CESYCEOYC ES) 1 Uae (3) 
(b? —c*) (b?-—a*) 
hay (c? +r) (2 + pw) (7 + v) 
(c* — a*) (c? — 6?) 
: On x C1, ete Op 
These give pik be way: ay 8 BED? a ean? dpoconcencad (4) 
and thence, in the notation of Art. 111 (2), 
1 im y? 2 } P 
pant areayt eat Gea) Ry : BAUR erie (5) 


If we differentiate (2) with respect to 0 and afterwards put =», we deduce 
the first of the following three relations: 
4 (Ut) (+r) (+2) 


os ARy 
Be EO) (Cie) * (ee Bethe a iy © (6) 
EDEN” 


a (+v)(P+v) (P+) 
a CoCr ae 
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The remaining relations of the sets (3) and (6) have been written down from 
symmetry *. 
Substituting in Art. 111 (4), we findt 
4 


a)2 
V99- Goa TaNNem [H- [eemt @ amt ents} 
2 
+(v—2) Ge + wt (P+ whet wt “ 
2 
am {atthe nk een Zh) g. 
113. The particular solutions of the transformed equation V?¢ =0 which 


first present themselves are those in which ¢ is a function of one (only) of 
the variables 2, uw, v. Thus ¢ may be a function of d alone, provided 


(a2-+r)t (b? + r)t (2? + A)E ee = const., 


dr 
whence g=C I" 9 (1) 
if A={(at+r) (B2+A)(AHA)F, ..ccccceeccsseceeeees (2) 


the additive constant which attaches to ¢ being chosen so as to make ¢ 
vanish for X= 0. 


In this solution, which corresponds to ¢=A/r in spherical harmonics, 
the equipotential surfaces are the confocal ellipsoids, and the motion in the 
space external to any one of these (say that for which X=0) is that due toa 
certain arrangement of simple sources over it. The velocity at any point is 
given by the formula 


At a great distance from the origin the ellipsoids % become spheres of 


radius X#, and the velocity is therefore ultimately equal to 2C/r*, where r 
denotes the distance from the origin. Over any particular equipotential 
surface 2, the velocity varies as the perpendicular from the centre on the 
tangent plane. 


To find the distribution of sources over the surface X=0 which would 
produce the actual motion in the external space, we substitute for @ the 
value (1), in the formula (11) of Art. 58, and for ¢’ (which refers to the 
internal space) the constant value 


geo. DF edt: Naat eee (4) 


i) 
* It will be noticed that h,, h,, hg are double the perpendiculars from the origin on the 
tangent planes to the three quadrics A, yu, v. 


+ Cf. Lamé, ‘‘Sur les surfaces isothermes dans les corps solides homogénes en équilibre de 
empérature,’’? Liouville, ii. 147 (1837). 
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The formula referred to then gives, for the surface-density of the required 
distribution, : 


The solution (1) may also be interpreted as representing the motion due 
to a change in the dimensions of the ellipsoid, such that the surface remains 
similar to itself, and retains the directions of its principal axes unchanged. 
If we put 

aja=b/b=é/c, =k, say, 
the surface-condition Art. 110 (4) becomes 
~ adn = 4 kha, 
which is identical with (3), if we put \=0, C =$kabe. 

A particular case of (5) is where the sources are distributed over the 
elliptic disk for which X=—c?, and therefore 22=0. This is important in 
Electrostatics, but a more interesting application from the present peint of 
view is to the flow through an elliptic aperture, viz. if the plane «zy be 
occupied by a thin rigid partition with the exception of the part included by 
the ellipse 


= + t = 1, z=0, 
we assume, putting c=0 in previous formulae, 
pees fi 2S ae (6) 
o (a2 +nr)t (2+ r)* AP’ 
where the upper limit is the positive root of 
2 2 
fa a aes secs Were rene oF (7) 


and the negative or the positive sign is to be taken according as the point for 
which ¢ is required lies on the positive or the negative side of the plane ay. 
The two values of ¢ are continuous at the aperture, where ¥=0. As before, 
the velocity at a great distance is equal to 2A/r*, and the total flux through the 
area 27r*is therefore 477A. The total range of ¢ from %= — 0 to N=+ 0 is 
[° dr ey fi dé 
0 (az +r)E(BP+a)E AE o V(a*sin? 6 + 6? cos? @) 
The ‘conductivity,’ therefore, of the aperture (to borrow a term from elec- 
tricity) is 


T= 


id dé 
ip (a? sin? 6 + b? cos? 6)” 
For a circular aperture this = 2a. 
For points in the aperture the velocity may be found immediately from 
(6) and (7); thus we may put 


x yt pez Ant 
demeat(1-2,-F) ’ 56 = F ab” 
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approximately, since » is small, whence 


Op 2A (1 <7 v Ree ere (9) 


102 abe ie ie 
This becomes infinite, as we should expect, at the edge. The particular case 
of a circular aperture has already been solved otherwise in Arts. 102, 108. 


114. We proceed to investigate the solution of V?¢=0, finite at infinity, 
which corresponds, for the space external to the ellipsoid, to the solution 
¢@ =< for the internal space. Following the analogy of spherical harmonics 
we may assume for trial 


20 
5 S 2 oe oY a ¢ 
which gives Vey + oe Oi iene, ee ee et ae (2) 


and inquire whether this can be satisfied by making y equal to some function 
of X only. On this supposition we shall have, by Art. 111, 


Ox, ay 0x 
ax ae hy dx . hy OA. ’ 
and therefore, by Art. 112 (4), (6), 

2dy _ (+2) (P? +r) dy 


x Ox (A—p)(A—v) dr’ 


On substituting the value of V?y in terms of A, the equation (2) becomes 
2 
{(at+)t (D2 + r)t (c2+a)8 at y= — (+2) (C2 +2) ue 


which may be written 


a 2 + (}2 4 (72 4X) _ 1 
dy 8 \(a met A Pe ACs aI) + So awe 
«0 dy 
Hence = c| ee Re ET LP eels la leila oe) ote levolezerciators 
x a (a2 +r)F (B+ aE (A +AE Cs 


the arbitrary constant which presents itself in the second integration being 
chosen as before so as to make y vanish at infinity. 


The solution contained in (1) and (8) enables us to find the motion of a 
liquid, at rest at infinity, produced by the translation of a solid ellipsoid 
through it, parallel to a principal axis. The notation being as before, and the 
ellipsoid 


being supposed in motion parallel to x with velocity U, the surface- 
condition is 
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Let us write, for shortness, 


u emai dr = dd 
nae | cresya Pimabe | ore, bo | Ea 
ae. (6) 
where A NOTE) (OME A) le (7) 


It will be noticed that these quantities a, Bo, yo are purely numerical. The 
conditions of our problem are satisfied by 


ee 
ce) = Cx ib (@+rxyA Dn slsisis)e\eleielelels)s\e1s\01s\0 sie\e\s,0)s1n/6 hie (8) 
provided = faa UO Rctie eS par ap epee mrt (9) 


The corresponding solution when the ellipsoid moves parallel to y or z can 
be written down from symmetry, and by superposition we derive the case 
where the ellipsoid has any motion of translation whatever*. 


At a great distance from the origin, the formula (8) becomes equivalent to 


which is the velocity-poter.tial of a double source at the origin, of strength 
8arC, or 
7 
8 ee . 
Dee abcU ; 
compare Art. 92. 


The kinetic energy of the fluid is given by 


2P=—p|[ pst ds =~ 


<2 i | Buk) 


where / is the cosine of the angle which ne normal to the surface makes 
with the axis of w Since the latter integral is equal to the volume of the 
ellipsoid, we have 


2T = 5 b UA St oh tacos rpoiasene, tenis 11 
=r $7 abcp . (11) 


The inertia-coefficient is iD equal to the fraction 


5 
of the mass displaced by the solid. For the case of the sphere (a=b=c) we 
find a =%, k=, in agreement with Art. 92. If we put a=b, we get the 
case of an ellipsoid of revolution. 


* This problem was first solved by Green, ‘Researches on the Vibration of Pendulums in 
Fluid Media,”’ Trans. R. S. Edin. xiii. 54 (1883) [Papers, p. 315]. The investigation is much 
shortened if we assume at once from the Theory of Attractions that (8) is a solution of V?¢=0, 
being in fact (except for a constant factor) the x-component of the attraction of a homogeneous 
ellipsoid at an external point. 
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For the prolate ellipsoid (b=c, a>) we find 


WZ Se) l+e_ ) 13 
a= a ($1085 7% C5 weicess eee e sis siensisiessisieiaisic vie viele ( ) 
1 l—é l+e 
Liat SG an ahocan upp nooedsqpoauasousdaouCoC 14 
Bo=Yo= a — ee OB [ge ert (14) 


where ¢ is the eccentricity of the meridian section. The formulae for an oblate ellipsoid 
are given in Art. 373. The values of & for a prolate ellipsoid moving respectively ‘end-on’ 
and ‘broadside on,’ viz. 


a 9— a ’ ke = 2—Bo ’ 
are tabulated on the opposite page for a series of values of the ratio a/6. 
For an elliptic disk (a0) the formula (11) becomes nugatory, since a2. A separate 
calculation, starting from (1) and (3), leads to the result 


2m sg npbecrU2 | MCAEWONDES CCOSMCLS — scenecsenconannas: (16) 
0 
For 6=c this reproduces the result (20) of Art. 102. 


115. We next inquire whether the equation V*¢ = 0 can be satisfied by 


DEY ON foa:s nih deca: Oa ahah AaatetaE (1) 
where y is a function of X only. This requires 
20x , 20 
ir ate SER 
V2y + ae As Q..> biweweseaes «nae meetings (2) 


Now, from Art. 112 (4), (6), 
20, 200 ape (1 BY 4108) dy 
y dy tz ee yOMe Aen 
ast / 1 1 ) 
- (A— pw) (A=) B+rx 8+A/ dr’ 
On substitution in (2) we find, by Art. 112 (7), 


xe aya re ee 1 
ie {a ss Monta hie Gada | eee 
@ dr 
whence x= Of (Br) (24a) A’ cee ee ners veverecsecceses (3) 


the second constant of integration being chosen as before. 


For a rigid ellipsoid rotating about the axis of # with angular velocity 
0L,, the surface-condition is 


Op _ Oy oz 
= On (2e y=), tebe e ee eenerecerescsererene (4) 
for =0. Assuming * 
sf dn 
Oh de oo eae eee 
te) yz MELSW On Ce oe esc) 
* The expression (5) differs only by a factor from 
0b ab 
Ube eked ay? 


where ® is the gravitation potential of a uniform solid ellipsoid at an external point (z, Y, 2). 
Since V?=0 it easily follows that the above is also a solution of the equation V?¢=0. 
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we find that the surface-condition (4) is satisfied, provided 


as C eee! Yo — Bo bee sath 
abi * a0 & es ) abe (6? — c2) 40, (5 he a) 2 
b2 — 22 
or ges ( 
2 (b? — c?) + (b? + c?) (Bo — 40) abeQO,. Cece cencceeeene (6) 


The formulae for the cases of rotation about y or z can be written down from 
symmetry *. 
The formula for the kinetic energy is 
a ae 
20=—p||¢-2as 
~ dr 
=pco,2. | | (ny me) yeas, 
° 0 (at +r)E (D2 +r)F (ce? + rE hears) Je 


if (1, m, n) denote the direction-cosines of the normal to the ellipsoid. The 
latter integral 


= [fl (y? — 2°) dadydz = 4(b? —c?) .4rabe. 


ails (b? — c®)? (yo — Bo) 7; 2 
Bee ear aes) (Peas eae SiG EG (7) 

For a prolate ellipsoid (b5=c, a>) rotating about an equatorial diameter, the ratio of 
the inertia coefficient to the moment of inertia, about the same diameter, of the mass of 
fluid displaced is found to be 

yee e* (By — ao) 
frGas fate Le =a eae eerie (8) 

The values of 4, ko (defined in Art. 114), and # are shewn in the accompanying table. 


Hence we find 
2T 


alb ky leo k 
1 0°5 0°5 0) 
1°50 0*305 0°621 0-094 
2-00 0°209 0°702 0°240 
2°51 0°156 0°763 0'367 
2°99 0°122 0°803 0°465 
3°99 0:082 0°860 0°608 
4°99 0:059 0°895 0°701 
6°01 0°045 0°918 0°764 
6°97 0°036 0°933 0°805 
8-01 0:029 0°945 0:840 
9°02 0:024 0°954 0'°865 
9:97 0°021 0°960 0°883 

oe) 0 1 t 

[ee ee es ee ee 


The two remaining types of ellipsoidal harmonic of the second order, finite at the 
origin, are given by the expression 
Py y? a 
Ne ee (eee ere err reer ree 9 
+61 +0 e+e / (9) 
* The solution contained in (5) and (6) is due to Clebsch, ‘‘ Ueber die Bewegung eines 
Ellipsoides in einer tropfbaren Flissigkeit,’’ Crelle, lii. 103, liii, 287 (1854-6). 
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i 1 1 
is ei Cee ee rem () ee eee nee ame eet 10 
where @ is either root of ae + B40 + aw 0, (10) 


this being the condition that (9) should satisfy V?¢=0. 

The method of obtaining the corresponding solutions for the external space is explained 
in the treatise of Ferrers. These solutions would enable us to express the motion produced 
in a surrounding liquid by variations in the lengths of the axes of an ellipsoid, subject to 
the condition of no variation of volume : 

Gja+b/b-efoms0,, ...s.cesssse.essteescerncerett eee (11) 


We have already found in Art. 113, the solution for the case where the ellipsoid expands 
(or contracts) remaining similar to itself; so that by superposition we could obtain the 
case of an internal boundary changing its position and dimensions in any manner what- 
ever, subject only to the condition of remaining ellipsoidal. This extension of the results 
arrived at by Green and Clebsch was first treated, though in a different manner from 
that here indicated, by Bjerknes*. 


116. The investigations of this chapter have related almost entirely to 
the case of spherical or ellipsoidal boundaries. It will be understood that 
solutions of the equation V*p=0 can be carried out, on lines more or less 
similar, which are appropriate to other forms of boundary. The surface 
which comes next in interest, from the point of view of the present subject, 
is that of the anchor-ring or ‘torus’; this case has been very ably treated, by 
distinct methods, by Hicks, and Dysont. We may also refer to the analyti- 
cally remarkable problem of the spherical bowl, which has been investigated 
by Bassett. 


APPENDIX TO CHAPTER V 


THE HYDRODYNAMICAL EQUATIONS REFERRED TO 
GENERAL ORTHOGONAL CO-ORDINATES 


We follow the notation of Art. 111, with this modification that differentiations of 
2, y, z with respect to the independent variables \, p, v are indicated by the suffixes 1, 2, 3, 
respectively. Thus the direction-cosines of the normal to the surface \=const. are 


(Aya, Ary, iz), 
and so on. 


If u, v, w be the component velocities along the three normals, the total flux out of the 
quasi-rectangular region whose edges are 8A/h,, du/hz, dv/hg will be 


is oe) 0 /vdvdr 0 (wdrdp 
ax (“inh ) + Sa (Shek) 88+ Bp (“het ) e, 


whence the expression for the expansion, viz. 
Ofu af 0 fw 
soil ik) #8) +8 fs) ml 
ar lak Salih ao Ye Soeecssse ceases 
of, Art. 111'(4). BUSA HN ta aa 
* lc. ante p. 147. 


+ Hicks, ‘‘On Toroidal Functions,’’? Phil. Trans. e)xxii. 609 (1881) ; Dyson, ‘‘On the Potential 
of an Anchor-Ring,”’ Phil. Trans. clxxxiv. 43 (1892); see also C. Neumann, l.c. ante p. 134. 

{ ‘‘On the Potential of an Electrified Spherical Bowl, &c.,’’ Proc. Lond. Math. Soc. (1) xvi. 
286 (1885); Hydrodynamics, i. 149. 
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The circulation round a rectangular circuit on the surface \ =const., whose sides are 


Su/he, dv/hg, is 3 
w dp 0 /vdp 
on (=~) Su- ov Ce ) ov. Pree e tener eee e eens ens eseseeeses (2) 


Dividing by the area of the circuit we get the first of the following formulae for the com- 
ponents of vorticity about the three normals: 


emit i) -& Ah | 
Peis {5 (*) = (z) Re 3 (3) 
tmnt ts () - a (Ef 


To find expressions for the component accelerations, we note that in a time d¢ a particle 
changes its parameters from (A, p, v) to (A+6A, w+du, v+dv), where 


dA/hj=udt, Splhg=vdt, dv/hg=wat. 


The component velocities therefore become 


ut(B hustle oe H+ hg *) a4 SIGE OUCLe eneinanteecenee csnence (4) 


and we have to resolve these along the original directions of u, v, w. Now after a time d¢ 
the direction-cosines of the new direction of v become 


3 3 a 
htt += (hg #2) MATQEN | Pas) 208 Nats) hgwot, &e., &c., 


where in the two expressions not written out the derivatives of x are to be replaced by 
those of y and z, respectively. Hence the cosine of the angle between the new direction of 
v and the original direction of wu, viz. (Ay x1, hy, 41%), is 


{(€1 22+ Y1 912 + 1 212) hy Ut (Hy Loo + Yi Yon + 1 202) hg + (44 03 + Y1Yo3 + 21 223) 4g W} hy he St. 
ane (5) 


Certain terms have been omitted from this expression in virtue of the relation 
Wy Lo A YyYoH 242g, .ocecercseccsecnsscsecanecescosroncones (6) 


which follows from the orthogonal property. Again, differentiating (6) with respect to v 
and comparing with similar results we infer that 


Ly Log $Y Yost 2 2og=O.  resvesscnverscerscsccccessensece (7)* 
Also, differentiation of the identity 
nityittat=pa BERR Re CARR A Ser SEE IOC: (8) 
1 
with respect to p gives MLy+Ni2ta pense ath (z) Per b asides sstweneesis esenoncalsse (9) 
. hy Op hy 


Again, : Tayi 
Bat yyat rta= a (reat Yyot at) — (Mam t nyat ae) = a ar (z.): ...(10) 


The expression (5) thus reduces to 


{ux (¢)-" a (aa) i ieee teen (11) 


* Forsyth, Differential Geometry, Cambridge (1912), p. 412. 
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In the same way the cosine of the angle between the new direction of w and the 


original direction of w is 
Offi CES 12 
{us (E)-” 55 a} Ayh3dt. oecececececccseccceoesseese ce ( ) 


The acceleration in the original direction of w is thus found to be 


Ou ou Ou 
Sethu gy + hav ge thaw oe 
Omnia Ona: 
tht {us (E)-2 a (at 
—— | HW mH | Fy coc ncee ccc eceeeees 13)* 
+Iyhyw {u = (z)- wa (z)t M4 (13) 


or, more symmetrically, 


ou Ou 
ag tae oe + hao a thaws, 


shear (Jobe B(Q) she 2) 
ti fiws (p -) gy as (rp z,) thaw? macale Wines es (14) 


The expressions for the acceleration in the direction of v and w follow by symmetry. 
For example, in cylindrical co-ordinates we have 


g=rceos6, y=rsind, z=2. 


Putting NE = DS 
we have Ml), ks—l1)/r, he=— Le 
The expansion is accordingly 

_Ou  u, ow Ae 

=a tat rag tag cies (15) 
and the components of vorticity are 

dw dv Ou dw ov v du 
Stas pane Noe aoe Fatale ecccedeccccsecoeue (16) 


The component accelerations are 


Ou Ou Ou =—s Ou 
Ht" a +? sage tae | 
dv ov Ov . ww ov / 
pres Ge LY Eee Coc eccccescccccccsecceeteccene (17) 


Ow Ow Ow Oto 
ath 5 +v raat Os 


If in this formula we put w=0 we get the results for plane polar co-ordinates (Art. 16a). 
In spherical polars 


z=rsin@cose, y=rsinésine, z=rcos 6. 
Putting A=r, p=6, v=o, 


we have hy=1, hg=1/r, hg=1/rsin 6. 


* G. B. Jeffery, Phil, Mag. (6) xxix. 445 (1915). 
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_ Ou dv dw 
Hence — -2- “+ Sy as 7 cot 8+ —— 7 (18) 
Ow dv w \ 
f= 54 ~ 7 sin 00o eee & 
ou Ow ow 
JAS Ge _ , ’ PSR Ra ER ae (19) 
Ov v du 
Seta eee | 
The component accelerations are 
ou du Ow ou tw 
Ot oa 88 06+” rsin dda po 
ov Ov ov ov uv we 
34 t% 3, +? 500 a6 BE ag apa emp ae eee Seksnedeqreorasees (20) 
iad a) ow ow uw vw ; | 
ed, aide, or 


ef. Art. 16a. 


CHAPTER VI 


ON THE MOTION OF SOLIDS THROUGH A LIQUID: 
DYNAMICAL THEORY 


117. In this chapter it is proposed to study the very interesting 
dynamical problem furnished by the motion of one or more solids in a 
frictionless liquid. The development of this subject is due mainly to 
Thomson and Tait* and to Kirchhoff+. The cardinal feature of the methods 
followed by these writers consists in this, that the solids and the fluid are 
treated as forming together one dynamical system, and thus the troublesome 
calculation of the effect of the fluid pressures on the surfaces of the solids is 
avoided. 


To begin with the case of a single solid moving through an infinite mass 
of liquid, we will suppose in the first instance that the motion of the fluid is 
entirely due to that of the solid, and is therefore irrotational and acyclic. 
Some special cases of this problem have been treated incidentally in the 
foregoing pages, and it appeared that the whole effect of the fluid might be 
represented by an addition to the inertia of the solid. The same result will 
be found to hold in general, provided we use the term ‘inertia’ in a somewhat 
extended sense. 


Under the circumstances supposed, the motion of the fluid is characterized 
by the existence of a single-valued velocity-potential ¢ which, besides satis- 
fying the equation of continuity 


Vib = 0; 0c eee (1) 


fulfils the following conditions: (1°) the value of —0dd/dn, where 6n denotes 
as usual an element of the normal at any point of the surface of the solid, 
drawn on the side of the fluid, must be equal to the velocity of the surface 
at that point normal to itself, and (2°) the differential coefficients 0/02, 
0/oy, 0p/dz must vanish at an infinite distance, in every direction, from the 
solid. The latter condition is rendered necessary by the consideration that 
a finite velocity at infinity would imply an infinite kinetic energy, which 
could not be generated by finite forces acting for a finite time on the solid. 
It is also the condition to which we are led by supposing the fluid to be 
enclosed within a fixed vessel infinitely large and infinitely distant, all round, 
from the moving body. For on this supposition the space occupied by the 
fluid may be conceived as made up of tubes of flow which begin and end on 
: e Natural Philosophy, Art. 320. Subsequent investigations by Lord Kelvin will be referred 
O iater. 


t ‘‘ Ueber die Bewegung eines Rotationskérpers in einer Flissigkeit,’’ Crelle, lxxi. 237 (1869) 
[Ges. Abh. p. 376]; Mechanik, c. xix. 
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the surface of the solid, so that the total flux across any area, finite or 
infinite, drawn in the fluid must be finite, and therefore the velocity at 
infinity zero. 

It has been shewn in Art. 41 that under the above conditions the motion 
of the fluid is determinate. 


118. In the further study of the problem it is convenient to follow the 
method introduced by Euler in the dynamics of rigid bodies, and to adopt a 
system of rectangular axes Oz, Oy, Oz fixed in the body, and moving with it. 
If the motion of the body at any instant be defined by the angular velocities 
P, q, 7 about, and the translational velocities u, v, w of the origin parallel to, 
the instantaneous positions of these axes*, we may write, after Kirchhoff, 


p = udi + Vd2 + Whs + PXi t+ Yx2+ 7X3; stetetetatersvereicietereers (2) 
where, as will appear immediately, ¢1, ¢2, $3, X1, X2, Ys are certain functions 
of a, y, 2 determined solely by the configuration of the surface of the solid, 
relative to the co-ordinate axes. In fact, if 1, m,n denote the direction-cosines 
of the normal, drawn towards the fluid, at any point of this surface, the 
kinematical surface-condition is 


3 
RCRD Ee ah oie de 4 Gd ey IG, 


on 
whence, substituting the value (2) of ¢, we find 
Rb Sali sole l ppe_ gues Praag aah 
an on on (3) 
Beta a ae ee] — nz BLD pa, 
on ; an ; on y 


Since these functions must also satisfy (1), and have their derivatives zero at 
infinity, they are completely determinate, by Art. 41 F. 


119. Now whatever the motion of the solid and fluid at any instant, it 
might have been generated instantaneously from rest by a properly adjusted 
impulsive ‘wrench’ applied to the solid. This wrench is in fact that which 
would be required to counteract the impulsive pressures p¢ on the surface, 
and, in addition, to generate the actual momentum of the solid. It is called 
by Lord Kelvin the ‘impulse’ of the system at the moment under con- 
sideration. It is to be noted that the impulse, as thus defined, cannot be 
asserted to be equivalent to the total momentum of the system, which is 
indeed in the present problem indeterminate}. We proceed to shew however 
that the impulse varies, in consequence of extraneous forces acting on the 
solid, in exactly the same way as the momentum of a finite dynamical system. 

* The symbols wu, v, w, p, q, 7 are not at present required in their former meanings. 


+ For the particular case of an ellipsoidal surface, their values may be written down from 


the results of Arts. 114, 115. 
{ That is, the attempt to calculate it leads to ‘improper’ or ‘indeterminate’ integrals. 
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Let us in the first instance consider any actual motion of a solid, from 
time ¢ to time t,, under any given forces applied to it, in a finite mass 
of liquid enclosed by a fixed envelope of any form. Let us imagine the 
motion to have been generated from rest, previously to the time ty, by forces 
(whether continuous or impulsive) applied to the solid, and to be arrested, in 
like manner, by forces applied to the solid after the time 4. Since the 
momentum of the system is null both at the beginning and at the end of this 
process, the time-integrals of the forces applied to the solid, together with 
the time-integral of the pressures exerted on the fluid by the envelope, must 
form an equilibrating system. The effect of these latter pressures may be 
calculated, by Art. 20, from the formula 


BAF att FO. ene laa ORE PA (1) 


A pressure uniform over the envelope has no resultant effect ; hence, since 
is constant at the beginning and end, the only effective part of the integral 
pressure {pdt is given by the term 


se Oh i att tamer rer ree At here ca et: (2) 


Let us now revert to the original form of our problem, and suppose the 
containing envelope to be infinitely large, and infinitely distant in every 
direction from the moving solid. It is easily seen by considering the arrange- 
ment of the tubes of flow (Art. 36) that the fluid velocity g at a great 
distance r from an origin in the neighbourhood of the sclid will ultimately 
be, at most*, of the order 1/r?, and the integral pressure (2) therefore of the 
order 1/r*. Since the surface-elements of the envelope are of the order r*da, 
where da is an elementary solid angle, the force- and couple-resultants of the 
integral pressure (2) will now both be null. The same statement therefore 
holds with regard to the time-integral of the forces applied to the solid. 


If we imagine the motion to have been started instantaneously at time to, 
and to be arrested instantaneously at time 4, the result at which we have 
arrived may be stated as follows: 

The ‘impulse’ of the motion (in Lord Kelvin’s sense) at time 4 differs 
from the ‘impulse’ at time ¢, by the time-integral of the extraneous forces 
acting on the solid during the interval t; — tof. 

It will be noticed that the above reasoning is substantially unaltered 
when the single solid is replaced by a group of solids, which may moreover 
be flexible instead of rigid, and even when these solids are replaced by 
masses of liquid which are moving rotationally. 


\ 
120. To express the above result analytically, let & 7», 62, uw, v be the 
components of the force- and couple-constituents of the impulse; and let 
* It is really of the order 1/r3 when, as in the case considered, the total flux outwards is zero. 


t Sir W. Thomson, l.c. ante p. 33. The form of the argument given above was kindly 
suggested to the author by Sir J. Larmor. 
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Aga HS pd AN designate in the same manner the system of extraneous 
forces. The whole variation of &, 7, £,, w, v, due partly to the motion of the 
axes to which these quantities are referred, and partly to the action of the 
extraneous forces, is then given by the formulae * 


d dr 

oe arn — gt +X, ae 0 US + re — gv +L, 

d d 

p= Po TE+ Y, Gem wet py M, ee (1) 
d 


oe = gE - pn +Z, _ = v&—un + qr0—pyet NV. 
For at time ¢+6¢ the moving axes make with their positions at time ¢ 
angles whose cosines are 
(1, rét, —q8t), (—rét, 1, pdt), (gst, — pdt, 1), 
respectively. Hence, resolving parallel to the new position of the axis of a, 
E+ 6€&=EF+n.rdt—C.qdt+X ot. 

Again, taking moments about the new position of Oz, and remembering that 
O has been displaced through spaces wét, v dt, wdt parallel to the axes, we find 
A+ OXN=A4+7.wdt—C.vdt+y.rdt—v.qst+ Let. 

These, with the similar results which can be written down from symmetry, 

give the equations (1). 
When no extraneous forces act, we verify at once that these equations 
have the integrals 
E* + yn? + €? = const., NE + pon + vo = const, ........606. (2) 
which express that the magnitudes of the force- and couple-resultants of the 
impulse are constant. 


121. It remains to express &, 7, ¢, A, w, v in terms of u, v, w, p,q, 7. In 
the first place let T denote the kinetic energy of the fluid, so that 


at =~ p [|e 55 as, Jie reunatacaanba Ay 2. (1) 


where the integration extends over the surface of the moving solid. Substi- 
tuting the value of ¢ from Art. 118 (2), we get 
2T = Au? + Bo? + Cw? + 2A’vw + 2B’ wu + 2C’uv 
+ Pp? + Qq?+ Rr? + 2P’qr + 2Q'rp + 2R'pq 
+ 2p (Fu + Gv + Hw) + 2q(F’u+ Gv + H’w) + 2r (P"u+ Gv + Hw), 


where the twenty-one coefficients A, B, C, é&ec. are certain constants 


* Cf. Hayward, ‘‘On a Direct Method of Estimating Velocities, Accelerations, and all similar 
Quantities, with respect to Axes moveable in any manner in space,’” Camb, Trans. x. 1 (1856). 
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determined by the form and position of the surface relative to the co-ordinate 
axes. Thus, for example, 


A=—p||g. 5 d8=p || gla 

xan tllodt oath) 
=~ [|e ds=—p || p. Has ee (3) 
=p {| dandS=p || damas 


P=—p [xi 2205 =p | [xx (ny - me) as, 


the transformations depending on Art. 118 (3) and on a particular case of 
Green’s Theorem (Art. 44 (2)). These expressions for the coefficients were 
given by Kirchhoff. 


The actual values of the coefficients in the expression for 2T have been found in the 
preceding chapter for the case of the ellipsoid, viz. we have from Arts. 114, 115 


y, Lege G, 4a) 
A=; at 4mpabe, P=} 2B -A+6 +2 eas 2 PAOC, lexesvaces (4) 


with similar expressions for B, C, Q, R. The remaining coefficients, as will appear pre- 
sently, in this case all vanish. We note that 


a= 2 (a —Bo) a 
A-B (@—a,)(2—-A) 2 ODE, i sasinascciseede Soeens dadeanteee (5) 


so that ifa>b>c, then A<B<CO, as might have been anticipated. 


The formulae for an ellipsoid of revolution may be deduced by putting b=c; they may 
also be obtained independently by the method of Arts. 104-109. Thus for a circular disk 
(a=0, b=c) we have 


A, B, O=§ p08, 0,0; -P, Q, R=0, 3$p05, 380%. cecccseseeeescne (6) 
121 a. When the motion of the solid is one of pure translation the formula 
for the kinetic energy of the fluid reduces to 
2T = Av? + Bo? + Cw? + 2A’ow + 2B’wu+2C’w.  ......... (1) 


We can now shew that the effect at a great distance is in all cases that of a 
suitable double source, and that the character of this source is completely 
defined by the coefficients in (1). 


For this we have recourse to the formula (12) of Art. 58, viz. 
peo 
dn b>=[| (6-4) = dS. ee ts eee (2) 


We may regard the boundary of the solid asa thin rigid shell, with fluid also 
in its interior, and assume the potentials ¢ and @¢’ to refer to the external 
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and internal regions, respectively. Let (21, y1, 21) be the co-ordinates of the 
point P, which we suppose to be at a distance great compared with the 
dimensions of the solid, and (a, y, z) those of a surface-element 5S. Then, 
writing 


n=V(ar+yr+a), r=V/{(a— 2? + (yy)? + (a—2 
we have, approximately, 


LL t+ yy t 2a 


u pe lay SF MY; + N24 
T Ty re r a i 


rs 


o 
on 


> 


Suppose, now, that the shell is moving with unit velocity parallel to 2, 
without rotation. Writing 


be COR re ta (3) 
if Ax, + C’y,+ B’z, 
erhaye [lez ia pareleR, Srisiassd (4) 
oe Qay 2 
and [le a: an 7a re 9 DooddnonsuboondoosN CuO DOGS (5) 
where Q denotes the volume of the solid. We have, in fact, 
[[vas=o, [[omas =o, [| enas=o. Be meee (6) 
Hence 4a bp =A tnt Ss Be, wad Set autiat tae di (7)* 
sl 


The effect at a distance is therefore that of a double source, but the axis 
of the source does not necessarily coincide with the direction of translation. 
If, however, the solid is moving parallel to an axis of permanent translation 
(Art. 124), the coefficients C’ and B’ vanish, and 


dor bp = 


For example, in the case of the sphere we have A= 37pa’, Q = 47a’, and 


as in Art. 92. 
When the velocity (u, v, w) of the solid is general, the formula (7) is 
replaced by 
4orr33 pd p = (Au + C’v + B’w) ay 
+(C’u+Bu+ A’w) y+ (But A’v + Cw) zy 
+ pQ (way + VY + WZ). vereeee seeseeeeeseeeereee nese eens (10) 


Conversely a knowledge of the form of the velocity-potential at infinity due to a ‘per- 
manent’ translation leads to a knowledge of the corresponding inertia-coefficient. 


* From a paper ‘‘On Wave Resistance,’’ Proc. Roy. Soc. cxi, 15 (1926). 
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For instance, in the Rankine ovals referred to in Art. 97 we have a distribution of 


sources along the axis of x, subject to the condition that the total ‘strength’ of these 
sources is zero. If the line-density of this distribution be m, we have 


2 mdé& Ex; 
Ce Berge tat} = [+ 5b +) mas 
or gaz | medt+... PP air ne teed Metre elie i Geach a 57 (11) 


since {md&=0. Hence 


Aj iQ me 1nl med eee... nme aoa (12)* 


122. The kinetic energy, T, say, of the solid alone is given by an expres- 
sion of the form 
27; =m (uv? +07 + w?) 
+ Pyp? + Qig? + Riv? + 2Py’qr + 2Qi'rp + 2Ri'pq 
+ 2m {a (ur —wq)+ B (wp — ur)+y(ug—up)}. — veeeeeee. (1) 
Hence the total energy T+}, of the system, which we shall denote by 7, is 
given by an expression: of the same general form as in Art. 121, say 
2T = Au? + Bo® + Cw? + 2A’vw + 2B’wu + 2C’uv 
+ Pp? + Qq?+ Rr? + 2P'qr + 2Q'rp + 2R' pg 
+ 2p (Fut Gu + Hw) + 2q(F’ut Gu + H'w) + 2r (Fut G+ Aw). 


The values of the several components of the impulse in terms of the velo- 
cities u, ¥, w, p, g, rT can now be found by a well-known dynamical method +. 
Let a system of indefinitely great forces (X, Y, Z, L, M, N) act for an 
indefinitely short time 7 on the solid, so as to change the impulse from 
(E,7, & 2, m, v) to (E+ 6, 4 +6, 6486, A+ 6A, wt+du, v+6v). The work 
done by the force X, viz. 


| Erde 
0 


leatietweeti in | "wae wand hg | axae 
0 0 


where uw, and wu, are the greatest and least values of w during the time 7, 
t.e. it lies between 4 6& and u,d&. If we now introduce the supposition that 
5€, dn, 86, dd, Su, dy are infinitely small, uv; and up are each equal to u, and 
the work done is udf. In the same way we may calculate the work done by 
the remaining forces and couples. The total result must be equal to the 
increment of the kinetic energy, whence 
Bb age aa 
or = or or or 
= 67 = — bu = bu = = = 
a +e astre Oe var Oa oq+ =. or. 2. (3) 


* G.I. Taylor, Proc. Roy. Soc. cxx. 13 (1928). 
+ See Thomson and Tait, Art, 313, or Maxwell, Electricity and Magnetism, Part rv. c. v. 
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Now if the velocities be all altered in any given ratio, the impulses will 
be altered in the same ratio. If then we take 
du _ du _dw_ dp_ 8q_ or _ 
one Cepia ry ay peer. 
Seen foto that See mon POCO Ne Supedys 
Euoaulh ie Mapiads » 
Substituting in (3), we find 
uE+ unt wl+pr+ qu +rv 
Ol aod: Ciel a (UL OL 
Sie tee spat armen ae don leas = 27, «<(4) 
since J is a homogeneous quadratic function. Now performing the arbitrary 
variation 6 on the first and last members of (4), and omitting terms which 
cancel by (3), we find 
Edu + 9du+ Cw +rAdp + wdg + vor = 67. 
Since the variations du, dv, dw, dp, dg, Sr are all independent, this gives the 
required formulae 
OL of oT. ee eh I & 
E, Un =a) Oy’ aw’ nr, BP; Op’ aq’ Ee sere reeee (5) 
It may be noted that since £, n, ¢, ... are linear functions of u, v, w, ..., 
the latter quantities may also be expressed as linear functions of the former, so 
that 7 may be regarded as a homogeneous quadratic function of &, 9, ¢, X, ms, v. 
When expressed in this manner we may denote it by 7. The equation (3) 
then gives at once 


ubd&+vdn+w6l+ pbrt qoutrov 
oT or" » , on or" AM ol 
geet a. © + 35 66+ a Ont du+— ~ 8y, 
gl? oT oT’ ue or’ i (6) 
whence u, Vv, W= aE’ an? Of” Pp, ler We Wie 7 eeemapies 


These formulae are in a sense reciprocal to (5). 

We can utilize this last result to obtain, when no extraneous forces act, 
another integral of the equations of motion, in addition to those found in 
Art. 120. Thus 


aT _ aT dé , aT” dn 
ipiaes SEM aR mnt EE gpm ok» 
dé dn 
See Cars yg LG Pamieae picts 


which vanishes identically, by Art. 120 (1). Here we have the equation of 


ener 
ah "Dae COTS Ur dae a ottane spec to 3 01 apioar bakes Seo #8 (7) 
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123. If in the formulae (5) we put, in the notation of Art. 121, 
T= Ls + T,, 


it is known from the Dynamics of rigid bodies that the terms in T, represent 
the linear and angular momentum of the solid by itself. Hence the remaining 
terms, involving T, must represent the system of impulsive pressures exerted 
by the surface of the solid on the fluid, in the supposed instantaneous genera- 
tion of the motion from rest. 

This is easily verified. For example, the z-component of the above system 
of impulsive pressures is 


0 
[Jegias=—p |e of as 
UA , U ve oT 
=Au+O0'v7+Bwt+Fo+Fqt+F TT yereeectes (3) 
by the formulae of Arts. 118, 121. In the same way, the moment of the 
impulsive pressures about Oz is 


| pd (ny — mz) dS =—p [Jo 2as 
= Put Go+ Hw+Pp+Rq+Qr=e. woes, (9) 


124. The equations of motion may now be written* 
cL = OL gest 

dtdu au 

dar _ afar 

dt dv Paw "du 

dar _ ara 

dtow %au Pow 

Gol Ol Cle ae ee’. L 

> dt dp. sdul gy Spa 0g ph erine,” 

dels i Cl pnd iy oad Lemmon) 

dtoq aw aut? Op 

d oF _ Z OL ay 0) wa Ol amen L 

dior" du" Gv Lip Pag 

If in these we write 7’ ='T + Tj, and isolate the terms due to T, we obtain 

expressions for the forces exerted on the moving solid by the pressure of the 

surrounding fluid; thus the total component (X, say) of the fluid pressure 

parallel to x is 


aru. 


cole clan et 

ay By Lay) iiittttettseee eens (2) 

, See Kirchhoff, l.c. ante p. 160; also Sir W. Thomson, ‘‘ Hydrokinetic Solutions and Obser- 
vations,” Phil. Mag. (5) xlii. 362 (1871) [reprinted in Baltimore Lectures, Cambridge, 1904, p. 584]. 


ies 
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and the moment (L) of the same pressures about  is* 
d oT oT oT ne oT oT 


ar Spat a 


dt Op a5, dw oq or’ Sivic¥ein-a/olersisieielslelo (3) 


For example, if the solid be constrained to move with a constant velocity 
(u, v, w), without rotation, we have 
x Y, 2=0; 
ot eclaime ls macla oles. oT) fies (4) 
L, M, N=w — -—v— seen) yee ES anf fee 
dv ow’? Ow bu’? "du du’ 
where 2T = Au? + Bo? + Cw? + 2A’vw + 2B’ wu + 2C'uv. 
The fiuid pressures thus reduce to a couple, which moreover vanishes if 
a: 2 
fe von, De 
2.e. provided the velocity (u, v, w) be in the direction of one of the principal 
axes of the ellipsoid 
Aa? + By? + C2? + 2A’yz + 2B’ zx + 2C’xy =const. ......... (5) 
Hence, as was first pointed out by Kirchhoff, there are, for any solid, 
three mutually perpendicular directions of permanent translation; that is 
to say, if the solid be set in motion parallel to one of these, without rotation, 
and left to itself, it will continue to move in this manner. It is evident that 
these directions are determined solely by the configuration of the surface of 
the body. It must be observed however that the impulse necessary to produce 
one of these permanent translations does not in general reduce to a single 
force; thus if the axes of co-ordinates be chosen, for simplicity, parallel to 
the three directions in question, so that A’, B’, C’ =0, we have, corresponding 
to the motion wu alone, 
Ei, 6 = Aur, 0% Mp v= Pu, Fu, Fu, 
so that the impulse consists of a wrench of pitch F/A. 
With the same choice of axes, the components of the couple which is the 
equivalent of the fluid pressures on the solid, in the case of any uniform 
translation (wu, v, w), are 


L, M, N=(B-C) ww, (C—A) wu, (A—B) w. ........... (6) 
Hence if in the ellipsoid 
Ae Byte C24 =consth Vk... eae (7) 


we draw a radius vector r in the direction of the velocity (wu, v, w) and erect 
the perpendicular h from the centre on the tangent plane at the extremity 
of r, the plane of the couple is that of h and r, its magnitude is proportional 
to sin (h, r)/h, and its tendency is to turn the solid in the direction from h to r. 

* The forms of these expressions being known, it is not difficult to verify them by direct 


calculation from the pressure-equation, Art. 20 (5). See a paper ‘‘On the Forces experienced by 
a Solid moving through a Liquid,’’ Quart. Journ. Math. xix. 66 (1883). 
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Thus if the direction of (u, v, w) differs but slightly from that of the axis 
of a, the tendency of the couple is to diminish the deviation when A is the 
greatest, and to increase it when A is the least, of the three quantities A, B, C, 
whilst if A is intermediate to B and C the tendency depends on the position 
of r relative to the circular sections of the above ellipsoid. It appears then 
that of the three permanent translations one only is thoroughly stable, viz. 
that corresponding to the greatest of the three coefficients A, B, C. For 
example, the only stable direction of translation of an ellipsoid is that of its 
least axis; see Art. 121*. 


125. The above, although the simplest, are not the only steady motions 
of which the body is capable, under the action of no extraneous forces. The 
instantaneous motion of the body at any instant consists, by a well-known 
theorem of Kinematics, of a twist about a certain screw; and the condition 
that this motion should be permanent is that it should not affect the 
configuration of the impulse (which is fixed in space) relatively to the body. 
This requires that the axes of the screw and of the corresponding impulsive 
wrench should coincide. Since the general equations of a straight line involve 
four independent constants, this gives four linear relations to be satisfied by 
the five ratios w:v:w:p:q:r. There exists then for every body, under the 
circumstances here considered, a singly-infinite system of possible steady 
motions. 

The steady motions next in importance to the three permanent translations are those 
in which the impulse reduces to a couple. The equations (1) of Art. 120 shew that we 
may have & 7, (=0, and A, p, v constant, provided 

N/p= pel Gv] t=  BAY eee ccc seeocneaee eh nanan tee (1) 
If the axes of co-ordinates have the special directions referred to in the preceding Art., the 
conditions &, n, (=0 give us at once w, v, w in terms of 7, q, 7, Viz. 


CEPT GRE es OPT epee Geis 


a ; = B , ne (2) 
Substituting these values in the expressions for A, p, v obtained from Art. 122 (5), we find 
08 08 «(00 
bleed chase aq’ Op? Peete eee e eee renters ee ree eee teens (3) 
provided 20 (Pp, g, 7) = Pp? + Bq? + Mr? + Wor + AM rp+QW'pgq, oo. .ecseeeee (4) 
the coefficients in this expression being determined by formulae of the types 
ea ob i appt le Oe eee 
Ber pc ow yp =P'- =f Sepals ee’ eee eereccace (5) 


These formulae hold for any case in which the force-constituent of the impulse is zero. 
Introducing the conditions (1) of steady motion, the ratios p: g:r are to be determined 
from the three equations 
PEL a5 
'p Regt Pray, Ghriws oh eres (6) 
Q’ p+ Pg + Rr = kr. 
* The physical cause of this tendency of an elongated body to set itself broadside-on to the 


relative motion is clearly indicated in the diagram on p. 86. A number of interesting practical 
illustrations are given by Thomson and Tait, Art, 325. 
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The form of these shews that the line whose direction-ratios are p:g : 7 must be parallel 
to one of the principal axes of the ellipsoid 


Ei CR Oh QUEXCOWISUS, —“coacantesanteineses dos ontiaaconcecoeecene (7) 


There are therefore three permanent screw-motions such that the corresponding impulsive 
wrench in each case reduces to a couple only. The axes of these three screws are mutually 
at right angles, but do not in general intersect. 


It may now be shewn that in all cases where the impulse reduces to a couple only, the 
motion can be completely determined. It is convenient, retaining the same directions of 
the axes, to change the origin. Now the origin may be transferred to any point (x, y, z) 
by writing 

U+TY — G2, U+ pe—Th, W+qk — py, 
for wu, v, w respectively. The coefficient of 2vr in the expression for the kinetic energy, 
Art. 122 (2), becomes — Br+G”, that of 2wg becomes Cx+H’, and so on. Hence if we 


take Hi Ba a 
r= (5 -3), y= =4 (3 - =)? e=3(4-§), yee te ee (8) 


the coefficients in the transformed expression for 27’ will satisfy the relations 
et Nee hay ae 4 
BPG? Cra? DB ces (9) 


If we denote the values of these pairs of equal quantities by a, 8, y respectively, the 
formulae (2) may be written 


ov ov ov 
0 Gp? ir : okey re cere e acer ensccesecceseeees (10) 
Vig Ge ee 
where 2¥ (p, g; ‘=a P+ sary a A Qagr+QBrp + QWy Mi v.ceeecseecvece (11) 


The motion of the body at any instant may be conceived as made up of two parts; 
viz. a motion of translation equal to that of the origin, and one of rotation about an 
instantaneous axis passing through the origin. Since ¢, 7, (=O the latter part is to be 
determined by the equations 


dy d dy 
Dino apr, Fanr—py 


which express that the vector (A, », v) is constant in magnitude and has a fixed direction 
in space. Substituting from (3), 


d 00 _ 00 _ 00 
dt 0q “PG op 
d20_ 20,20 
dt or top aq" 

These are identical in form with the equations of motion of a rigid body about a fixed 
point, so that we may make use of Poinsot’s well-known solution of the latter problem. 
The angular motion of the body is obtained by making the ellipsoid (77), which is fixed in 
the body, roll on a plane 

a+ py +vz=const., 
which is fixed in space, with an angular velocity proportional to the length Or of the 
radius vector drawn from the origin to the point of contact 7. The representation of the 
actual motion is then completed by impressing on the whole system of rolling ellipsoid 
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and plane a velocity of translation whose components are given by (10). This velocity is 
in the direction of the normal OM to the tangent plane of the quadric 


Dil Wy: Yi 2) Se Oh ie vote sia ohncivtvaeds seen teivanieoseent (13) 
at the point P where OJ meets it, and is equal to 


& : 
AP DI Bey eae cn steed 14 
OP-om * angular velocity of body (14) 
When OJ does not meet the quadric (13), but the conjugate quadric obtained by changing 
the sign of e, the sense of the velocity (14) is reversed *. 


126. The problem of the integration of the equations of motion of a solid 
in the general case has engaged the attention of several mathematicians, but, 
as might be anticipated from the complexity of the question, the physical 
meaning of the results is not easily grasped ft. 

In what follows we shall in the first place inquire what simplifications 
occur in the formula for the kinetic energy, for special classes of solids, and 
then proceed to investigate one or two particular problems of considerable 
interest which can be treated without difficult mathematics. 


The general expression for the kinetic energy contains, as we have seen, 
twenty-one coefficients, but by the choice of special directions for the 
co-ordinate axes, and a special origin, these can be reduced to fifteen tf. 


The most symmetrical way of writing the general expression is 
27 = Au? + Bo? + Cw? + 2A'vw + 2B’ wu + 20'uv 
+ Pp? + Qq? + Rr? + 2P’qr + 2Q’rp + 2R'pq 


+ 2Lup + 2Mvq + 2Nwr 
+ 2F (ur + wq) + 2G (wp + ur) + 2H (ug + vp) 
+ 2F”" (ur — wq) + 2G" (wp — ur) + 2H" (ug — vp). .....e (1) 


It has been seen that we may choose the directions of the axes so that 
A’, B’, C’=0, and it may easily be verified that by displacing the origin 
we can further make F”, G’, H’=0. We shall henceforward suppose these 
simplifications to have been made. 


1°. If the solid has a plane of symmetry, it is evident from the con- 
figuration of the relative stream-lines that a translation normal to this plane 
must be one of the permanent translations of Art. 124. If we take this plane 
as that of wy, it is further evident that the energy of the motion must be 
unaltered if we reverse the signs of w, p, g. This requires that P’, Q’, L, M, 
N, H should vanish. The three screws of Art. 125 are now pure rotations, 
but their axes do not in general intersect. 

* The substance of this Art. is taken from a paper, ‘‘On the Free Motion of a Solid through 
an Infinite Mass of Liquid,’’ Proc. Lond. Math. Soc. viii. 273 (1877). Similar results were obtained 
independently by Craig,,‘‘ The Motion of a Solid in a Fluid,’ Amer, Journ. of Math. ii. 162 (1879). 

+ For references see Wien, Lehrbuch d. Hydrodynamik, Leipzig, 1900, p. 164. 

$ Cf. Clebsch, ‘‘ Ueber die Bewegung eines Korpers in einer Fliissigkeit,’’ Math. Ann. iii. 


238 (1870). This paper deals with the ‘reciprocal’ form of the dynamical equations, obtained 
by substituting from Art. 122 (6) in Art. 120 (1). 
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. If the body has a second plane of symmetry, at right angles to the 
na one, we may take this as the plane wz. We find that in this case 
FR’ and G must also vanish, so that 


27 = Av? + Bo? + Cw? + Pp? + Qq?+ Rr? + 2F (ur +w9q). .... (2) 


The axis of « is the axis of one of the permanent rotations, and those of the 
other two intersect it at right angles, though not necessarily in the same point. 


3°. If the body has a third plane of symmetry, say that of yz, at right 
angles to the two former ones, we have 


27 = Av? + Bu? + Cw2?+ Pret Qt Bre ...ccccccee (3) 


4°. Returning to (2°), we note that in the case of a solid of revolution 
about Oz, the expression for 27’ must be unaltered when we write v, g, — w, —r 
for w, r, v, g, respectively, since this is equivalent to rotating the axes of y, z 
through a right angle. Hence B=C, Q=R, F=0; and therefore 


2T = Au? + B (v7 + w?) + Pp?+Q (g?t7?).  ccccecseeees (4)* 


The same reduction obtains in some other cases, for example when the 
solid is a right prism whose section is any regular polygon+. This is seen at 
once from the consideration that, the axis of # coinciding with the axis of the 
prism, it is impossible to assign any uniquely symmetrical directions to the 
axes of y and z. 


5°. If, in the last case, the form of the solid be similarly related to each 
of the co-ordinate planes (for example a sphere, or a cube), the expression (8) 


takes the form 
QT =A (u2t+ ert wrt P(prtqgrt 7?) ccsccecsssesees (5) 
This again may be extended, for a like reason, to other cases, for example 
any regular polyhedron. Such a body is practically for the present purpose 
‘isotropic, and its motion will be exactly that of a sphere under similar 
conditions. 


6°. We may next consider another class of cases. Let us suppose that 
the body has a sort of skew symmetry about a certain axis (say that of a), 
viz. that it is identical with itself turned through two right angles about this 
axis, but has not necessarily a plane of symmetry}. The expression for 27’ 
must be unaltered when we change the signs of v, w, g, 7, so that the 
coefficients Q’, R’, G, H must all vanish. We have then 


2T = Av? + Bu? + Cw* + Pp? + Qq + Rr? + 2P'qr 
+ 2Lup + 2Mvq + 2Nwr + 2F (ur + Wg). vevseeee. (6) 


* For the solution of the equations of motion in this case see Greenhill, ‘‘The Motion of a 
Solid in Infinite Liquid under no Forces,’”’ Amer. Journ. of Math. xx. 1 (1897). 

+ See Larmor, ‘‘On Hydrokinetic Symmetry,’’ Quart. Journ. Math. xx. 261 (1884). [Papers, i.77.] 

{ A two-bladed screw-propeller of a ship is an example of a body of this kind. 
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The axis of 2 is one of the directions of permanent translation ; and is also 
the axis of one of the three screws of Art. 125, the pitch being —L/A. The 
axes of the two remaining screws intersect it at right angles, but not in 
general in the same point. 


7°. If further, the body be identical with itself turned through one 
right angle about the above axis, the expression (6) must be unaltered when 
v, g, —w, —7 are written for w, r, v, g, respectively. This requires that 
B=0,Q=R, P’ =0,M=N, F=0. Hence* 

2T = Au? + B(v® + w*) +Pp? + Q(q2 +77) + 2Lup + 2M (vg+ wr). ...(7) 

The form of this expression is unaltered when the axes of y, z are turned 
in their own plane through any angle. The body is therefore said to possess 
helicoidal symmetry about the axis of a. 


8°. If the body possess the same properties of skew symmetry about an 

axis intersecting the former one at right angles, we must evidently have 
2T=A (w+ 0274+ w*) + P (p24 q?t+ 77) + 2L(put+qu+rw). ...(8) 

Any direction is now one of permanent translation, and any line drawn 
through the origin is the axis of a screw of the kind considered in Art. 125, 
of pitch —Z/A. The form of (8) is unaltered by any change in the directions 
of the axes of co-ordinates. The solid is therefore in this case said to be 
‘helicoidally isotropic.’ 


127. For the case of a solid of revolution, or of any other form to which 

the formula 
2T = Au? + Bu? + w*) + Pp? + Q (gi tr?) ....cceccereees (1) 

applies, the complete integration of the equations of motion was effected by 
Kirchhoff+ in terms of elliptic functions. 

The particular case where the solid moves without rotation about its axis, 
and with this axis always in one plane, admits of very simple treatment}, and 
the results are very interesting. 


If the fixed plane in question be that of zy we have p, g, w=0, so that the equations 
of motion, Art. 124 (1), reduce to 


du dv 
Aa = rb, Ba =—rAu, 
fe ue 2 Peg fibeets cerns saptee seat (2) 
sr =(A—B)uv 


Let x, y be the co-ordinates of the moving origin relative to fixed axes in the plane 
(wy) in which the axis of the solid moves, the axis of & coinciding with the line of the 


* This result admits of the same kind of generalization as (4), e.g. it applies to a body 
shaped like a screw-propeller with three symmetrically-disposed blades. The integration of the 
equations of motion is discussed by Greenhill, ‘‘The Motion of a Solid in Infinite Liquid,” 
Amer. Journ. of Math. xxviii. 71 (1906). 

+ Lc. ante p, 160. 

t{ See Thomson and Tait, Art. 322; Greenhill, ‘‘On the Motion of a Cylinder through a 
Frictionless Liquid under no Forces,’ Mess. of Mathe ix. 117 (1880) 
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resultant impulse (J, say) of the motion; and let 6 be the angle which the line Oz (fixed 
in the solid) makes with x. We have then 


Au=Tcos 6, Bv= —Tsin 6, r=6, 
The first two of equations (2) merely express the fixity of the direction of the impulse in 
space ; the third gives 


96 +4? Pein 8 cos ER Oe Sat ROR i ch ee cer (3) 


We may suppose, without loss of generality, that A>. If we write 26=9, (3) 
becomes 
(A-B) I? 
ABQ 


which is the equation of motion of the common pendulum. Hence the angular motion of 
the body is that of a ‘quadrantal pendulum,’ z.e. a body whose motion follows the same 
law in regard to a quadrant as the ordinary pendulum does in regard to a half-circum- 
ference. When 6 has been determined from (3) and the initial conditions, x, y are to be 
found from the equations 


$+ BIDS sO? Ges howe. Oc HT (4) 


x=wucos 6—vsin a=" costa +4 sin®s, 


B 
te o,f ees (5) 
y =u sin 6+vcos 6= 6 - 3) sin 6 cos 6= 7 6, 
the latter of which gives 
y=" Psrentdk. Fox ,8 By ee ae aN eee (6) 


as is otherwise obvious, the additive constant being zero since the axis of X is taken to 
be coincident with, and not merely parallel to, the line of the impulse J. 


Let us first suppose that the body makes complete revolutions, in which case the first 
integral of (3) is of the form 


G3 sx co? (1 = BF B10 O)p soca vn nds das cdideluncanassactaGe tay abavee (7) 
A-B [? 
where k PuABOs pa Motote lpia aibieiniorsiLir ai sidie Bais) eia\sip blaisteialexivale’s e1as9' 610 (8) 


Hence, reckoning ¢ from the position @=0, we have 
Q dO 
tm fj tI (h, 8), rssosercvesreesversoveecasees 9 
” epee % 4) 3 °) 
in the usual notation of elliptic integrals. If we eliminate ¢ between (5) and (7), and then 
integrate with respect to 0, we find 


z-(£ fe o) Ft, 0) - 22 ak, 0) 


y= 26 =H) ~ 2 sin? yh, 


the origin of X being taken to correspond to the position @=0. The path can then be 
traced, in any particular case, by means of Legendre’s Tables, See the curve marked I on 
the next page. 

If, on the other hand, the solid does not make a complete revolution, but oscillates 
through an angle a on each side of the position 6=0, the proper form of the first integral 


of (3) is ae 
sin? 
62 = w? (1-5) Sete neers ene eeeeereasenseneesasseeons (11) 
where sin? a= ae a 2 es oe Ren ome (12) 
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sin a sin yp, 


sin 6 


If we put 


asin? yp), 


(1—sin? 


a 


m3 
sin? 


v=5 


this gives 


whence 


' 
' 
1 
| 
{ 
i 
1 
i) 
t 
tl) 
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Transforming to y as independent variable, in (5), and integrating, we find 


Le. < 
x= 5 sina. F(sina, ¥)— % coseca. E (sin a, ) en 
RoadbobuGeuceot 14 
y= cosy. 


The path of the point O is now a sinuous curve crossing the line of the impulse at intervals 
of time equal to a half-period of the angular motion. This is illustrated by the curves III 
and IV of the figure. 


There remains a critical case between the two preceding, where the solid just makes a 
half-revolution, @ having as asymptotic limits the two values +}m. This case may be 
obtained by putting 4=1 in (7), or a=$z in (11); and we find 


Dein 08 PERE Sitti eBook 81 4h eS Mates (15) 
wot = lop tank dana § 6) meeasecterse: sea caen ee ece ee een (16) 
VE : 
x=z, log tan (¢7+46)—- "S sin 6, 
Fe ve Miia Wide anal WF wate (0 Bhnetos torrets (17) 
@ 
y= 00s 6. 


See the curve II of the figure*. 


It is to be observed that the above investigation is not restricted to the case of a solid 
of revolution; it applies equally well to a body with two perpendicular planes of sym- 
metry, moving parallel to one of these planes, provided the origin be properly chosen. If 
the plane in question be that of wy, then on transferring the origin to the point (//B, 0, 0) 
the last term in the formula (2) of Art. 126 disappears, and the equations of motion take 
the form (2) above. On the other hand, if the motion be parallel to za we must transfer 
the origin to the point (— F/C, 0, 0). 

The results of this Article, with the accompanying diagram, serve to exemplify the 
statements made near the end of Art. 124. Thus the curve IV illustrates, with exaggerated 
amplitude, the case of a slightly disturbed stable steady motion parallel to an axis of per- 
manent translation. The case of a slightly disturbed unstable steady motion would be 
represented by a curye contiguous to II, on one side or the other, according to the nature 
of the disturbance. 


128. The mere question of the stability of the motion of a body parallel 
to an axis of symmetry may of course be treated more simply by approximate 
methods. Thus, in the case of a body with three planes of symmetry, as in 
Art. 126, 3°, slightly disturbed from a state of steady motion parallel to #, we 
find, writing w= +’, and assuming w’, v, w, p, g, 7 to be all small, 


du’ du dw 

Ag Baa Aur, Ca = Aug, ee (1) 
dp _ dg _ eae iyi | 
Fees Qa, =(C— A) uw, ha =(A B) ugv. 


* Tn order to bring out the peculiar features of the motion, the curves have been drawn for 
the somewhat extreme case of A=5B. In the case of an infinitely thin disk, without inertia of 
its own, we should have 4/B=a; the curves would then have cusps where they meet the axis 
of y. It appears from (5) that x has always the same sign, so that loops cannot occur in any case. 

In the various cases figured the body is projected always with the same impulse, but with 
different degrees of rotation. In the curve I, the maximum angular velocity is \/2 times what it 
is in the critical case I1; whilst the curves III and IV represent oscillations of amplitude 45° and 
18° respectively. 


LH 12 
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dy A(A—B 
Hence B a + ( PR Dies = 0, 
with a similar equation for r, and 
ia A Ae) ee 2 
C ie = wee Ug W = 0, t/a ols {stololis/alelele/ e121 ejsieis eieisisiere ( ) 


with a similar equation for g. The motion is therefore stable only when A 
is the greatest of the three quantities A, B, C. 

It is evident from ordinary Dynamics that the stability of a body moving parallel to an 
axis of symmetry will be increased, or its instability (as the case may be) will be diminished, 


by communicating to it a rotation about this axis. This question has been examined by 
Greenhill*. 


Thus, in the case of a solid of revolution slightly disturbed from a state of motion in 
which u and p are constant and the remaining velocities are zero, if we neglect squares 
and products of small quantities the first and fourth of equations (1) of Art. 124 give 


duldt=0, dp/dt=0, 
whence Wie Ohyy DE Diy Heeecdese sees sgeee cae ce gecsaueat (3) 


say, where wp, pp are constants. The remaining equations then take, on substitution from 
Art. 126 (3), the forms 


dv dw 
B (F - a) =—-Awr, 8B (F + pw) =A Und Wrasbacger sacsese aes (4) 


Q4 + (P-@) prr=—(A~ B) mn, ~(P—Q) poqg=(A—B) ugv. ......(5) 


If we assume that v, w, g, 7 vary as e?, and eliminate their ratios, we find 


Qo?+(P— 20) poo —{(P- @) pot + 5 ae B) ui} = =O oe, ee (6) 


The condition that the roots of this should be real is that 

Pips? +44 (A —B) Quy? 
should be positive. This is always satisfied when A>JB, and can be satisfied in any case 
by giving a sufficiently great value to pp. 


This example illustrates the steadiness of flight which is given to an elongated projectile 
by rifling. 


129. In the investigation of Art. 125 the term ‘steady’ was used to 
characterize modes of motion in which the ‘instantaneous screw’ preserved 
a constant relation to the moving solid. In the case of a solid of revolution, 
however, we may conveniently use the term in a somewhat wider sense, 
extending it to motions in which the vectors representing the velocities 
of translation and rotation are of constant magnitude, and make constant 
angles with the axis of symmetry and with each other, although their relation 
to points of the solid not on the axis may continually vary. 


* «Fluid Motion between Confocal Elliptic Cylinders, &c.’’ Quart, Journ. Math. xvi. 227 (1879). 
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The conditions to be satisfied.in this case are most easily obtained from the equations 
of motion of Art. 124, which become, on substitution from Art. 126 (4), 


du d 
AT, = B(rv- qu), PF =0, 
dv d 
Ba, = Bpw- Aru, Q St = -(4 - B) ww—(P-Q) pr, ratios Shae (1) 
dw dr 
BU =4Aqu-Bpy, = QF = (A-B) wt (P-Q) py. 
It appears that p is in any case constant, and that g?+r? will also be constant provided 
DIG = Ur: Wa EMSA AG aces tote ete te sc hs eee hee (2) 


This makes du/dt=0, and v?4+w?=const. It follows that & will also be constant; and it 
only remains to satisfy the equations 


These will be consistent provided 
kB{(A—B) ku+(P-Q) p}+ Q (kBp - Au)=0, 
u kBP 
p AQ-PB(A-B) 
Hence by variation of £ we obtain an infinite number of possible modes of steady motion, 
of the kind above defined. In each of these the instantaneous axis of rotation and the 
direction of translation of the origin are in one plane with the axis of the solid. It is 
easily seen that the origin describes a helix about the line of the impulse. 
These results are due to Kirchhoff. 


whence 


130. The only case of a body possessing helicoidal property, where simple 
results can be obtained, is that of the ‘isotropic helicoid’ defined by Art. 126 (8). 
Let O be the centre of the body, and let us take as axes of co-ordinates at any instant 
a line Oz parallel to the axis of the impulse, a line Oy drawn outwards from this axis, and 
a line Oz perpendicular to the plane of the two former. If J and & denote the force- and 
couple-constituents of the impulse, we have 
Aut+tLp=§=I, Av+Lq=n=0, Aw+Lr=¢=0, } (1) 
Pp+Iu=r=K, Pqt+Lv=p=0, Pr+lw=v=Ia,j 0 
where a denotes the distance of O from the axis of the impulse. 
Since AP— Z?#0, the second and fifth of these equations shew that v=0,g=0. Hence 
@ is constant throughout the motion, and the remaining quantities are also constant; in 


particular 
yePIeEK ble @ 
APT?’ AP oR ee 
The origin O therefore describes a helix about the axis of the impulse, of pitch 
liad 5 
SOC TH 


This example is due to Kelvin*. 


* Lc. ante p. 168. It is there pointed out that a solid of the kind here in question may be 
constructed by attaching vanes to a sphere, at the middle points of twelve quadrantal arcs drawn 
so as to divide the surface into octants. The vanes are to be perpendicular to the surface, and 
are to be inclined at angles of 45° to the respective arcs. Larmor (1.c. ante p. 173) gives another 
example. ‘‘If.,.we take a regular tetrahedron (or other regular solid), and replace the edges 
by skew bevel faces placed in such wise that when looked at from any corner they all slope the 
same way, we have an example of an isotropic helicoid.”’ 

For some further investigations in the present connection see a paper by Miss Faweett, ‘‘On 
the Motion of Solids in a Liquid,’’ Quart. Journ. Math. xxvi. 231 (1893). 
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131. Before leaving this part of the Subject we remark that the preceding 
theory applies, with obvious modifications, to the acyclic motion of a liquid 
occupying a cavity in a mowing solid. If the origin be taken at the centre 
of inertia of the liquid, the formula for the kinetic energy of the fluid motion 
is of the type 

OT = m (u2 + v2 + w*) + Pp? + Qq?+ Rr? + 2P’gr + 2Q'rp + 2R'pg. ...(1) 
For the kinetic energy is equal to that of the whole fluid mass (m), supposed 
concentrated at its centre of inertia and moving with this point, together with 
the kinetic energy of the motion relative to the centre of inertia. The latter 
part of the energy is easily proved by the method of Arts. 118, 121 to be 
a homogeneous quadratic function of p, q, 7. 

Hence the fluid may be replaced by a solid of the same mass, having the 
same centre of inertia, provided the principal axes and moments of inertia be 
properly assigned. 

The values of the coefficients in (1), for the case of an ellipsoidal cavity, may be calcu- 


lated from Art. 110. Thus, if the axes of x, y, z coincide with the principal axes of the 


ellipsoid, we find 
P,Q Ben eae a, (2-2? (a2 — 62) 
> bd at 


b24¢2 ? > e+az’ a2?+6? ’ 


P’, Q’, R'=0. 


Case of a Perforated Solid. 


132. If the moving solid have one or more apertures or perforations, so 
that the space external to it is multiply-connected, the fluid may have 
a motion independent of that of the solid, viz. a cyclic motion in which the 
circulations in the several irreducible circuits which can be drawn through 
the apertures may have any given constant values. We will briefly indicate 
how the foregoing methods may be adapted to this case. 

Let x, x’, «’’,... be the circulations in the various circuits, and let Sc, 80’, 
50’, ... be elements of the corresponding barriers, drawn as in Art. 48. 
Further, let 7, m, n denote the direction-cosines of the normal, drawn towards 
the fluid at any point of the surface of the solid, or drawn on the positive 
side at any point of a barrier. The velocity-potential is then of the form 


p + do, 
mare P= Udi + Vat Whs + prt Qx2trxs, (1) 
do=Koatn'o’ = Ko” ah i aloe De if a1 ORE bi caeaee 


The functions ¢1, $2, $3, x1, ¥2, X3 are determined by the same conditions as 
in Art. 118. To determine , we have the conditions: (1°) that it must 
satisfy V?w=0 at all points of the fluid; (2°) that its derivatives must vanish 
at infinity; (3°) that dw/dn must = 0 at the surface of the solid; and (4°) that 
® must be a cyclic function, diminishing by unity whenever the point to which 
it refers completes a circuit cutting the first barrier once (only) in the positive 
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direction, and recovering its original value whenever the point completes a 
circuit not cutting this barrier. It appears from Art. 52 that these conditions 
determine o ua to an additive constant. In like manner the remaining 
functions w’, w’”’, ... are determined. 


By the anh (5) of Art. 55, twice the kinetic energy of the fluid is 
equal to 


—p |[(b+ ea) (6 + do)as 
— pK ie ($ + do) do — px’ ie (b + do) do’ — .... ease. (2) 


Since the cyclic constants of ¢@ are zero, and since 0¢,/dn vanishes at the 
surface of the solid, we have, by Art. 54 (4), 


[Joo S® as+« [[S% do +e’ [ [52 ae! +... =[[pSras=o. 


Hence (2) reduces to 


-p {le a dS — px ies do — pk’ es TAT nd anode (3) 


Substituting the values of ¢, ¢o from (1) we find that the kinetic energy 


of the fluid is equal to 
de 2 a Pirird A a ABE er eS (4) 


where T is a homogeneous quadratic function of wu, v, w, p, g, 7, of the form 
defined by Art. 121 (2) (3), and 
2K =(«, e) +(e’, 0’) +... 2 (it, 0') i! 4 oes cece cee (5) 


where, for example, 


(«, e)=—p |[2” do, 
(«, )=—40 [[2 do — ip {|2° do” Es ath nne ot (6) 


dw’ dw ,, 


The identity of the different forms of (x, «’) follows from Art. 54 (4). 
Hence the total energy of fluid and solid is given by 
Tee TA ee co eee eee ad iee ey e (7) 
where @ is a homogeneous quadratic function of U, v, W, p,q, r of the same 
form as Art. 121 (8), and K is defined by (5) and.(6) above. 


133. The ‘impulse’ of the motion now consists partly of impulsive forces 
applied to the solid, and partly of impulsive pressures px, px’, px’, ... applied 
uniformly (as explained in Art. 54) over the several membranes which are 
supposed for a moment to occupy the positions of the barriers. Let us 
denote by &, m, &, >1, #1, 41 the components of the extraneous impulse 
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applied to the solid. Expressing that the «-component of the momentum of 
the solid is equal to the similar component of the total impulse acting on it, 
we have 


aap &— || (P+ do) ldS 
ahi pockets + Ko + heeds 


=f -F +px{[o 26 48 + px '{fo" Pass... sete (1) 


where, as before, T; denotes the aes energy of the solid, and T that part 
of the energy of the fluid which is independent of the cyclic motion. Again, 
considering the angular momentum of the solid about the axis of a, j 


Gp a P || (H+ do) (ny — me)ds 
ee Ox 
=)\it+p (udi + .. -+PxXit+.. -+tKko+. Jar dS 
= es: oT Ox1 |e ’ Ox1 
=)1 me t Pe |joe = dS + pe’ | 3, US+ okey re (2) 
Hence, since @ = T+), we have 


poe [fotbaswe [fu tier. 


ra oe a ’ ’ 3 
m= Fp ~ Pe |) oe dS — pe [Je On as—. 

By virtue of Lord Kelvin’s extension of Green’s Theorem, already referred 
to, these may be written in the alternative forms 


&= © + pe ||P dot pe [Pacts 


ou on 
Bre eciy aun (4) 
_ Ox ’ Ox , 
M= ap + px || do + pk {| da’ +... 


Adding to these the terms due to the impulsive pressures applied to the 
barriers, we have, finally, for the components of the total impulse of the 


motion*, 
om om om 
e; UB f= By + o> “Ov + , Bw + 50 


as ueane ene (5) 
r, b, eo a OAS oC 
Op oq or 
where, for example, 
£) = px {|(c+ ot) do + px’ J +) do’ +. 
Rest) 


@ | 0 , 
he pre |{(ny — me + 28) do + pe fags + Es do’ + ~ 


* Cf. Sir W. Thomson, l.c. ante p. 168. 
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It is evident that the constants £, mo, £, ro, fo, Yo are the components 
of the impulse of the cyclic fluid motion which would remain if the solid 
were, by forces applied to it alone, brought to rest. 


By the argument of Art. 119, the total impulse is subject to the same 
laws as the momentum of a finite dynamical system. Hence the equations 
of motion of the solid are obtained by substituting from (5) in the equations 
(1) of Art. 120*. 


134. As a simple example we may take the case of an annular solid of 
revolution. 


If the axis of # coincide with that of the ring, we see by reasoning of the same kind as 
in Art. 126, 4° that if the situation of the origin on this axis be properly chosen we may 


write 
2T= Au? + B(v?+w)+ Ppre@ (qetr)+ (Kk, K) er eccceccccce scene (1) 


Hence NTC AG 1 aga DUD UCM NN fis VL De Gen Gi menntecinanen erent (2) 


Substituting in the equations of Art. 120, we find dp/dt=0, or p=const., as is other- 
wise obvious, Let us suppose that the ring is slightly disturbed from a state of motion in 
which v, w, p, q, 7 are zero, 7.e. a steady motion parallel to the axis. In the beginning of 
the disturbed motion », w, p, g, 7 will be small quantities whose products we may neglect. 
The first of the equations referred to then gives du/dt=0, or u=const., and the remaining 
equations become 


Boa (Auten, — QB -((A-Byuth ws, | 
Pateoueeee (3) 
Bo (Au+&,)q, Qu = {((A— B) ut &} ». | 
Eliminating 7, we find 
BQ el —(Au+&) {(A — B) Ut bo} ceseceeseesrnreeceeceerenes (4) 


Exactly the same equation is satisfied by w. It is therefore necessary and sufficient for 
stability that the coefficient of v on the right-hand side of (4) should be negative; and the 
time of a small oscillation, when this condition is satisfied, ist 


} 
od erases (A= Soren ceryreeat tt 


We may also notice another case of steady motion of the ring, viz. where the impulse 
reduces to a couple about a diameter. It is easily seen that the equations of motion are 
satisfied by 6, 7, ¢, A, »=0, and vy constant; in which case 


u=-—&/A, r=const. 


The ring then rotates about an axis in the plane yz parallel to that of z, at a distance u/r 
from itt. 


* This conclusion may be verified by direct calculation from the pressure-formula of Art. 20; 
see Bryan, ‘‘Hydrodynamical Proof of the Equations of Motion of a Perforated Solids, - 
Phil. Mag. (5) xxxv. 338 (1893). 

+ Sir W. Thomson, l.c. ante p. 168. 

t For further investigations on this subject we refer to papers by Basset, ‘‘On the Motion 
of a Ring in an Infinite Liquid,’’ Proc. Camb. Phil. Soc. vi. 47 (1887), and Miss Fawcett, l.c. ante 
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The Forces on a Cylinder moving in Two Dimensions. 

134a. The two-dimensional problem of the motion of a cylindrical body, 
especially when there is circulation round it, is most simply treated by direct 
calculation of the pressures on the surface*. We assume as usual that the 
fluid is at rest at infinity. 

Taking axes fixed in a cross-section, we denote by (u, v) the velocity of 
the origin, and by r the angular velocity, the symbols u, v being now required 
in their original sense as component velocities of the fluid. The pressure- 
equation is then 

B= — (amy) 52 -(9 +30) 5° — $¢"+ const, hengecatt (1) 
where g?=u?+v*, The force (X, Y) and couple (N) to which the pressures 
on the surface reduce are 


=— [plds, ¥=— [pmds, N =~ |p (ma — ly) ds, ret (2) 


where l, m are the direction cosines of the normal drawn outwards from an 
element 6s of the contour, and the integration is taken round the perimeter. 


Now 


4 | qflas =— [I(v oa + v5) dady = [vw + m2) uds, 


+ [mds =— | [(us +05) dandy = | (tu eae 

in virtue of the relations 

0u/da = du/dy, Ou/dx + dv/dy = 0. 
We have here omitted the various line-integrals taken over an infinite enclosing 
boundary, since at a great distance r the velocity is at most of the order 1/r, 
whilst 6s is of the order r6@. At the surface of the cylinder we have 

lut+mv=l(a—ry)+M(VHYLT). oer cccceeeneseees (4) 
Hence substituting from (1) in (2) we find 


San | elas + [emu — lo) (v +12) ds 


ot 
op 0 
| =- | ids + ov-+ ra) as, woaas onsite Saree emts emer (5) 
and similarly 
Nie een |e? op 
san | amas — |a—ry) 2 as i viUsigeoe vee tegumeer ons (6) 


Again we find, 
4 |e (ma — ly) ds = [cu + my) (ev — yt) da oie. ck sce ee (7) 


* Aeronautical Research Committee, R. and M. 1218 (1929). For another treatment see Glauert, 
R. and M, 1215 (1929). 
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Here also, the line-integrals round an infinitely remote boundary are omitted, 
since we may suppose that at this boundary l/#= m/y, and that lu + mv is of 
the order 1/7. The formula (2) for N thus becomes 


a =-|x (me — ly) ds + [eae + vy) (lv — mu) ds 
__ (2% E tipee. op 
=— {2 (max — ly) ds (ae + vy) ae Lp A ses Sastre oe (8) 
We now write, in analogy with Arts. 118, 132, 
$= ud, + Vd2+ ry + do, eiofelencisisnereretotere era eteieieieieireraerole (9) 


where ¢ represents the circulatory motion which would persist if the cylinder 
were brought to rest. It is therefore a cyclic function with, say, the cyclic 
constant x. Comparing with (4) we have, at the surface of the cylinder, 


Cdr _ Opa _ OX Saree ree Odo _ 
Ca = l, Py. =—=— J, an = (max ly), ae ssi Pe (10) 
In the absence of circulation the energy of the fluid would be 
0 
paper, (6— $0) $2 ds. sacks peel ary (11) 
Substituting from (9) and (10) this gives 
2T = Au’? + 2Huv + Bv? + Rr? + 2(Lu+Mv)r, ......... (12) 


where 


A=p [rds, H=p [gads =p [mards, B=p [mdads 
R=p [ne — ly) xds, 


L=p |txas = (ma —ly) ¢ids, M=p |mxas = [me — ly) pads. 


eae: (13) 
The leading terms in (5), (6), and (8) now take the forms 
d oT 
-£ (au +Hv+Lr)=-52, 
T 
~2au+ Bv+ Mr) =— 2 sere BAAR we (14) 
d oT 
- {ar t+in+My)=- 52. 
Again, we have 
= oT 
p [x2 F—%) ds =p |m($— dy) ds=Hu+Bv + Mr=—, 
= oT 
p fy“ F—™ as = p |U(p— $0) ds=—(Au + Hv + Lr) =— Aue 
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Hence if we write 


ote ae 16 
fe a5 ds = @, {y 5 Ne © Samar Py & fee oe vp (16) 
the expressions for the forces become 
adoT oT 
x= Alon ie —Kpv + per, 
doT oT 
ie oe Pe OU + PRY 0 spa eae 17 
Y hae ra + put por, (17) 
d oT oT 


oT 
Taper ton — Us —p (au + By). 

By turning the co-ordinate axes through a suitable angle, the coefficient 
H can be made to vanish. And by a suitable choice of origin we may also 
annul the coefficients L, M, or alternatively we may make a=0, B=0. But 
these two determinations are in general incompatible, and neither of these 
special origins can be assumed to coincide with the mean centre of the area 
of the section. 


N= 


The most interesting case, however, is where the section is symmetrical 
with respect to each of two perpendicular axes. If these are taken as axes of 
co-ordinates we have 

H=0, L=0,.M=0, o=0, 8 =0,...0.........+. (18) 
and the formulae (17) reduce to 
du 


X=—-AT + Brv — xv, 
dv 

Y=—B 7 — Aru+ cu, wiles Oss TTe Ree ahe Sawes (19) 
dr 


N=—R7,—(A—B) uv. 


To form the equation of motion in this case we have only to modify the 
inertia coefficients, as in Art. 122. If the distribution of mass is also 
symmetrical, we write 

A=A+M, B=B+M, R=R++1Z, ............... (20) 
where M represents the mass of the cylinder itself, and Z its moment of 
inertia. Then 

A on Brv +xpv=X 
dt Cae Se 
Vv 
Bee Ard — cow ety, pas see ee (21) 


dr 
Le, —(A—-B)uv= VN, 


where X, Y, V represent the effect of extraneous forces. When these are 
absent, and the circulation zero, the solution is as in Art. 127. 
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In the case of a circular section there is no point in supposing. the 
co-ordinate axes to rotate. Putting A =B, r= 0, we have 
dv 


du 
A a t eux, Aa 


SS XPUSSY ion doeohancndst «si (22) 
as in Art. 69. 

If the section is symmetrical with respect to one axis only, say that of , 
we have H=0, L=0, B=0. By a displacement of the origin along the axis 
of symmetry we can make M=0, but ¢ will not in general vanish simultaneously. 


If there is no circulation the new origin corresponds to the ‘ centre of reaction’ 
of Thomson and Tait*. 


Equations of Motion in Generalized Co-ordinates. 


135. When we have more than one moving solid, or when the fluid is 
bounded, wholly or in part, by fixed walls, we may have recourse to Lagrange’s 
method of ‘generalized co-ordinates.’ This was first applied to hydrodynamical, 
problems by Thomson and Tait. 

The systems ordinarily contemplated in Analytical Dynamics are of finite 
freedom ; 1.¢. the position of every particle is completely determined when 
we know the values of a finite number of independent variables or ‘ generalized 
co-ordinates’ 91, g2, --- Yn. The kinetic energy 7’ can then be expressed as a 
quadratic function of the ‘ generalized velocity components’ q1, ge, ... Gn- 

In the Hamiltonian method the actual motion of the system between any 
two instants to, 4; is compared with a slightly varied motion. If &, m, ¢ be the 
Cartesian co-ordinates of any particle m, and X, Y, Z the components of the 
total force acting on it, it is proved that 


th 
| (AT +S (XAE+ YAn +ZA0) dt= 0) escesceescssss (1) 
ty 
provided the varied motion be such that 
- : ty 
[zm (EAE + jAn + tas) — nghaerndeete totaly (2) 


The summation > is understood to include all the particles of the system. 
The varied motion is usually supposed to be adjusted so that the initial 
and final positions of each particle shall be respectively the same as in the 
actual motion. The quantities Af, An, Ag then vanish at each limit of 
integration, and the condition (2) is fulfilled. 


For a conservative system free from extraneous force (1) takes the form 
e é 
a| FEE Cre eee ee (3) 
to 


* Natural Philosophy, Art. 321. 
+ Ibid. Art. 331, 
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In words, if the actual motion of the system between any two configura- 
tions through which it passes be compared with any slightly varied motion, 
between the same configurations, which the system is (by the application of 
suitable forces) made to execute in the same time, the time-integral of the 
‘kinetic potential’* V— T is stationary. 


In terms of generalized co-ordinates, the equation (1) takes the form 


a 
| (ATMO NG, Os Ate eee ey Ag, vce 0 (4) 
to 
from which Lagrange’s equations 
dor of 
Sa ea Ee eee 5 
dtdq, 04, Q (9) 


can be deduced by a known process. 


136. Proceeding now to the hydrodynamical problem, let 91, q2, .-- n be 
a system of generalized co-ordinates which serve to specify the configuration 
of the solids. We will suppose, for the present, that the motion of the fluid 
is entirely due to that of the solids, and is therefore irrotational and acyclic. 


In this case the velocity-potential at any instant will be of the form 


b= qb1 + G2h2+ eon + nn, Olevepacchgielsies anaes wanes (1) 


where ¢1, ¢2, ... are determined in a manner analogous to that of Art. 118. 
The formula for the kinetic energy of the fluid is then 


a) : : an 
Ya = fo [JpS2as= Ang + Ande + ee + 2Aj291g2 + Shap. asda (2) 


where 
An =—p [|b as, An=—p ||, ds =—p {|g fras, ...(8) 


the integrations extending over the instantaneous positions of the bounding 
surfaces of the fluid. The identity of the two forms of A,, follows from 
Green’s Theorem. The coefficients A,,, A,, will in general be functions of 
the co-ordinates qi, 92, --- Yn- 

If we add to (2) twice the kinetic energy, T1, of the solids themselves, we 
get an expression of the same form, with altered coefficients, say 


2T = Ang? == A 99 Go" eo oe 2A129142 BES mena Ocacoe (4) 


It remains to shew that, although our system is one of infinite freedom, 
the equations of motion of the solids can, under the circumstances pre- 
supposed, be obtained by substituting this value of 7 in the Lagrangian 
equations, Art. 135 (5). We are not at liberty to assume this without 
further examination, for the positions of the various particles of the fluid are 


* The ndme was introduced by Helmholtz, ‘‘Die physikalische Bedeutung des Princips der 
kleinsten Wirkung,”’ Credle, c. 137, 213 (1886) [Wiss. Abh. iii. 203]. 


135-136 | Application to Hydrodynamics 189 


not determined by the instantaneous values qj, 2, ... gn of the co-ordinates 
of the solids. For instance, if the solids, after performing various evolutions, 
return each to its original position, the individual particles of the fluid will 
in general be found to be finitely displaced *. 

Going back to the general formula (1) of Art. 135, let us suppose that in 
the varied motion, to which the symbol A refers, the solids undergo no 
change of size or shape, and that the fluid remains incompressible, and has, 
at the boundaries, the same displacement in the direction of the normal as 
the solids with which it is in contact. It is known that under these 
conditions the terms due to the internal reactions of the solids will disappear 
from the sum 


3 (XAE+ YAn+ ZA’). 


The terms due to the mutual pressures of the fluid elements are equivalent to 
0 é 0 
a Ne AE+ oy An +5 Ws Pas) da dy dz, 


or ||p (LAE + mAn + nA) dS + {|e (SE + ee “+ ) dx dy dz, 
where the former integral extends over the bounding surfaces, and 1, m,n 
denote the direction-cosines of the normal, drawn towards the fluid. The 


volume-integral vanishes by the condition of incompressibility 
OAE dAn df 
da tT oy +e 
The surface-integral vanishes at a fixed boundary, where 
LAE + mAn+ndf=0; 
and in the case of a moving solid it is cancelled by the terms due to the 
pressure exerted by the fluid on the solid. Hence the symbols X, Y, Z may 
be taken to refer only to the remaining forces acting on the system, and we 
may write 
= (XAE+ YAn+ ZA) = Q1Aq1 + Qe Age + stele + QnAgn; apaor (6) 


where Q1, Qe, ... Q, are generalized components of force. 


Ve te (5) 


The varied motion of the fluid has still a high degree of generality. We 
will now further limit it by supposing that while the solids are, by suitable 
forces applied to them, made to execute an arbitrary motion, the fiuid is left 
to take its own course in consequence of this. The varied motion of the 
fluid may accordingly be taken to be irrotational, in which case the varied 
kinetic energy 7+ AT of the system will be the same function of the 
varied co-ordinates g,+Ag,, and the varied HOES Gr +Aqr, that the 
actual energy 7’ is of q, and q,. 

* As a simple example, take the case of a circular disk which is made to move, without 


rotation, so that its centre describes a rectangle two of whose sides are normal to its plane; and 
examine the displacements of a particle initially in contact with the disk at its centre. 
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Again, considering the particles of the fluid alone, we shall have, on the 
same supposition, 


Sin (EAE + An + €AD) = -e[[|(Z ao +o ay +5? Ae) dadyde 


_ |g (IAE + mAn + nd) aS, 


where use has again been made of the condition (5) of incompressibility. By 
the kinematical condition to be satisfied at the boundaries, we have 


0 
lAE+ mAn Se nat = — oe 7 On — Fal Age = Baa ra Addn; 
and therefore 


3m (EAE + HAn + iS) =—p || (2 Agi +P Age +. +2 san) aS 


= (Angi + Aisge t+... + Aingn) Agi + (Asi gi + Asage+ .-. + Aangn) Age 
si (And. + Ano ga Se ceo Sp AnnQn) AQn 
=F Aq + ci. Ag+... +5 AGS A wiHihd vai (7) 
by (1), (2), (8) above. If we add the terms due to the solids, we find that 
the condition (2) of Art. 135 still holds; and the deduction of Lagrange’s 
equations 


then proceeds in the usual manner. 


137. As a first application of the foregoing theory we may take an 
example given by Thomson and Tait*, where a sphere is supposed to move 
in a liquid which is limited only by an infinite plane wall. 

Taking, for simplicity, the case where the centre moves in a plane perpendicular to 


that of the wall, let us specify its position at time ¢ by rectangular co-ordinates z, y in this 
plane, of which y denotes distance from the wall. We have 


BT ee Ag Biren an. sreocssbantess tunes teeta eee (1) 


where A and B are , functions of ¥ only, it being plain that the term <7 cannot occur, since 
the energy must remain unaltered when the sign of ¢ is reversed. The values of 4, B can 
be written down from the results of Arts. 98, 99, viz. if m denote the mass of the phere 
and a its radius, we have 


at a 
A=m+4mpas (+a ak B=m+3rpa° (+85), ste ebbutsBictiaeote (2) 
approximately, if y be great in comparison with a. 


The equations of motion give 


Bes d dB 
a At)=4, a (By) — a(% G+ iy f)=k SRBSeRERC EN EeHIeS (3) 


where A, Y are the components of extraneous force, supposed to act on the sphere in a 
line through the centre. : 


* Natural Philosophy, Art. 321. 
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If there be no extraneous force, and if the sphere be projected in a direction normal to 
the wall, we have +=0, and 
IB 2 == COUSIN eaten Nose aee eal ee cae ee (4) 
Since B diminishes as y increases, the sphere experiences an acceleration from the wall. 


Again, if the sphere be constrained to move in a line parallel to the wall, we have 
¥=O, and the necessary constraining force is 


Y=-3 Sw Meee eects ee aac cone nos aseieaeaereses (5) 


Since dA/dy is negative, the sphere appears to be attracted by the wall. The reason of 
this is easily seen by reducing the problem to one of steady motion. The fluid velocity 
will evidently be greater, and the pressure therefore less, on the side of the sphere next 
the wall than on the further side; see Art. 23. 

The above investigation will also apply to the case of two spheres projected in an 
unlimited mass of fluid, in such a way that the plane y=0 is a plane of symmetry in all 
respects. 


138. Let us next take the case of two spheres moving in the line 
of centres. . 

The kinematical part of this problem has been treated in Art. 98. If we now denote 
by x, y the distances of the centres of the spheres A, B from some fixed origin O in the 
line joining them, we have 

Mb med A LAL LN Sy ces iar sass spas enp desi naipindnceganh os (1) 
where the coefficients Z, Y¥, V are functions of y — 2, or c, the distance between the centres. 
Hence the equations of motion are 


De ole eal ds 
5; (le Mi) +3 (FH- 27, t+ 99) =X, 


d : ; CLE GME VPN Ne 
ay 6 Met NY) -4 (ie 2a oY + #) = ¥, 
where X, Y are the forces acting on the spheres along the line of centres. If the radii a, b 
are both small compared with c, we have, by Art. 98 (15), keeping only the most important 
terms, 
. a3 63 , 

L=m+%npa', M=2rp ae NV 9) +8 ap? ois scrvesavecveosess (3) 

approximately, where m, m’ are the masses of the two spheres. Hence to this order of 


approximation 
aL dM 6 a? b8 dN 


di 7 ae eh 
If each sphere be constrained to move with constant velocity, the force which must be 
applied to A to maintain its motion is 


dM aM ue 
Xm — GB) — Fe MRO mp GP verrvrrecersseereren (4) 


=0. 


This tends towards B, and depends only on the velocity of B. The ee: therefore 
appear to repel one another; and it is to be noticed that the apparent forces are not equal 
and opposite unless z= +7. 

Again, if each sphere make small periodic oscillations about a mean position, the period 
being the same for each, the mean values of the first terms in (2) will be zero, and the 
spheres therefore will appear to act on one another with forces equal to 


6mp ae Oey Be ae Me Sen PMU asa ra seteeaocne Nilcone beens Kees (5) 
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where [7] denotes the mean value of #y. If #, 7 differ in phase by less than a quarter- 
period, this force is one of repulsion, if by more than a quarter-period it is one of attraction. 


Next, let B perform small periodic oscillations, while A is held at rest. The mean force 
which must be applied to A to prevent it from moving is 


where [#2] denotes the mean square of the velocity of B. To the above order of approxi- 
mation dWV/de is zero; on reference to Art. 98 we find that the most important term in it 
is — 12mpa%b8/c’, so that the force exerted on A is attractive, and equal to 


3p0 | 
6xp (otf ek tee Peseta pee Verne oe. (7) 


This result comes under a general principle enunciated by Kelvin. If we have two 
bodies immersed in a fluid, one of which (A) performs small vibrations while the other (8) 
is held at rest, the fluid velocity at the surface of B will on the whole be greater on the 
side nearer A than on that which is more remote. Hence the average pressure on the 
former side will be less than that on the latter, so that B will experience on the whole an 
attraction towards A. As practical illustrations of this principle we may cite the apparent 
attraction of a delicately-suspended card by a vibrating tuning-fork, and other similar 
phenomena studied experimentally by Guthrie* and explained in the above manner by 
Kelvin t. 


Modification of Lagrange’s Equations in the case of Cyclic Motion. 


139. We return to the investigation of Art. 136, with the view of 
adapting it to the case where the fluid has cyclic irrotational motion through 
channels in the moving solids, or (it may be) in an enclosing vessel, in- 
dependently of the motion due to the solids themselves. 


Let us imagine barrier-surfaces to be drawn across the several apertures. 
In the case of channels in a containing vessel we shall suppose these ideal 
surfaces to be fixed in space, and in the case of channels in a moving solid 
we shall suppose them to be fixed relatively to the solid. Let y, y’, x”, ... 
be the fluxes at time ¢ across, and relative to, the several barriers; and let 
x x’, x”, ... be the time-integrals of these fluxes, reckoned from some 
arbitrary epoch, these quantities determining (therefore) the volumes of 
fluid which have up to the time ¢ crossed the respective barriers. It will 
appear that the analogy with a dynamical system of finite freedom is still 
conserved, provided the quantities y, y’, x’’,... be reckoned as generalized 
co-ordinates of the system, in addition to those (q1, ge, ... gn) which specify 
the positions of the moving solids. It is obvious already that the absolute 
values of y, x’, x”, ... will not enter into the expression for the kinetic 
energy, but only their rates of variation. 


In the first place, we may shew that the motion of the fluid, in any given 
configuration of the solids, is completely determined by the instantaneous 


* «On Approach caused by Vibration,’’ Phil. Mag. (4) xl. 345 (1870). 

+ Reprint of Papers on Electrostatics, &c. Art. 741. For references to further investigations, 
both experimental and theoretical, by C. A. Bjerknes and others, on the mutual influence of 
oscillating spheres in a fluid, see Hicks, ‘‘ Report on Recent Researches in Hydrodynamics,” Brit. 
Ass. Rep. 1882, pp. 52...; Love, Encycl. d. math. Wiss. iv. (3), pp. 111, 112. 
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values of 1, Ge, -.. dns % X, X”,---- For if there were two modes of 
irrotational motion consistent with these values, then, in the motion which 
is the difference of these, the boundaries of the fluid would be at rest, and 
the flux across each barrier would be zero. The formula (5) of Art. 55 shews 
that under these conditions the kinetic energy would vanish. 

It follows that the velocity-potential can be expressed in the form 


b = Gidit dapat .-- +Gndnt yxQt Yo OH 0. ceececseeeee (1) 

Here ¢, is the velocity-potential of a motion in which q, alone varies and 
the flux across each barrier is accordingly zero. Again Q is the velocity- 
potential of a motion in which the solids are all at rest, whilst the flux 
through the first aperture is unity, and that through every other aperture is 
zero. It is to be observed that ¢1, do, ... dr, 2, 0’, ... are in general all of 
them cyclic functions, which may however be treated as single-valued, on the 
conventions of Art. 50. 


The kinetic energy of the fluid is given by the expression 


2T =p (INGEy a 5) a (2) OR OU A2 wie cea eae (2) 


where the integral is taken over the region occupied by the fluid at the 
instant under consideration. If we substitute from (1) we obtain T as a 
homogeneous quadratic function of qi, ge, --- Qno % XX > ++ With coefficients 
which depend on the instantaneous configuration of the solids, and are there- 
fore functions of q1, G2, --- Yn only. Moreover, we find, by Art. 53 (1), 


ore ( (ad 0Q dg 0Q ae 
su | Ila ae dy Oy dz dz EG 


00 00, ,((eQ ,, 
=—p [[ 65 as — pe || da — pe [|G ae = ats 


where x, x’, ... are the cyclic constants of ¢, and the first surface-integral is 
to be taken over the surfaces of the solids, and the remaining ones over the 
several barriers. By the conditions which devermine Q, this reduces to the 
first equation of the system : 


oT oT 

ie da] hoe nena ean meet ad sd 3 

ox PX, ax’ fdas ( ) 
These shew that px, px’, ... are to be regarded as the generalized components 
of momentum corresponding to the velocity-components y, x’, ..., respec- 


tively. 

We have recourse to the general Hamiltonian formula (1) of Art. 135. 
We will suppose that the varied motion of the solids is subject only to the 
condition that the initial and final configurations are to be the same as in the 
actual motion; also that the initial position of each particle of the fluid is the 
same in the two motions. The expression 

SH (PARISH An HC AC) IDE: nif. teeid ceils waves (4) 


LH 13 
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will accordingly vanish at time f, but not in general at time ¢;, in the absence 
of further restrictions. 


We will now suppose that the varied motion of the fluid is irrotational, and 
accordingly determined by the instantaneous values of the varied generalized 
co-ordinates and velocities. Considering the particles of the fluid alone, we 
have . 


Sm (EAE + #An + CAL) =-p||| (56 AE + = Aye we as) dedy de 
ay: | | $ (JAE + mAq + nAd) dS + pe | | (IAE + mAn+nAb) de 


pie [|] @ag+man Neva y aCe t ae Yp.3 


where lJ, m, n are the direction-cosines of the normal to an element of the 
bounding surface, drawn towards the fluid, or (as the case may be) of the 
normal to an element of a barrier, drawn in the direction in which the 
corresponding circulation is estimated. 


At time we shall have 
lAE+ mAn + nAf=0 


at the surface of the solids, as well as at the fixed boundaries. Again, if AB 
represent one of the barriers in its position at time t,, 
and if A’B’ represent the locus at the same instant, in 
the varied motion, of those particles which in the actual 
motion occupy the position AB, the volume included 
between AB and A’B’ will be equal to the corre- 
sponding Ay, whence 


{| (JAE + mAn + nf) do = Ay, 


| | (IAE + mAn + nAt) da’ = Ay’, 


The varied circulations are, from instant to instant, still at our disposal. 
We may suppose them to be so adjusted as to make Ay, Ay’, ... vanish at 
time t,. The expression (4) will accordingly vanish, and if we further suppose 
that the external forces do on the whole no work when the boundary of the 
fluid is at rest, whatever relative displacements be given to the parts of the 
fluid, we have 


firs Qi Agi + Q2Age +... + Qn Agn} Gives (Gao aan omreee (7) 
3 before. 

By a partial integration, and remembering that by hypothesis 
. Agr, Aga, ... Aga, Ay, Ay’, «.. 
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vanish at the limits fp, t;, but are otherwise independent, we obtain n equations 
of the type 


di ag, 7 ag, NLM 2A ON | Re a ne (8) 
: d oT d oT 
together with dt dy = (0, oi By? UD sacra caep ary iE (9) 


140. Equations of the type (8) and (9) present themselves in various 
problems of ordinary Dynamics, e.g. in questions relating to gyrostats, where 
the co-ordinates y, x’, ..., whose absolute values do not affect the kinetic or the 
potential energy of the system, are the angular co-ordinates of the gyrostats 
relative to their frames. The general theory of such systems has been treated 
by Routh*, Thomson and Tait +, and other writers. 


or oT ; 

We have seen that a pk, i= 17 he capupenmdan Poscapt dx tes ade EE 5 (10) 
and the integration of (9) shews that the quantities x, x’, ... are constants 
with regard to the time, as is otherwise known (Art. 50). Let us write 

We IBN a DIN omega g Whine bes rsecane ee epmecs CEL) 


The equations (10), when written in full, determine y, y’, ... as linear functions 
of x, x’, ... and qi, ge, .-. Gn} and by substitution in (11) we can express R as 
a homogeneous quadratic function of the same quantities, with coefficients 
which of course in general involve the co-ordinates qi, ga, ... Qn. On this 
supposition we have, performing an arbitrary variation 6 on both sides of (11), 
and omitting terms which cancel by (10), 


OF a ok oR 

ee cag, oe Mia aga 2: 
or or 
= 6g —_ os —pyow—..., ...(12 
aed Sie basis hae pxXoK (12) 


where, for brevity, only one term of each kind is exhibited. Hence we obtain 
2n equations of the types 


Oh ol | whaler: 
EE ee eto ts cog one APU BH EE TAA 13 
OGr Oqr » O9r Oqr ’ ( ) 
oR ok 
i — — Leet iets sav. receeks 14 
together with Aaland PX » (14) 
Hence the equations (8) may be written 
doR oR 
Sh ee OE Dig i sieieis tcinie sic pe vine via ve sheas 15 
Han aq (15) 


* On the Stability of a Given State of Motion (Adams Prize Essay), London, 1877; Advanced 
Rigid Dynamics, 6th ed., London, 1905. dita be 
+ Natural Philosophy, 2nd ed., Art. 319 (1879). See also Helmholtz, ‘Principien der Statik 
monocyclischer Systeme,’’ Crelle, xcvii. (1884) [Wiss. Abh. iii. 179]; Larmor, “‘On the Direct 
Application of the Principle of Least Action to the Dynamics of Solid and Fluid Systems,”’ Proc. 
Lond. Math. Soc. (1) xv. (1884) [Papers, i. 31]; Basset, Proc. Camb. Phil. Soc. vi. 117 (1889). 
13-2 
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where the velocities y, y’, ... corresponding to the ‘ignored’ co-ordinates 
x, x’, --. have now been eliminated *. 


144. In order to shew more explicitly the nature of the modification 
introduced by the cyclic motions into the dynamical equations, we proceed as 
follows. 

If we substitute in (11) from (14), we obtain 


Ole. Glu 
T=R- («Ste G4...) 1 eealiyy. leon (16) 
Now, remembering the composition of R, we may write for a moment 
R= Reig Hii -P ligey) %. aeinasee. seer eee nde (17) 
where Rego is a homogeneous quadratic function of qi, gz, .-- Gn» Roz 18 a 
homogeneous quadratic function of «, «’,..., and Rj, is bilinear in these two 
sets of variables. Hence (16) takes the form 
T = Reo — Roe, sielelaialetet chotel sielaVela}ereteleleiatwtetstelaveretals (18) 
or, as we shall henceforth write it, 

NC, mas one daw nactgnoagee nee sh (19) 
where @ and K are homogeneous quadratic functions of q1, ga, --- Gn, and of 
kK, K’,..., respectively. It follows also from (17) that 

R=@ —K— Bihi— Bege—.-- — Bndn, oe eee eeeeseoeee (20) 
where (1, 82, ... are linear functions of x, x’, ..., say 
Br=qn+an' +..., 
Pas Crk Fo Osika + te hl See. 2 ee (21) 


LEE 
By = One Kk 


The meaning of the coefficients a (in the hydrodynamical problem) appears 
from (14) and (20). We find 


ok 
PX = Ae + Q1 + Gedot+... + On dns 


Cr i irae s 


which shew that a, is the contribution to the flux of matter across the first 
barrier due to unit rate of variation of the co-ordinate q,, and so on. 


If we now substitute from (20) in the equations (15) we obtain the general 
equations of motion of a ‘ gyrostatic system,’ in the form+ 


* This investigation is due to Routh, l.c.; ef. Whittaker, Analytical Dynamics, Art. 38. 

+ These equations were first given in a paper by Sir W. Thomson, ‘‘On the Motion of Rigid 
Solids in a Liquid circulating irrotationally through perforations in them or in a Fixed Solid,” 
Phil. Mag. (4) xlv. 332 (1873) [Papers, iv. 101]. See also C. Neumann, Hydrodynamische 
Untersuchungen (1883). 
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do of Peart : ewok) 
di 2d: Bon HL) da (1 3) dak tL 2) date = Os, 
dom 3 : ; sul eae x6 
ee Glee ee BO Deere (2. ") data, = Vs. 
do eo ; . : Ook 
og ee aaa tt, 3) ae +3, um 
Fe (23) 
’ _ OB, OB, : 
where ir 2) 5a, neh alcadar isis hs Gia (24) 


It is important to notice that (7, s) =—(s, r), and (r, r) =0. 

If in the equations of motion of a fully-specified system of finite freedom 
(Art. 135 (4)) we reverse the sign of the time-element 8¢, the equations are 
unaltered. The motion is therefore reversible; that is to say, if as the system 
is passing through any assigned configuration the velocities g1, ge, ... dn be all 
reversed, it will (if the forces be always the same in the same configuration) 
retrace its former path. It is important to observe that this statement does 
not in general hold of a gyrostatic system; thus, the terms in (23) which are 
linear in 41, ga, -.. Gn Change sign with 6t, whilst the others do not. Hence, in 
the present application, the motion of the solids is not reversible, unless indeed 
we imagine the circulations x, x’, ... to be reversed simultaneously with the 
velocities G1, G2, --- Gn*. 

If we multiply the equations (23) by 41, ge, --. Yn in order, and add, we find, 
by an easy adaptation of the usual process, 


£ (E+ K) =i + aint --- + Onda ee eee (25) 


or, if the system be conservative, 


Cee Ke View o0tistne adh ein benish sth (26) 


142. The results of Art. 141 may be applied to find the conditions of 
equilibrium of a system of solids surrounded by a liquid in cyclic motion. 
This problem of ‘Kineto-Statics,’ as it may be termed, is however more 
naturally treated by a simpler process. 

The value of ¢ under the present circumstances can be expressed in the 


alternative forms 
42-96 kD og CHW ial Ae eal tech aL ie ee RAR (1) 


BO dO ae rane 2 PEE EE eT Ee eee (2) 


and the kinetic energy can accordingly be obtained as a homogeneous quad- 
ratic function either of y, y’,..., or of «, «’, ..., with coefficients which are 
in each case functions of the co-ordinates qi, gz, --- Qn which specify the 


* Just as the motion of the axis of a top cannot be reversed unless we reverse the spin. 
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configuration of the solids. These two expressions for the energy may be 
distinguished by the symbols 7) and K, respectively. Again, by Art. 55 (5) 
we have a third formula 


27 = "Piey PF pk NY Arises ct ce eitee, caeeee geen a> ee (3) 
The investigation at the beginning of Art. 139, shortened by the omission 
of the terms involving 1, gz, --- Qn, shews that 
is ele 
pe= Oy’ pK migra sagan Roa aE (4) 


Again, the explicit formula for K is 


. 0 ,((Ob., 
2K = — pr || 5° do — pr {| do’ —... 


= (x, ¢)K2+ (4, «’) 2+... +2 (Ke, iW) Ki A one cece eee (9) 


(kK, w= —p [|S do, (Kk, “= —p || do=—p {2 ao’, (6) 


and so on. Hence 


where 


OF (1, K)K+(K, Kk’) Kw’ +.. .=-p [52 ao. 
, Bei tat ok 
We thus obtain PX= a px’ = ahd tits cetetseeeseneereneeneey (7) 


Again, writing 7)+ K for 27 in (3), and performing a total variation 6 on 
both sides of the resulting identity, we -find, on omitting terms which cancel 
in virtue of (4) and (7)*, 

OTy , OK _ 
eh + ee (8) 


This completes the requisite analytical formulaet. 


If we now imagine the solids to be guided from rest in the configuration 
(91, 92> +++ Yn) to rest in an adjacent configuration 


(q1 + Agi, G2 + Age, -.» Qn + Agn); 
the work required is  Q,Aqi + Q2Aqo +... + QnAgn, 


where Qi, Qa, -.- Qn are the components of extraneous force which have to be 
applied to neutralize the pressures of the fluid on the solids. This must be 
equal to the increment AK of the kinetic energy, calculated on the supposition 


that the circulations «, «’, ... are constant. Hence 
ok 
a — Od» Dy wreleeleleeeinlele'e o.ejalere Sevave 806.6 s14ele fers: elére te: (9) 


* It would be sufficient to assume either (4) or (7); the process then leads to an independent 
proof of the other set of formulae. 


+ It may be noted that the function R of Art. 140 now reduces to — K. 
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The forces representing the pressures of the fluid on the solids (when these 
are held at rest) are obtained by reversing the signs, viz. they are given by 


AGE et ae Goa 9 ee a era (10) 


the solids therefore tend to move so that the kinetic energy of the cyclic 
motion diminishes. 


In virtue of (8) we have, also, 
7m dle 
Q),! = i, ba a ca ma (11) 


143. The formula (19) of Art. 141 may be applied to find approximate 
expressions for the forces on a solid immersed in a non-uniform stream *. 


Suppose we have a solid maintained at rest in a cyclic region in which a 
fluid is circulating irrotationally, and let K be the energy of the fluid, which 
will of course vary with the position of the solid. We will suppose the 
dimensions of the latter to be so small compared with the distances from the 
walls of the region that its position may be sufficiently given by point- 
co-ordinates (2, y, z). We have, then, for the components of the force exerted 
on it by the pressures of the fluid, 


0K 0K 0K 
Rese Svar Lia i (1) 


It remains to find, approximately, the form of this function K of a, y, z. 
Let (u, v, w) be the velocity which the fluid would have at (a, y, z) if the 
solid were absent. If the solid were made to move with this velocity, and 
were of the same density as the surrounding fluid, the energy would be 
approximately the same as if the whole were fluid. It follows from Art. 141 
(19) that in this case the energy of the fluid would be @ + K, where 


27 = Au? + Bo* + Cw? +2A’ow + 2B’wut+2C’uwv,  ......... (2) 
by Art. 124, and that of the solid would be 
BF AMT ihe ESE ed POP Peele Ta PCG hee (3) 
where @ is the volume displaced. The expression 
Ce DE) (Unit t Sdlh) aK sale saiasgessieposs 140 ve (4) 


has therefore a constant value, viz. that of the energy of a fluid filling the 
region, and having the given circulations. This determines the form of K. 


Hence 
esp ie = (ub + 0 + wi), | 


RS ey 0x (U2 + 0% + w), b ceererecereeeeenes (5) 


oy 
Z =e 402 — Bar or w), 


* G.I. Taylor, ‘‘ The Forces on a Body oaks in a Curved or Converging Stream of Fluid,”’ 
Proc. Roy. Soc. cxx. 260 (1928). 
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Since the forces on the solid must depend only on the motion of the fluid 
in the immediate neighbourhood, these expressions are general, and inde- 
pendent of the special conception employed in their derivation. 


If the direction of the undisturbed stream, near the solid, be taken as the axis of x, the 
results simplify. Putting v=0, w=0, we have 


x= {(a+pq = si ea seh 


Yo {(A+r®) y +B ot rata a Ls og nena (6) 


= {A+ = oe! 4.0" = 


If, further, the stream is symmetrical with respect to the planes y=0, z=0 we have 
du/dy=0, du/éz=0, and therefore also 0v/é2=0, dw/d~=0, on account of the assumed 
irrotational character. The symmetry also requires 0w/dy=0dv/dz=0. Hence 


=(A+pQ)u 
ra, OF é 
cy 4 Cer Jed ventclebacteneh eehem anthers kets (7) 
, ow 
Z-Bu~. ] 


First suppose that one of the axes of permanent translation (Art. 124) coincides with 
the direction of the stream. Then C’=0, B’=0, and 


EA pO) A EY S0n ia0,0 ee eee (8) 


where f is the acceleration in the undisturbed stream. Thus if the solid is spherical, 
A=3rpa', Q=4ra3, K=2rpa?f. For acircular cylinder, reckoning per unit length, 
A=pa, Q=npa’, X=2rpa*f. 
Next suppose merely that two of the axes of permanent translation lie in a plane with 
the direction of the stream. If the plane in question be that of wy we have A’=0, B’= 
If the stream is symmetrical about the axis of x, we have, further, 


ov ow = ildu 


and the forces reduce to 
S(A+p9) f,. Y=hC7 Zen0.) Gi. oe (9) 
In the case of a circular disk, 
A=$pa'cos?a, C’=-—§pa'sinacosa, Q=0, 
where a is the angle which the stream makes with the axis of symmetry. In the two- 
dimensional case of the elliptic cylinder, 
A=rp (6? cos?a+a*sin?a), C’=mp(a?—b?)sinacosa, Q=7ab, 
where a is now the inclination of the stream to the major axis*. 


The above theory has an interest in connection with the ‘pressure-drop’ in a wind- 
channel, as used for measuring the drag of aircraft models. The stream of air converges 
slightly towards the fan at the forward end of the tunnel, and the increase of velocity 
implies a fall of pressure. We have then 


pf= = Be CRC OSEOS Coco ndtio SU OERCURBACOER OR Sooo AERas (10) 


* These particular cases have been verified by direct calculation of the effect of the fluid 
pressures: Aeronautical Research Committee, R. and M. 1164 (1928). 
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The preceding formulae shew that it would be incorrect to calculate the value of X from 
the observed pressure-gradient as if it were a statical question, in which case we should 
have X=pQf simply*. 

Some further interesting examples of Kineto-Statics (not reproduced in 
the present edition) have been discussed by Sir W. Thomson ft, Kirchhoff , 
and Boltzmann§. 


144, We here take leave of this branch of our subject. To avoid, as far 
as may be, the suspicion of vagueness which sometimes attaches to the use of 
“generalized co-ordinates, an attempt has been made in this Chapter to put 
the question on as definite a basis as possible, even at the expense of some 
degree of prolixity in the methods. 


To some writers|| the matter has presented itself as a much simpler one. 
The problems are brought at one stroke under the sway of the ordinary 
formulae of Dynamics by the imagined introduction of an infinite number of 
‘ignored co-ordinates, which would specify the configuration of the various 
particles of the fluid. The corresponding components of momentum are 
assumed all to vanish, with the exception (in the case of a cyclic region) of 
those which are represented by the circulations through the several apertures. 


From a physical point of view it is difficult to refuse assent to such a 
generalization, especially when it has formed the starting-point of all the 
development of this part of the subject; but it is at least legitimate, and 
from the hydrodynamical standpoint even desirable, that it should be verified 
& posteriori by independent, if more pedestrian, methods. 


Whichever procedure be accepted, the result is that the systems con- 
templated in this Chapter are found to comport themselves (so far as the 
‘palpable’ co-ordinates q1, q2, --- Yn are concerned) exactly like ordinary 
systems of finite freedom. The further development of the general theory 
belongs to Analytical Dynamics, and must accordingly be sought for in books 
and memoirs devoted to that subject. It may be worth while, however, to 
remark that the hydrodynamical systems afford extremely interesting and 
beautiful illustrations of the Principle of Least Action, the Reciprocal 
Theorems of Helmholtz, and other general dynamical theories. 

* G. I. Taylor, Z.c. 

+ ‘On the Forces experienced by Solids immersed in a Moving Liquid,” Proc, R. S. Hdin. 
1870 [Reprint, Art. xli.]. 


t l.c. ante p. 54. 
§ ‘‘Ueber die Druckkrafte welche auf Ringe wirksam sind die in eine bewegte Flissigkeit 


tauchen,” Crelle, lxxiii. (1871) [Wiss. Abh. i. 200]. 
|| See Thomson and Tait, and Larmor, Ul, cit. ante p. 195. 


CHAPTER VII 
VORTEX MOTION 


145. OuR investigations have thus far been confined for the most part 
to the case of irrotational motion. We now proceed to the study of rotational 
or ‘vortex’ motion. This subject was first investigated by Helmholtz*; other 
and simpler proofs of some of his theorems were afterwards given by Kelvin 
in the paper on vortex motion already cited in Chapter II. 


We shall, throughout this Chapter, use the symbols &, 7, € to denote, as 
in Chapter 111., the components of vorticity, viz. 


ow dv Ou ow ov Ou 
Salou weer Leta am ood Tia moe ee eceereesee (1) 
A line drawn from point to point so that its direction is everywhere that 
of the instantaneous axis of rotation of the fluid is called a ‘vortex-line.’ The 
differential equations of the system of vortex-lines are 
bes fa Rg 
ae Te 


If through every point of a small closed curve we draw the corresponding 
vortex-line, we mark out a tube, which we call a ‘vortex-tube. The fluid 
contained within such a tube constitutes what is called a ‘vortex-filament, or 
simply a ‘ vortex.’ 

Let ABC, A’B’C’ be any two: circuits drawn on the surface of a vortex- 
tube and embracing it, and let AA’ be a connecting line 
also drawn on the surface. Let us apply the theorem of 
Art. 32 to the circuit ABCA A’C’B’A’A and the part of 
the surface of the tube bounded by it. Since 


LE + mn+nf=0 
at every point of this surface, the line-integral 
{ (uda + vdy + wdz), 
taken round the circuit, must vanish; 7.e. in the notation of Art. 31 
I(ABCA)+1(AA’)+I(A'C'B'A’) +I (A'A)=0, 
which reduces to LE (ABCA) =1(A'B'C'A'). 


Hence the circulation is the same in all circuits embracing the same vortex- 
tube. 


* “Ueber Integrale der hydrodynamischen Gleichungen welche den Wirbelbewegungen 
entsprechen,” Crelle, lv. (1858) [Wiss. Abh. i. }01]. 


145-146 | Persistence of Vortices 203 


Again, it appears from Art. 31 that the circulation round the boundary 
of any cross-section of the tube, made normal to its length, is wo, where 
w, = (E24 %+ £)3 is the resultant vorticity of the fluid, and o the infinitely 
small area of the section. 

Combining these results we see that the product of the vorticity into the 
cross-section is the same at all points of a vortex. This product is conveniently 
taken as a measure of the ‘strength’ of the vortex*. 

The foregoing proof is due to Kelvin; the theorem itself was first given 
by Helmholtz, as a deduction from the relation 


ESagetl 1 nail ON el is op Many (3) 


which follows at once from the values of &, , € given by (1). In fact writing, 
in Art. 42 (1), & , € for U, V, W, respectively, we find 
ITAGE SD NC) (US = Onc owna takes scence ie cee (4) 

where the integration extends over any closed surface lying wholly in the 
fluid. Applying this to the closed surface formed by two cross-sections of a 
vortex-tube and the part of the walls intercepted between them, we find 
@101 = @202, where @1, w2 denote the vorticities at the sections oj, oe, 
respectively. 

Kelvin’s proof shews that the theorem is true even when &, , € are 
discontinuous (in which case there may be an abrupt bend at some point of a 
vortex), provided only that wu, v, w are continuous. 

An important consequence of the above theorem is that a vortex-line 
cannot begin or end at any point in the interior of the fluid. Any vortex- 
lines which exist must either form closed curves, or else traverse the fluid, 
beginning and ending on its boundaries. Compare Art. 36. 

The theorem of Art. 32 (3) may now be enunciated as follows: The 
circulation in any circuit is equal to the sum of the strengths of all the 
vortices which it embraces. 


146. It was proved in Art. 33 that in a perfect fluid whose density is 
either uniform or a function of the pressure only, and which is subject to 
forces having a single-valued potential, the circulation in any circuit moving 
with the fluid is constant. 

Applying this theorem to a circuit embracing a vortex-tube we find that 
the strength of any vortex is constant. 

If we take at any instant a surface composed wholly of vortex-lines, 
the circulation in any circuit drawn on it is zero, by Art. 32, for we have 
lé+mn+nf=0 at every point of the surface. The preceding Art. shews 
that if the surface be now supposed to move with the fluid, the circulation 
will always be zero in any circuit drawn on it, and therefore the surface will 


* The circulation round a vortex being the most natural measure of its intensity. 
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always consist of vortex-lines. Again, considering two such surfaces, it is 
plain that their intersection must always be a vortex-line, whence we derive 
the theorem that the vortex-lines move with the fluid. 


This remarkable theorem was first given by Helmholtz for the case of 
incompressibility ; the preceding proof, by Kelvin, shews that it holds for all 
fluids subject to the conditions above stated. 

The theorem that the circulation in any circuit moving with the fluid is 
invariable constitutes the sole and sufficient appeal to Dynamics which it 
is necessary to make in the investigations of this Chapter. It is based on 
the hypothesis of a continuous distribution of pressure, and (conversely) 
implies this. For if in any problem we have discovered functions uw, v, w of 
2, y, 2, t which satisfy the kinematical conditions, then, if this solution is to 
be also dynamically possible, the relation between the pressures about two 
moving particles A, B must be given by the formula (2) of Art. 33, viz. 


B 
|[#+0-4¢] =--3,] (udx +udy+wdz). ........0. (1) 
Pp A Disa 


It is therefore necessary and sufficient that the expression on the right-hand 
side should be the same for all paths of integration (moving with the fluid) 
which can be drawn from A to B. This is secured if, and only if, the assumed 
values of u, v, w make the vortex-lines move with the fluid, and also make 
the strength of every vortex constant with respect to the time. 


It is easily seen that the argument is in no way impaired if the assumed 
values of u, v, w make &, 7, € discontinuous at certain surfaces, provided only 
that u, v, w are themselves everywhere continuous. 


On account of their historical interest, one or two independent proofs of the preceding 
theorems may be briefly indicated, and their mutual relations pointed out. 


Of these proofs, perhaps the most conclusive is based upon a slight generalization of 
some equations given originally by Cauchy in the introduction to his great memoir on 
Waves*, and employed by him to demonstrate Lagrange’s velocity-potential theorem. 

The equations (2) of Art. 15 yield, on elimination of the function y by cross-differentia- 
tion 

Gu Oa Ou Ox | Ov dy dv dy , Bw de we Duy 2% 


Bb del) Oe 0b. 2 0b\0e IPB DEL Ohi odm oes OBENED mee. 


(where u, v, w have been written in place of dx/dt, dy/dt, 02/0, respectively), with two 
symmetrical equations. If in these equations we replace the differential coefficients of 
u, v, w with respect to a, 6, c, by their values in terms of differential coefficients of the 
same quantities with respect to x, y, z, we obtain 
0(%2) | (2%) | ,0(x,y) 
£(b,e) +796, 0) + $ 5,0) 7 


0 (%, 2) Bees are 0 (#, y) _ 
g d(e,a) +9 (o, a) 71S) (oa) TO) fo ceccetseteneeneeenecen (2) 


(ye), O(2) , -8(a9) 
€ 5(a,b) 1758) * Sa (a, 87 


* Le. ante p. 17. 


146 | Helmholtz Equations 205 


If we multiply these by éx/da, 0x/6b, dx/6c, in order, and add, then, taking account of the 
Lagrangian equation of continuity (Art. 14 (1)) we deduce the first of the following three 
symmetrical equations : 


ea are Os 
P Po 94 py 0b py Cc” 
7 _ & Y , 10 OY , fo OY (3) 
Fomine pad) pac | i cic aes 
Cfo &% | 90% ko OF 
P Po OG py db” py Oc 
In the particular case of an incompressible fluid (p=po) these differ only in the use of 
the notation &, 7, ¢ from the equations given by Cauchy. They shew at once that if the 
initial values £, 79, ¢) of the component vorticities vanish for any particle of the fluid, then 


&, , ¢ are always zero for that particle. This constitutes in fact Cauchy’s proof of Lagrange’s 
theorem. 


To interpret (3) in the general case, let us take at time ¢=0 a linear element coincident 
with a vortex-line, say 
ba, 6b, Boxe £2, AD ae 
Po po Po 
where « is infinitesimal. If we suppose this element to move with the fluid the equations 
(3) shew that its projections on the co-ordinate axes at any other time will be given by 


¢ 


§ 2 

bz, by, 82 rg o: ie 

z.e. the element will still form part of a vortex-line, and its length (6s, say) will vary as 

/p, where @ is the resultant vorticity. But if o be the cross-section of a vortex-filament 

having 6s as axis, the product pads is constant with regard to the time. Hence the strength 
wo of the vortex is constant*. 

The proof given originally by Helmholtz depends on a system of three equations 

which, when generalized so as to apply to any fluid in which pis a function of p only, 


become t 
Ti ee en aL 8 
Dt\p/ pox p cy" poz’ 
D (a\ _§& , 7% | ¢ ov 4 
AG eae p oz? ea ars oceeigtalaleteieisieleaeisis\aisisteipiet aCelois (4) 
Ei ia et ee 
Dt poe poy poz’ 
These may be obtained as follows. The dynamical equations of Art. 6 may be written, 
when a force-potential Q exists, in the forms 


d; 
provided x= | -' +$g?+Q, «00.0... Pe seg cease astern erlivaas ar sas (6) 


* See Nanson, Mess. of Math. iii. 120 (1874); Kirchhoff, Mechanik, c, xv. (1876) ; Stokes, 
Papers, ii. 47 (1883). 
+ Nanson, l.c. 
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where g2=1?+02+w% From the second and third of these we obtain, eliminating y’ by 
cross-differentiation, 


o€& nee 0€ 6 Ou (S45 a): 
ata Swat —u (2+ a)=n UEP -§ 1% 
: : 0& . On , o¢ = 
Remembering the relation Sete cinta aie ON We. ilsfaea cian secs somes cele astasiclasieatea a emesis (7) 
Oa Oy Oz 


and the equation of continuity 


Dp du , dv oun 2 8 
te (sts + en ii lend Seed SL (8) 


we easily deduce the first of equations (4). 
To interpret these equations we take, at time t, a linear element whose projections on 
the co-ordinate axes are 
dx, dy, deme’, o <f, Rada ceetasectbaseesaccdascsontececit (9) 
where « is infinitesimal. If this element be supposed to move with the fluid, the rate at 
which a is increasing is equal to the difference of the values of w at the two ends, whence 


Dx Edu n Ou ; ¢ 0u 
=a 5: GS : . 
It follows, by (4), that 


D g D n\ _ LY BTA GON. 
Di (8e-<2) = 0, Di (sy-«2) =) Di (a <*) — Siete) 


Helmholtz concludes that if the relations (9) hold at time ¢, they will hold at time 
t+0t, and so on, continually. The inference is, however, not quite rigorous; it is in fact 
open to the criticisms which Stokes* directed against various defective proofs of Lagrange’s 
velocity-potential theorem t. 

By way of establishing a connection with Kelvin’s investigation we may notice that 
the equations (2) express that the circulation is constant in each of three infinitely small 
circuits initially perpendicular, respectively, to the three co-ordinate axes. Taking, for 
example, the circuit which initially bounded the rectangle 6b4c, and denoting by 4, B, C 
the areas of its projections at time ¢ on the co-ordinate planes, we have 


0 (y, 2) _ 0 (%, 2) _@ (a, y) 
rts 5 6b Se, ey 2) 8b 8c, or tb a 6b 8c, 
so that the first of the equations referred to is equivalent? to 
£A.+9B (OSE SD O6i! Diicssatonpaascccnaxsannonosenaatce (11) 


As an application of the equations (4) we may consider the motion of a liquid of uniform 

vorticity contained in a fixed ellipsoidal vessel§. The formulae 
Uu=qz-Ty, V=TX — pi, NYO SOfR © Aber. Sacconsandace (12) 

* l.c. ante p. 17. 

+ It may be mentioned that, in the case of an incompressible fluid, equations somewhat 
similar to (4) had been established by Lagrange, Miscell. Taur. ii. (1760) [Oewvres, i. 442]. The 
author is indebted for this reference, and for the above remark on Helmholtz’ investigation, to 
Sir J. Larmor. Equations equivalent to those given by Lagrange were obtained independently by 
Stokes, /.c., and made the basis of a rigorous proof of the velocity-potential theorem. 

{ Nanson, Mess. of Math. vii. 182 (1878). A similar interpretation of Helmholtz’ equations 
was given by the author of this work in the Mess. of Math. vii. 41 (1877). 

Finally it may be noted that another proof of Lagrange’s theorem, based on elementary 
dynamical principles, without special reference to the hydrokinetic equations, was indicated by 
Stokes, Camb. Trans. viii. [Papers, i. 113], and carried out by Kelvin in his paper on Vortex 
Motion. 

§ Cf. Voigt, ‘‘Beitrage zur Hydrodynamik,”’ Gott. Nachr. 1891, p. 71; Tedone, Nuovo Cimento, 
Xxxill. (1893). The artifice in the text is taken from Poincaré, ‘‘Sur la précession des corps 
déformables,’’ Bull. Astr. 1910. 
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obviously represent a uniform rotation of the fluid as a solid within a spherical boundary. 
Transforming the co-ordinates and the corresponding velocities by homogeneous strain we 
obtain the formulae 


—-=- -— + ee ae lh — lee 


“qe TY 0 Th “pz wo py qe (13) 
ACRE Or OA id tied Chola C: tan) gh CL 


as representing a certain motion within a fixed ellipsoidal boundary 
zt Aten a 


Tete ee (14) 
These make é= (; +5) Pr v(C42) q ¢= (5 +2) TS. cundeecsonderesese (15) 
clb Gin ba 
Substituting in (4) we obtain 
(62+ c) AP _ (62 ot) GH, epoebatick ecidaaceeabhedsaottaccd (16) 
which may be written 
a? (6% +c?) 4P tp (GREE CK CSU GI Zoscesaossodacnoendsc0en (17) 


with two similar equations. We have here an identity as to form with Euler’s equations 
of free motion of a solid about a fixed point. We easily deduce the integrals 

+ ee € =const,, anisin ch wrcaaptdagadeatuete eens sages oze (18) 
ak Wy Cena? 
+a tact oh 
the former of which is a verification of one of Helmholtz’ theorems, whilst the latter follows 
from the constancy of the energy. 


and == CONSt renal cemsonsteuicvesteos (19) 


147. It is easily seen by the same kind of argument as in Art. 41 that 
no continuous irrotational motion is possible in an incompressible fluid filling 
infinite space, and subject to the condition that the velocity vanishes at 
infinity. This leads at once to the following theorem: 

The motion of a fluid which fills infinite space, and is at rest at infinity, 
is determinate when we know the values of the expansion (9, say) and of the 
component vorticities &, n, ¢, at all points of the region. 

For, if possible, let there be two sets of values, uw, %1, W1, and te, V2, We, of 
the component velocities, each satisfying the equations 


Ae ag ae GRE SA ATE Cees, (1) 
ow ov Ou dw _ ov Ou _ 
By oe ae ope Oa oy p Pewee ermerees (2) 


throughout infinite space, and vanishing at infinity. The quantities 
wu’ = U4 — Ue, v' = — V2, w' = Wy — We 
will satisfy (1) and (2) with 0, &, 7, €=0, and will vanish at infinity. Hence, 
in virtue of the result above stated, they will everywhere vanish, and there 
is only one possible motion satisfying the given conditions. 
In the same way we can shew that the motion of a fluid occupying any 
limited simply-connected region is determinate when we know the values of 
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the expansion, and of the component vorticities, at every point of the region, 
and the value of the normal velocity at every point of the boundary. In the 
case of an n-ply-connected region we must add to the above data the values 
of the circulations in n several independent circuits of the region. 


148. If, in the case of infinite space, the quantities 6, &, n, € all vanish 
beyond some finite distance of the origin, the complete determination of 
u, v, w in terms of them can be effected as follows *. 

The component velocities due to the expansion can be written down at 
once from Art. 56 (1), it being evident that the expansion 6’ in an element 
dz’ Sy’ Sz’ is equivalent to a simple source of strength @’ $x’ dy'dz’. We thus 
obtain 


od a® he) 
Dosh ON) v By’ By: adja copsoo snes (1) 
h : = [[[e aera dz! (2) 
where = Gr | || ae ay de, eee 


r denoting the distance between the point (w’, y’, 2’) at which the volume- 
element of the integral is situate and the point (a, y, z) at which the values 
of wu, v, w are required, viz. 

r={(a—a' P+ (y—y P+ (2-28. 
The integration includes all parts of space at which 6’ differs from zero. 

To find the velocities due to the vortices, we note that when there is no 
expansion, the flux across any two open surfaces bounded by the same curve 
as edge will be the same, and will therefore be determined solely by the 
configuration of the edge. This suggests that the flux through any closed 
curve may be expressed as a line-integral taken round the curve, say 


(da Gy Hdz) Mer se oe ee (3) 

On this hypothesis we should have, by the method of Art. 31, 
,2H 0 | aF oH _aG_aF : 
"ey © Oz Oe Om’ dn. Ov, ) ean (4) 


It is necessary and (as we have seen) sufficient that the functions F, G, H 


should satisfy 

ow ov d/0F 0G 0H - 

EE Ree 
together with two similar equations. They will in any case be indeterminate 
to the extent of three additive functions of the forms dx/dx, dy/dy, dx/dz, 


respectively, and we may, if we please, suppose y to be chosen so that 


* The investigation which follows is substantially that given by Helmholtz. The kinematical 
problem in question was first solved, in a slightly different manner, by Stokes, ‘‘On the Dynamical 
Theory of Diffraction,’? Camb. Trans. ix. (1849) [Papers, ii. 254...]. 
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in which case Veta Cree Ve, Nir 10 eluate Sa, (6) 
Particular solutions of these equations are obtained by equating F, G, H to 
the potentials of distributions of matter whose volume-densities are £/4c,, 
n/47r, €/4a, respectively; thus 
P= [[[E ae'dy'ae Gaz |[[Zaeaya’, w= 2 [[[E aa'dyae 
Tv r ee 4cr r ULE s in || pe Stee 
where the accents attached to & , € are used to distinguish the values of 
these quantities at the point (2’, y’, 2’). The integrations are to include, of 
course, all places where &, n, € differ from zero. It remains to shew that these 
values of F, G, H do in fact satisfy (5). Since 0/dv.r-!=—0/da’.r—}, the 
formulae (7) make 
oF oG oH Ey oa ween Pe oe | Ae, Ppter 
fet oy tbe aa lI) (Carat aye t 8 apr) eae. 
The right-hand member vanishes, by a generalization of the theorem of 
Art. 42 (4)*, since 


a alle 
0 ti oy i Oz p 
everywhere, whilst lE+mn+nf=0 


at the surfaces of the vortices (where &, 7, € may be discontinuous), and 
£, n, € vanish at infinity. 

The complete solution of our problem is obtained by superposition of the 
results contained in (1) and (4), viz. 


PP 00" 0206 
dekhoe ci 02” 
ob OF oH 
=— Swe Ree ee ee 8 
ay | oe Ox ” 8) 
mn poyy 0G 0 ok 
red OS yh'Oe. raoy.e 


where ®, F, G, H have the values given in (2) and (7). 

It may be added that the proviso that 9, & », ¢ should vanish beyond a 
certain distance from the origin is not absolutely essential. It is sufficient if 
the data be such that the integrals in (2) and (7), when taken over infinite 
space, are convergent. This will certainly be the case if 0, €, n, € are ultimately 
of the order R-", where R denotes distance from the origin, and n > 3. 

When the region occupied by the fluid is not unlimited, but is bounded 
(in whole or in part) by surfaces at which the normal velocity is given, and 
when further (in the case of an n-ply connected region) the value of the 
circulation in each of n independent circuits is prescribed, the problem may 


* The singularity which occurs at the point r=0 is assumed to be treated here and elsewhere 
as in the theory of Attractions. The result is not affected. 
+ Cf. Leathem, Cambridge Tracts, No. 1 (2nd ed.), p. 44. 


LH 14 


210 Vortex Motion [OHAP. VII 


by a similar analysis be reduced to one of irrotational motion, of the kind 
considered in Chapter 11, and there proved to be determinate. This may be 
left to the reader, with the remark that if the vortices traverse the region, 
beginning and ending on the boundary, it is convenient to imagine them 
continued beyond it, or along the boundary, in such a manner that they form 
re-entrant filaments, and to make the integrals (7) refer to the complete 
system of vortices thus obtained. On this understanding the condition (5) 
will still be satisfied. 


There is an exact correspondence between the analytical relations above developed and 
certain formulae in Electro-magnetism. If, in the equations (1) and (2) of Art. 147, we 
write 

a, B, y, p, U,V, W, p 


for u, v, w, 8, & n, ¢, 4, 
respectively, we obtain 
da | 0B , oy 
eRe mas: were s 
Ox dy Oz (9) 
By 28 Mare a8 Ga 


Ae ever eile ——- 7 =U, 


Cyn Cg" Oe On” Ox dy 
which are the fundamental relations of the theory referred to; viz. a, 8, y are the compo- 
nents of magnetic force, wu, v, w those of electric current, and p is the volume-density of the 
imaginary magnetic matter by which any magnetization present in the field may be repre- 
sented*. Hence, the vortex-filaments correspond to electric circuits, the strengths of the 
vortices to the strengths of the currents in these circuits, sources and sinks to positive and 
negative magnetic poles, and, finally, fluid velocity to magnetic forcet. 


The analogy will of course extend to all results deduced from the fundamental relations ; 
thus, in equations (8), & corresponds to the magnetic potential and F, G, H to the com- 
ponents of ‘electro-magnetic momentum.’ 


149. To interpret the result contained in Art. 148 (8), we may calculate 
the values of w, v, w due to an isolated re-entrant vortex-filament situate in 
an infinite mass of incompressible fluid which is at rest at infinity. 

Since @=0, we shall have ®=0. Again, to calculate the values of F, G, H, 
we may replace the volume-element 62’dy’Sz’ by o’5s’, where 8s’ is an element 
of the length of the filament, and o’ its cross-section. Also 


Oe ably OY hoe 
oF Medal *ylom baie sed thane eel dil 


where o’ is the vorticity. Hence the formulae (7) of Art. 148 become 
_ 4 [da a=f (2, Hat [%, 

? 4a} 7 
where «, = @'o’, measures the strength of the vortex, and the integrals are’to 
be taken along the whole length of the filament. 


* Cf. Maxwell, Electricity and Magnetism, Art. 607. The analogy has been improved by the 


adoption of the ‘rational’ system of electrical units advocated by Heaviside, Electrical Papers, 
London, 1892, i. 199. 


t This analogy was first pointed out by Helmholtz; it has been extensively utilized by Kelvin 
in his papers on Electrostatics and Magnetism. 
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Hence, by Art. 148 (4), we have 


ee [Qiae-22. a), 


with similar results for v, w. We thus find * 


te ge (GG a a ae 
~ 4er }\ds’ or ds’ r rf’ 
_ «& [((dea—a da’ z—2'\ds' P 
Vv ml (Ge - Gi) ae aMoleds le sisi(eleve) svavete tone a (2) 
w= £((Ge aaa 
 4arj\ds' rds’ r re 


If du, dv, dw denote the parts of these expressions which involve the 
element 6s’ of the filament, it appears that the resultant of du, dv, dw is 
perpendicular to the plane containing the direction of the vortex-line at 
(a’, y’, 2’) and the line r, and that its sense is that in which the point (2, y, z) 
would be carried if it were attached to a rigid body rotating with the fluid 
element at (2’, y’, 2’). For the magnitude of the resultant we have 


{(du-+ (Bu) + (Su)Pjt= Ove UAE 8 (3) 


where y is the angle which r makes with the vortex-line at (#’, y’, 2’). 


With the change of symbols indicated in the preceding Art. this result becomes identical 
with the law of action of an electric current on a magnetic polet. 


Velocity-Potential due to a Vortex. 
150. At points external to the vortices there exists a velocity-potential, 
whose value may be obtained as follows. Taking for shortness the case of a 
single re-entrant vortex, we have, from the preceding Art., in the case of an 


incompressible fluid, 
K | POM 
Sel nee de"). Pigisie sete lersiais) r/o\0 okey \Glataaals (1) 


By Stokes’ Theorem (Art. 32 (4)) we can replace a line-integral extending 
round a closed curve by a surface-integral taken over any surface bounded 
by that curve; viz. we have, with a slight change of notation, 


[(Pae' + Qdy'+ Rae’y=[[{0(55 - 38) + (S a) n ( - st ds’. 


Ne! a! da’ Oy’ 
a1 | 
If we put P=0, it ips Ra-5 
we find 
aR 39 #1 OP aR # 1 3 oP #1 
Oy de dar’? de dai Oa'dy' r'’ da’ dy’ da'dz’ r’’ 


* These are equivalent to the forms obtained by Stokes, l.c. ante p. 208. 
+ Ampére, Théorie mathématique des phénomenes électro-dynamiques, Paris, 1826. 
14-2 
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so that (1) may be written 


K 0 0 O Wed Less, 
u=~ [[(lgy hme tna) ap 7 OS 


Hence, and by similar reasoning, we have, since 0/da’. r-! = —d/oa.r—, 
i eee : 
aE i en W= Ph ae ag oe eo (2) 
K 0 0 a\ 1 
= Pe ee ee 3 
where d res [(@ ayn tm ay) +n 5) z dS (3) 


Here J, m, n denote the direction-cosines of the normal to the element 6S’ of 
a surface bounded by the vortex-filament. 


The formula (8) may be otherwise written 


x ffcosS 
Sees || Reese TSC aie oa eI. oe een 4 
p= qe |[SP as, ........ (4) 


where S denotes the angle between r and the normal (J, m, n). Since 
cos $ dS’ /r? measures the elementary solid angle subtended by 6S’ at (a, y, 2), 
we see that the velocity-potential at any point, due to a single re-entrant 
vortex, is equal to the product of «/4a into the solid angle which a surface 
bounded by the vortex subtends at that point. 


Since this solid angle changes by 47 when the point in question describes 
a circuit embracing the vortex, we verify that the value of ¢ given by (4) is 
cyclic, the cyclic constant being «. Cf Art. 145. 

It may be noticed that the expression in (4) is equal to the flux (in the 
negative direction) through the aperture of the vortex, due to a point-source 
of strength « at the point (2, y, 2). 


Comparing (4) with Art. 56 (4) we see that a vortex is, in a sense, 
equivalent to a uniform distribution of double sources over any surface 
bounded by it. The axes of the double sources must be supposed to be 
everywhere normal to the surface, and the density of the distribution to be 
equal to the strength of the vortex. It is here assumed that the relation 
between the positive direction of the normal and the positive direction of the 
axis of the vortex-filament is of the ‘right-handed’ type. See Art. 31. 

Conversely, it may be shewn that any distribution of double sources over 
a closed surface, the axes being directed along the normals, may be replaced 
by a system of closed vortex-filaments lying in the surface*. The same thing 
will appear independently from the investigation of the next Art. 


V ortex-Sheets. 


151. We have so far assumed wu, v, w to be continuous. We may now 
shew how cases where surfaces of discontinuity present themselves may be 
brought within the scope of our theorems. 


* Cf. Maxwell, Electricity and Magnetism, Arts. 485, 652. 
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The case of a discontinuity in the normal velocity alone has already been 
treated in Art. 58. If u,v, w denote the component velocities on one side, 
and wu’, v’, w’ those on the other, it was found that the circumstances could 
be represented by imagining a distribution of simple sources, with surface- 
density 

L(w’—u)+m(v'—v)+n(w'—w), 
where J, m, n denote the direction-cosines of the normal drawn towards the 
side to which the accents refer. 


Let us next consider the case where the tangential velocity (only) is dis- 
continuous, so that 


L(u’—u) + m(v'—v) +2 (w!— Ww) HO. oe cec ec ee eee ees (1) 


We will suppose that the lines of relative motion, which are defined by the 
differential equations 
da dy dz 


7 er ms 
UuU—U v—v We—="W. 


are traced on the surface, and that the system of orthogonal trajectories to 
these lines is also drawn. Let PQ, P’Q’ be linear elements drawn close to 
the surface, on the two sides, parallel to a line of the system (2), and let PP’ 
and QQ’ be normal to the surface and infinitely small in comparison with PQ 
or P’Q’. The circulation in the circuit P’Q’ QP will then be equal to (q’—q) PQ, 
where q, q’ denote the absolute velocities on the two sides. This is the same 
as if the position of the surface were occupied by an infinitely thin stratum 
of vortices, the orthogonal trajectories above-mentioned being the vortex- 
lines, and the vorticity w and the (variable) thickness 6n of the stratum 
being connected by the relation 


CLE COPE R O e (3) 


The same result follows from a consideration of the discontinuities which 
occur in the values of wu, v, w as determined by the formulae (4) and (7) of 
Art. 148, when we apply these to the case of a stratum of thickness dn within 
which &, », £ are infinite, but so that Edn, 6n, f6n are finite*. 


It was shewn in Arts. 147, 148 that any continuous motion of a fluid 
filling infinite space, and at rest at infinity, may be regarded as due to a 
suitable arrangement of sources and vortices distributed with finite density. 
We have now seen how by considerations of continuity we can pass to the 
case where the sources and vortices are distributed with infinite volume- 
density, but infinite surface-density, over surfaces. In particular, we may take 
the case where the infinite fluid in question is incompressible, and is divided 
into two portions by a closed surface over which the normal velocity is con- 
tinuous, but the tangential velocity discontinuous, as in Art. 58 (12). This is 


* Helmholtz, l.c. ante p. 202. 
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equivalent to a vortex-sheet; and we infer that every continuous irrotational 
motion, whether cyclic or not, of an incompressible substance occupying any 
region whatever, may be regarded as due to a certain distribution of vortices 
over the boundaries which separate it from the rest of infinite space. In the 
case of a region extending to infinity, the distribution is confined to the finite 
portion of the boundary, provided the fluid be at rest at infinity. 


This theorem is complementary to the results obtained in Art. 58.. 


The foregoing conclusions may be illustrated by means of the results of Art. 91. Thus 
when a normal velocity S, was prescribed over the sphere r=a, the values of the velocity- 


potential for the internal and external space were found to be 
af{r\® a a\ ntl 
(Jom 4 S,, and ¢= Ran) (5) Sn 


a 


respectively. Hence if de be the angle which a linear element drawn on the surface 
subtends at the centre, the relative velocity estimated in the direction of this element 
will be 
Qn+1 OS, 

n(n+1) Oe” 
The resultant relative velocity is therefore tangential to the surface, and perpendicular to 
the contour lines (S,=const.) of the surface-harmonic S,,, which are therefore the vortex- 
lines. 


For example, if we have a thin spherical shell filled with and surrounded by liquid, 
moving as in Art. 92 parallel to the axis of x, the motion of the fluid, whether internal or 
external, will be that due to a system of vortices arranged in parallel circles on the sphere ; 
the strength of an elementary vortex being proportional to the projection, on the axis of 2, 
of the breadth of the corresponding zone of the surface*. 


Impulse and Energy of a Vortea-System. 


152. The following investigations relate to the case of a vortex-system of 
finite dimensions in an incompressible fluid which fills infinite space and is 
at rest at infinity. 


The problem of finding a distribution of impulsive force (X’, Y’, Z’) per 
unit mass which would generate the actual motion (wu, v, w) instantaneously 
from rest is to some extent indeterminate, but a sufficient solution for our 
purpose may be obtained as follows. 


We imagine a simply-connected surface S to be drawn enclosing all the 
vortices. We denote by ¢ the single-valued velocity-potential which obtains 
outside S, and by ¢; that solution of V?¢=0 which is finite throughout the 
interior of S, and is continuous with ¢ at this surface. In other words, dy is 
the velocity-potential of the motion which would be produced within S by the 
application of impulsive pressures p¢ over the surface. If we now assume 


Kent eu Yn, pipe aha (1) 


* The same statements hold also for an ellipsoidal shell moving parallel to one of its principal 
axes. See Art. 114. 
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at internal points, and 
X’=0, Y’=0, Lica Ql he MATE WI (2) 


at external points, it is evident on reference to Art. 11 that these forces would 
in fact generate the actual motion instantaneously from rest, the distribution 
of impulsive pressure being given by pd at external, and pd, at internal, points. 
The forces are discontinuous at the surface, but the discontinuity is only in 
the normal component, the tangential components vanishing just inside and 
just outside owing to the continuity of ¢ with ¢,. Hence if (J, m, n) be the 
direction-cosines of the inward normal, we should have 


mZ’—nY'=0, nX'—IZ’=0, LY’—mX'=0............. (3) 
at points just inside the surface. 
Now if we integrate over the volume enclosed by S we have 


fro denae nfl) —e(¢—B0) andy 


ne peeks OA. eS wy A 

z IIs Gang poalae> oa he dais? 

=—ff{y (lY’—mX’)—2z(nX'—1Z')} dS +2 fff X' dadydz, ...... (4) 
where the surface-integral vanishes in virtue of (3). 


Again 
— {Ifo + 2°) Edxdydz = — [J+ 2?) (= _ | dx dydz 


oy 
= —|{fu+ 2*) & - a ) da dydz 
= ff[(y? + 27) (mZ'—nY"') dS + 2fffiyZ' — zY") dadydz, ......... (5) 
where the surface-integral vanishes as before. 
We thus obtain for the force- and couple-resultants of the impulse of the 
vortex-system the expressions 
P=tplif(yo—2n)dedydz, L=—4plff(y*+ #) Ededyde, 
Q=tplif(ce -—at)dedyde,  M=—hpllf(2 +22) ndadyds,| ...(6) 
R=$pfif(en—yb)dadydz, N=—$pfff(a+y’) rdedyde.) 
To apply these to the case of a single re-entrant vortex-filament of infinitely 
small section o, we replace the volume element by o6s, and write 


d d d 
E=07, nao, f=05.. RAR Letom (7) 
Hence P=tpocf(ydz—zdy)=KpffVdS',  ...c.cereeeneeee (8) 
L=—}poe f(y? +2) dax=—xpff(m’z—n'y)d8',........00.. (9) 


with similar formulae. The line-integrals are supposed to be taken along the 
filament, and the surface-integrals over a barrier bounded by it, and 1’, m’, n’ 
are the direction-cosines of the normal to an element 6S’ of the barrier. The 
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identities of the different forms follow from Stokes’ Theorem. We have also 
written « for wa, te. « is the circulation round the filament *. 

The whole investigation has reference of course to the instantaneous state 
of the system, but it may be recalled that, when no extraneous forces act, the 
impulse is, by the argument of Art. 119, constant in every respect. 


153. Let us next consider the energy of the vortex-system. It is easily 
proved that under the circumstances presupposed, and in the absence of 
extraneous forces, this energy will be constant. For if 7 be the energy 
of the fluid bounded by any closed surface S, we have, putting V=0 in 


Art. 10 (5), 
DT 


Pe =u + mo + nw) pas. crac énea ccumesna stoner (1) 
If the surface S enclose all the vortices, we may put 
0 
Putte + F(O), ee te eee (2) 


and it easily follows from Art. 150 (4) that at a great distance R from the 
vortices p will be finite, and lu + mv + nw of the order R-*, whilst when the 
surface S is taken wholly at infinity, the elements 5S vary as R*. Hence, 
ultimately, the right-hand side of (1) vanishes, and we have 


Tse CONS biew caste Uecodacnad eae ay eae oe (3) 


We proceed to investigate one or two important kinematical expressions 
for T, still confining ourselves, for simplicity, to the case where the fluid (sup- 
posed incompressible) extends to infinity, and is at rest there, all the vortices 
being within a finite distance of the origin. 


The first of these expressions is indicated by the electro-magnetic analogy 
pointed out in Art. 148. Since 6=0, and therefore B= 0, we have 


27 = pfff(w + v? + w*) dadydz 
é oF 


=p |{ftu (3s) a (leas stl oe oat dxdydz, 


by Art. 148 (4). The last member may be replaced by the sum of a surface- 
integral 


pS {EF (mw — nv) + G (nu — lw) + H (lu — mu)} dS, 


and a volume-integral 
(= Ou 


ow ov ou ow 
alll |r & 5) tO (a — 5) + (5 =) daedy dz. 

* The expressions (8) and (9) were obtained by elementary reasoning by J. J. Thomson, On 
the Motion of Vortex Rings (Adams Prize Essay), London, 1883, pp. 5, 6, and the formulae (6) 
deduced from them, with, however, the opposite signs in the case of L, M, N. The correction is 
due to Mr Welsh. 

An interesting test of the formulae as they now stand is afforded by the case of a spherical 


mass rotating as if solid and surrounded by fluid at rest, provided we take into account the 
spherical vortex-sheet which represents the discontinuity of velocity. 
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At points of the infinitely distant boundary, F, G, H are ultimately of the 
order R-*. and u, v, w of the order R-3, so that the surface-integral vanishes, 
and we have 


T=$pf[[(PE+ Gn + HC) dadydz,  ........cccececes. (4) 

or, substituting the values of F, G, H from Art. 148 (7), 
(ah fae / , m 4 ‘ 
T= = {fH Sa 2s dudydzda'dy'dz’, ........064 (5) 


where each volume-integration extends over the whole space occupied by the 
vortices. 


A slightly different form may be given to this expression as follows. 
Regarding the vortex-system as made up of filaments, let 8s, 5s’ be elements 
of length of any two filaments, o, o’ the corresponding cross-sections, and @, w’ 
the corresponding vorticities. The elements of volume may be taken to be 
a6s and ods’, respectively, so that the expression following the integral signs 
in (5) is equivalent to 

COS € 


008. wa’ Ss’, 


where ¢ is the angle between ds and 6s’. If we put a7 =x«, w'c’=x’', we have 
_ Pp x, [{ cose ; 
aie DKK {| a TOE alte ie gste he ea 8 (6) 


where the double integral is to be taken along the axes of the filaments, and 
the summation > includes (once only) every pair of filaments which are present. 

The factor of p in (6) is identical with the expression for the energy of a system of 
electric currents flowing along conductors coincident in position with the vortex-filaments, 
with strengths x, x’, ... respectively*. The above investigation is in fact merely an inversion 
of the argument given in treatises on Electro-magnetism, whereby it is proved that 


i 2it' [SS asaya /[[rre+y PAPE 
Ao r 


where 7, 2’ denote the strengths of the currents in the linear conductors whose elements are 
denoted by ds, ds, and a, 8, y are the components of magnetic force at any point of the field. 

The theorem of this Art. is purely kinematical, and rests solely on the assumption that 
the functions u, v, w satisfy the equation of continuity, 


ou , ov ow 

as aE ay + ae 0? 
throughout infinite space, and vanish at infinity. It can therefore by an easy generaliza- 
tion be extended to a case considered in Art. 144, where a liquid is supposed to circulate 
irrotationally through apertures in fixed solids, the values of u, v, w being now taken to be 
zero at all points of space not occupied by the fluid. The investigation of Art. 151 shews 
that the distribution of velocity thus obtained may be regarded as due to a system of 
vortex-sheets coincident with the bounding surfaces. The energy of this system will be 
given by an obvious adaptation of the formula (6) above, and will therefore be proportional 
to that of the corresponding system of electric current-sheets. This proves a statement 
made by anticipation in Art. 144. 


* The ‘rational’ system of electrical units being understood; see ante p. 210. 
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Under the circumstances stated at the beginning of Art. 152, we have 
another useful expression for 7’; viz. 
= pif (u(yf— 27) +0 (cE - at) + w (an —yb)} dadyde®. ......(7) 
To verify this, we take the right-hand member, and transform it by the process 
already so often employed, omitting the surface-integrals for the same reason 
as in the preceding Art. The first of the three terms gives 


| ov ou Ou dw 
oll iy Ge- Fy) -* Ge ze) eave 
=— all Kez + wz) ce — wt} dady dz. 
Transforming the remaining terms in the same way, adding, and making use 
of the equation of continuity, we obtain 
Ou Ow 
2 phere on ae 
| |i (u +O we + ol +yr+mwe s) dedyde, 
or, finally, on again transforming the last three terms, 
dp fff (w+? + w*) dadydz. 


In the case of a finite region the surface-integrals must be retained+. 
This involves the addition to the right-hand side of (7) of the term 


psf {(lu+ mv + nw) (au + yo + zw) — 4 (le + my + nz) g?} dS, ....:.(8) 
where g?=u?+ 27+ w* This simplifies in the case of a fixed boundary. 


The value of the expression (7) must be unaltered by any displacement of 
the origin of co-ordinates. Hence we must have 


S[[(@wE—wn) dadydz=0, f{f(wE-ul)dxdydz=0, ff{f(un—v) dadydz=0. 


These equations, which may easily be verified by partial integration, follow also from 
the consideration that if there are no extraneous forces the components of the impulse 
parallel to the co-ordinate axes must be constant. Thus, taking first the case of a fluid 
enclosed in a fixed envelope of finite size, we have, in the notation of Art. 152, 


P=p[[fudedyde=pf[ipaSy eeu. Wiss Bieieiee as ae (10) 
if @ denote the velocity-potential near the envelope, where the motion is irrotational. 


Hence “ane || [ He arayae—o| [reas 
--of{{% -dadydep{ f | o wn) da dy dz—p [{rZas, scunes (11) 


by Art. 146 (5). The first and third terms of this cancel, since at the envelope we have 
x =0p/at, by Art. 20 (4) and Art. 146 (6). Hence for any re-entrant system of vortices 
enclosed in a fixed vessel, we have 


oP =p IS (o¢ —wn) OG OY OSs. srk ecomnins acisne vaneeespe ent eis (12) 


with two similar equations. It has been proved in Art. 119 that if the containing vessel 
be infinitely large, and infinitely distant from the vortices, P is constant. This gives the 
first of equations (9). 


* Motion of Fluids, Art. 136 (1879). 
+ J. J. Thomson, l.c. ante p. 216. 
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Conversely from (9), established otherwise, we could infer the constancy of the com- 
ponents P, Q, & of the impulse*. 
Rectilinear Vortices. 


154. When the motion is in two dimensions «, y we have w =0, whilst 
u, v are functions of w, y, only. Hence €=0, 7 =0, so that the vortex-lines 
are straight lines parallel to z. The theory then takes a very simple form. 


The formulae (8) of Art. 148 are now replaced by 


ee ay 
the functions ¢, y being subject to the equations 
pe OP eee vies sade cassadsnie ode (2) 
8 @& 
where Vi an ae 


and to the proper boundary-conditions. 
In the case of an incompressible fluid, to which we will now confine our- 
selves, we have 


where yf is the stream-function of Art. 59. It is known from the Theory of 
Attractions that the solution of 


Viiv = e Pee eee meee eee re rer eesersserereseres (4) 
€ being a given function of a, y, is 
1 / , UU 
v=5|[6 WOR TAM AY CRA ses Lien teases Oss «Sade (5) 


where ¢’ denotes the value of ¢ at the point (a’, y’), and r stands for 
(a-a'P+(y—y' VI. 
The ‘complementary function’ yo may be any solution of 
SPL ac, Oe ee ee (6) 
it enables us to satisfy the boundary-conditions. 
In the case of an unlimited mass of liquid, at rest at infinity, Wo is constant. 
The formulae (3) and (5) then give 


lad bedi == | oveat. 
ue IE 2 da'dy’, =o [¢ 72 da dy’. vis. (7) 


Hence a vortex-filament whose co-ordinates are 2’, y’ and whose strength is 
« contributes to the motion at (a, y) a velocity whose components are 
Kk y-y K @2—a 
— 5.25%, and a ag 
This velocity is perpendicular to the line joining the points (2, y), (a, y’), and 
its amount is «/27r. 
* J. J. Thomson, l.c. 
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Let us calculate the integrals /fuCdaxdy, and ffvfdady, where the integra- 
tions include all portions of the plane zy for which ¢ does not vanish. We 


have 
[[usdedy =— = ES tae dxdyda' dy’, 


where each double integration includes the sections of all the vortices. Now, 
corresponding to any term 


cers as da dy da’ dy’ 
of this result, we have another 
Coe ees dadydx' dy’, 
and these two neutralize each other. Hence, and by similar reasoning, 


[[ufdady =0, [folder dy =O. sera ten cneeege ss (8) 


If as before we denote the strength of a vortex by «, these results may be 
written 
>xu = 0, Dx Osecan sy. eee eee ee (9) 
Since the strength of each vortex is constant with regard to the time, the 
equations (9) express that the point whose co-ordinates are 


is fixed throughout the motion. 


This point, which coincides with the centre of inertia of a film of matter 
distributed over the plane wy with the surface-density ¢ may be called the 
‘centre’ of the system of vortices, and the straight line parallel to z of which 
it is the projection may be called the ‘axis’ of the system. If 2«=0, the 
centre is at infinity, or else indeterminate. 


155. Some interesting examples are furnished by the case of one or more 
isolated vortices of infinitely small section. Thus: 


1°. Let us suppose that we have only one vortex-filament present, and that 
the vorticity € has the same sign throughout its infinitely small section. Its 
centre, as just defined, will lie either within the substance of the filament, or 
infinitely close to it. Since this centre remains at rest, the filament as a whole 
will be stationary, though its parts may experience relative motions, and its 
centre will not necessarily lie always in the same element of fluid. Any particle 
at a finite distance r from the centre of the filament will describe a circle 
about the latter as axis, with constant velocity x/2ar. The region external to 
the vortex is doubly-connected; and the circulation in any (simple) circuit 
embracing it is of course «. The irrotational motion of the surrounding fluid 
is the same as in Art. 27 (2). 
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2°. Next suppose that we have two vortices, of strengths «1, «s, respectively. 
Let A, B be their centres, O the centre of the system. The motion of each 
filament as a whole is entirely due to the other, and is therefore always per- 
pendicular to AB. Hence the two filaments remain always at the same distance 
from one another, and rotate with constant angular velocity about O, which 
is fixed. This angular velocity is easily found; we have only to divide the 
velocity of A (say), viz. x9/(2m. AB), by the distance AO, where 
A0Q=—?3 

Kit Ke 
Ki + Ke 

2ar. AB” 

If «1, x2 be of the same sign, ze. if the directions of rotation in the two 
vortices be the same, O lies between A and B; but if the rotations be of 
opposite signs, O lies in AB, or BA, produced. 


AB, 


and so obtain 


If «1 =— «2, O is at infinity; but it is easily seen that A, B move with 
equal velocities /(27.AB) at right angles to AB, which remains fixed in 
direction. Such a combination of two equal and opposite vortices may be 
called a ‘vortex-pair.’ It is the two-dimensional analogue of a circular vortex- 
ring (Art. 160), and exhibits many of the properties of the latter. 


The stream-lines of a vortex-pair form a system of coaxal circles, as shewn 
on p. 67, the vortices being at the limiting points(+a,0). To find the relative 


stream-lines, we superpose a general velocity equal and opposite to that of the 
vortices, and obtain, for the relative stream-function, 


in the notation of Art. 64, 2°. The figure (which is turned through 90° for 
convenience) shews a few of the lines. The line y =0 consists partly of the 
axis of y, and partly of an oval surrounding both vortices. 
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It is plain that the particular portion of fluid enclosed within this oval 
accompanies the vortex-pair in its career, the motion at external points being 
exactly that which would be produced by a rigid cylinder having the same 
boundary; cf. Art. 71. The semi-axes of the oval are 2:09qa and 1°73 a, 
approximately *. 

A difficulty is sometimes felt, in this as in the analogous instance of a vortex-ring, 
in understanding why the vortices should not be stationary. If in the figure on p. 70 
the filaments were replaced by solid cylinders of small circular section, the latter might 
indeed remain at rest, provided they were rigidly connected by some contrivance which 
did not interfere with the motion of the fluid; but in the absence of such a connection 
they would in the first instance be attracted towards one another, on the principle 
explained in Art. 23. This attraction is however neutralized if we superpose a general 
velocity V of suitable amount in the direction opposite to the cyclic motion half-way 
between the cylinders. To find V, we remark that the fluid velocities at the two points 
(atc, 0), where c is small, will be approximately equal in absolute magnitude, provided 


K K K K 


Inc 4ra i Qire ¥ Ara 


V+ V; 


where « is the circulation. Hence 


which is exactly the velocity of translation of the vortex-pair, in the original form of the 
problem ft. 

Since the velocity of the fluid at all points of the plane of symmetry is 
wholly tangential, we may suppose this plane to form a rigid boundary of the 
fluid on either side of it, and so obtain the case of a single rectilinear vortex 
in the neighbourhood of a fixed plane wall to which it is parallel. The filament 
moves parallel to the plane with the velocity «/47h, where h is the distance 
from the wall. 


Again, since the stream-lines are circles, we can also derive the solution 
of the case where we have a single vortex-filament in a space bounded, either 
internally or externally, by a fixed circular cylinder. 


Thus, in the figure, let HPD be the section of the cylinder, A the position of the vortex 
(supposed in this case external), and let B be the ‘image’ of A with respect to the circle 
EPD, viz. CO being the centre, let 


CB. CA =e 


where ¢ is the radius of the circle. If P be any point on / 
the circle, we have 
BP ad asd Die ety 
EPUB E ORD Bates 


so that the circle occupies the position of a stream-line due 
to a vortex-pair at A, B. Since the motion of the vortex A would be perpendicular to AB, 


* Cf. Sir W. Thomson, ‘‘On Vortex Atoms,’’ Phil. Mag. (4), xxxiv. 20 (1867) [Papers, iy. ils 
and Riecke, Gott. Nachr. 1888, where paths of fluid particles are also delineated. 

+ A more exact investigation is given by Hicks, ‘‘On the Condition of Steady Motion of Two 
Cylinders in a Fluid,” Quart. Journ, Math. xvii. 194 (1881). 
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it is plain that all the conditions of the problem will be satisfied if we suppose A to 
describe a circle about the axis of the cylinder with the constant velocity 
k x c.CA 
"Qn. AB Yn (CA? =e)’ 
where « denotes the strength of A. 

In the same way a single vortex of strength x, situated inside a fixed circular cylinder, 
say at B, would describe a circle with constant velocity 

x.CB 
Qa (c? — CB?)* 

It is to be noticed, however*, that in the case of the external vortex the motion is not 
completely determinate unless, in addition to the strength x, the value of the circulation 
in a circuit embracing the cylinder (but not the vortex) is prescribed. In the above 
solution, this circulation is that due to the vortex-image at B and is —x. This may be 


annulled by the superposition of an additional vortex +. at C, in which case we have, for 
the velocity of A, 


c.CA Kite & KC? 
~ 99 (CAP) + 2a. CA Da 0A (CA) 
For a prescribed circulation x’ we must add to this the term «’/27. CA. 

L. Féppl+, using the method of images, has investigated the case of a cylinder advancing 
through fluid with velocity U, and followed by a vortex-pair symmetrically situated with 
respect to the line of advance of the centre. It appears that the vortices can maintain 
their position relative to the cylinder provided they lie on the curve 


Qry =r? —a?, 
and that the strengths of the vortices corresponding to a given position on this curve are 


4 
+2Uy (1-5). 


He finds, however, that the arrangement is unstable for anti-symmetrical disturbances. 
Some paths of vortices in a stream past a cylindrical obstacle (with circulation) have 
been traced by Walton{. The path of a vortex in a semicircular region is investigated by 
K. De§ by Routh’s method referred to on p. 224. 
3°. If we have four parallel rectilinear vortices whose centres form a 
rectangle ABB’ A’, the strengths being « for the vortices A’, B, and —« for 


the vortices A, B’, it is evident that the centres will always form a rectangle 


* F, A. Tarleton, ‘‘On a Problem in Vortex Motion,’’ Proc. R. I. A. December 12, 1892. 
+ ‘‘Wirbelbewegung hinter einem Kreiszylinder,’’ Sitzb. d. kh. bayr. Akad. d. Wiss. 1913. 
t Proc. R. I. Acad. xxxviii. A (1928). 

§ Bull. of the Calcutta Math. Soc. xxi. 197 (1929). 
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Further, the various rotations having the directions indicated in the figure, 
we see that the effect of the presence of the pair A, A’ on B, B’ is to separate 
them, and at the same time to diminish their velocity perpendicular to the 
line joining them. The planes which bisect AB, AA’ at right angles may 
(either or both) be taken as fixed rigid boundaries. We thus get the case 
where a pair of vortices, of equal and opposite strengths, move towards (or 
from) a plane wall, or where a single vortex moves in the angle between two 
perpendicular walls. 


If x, y be the co-ordinates of the vortex A relative to the planes of symmetry, we 
readily find 


fe bee tel mig? 
=—-—.-; SSO ae po godoubo bot SeobadoactonHEnos: 2 
An” yr? I= Gn pr? (2) 
where r?=?+y?, By division we obtain the differential equation of the path, viz. 
dz. dy 
oe 
whence a (a? + y*) = 4277, 
a being an arbitrary constant, or, transforming to polar co-ordinates, 
a 
Se ier, rls Sulcijaisiisiioes teeasioweneenueaaceaensmengsate 3 
ay Pe (3) 
Also since LY — yh = ; 


the vortex moves as if under a centre of force at the origin. This force is repulsive, and 
its law is that of the inverse cube*. 


156. If we write, as in Chapter Iv., 


z=a+y, WP POA rs ee eens (1) 
the potential- and stream-functions due to an infinite row of equidistant 
vortices, each of strength «, whose co-ordinates are 


(0,0), (44, 0), (+ 2a, 0),..., 
will be given by the formula 


iK . We 

w = 5— log sin —-; Ergo ponies eae (2) 

ef. Art. 64, 4°. This makes 

2 dw UK TZ 
Ul Eeeteetip pa mali ye Oa bento comer tean ac ome (3) 
whence 
speed sinh (27ry/a) sin (27ra/a,) 
"2a cosh (22ry/a) — cos (27ra/a)’ eal Ja cosh (27ry/a) — cos (27ax/a) ° 

artes (4) 


* Greenhill, ‘‘On Plane Vortex-Motion,’’ Quart. Journ. Math. xv. 10 (1878); Grdbli, Die 
Bewegung paralleler geradliniger Wirbelfiden, Ziirich, 1877. These papers contain other in- 
teresting examples of rectilinear vortex-systems. The case of a system of equal and parallel 
vortices whose intersections with the plane «zy are the angular points of a regular polygon was 
treated by J. J. Thomson in his Motion of Vortex Rings, pp. 94.... He finds that the configura- 
tion is stable if, and only if, the number of vortices does not exceed six. For some further 
references as to special problems see Hicks, Brit. dss. Rep. 1882, pp. 41...; Love, l.c. ante p. 192. 

An ingenious method of transforming plane problems in vortex-motion was given by Routh, 
‘Some Applications of Conjugate Functions,’’ Proc, Lond. Math. Soc. xii. 73 (1881). 
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These expressions make v= F }«/a, v=0, for y= +0; the row of vortices is 
in fact, as regards distant points, equivalent to a vortex-sheet of uniform 
strength «/a (Art. 151). 


The diagram shews the arrangement of the stream-lines. 

It follows easily that if there are two parallel rows of equidistant vortices, 
symmetrical with respect to the plane y=0, the strengths being « for the 
upper and —« for the lower row, as indicated on the next page, the whole 
system will advance with a uniform velocity 


U =< coth ”, ae er ee (5) 


where 6 is the distance between the two rows. The mean velocity in the plane 
of symmetry is «/a. The velocity at a distance outside the two rows tends to 
the limit 0. 

If the arrangement be modified so that each vortex in one row is opposite 
the centre of the interval between two consecutive vortices in the other row, 
as shewn on p. 228, the general velocity of advance is 


Vie = tanh os >A [deck me te a ron NR 4 (6) 


The mean velocity in the medial plane is again «/a. 


The stability of these various arrangements has been discussed by von Kérmédn*, 
Taking first the case of the single row, let us suppose the vortex whose undisturbed 
co-ordinates are (ma, 0) to be displaced to the point (ma+%m, Ym). The formulae of 
Art. 154 give, for the motion of the vortex initially at the origin, 


day Kk Yor Ym BY y_ Ky LQ Hm — MA (7) 
man et Mead og gf eee 
where Ve (Lg—ilnmm NU ee (Oo Yye)ey eseisadseceeleasidiessaeceeuen (8) 


and the summation with respect to m includes all positive and negative integral values, 
zero being of course excluded. If we neglect terms of the second order in the displacements, 


we find 


dy __& Wom Myo kg) gaat ©) 
dt = Qra? i, mm ’ dt Qraz, m Ona bs ie austsjelaaielelsinisiaie 


* <Pliissigkeits- u. Luftwiderstand,’ Phys. Zeitschr. xiii. 49 (1911); also Gott. Nachr. 1912, 
p. 547. The investigation is only given in outline in these papers; I have supplied various steps. 


LH 15 
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The first term in the value of dy)/dt is to be omitted as being independent of the 
disturbance*. 


Consider now a disturbance of the type 
Lp a EWP salty | COED es a ee oaaiaes Ae eee (10) 


where @ may be assumed to lie between 0 and 27. If ¢ be small this has the character of 
an undulation of wave-length 27a/. We find 


da dB 


i ae is} Tp oe, Sede e eee e ene e rence ese eerneseseecece (11) 
__« (l—cosd@ , 1—cos2d | 1—cos3¢ Fk a 
where r=-5( ot my + 32 +.) = Trae ? (2™ P)e cescks (12) 


The arrangement is therefore unstable, the disturbance ultimately increasing as e. When 
the wave-length is large compared with a we have 


INES TNH coonBecs conoggb6bs sad onésc<, eacBopchcne --(13) 
approximately; cf. Art. 234. 


Proceeding next to the case of the symmetrical double row, the positions at time ¢ of 
vortices in the upper and lower rows may be taken to be 


(ma+ Ut+2m, 46+Ym), and (na+ Ut+-a,', —4b+y,’), 


respectively, where U denotes the general velocity of advance of the system, and the origin 
is in the plane of symmetry. 


© © © © 


The component velocities of a vortex in the upper row, e.g. that for which m=0, due 
to the remaining vortices of the same row, will be given as before by (9), where the sum 
=m-} may be omitted. The components due to the vortex ” of the lower row will be. 


Kk b+Y)— Yn —k Ly — Ly — NA 
Qa Te Q Qer ie ; 
where Tn? = (Lo — Ly — NA)? + (Yo— Yn’ + 0)?. 
If we neglect terms of the second order in the disturbance we find, after a little reduction, 
Qa (dato Yo- Ym b n? a? — b2 ’ 
= (| + v) mc ip A ues malt b = (nea? + B22 (Yo- Yn) 
2nab : 
eee (nza? + bmp Po n ), ei 0()0(e:s'e'e oiWlels\ele\e elsietetalele/s esiblaleioie (14) 
2m dy Ly — Lm n? a? — b? ; 
et 2 mkat + (tak pomp MO Mm) 
2Qnab ; 
ze (ntat-+ Bap (Yo-Yn )S 09 hols ie via sean Beeenswecnbiceans (15) 


where the summations with respect to m go from — to +o, including zero. The terms 
in (14) independent of the disturbance will cancel, since, by (5), 
bk b 
Ua coh = Se, 
Sn > Saas n n2a2+b2 
* In the summations the vortices are to be taken in pairs equidistant from the origin; other- 
wise the result would be indeterminate. The investigation may be regarded as applying to the 
central portions of a long, but not infinitely long, row; the term referred to is then negligible. 
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If we now put 


Fim =e, m=, x, = ale, yp! = Ble a ccccccreees (16) 
where 0<@<2r, the equations take the form 
2Qrra* da ; ; 
ine — AB — Ba’ — Op’, Pe 
ora2 ap ' er pees ey ESS Be 
= ie ae — Ca’ + BB’. 


If we write, for shortness, 


the values of the coefficients are* 


l-em> = n2_-h2 mw? 
oe = SE ee CAM arin eee ceeerccnscecce (19) 
~ Qnkem —. (rpcoshk(r—@) sinh ie 30 
ite | aike pthibe| oe oe 
_ (nt Bein wtooshkp wp sinh k(—¢) 
C =e hint itso ae sind Pea ae His sonenerontnese (21) 


To deduce the equations relating to the /ower row we have merely to reverse the signs 
of x and 6, and to interchange accented and unaccented letters. Hence 


—= Ap’-—Bat+Cp, 
ck at (22) 
ee a NT PERT Ga rndncat tne en nnes son estssane 
Sar Crs 
Ky AOL 


The formulae (17) and (22) are the equations of motion of the vortex-system in what may 
be called a normal mode of the disturbance. 


The solutions are of two types. In the first type we have 


ee Gy ee etl i, Voecpnisesis oxsaosssshoncvssecoae cs tuses (23) 
and therefore 
2 
ona’ = - Ba-(A-0)8, 
xc at 
Pee ETOP bas ia ces Be (24) 
raided ty r 
et (A+C)a—Bp. 
The solution involves exponentials e*, the values of \ being given by 
ond) = SB Hi GAIES ON AIA, MORE. 4 AMDB) 
In the second type we have 
C= Ome = Sauer canoe suse fenasctes sacnesierese tas (26) 
2Qra* da 
and therefore =Ba-(A+C) 8, 
x dt (27) 
a EEE 
ace = (A= 0) a+B¢. 


The corresponding values of \ are given by 


oes Benak, ok Bc Laat Me (28) 


* The summations with respect to n can be derived from the Fourier expansion 


: coshk(r—g)_1 de Ah c08 p) 2ho0s 20 
sinhkr 7 |k 12+ 2? + k* 


Fea 
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Since B is a pure imaginary, whilst A and C are real, it is necessary for stability in 
each case that A? should not exceed C2 for admissible values of ¢. Now when ¢=7 we 


find 
. A+C=}nitanhihkn, A—C=hn% coth? $b, -..-0....ceece. (29) 


so that A?—(C? is positive. We conclude that both types are unstable. 


Passing to the wnsymmetrical case, we denote the positions of the displaced vortices by 
(mat Vt+im, 46+Ym), and ((n+4)a+ Vt+an', —-$64+4n); 


where V is given by (6). The requisite formulae are obtained by writing x+4 for ” in 
preceding results. 


Q Q Q 
The equations (17) and (22) will accordingly apply, provided * 


1—eime (n+4$)?-# a? 
Ansty CEA tbOr-)- rap eee eeeeerrcece (30) 
(Qn lhe tH? | (rpsinhk(m-—-d) , 7? sinh kd} 
Bee {(n +4)? + £2 we cosh kz cosh? kar p> ak dy (31) 
Cx {(n +4)? — 2} et MTHS _7coshkp _ rp cosh k(n —- 9) Spike (32) 


i {(n+4)?+4}2 cosh? kr cosh ka 


These values of A, B, C are to be substituted in (25) and (28). As in the former case it is 
necessary for stability that A? should not be greater than C?. Now when ¢=z, C=0; 
hence A must also vanish, or 


cosh"ka =2, kr="8814, blah O81, oo c.cssncccssntcasse cee (33) 


The configuration is therefore unstable unless the ratio of the interval between the two 
rows to the distance between consecutive vortices has precisely this value. 


To determine whether the arrangement is stable, under the above condition, for all 
values of @ from 0 to 27, let us write for a moment &(m -)=2, kr=p, so that 
PA=—$2", C= (ux cosh wx cosh #—p?sinhpsinhs), ............ (34) 
where « may range between +p. Since A is an even and C an odd function of 2, it is 
sufficient for comparison of absolute values to suppose « positive. Hence, writing 
sinh x 
x 


we have to ascertain whether this is positive for O<a<p. Since »=°8814, cosh p=,/2, 
sinh p=1, y is positive for =0, and it evidently vanishes for =p. Again 


y=p Cosh p cosh « — py? sinh p 


aL | laadoeeeasiclaaseves cases (35) 


di: : , i : 
“2 =p cosh p sinh #+p? sinh p et, sinh pS? I panontoackiad eke) 
which is equal to —1 for «=O, and vanishes for =p. Finally, 
d? ‘ sinh 7 A h aw : inh 
a =p cosh p cosh 2 — p? sinh p sare tod 2p? sinh p 7 ee. 2u? sinh p “ 3 cool BX) 


* The summations with respect to n can be derived from the expansion 


sinhk(r—g) 2 {kcos$¢  kcos3@ 
cosh kr =F amen oars 
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which is easily seen to be positive for all values of x, since (tanh .x)/c<1. Hence as x 
increases from 0 to p, dy/d is steadily increasing from —1 to 0, and is therefore negative. 
Hence y steadily diminishes from its initial positive value to zero, and is therefore positive. 


We conclude that the configuration is definitely stable* except for = +p, when p=0 
or 27, in which cases B=0, by (31), and therefore A=0. Since the disturbed particles 
are then all in the same phase, the reason why the period of disturbance should be infinite 
is easily perceived. 


This unsymmetrical configuration is of special interest because it is exemplified in the 
trail of vortices which is often observed in the wake of a cylindrical body advancing through 
a fluid. This has suggested further researches. 


The effect of lateral rigid boundaries equidistant from the medial line on the stability of 
the configuration has been discussed by Rosenhead+. He finds that as the ratio a/h of the 
interval a between successive vortices in the same row to the distance h between the walls 
increases from zero to ‘815 the unsymmetrical arrangement is stable only for a definite 
value of b/a, which decreases continuously from -281 to ‘256. But when a/h> ‘815 there is 
stability for a certain range of values of b/a. And when a/h>1°419 the configuration is 
stable for all values of b/a. 


The symmetrical configuration, on the other hand, is always unstable. 


157. When, as in the case of a vortex-pair, or a system of vortex-pairs, the 
algebraic sum of the strengths of all the vortices is zero, we may work out a 
theory of the ‘impulse,’ in two dimensions, analogous to that given in Arts. 119, 
152 for the case of a finite vortex-system. The detailed examination of this 
must be left to the reader. If P, Q denote the components of the impulse 
parallel to # and y, and NV its moment about Oz, all reckoned per unit depth 
of the fluid parallel to z, it will be found that 


P=plfytdedy, Q=—pff ef 
N=—tpff(e+y) Sdady. 


For instance, in the case of a single vortex-pair, the strengths of the two 
vortices being +x, and their distance apart c, the impulse is pxc, in a line 
bisecting c at right angles. 


The constancy of the impulse gives 
Xxx =const., Ley =const., 
D« (a7 + y*) = const. 


It may also be shewn that the energy of the motion in the present case is 


given by T =—dpl[podady=—fpBey. ccc (3) 


When >x is not zero, the energy and the moment of the impulse are both 
infinite, as may be easily verified in the case of a single rectilinear vortex. 


* This is stated without proof by Karman. 
+ Phil. Trans. A, ceviii. 275 (1929). See also Glauert, Proc. Roy. Soc. A, cxx. 34 (1928). 
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The theory of a system of isolated rectilinear vortices has been put in a very elegant 
form by Kirchhoff*. 


Denoting the positions of the centres of the respective vortices by (21, Y1); ("a> Y2)s +++ 
and their strengths by xj, «2, ..., it is evident from Art. 154 that we may write 


1 dt Oy,’ dt © 0a." 
de, ow fy OW Pr ereneatacavsrseonen essen ceess (4) 
3 dt eas OVay. 3 dt Oa,’ 
ae eaOe an aso Seen Mecsas atraisees cate ; 
: 5 
where tw SKK glOL May wascaasacecwessmencsecaqeeecennsnay es (5) 


if 71, denote the distance between the vortices kj, ko. 


Since W depends only on the relative configuration of the vortices, its value is unaltered 
when 2}, %2, ... are increased by the same amount, whence 20 W/dx,=0, and, in the same 
way, 20W/0y,=0. This gives the first two of equations (2), but the proof is not now 
limited to the case of 3x=0. The argument is in fact substantially the same as in 
Art. 154. Again, we obtain from (4) 


a2, yf). 3(8% 58) 
zx (2 at? at oy 1x)” 


or if we introduce polar co-ordinates (7,, 61), (72, 42), .-. for the several vortices, 


dr ow 
Ser = 2369 ° Cec eneenedcccccececcesenesecesesecccton (6) 


Since W is unaltered by a rotation of the axes of co-ordinates in their own plane about the 
origin, we have 30 W/0@=0, whence 


Tepine CONS, a. ces asthbeshaacarune Paargamurcnnaeeeee (7) 
which agrees with the third of equations (2), but is free from the restriction there implied. 
An additional integral of (4) is obtained as follows. We have 


d d. ow aw 
3 (9 aa) sete as 


or Shr Sh a B12. en, Can, Ale (8) 


If every 7 be increased in the ratio 1+¢, where e is infinitesimal, the increment of W is 
equal to Zer.0W/dr. But since the new configuration of the vortex-system is geometrically 
similar to the foriner one, the mutual distances rj, are altered in the same ratio 1+, and 
therefore, from (5), the increment of W is ¢/2m7.3x,x. Hence ‘8) may be written in the 
form a6 


SKr? ape ws 7 PKI Ka: ams slejeseiiaysiosie eisiieisfplasisineels s[useesasse (9) 

158. The preceding results are independent of the form of the sections of 
the vortices, so long as the dimensions of these sections are small compared 
with the mutual distances of the vortices themselves. The simplest case is 
when the sections are circular, and it is of interest to inquire whether this 
form is stable. This question has been examined by Kelvin +. 


* Mechanik, c. xx. 


¢ Sir W. Thomson, ‘‘On the Vibrations of a Columnar Vortex,’’ Phil. Mag. (5), x. 155 (1880) 
[Papers, iv, 152}. 
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When the disturbance is in two dimensions only, the calculations are very simple. Let 
us suppose, as in Art. 27, that the space within a circle r=a, having the centre as origin, 
is occupied by fluid having a uniform vorticity #, and that this is surrounded by fluid 
moving irrotationally. If the motion be continuous at this circle we have, for r<a, 


while for r>a, Mp eS PUTO OIC wis on skgniit iseeeaevone ieeapiep saeneees (2) 


To examine the effect of a slight irrotational disturbance, we assume, for r<a, 


v= —-to(a?-7*)+A4 a cos (86 — o?),| 


and, for r>a, v= -—4t0a? log = +A = cos (36 — | 


where s is integral, and a is to be determined. The constant A must have the same 
value in these two expressions, since the radial component of the velocity, —dy/r06, must 
be continuous at the boundary of the vortex, for which 7=a, approximately. Assuming 
for the equation to this boundary 


== 1G COS( BO OO \y ae eae atnere areca: Toteoenee cise oe os (4) 


we have still to express that the transverse component (dy/0r) of the velocity is continuous, 
This gives 
if 2 
4ar+s —cos (s6—at) ees A cos (86 — at). 
a Ta a 


Substituting from (4), and neglecting the square of a, we find 
OO =F RAY MMe wor ses sedaceacene enue reo csasices Selene (5) 


So far the work is purely kinematical; the dynamical theorem that the vortex-lines 
move with the fluid shews that the normal velocity of a particle on the boundary must be 
equal to that of the boundary itself. This condition gives 


ot r00—sOr rod” 
where 7 has the value (4), or 


A sa 
ca=s  +h0d.—. eirid'o gale elo nisisleie S hivisleisisis ee ialenive ls @.cisivieleeis (6) 


B= G1) Gy, yansacacsboobbuncacnoubovaneasconbba50d: (7) 


Hence the disturbance represented by the plane harmonics in (3) consists of a system 
of corrugations travelling round the circumference of the vortex with an angular velocity 


HEE ORT Ee hn onoacoricnoneribh rinagridddabacagssbdgoros (8) 
This is the angular velocity in space; relative to the rotating fluid the angular velocity is 
FT/S =F OME KW/G, seas sseerassssanvvaravansdonsasenarse (9) 


the direction being opposite to that of the rotation. When s=2, the disturbed section is 
an ellipse which rotates about its centre with angular velocity jo. 


The three-dimensional oscillations of an isolated columnar vortex-filament have also 
been discussed by Kelvin in the paper cited. The columnar form is found to be stable for 
disturbances of a general character. 

In a recent paper Rosenhead* has examined the stability of the Karman unsymmetrical 
arrangement when the cross-sections are of finite area. The conclusion is that there is 
stability for strictly two-dimensional disturbances, but instability fer sinusoidal longitudinal 
deformations, whose wave-length bears less than a certain ratio to the diameter. 


* Proc. Roy. Soc. A, exxvii. 590 (1930). 


232 Vortex Motion [CHAP. VII 


159. The particular case of a two dimensional elliptic disturbance can be 
solved without approximation as follows*. 

Let us suppose that the space within the ellipse 
is occupied by liquid having a uniform vorticity , whilst the surrounding fluid is moving 
irrotationally. It will appear that the conditions of the problem can all be satisfied if we 


imagine the elliptic boundary to rotate, without change of shape, with a constant angular 
velocity (nm, say), to be determined. 


The formula for the external space can be at once written down from Art. 72, 4°; viz. 


we have 
p=tn (at b)%e-% cos +hWAVE, ..ccccecescceseeceerenvescenes (2) 


where &, 7 now denote the elliptic co-ordinates of Art. 71, 3°, and the cyclic constant x has 
been put =mudo. 


The value of for the internal space has to satisfy 


2 02 
oy + Ae Dy cone recc reece ereerscceneeeeeeseseseereeses (3) 
with the boundary-condition — + += —2Y. 7 tne. ¥. Ee APR coco cba teetaccaes oie: (4) 
These conditions are both fulfilled by 
PaPOCA RB), sacc.edekssshesta een (5) 
provided At. Baling odd ic, Boi = (diz Bee we at eee ae ee (6) 
@ 


It remains to express that there is no tangential slipping at the boundary of the 
vortex; z.e. that the values of dy-/d€ obtained from (2) and (5) there coincide. Putting 
%=ccosh cosy, y=csinh €sinn, where c=./(a*— 62), differentiating, and equating coeffi- 
cients of cos 2n, we obtain the additional condition 


—$n(atb)%e-% =4 ac? (A — B) cosh é sinh &, 
where é is the parameter of the ellipse (1). This is equivalent to 


n a?—b? 


A-B=- Da ITT Tete eseeeeeneeeneeeseeennees (7) 
since, at points of the ellipse, cosh €=a/c, sinh =6/c. 
; ‘ ene ab 
Combined with (6) this gives Aa=Bb= Pa (8) 
and aes A) 9 
CT) taal (9) 


When a=8, this agrees with our former approximate result. 


The cornponent velocities #, y of a particle of the vortex relative to the principal axes 
of the ellipse are given by 


: Co) 58 
ba my, j= —na, 
whence we find 


* Kirchhoff, Mechanik, c. xx.; Basset, Hydrodynamics, ii. 41. 
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Integrating, we find x=ka cos (nt +e), YEO SIN (NE+e€), ..ccccecceccceseceees net LiL) 


where &, ¢ are arbitrary constants, so that the relative paths of the particles are ellipses 
similar to the boundary of the vortex, described according to the harmonic law. If a, yf 
be the co-ordinates relative to axes fixed in space, we find 


xv =x cos nt—y sin nt =$k (a+b) cos (Qnt+e)+$h (a—b) cose, 
¥=xsin ntt+y cos nt=$k (a+b) sin (Qnt+e)—$h(a—b) sin i 


The absolute paths are therefore circles described with angular velocity 2n*. 


159.a. The motion ofa solid in a liquid endowed with vorticity is a problem 
of considerable interest, but is unfortunately not very tractable. The only 
exception is when the motion is two-dimensional, and the vorticity uniform. 

Let 2, ¥ be the co-ordinates, relative to fixed axes, of a point C of the (cylindrical) 


solid; let x, y be the co-ordinates of any point of the fluid relative to parallel axes through 
C, and let (uw, v) be the velocity relative to C. We have then 


Ob Ou Alay, ashi lydp 
ee Orn a p 0x’ a) 
a gue a tue 1, eaicirescitp amare tte aa bt 
Mi ey aye ply’ 
cf. Arts. 12 (3) and 146 (5). Since 
pee Be (2) 


and ¢ is constant, it appears that du/dt and dv/d¢ are the derivatives with respect to x and 
y, respectively, of a certain function of x, y, t. Denoting this function by —dq@/0t, we have 


£(8)--B-2@). 8(@)--B--2@) 


which are the conditions that axC +i) 


should be a function of the complex variable +7y. This consideration determines 0d/ot 
when the form of y is knownt. 


The equations (1) now give 
0 Ks 29 
= oP (iiye aU wT Wis eo iceepeunces cedpee vie raunee (4) 
where GPA SOA Bre IORO BDO RUD OECD CO NE ROS BONS eB AC (5) 

We proceed to apply these results to some cases of motion of a circular cylinder. The 
point C is naturally taken on its axis. 

Let us suppose in the first instance that the undisturbed motion of the fluid consists 
of a uniform rotation » about the origin, so that (=2«. The stream-function for the 
motion relative to a moving point (x, yo) is then 

Po= ho (2 +2) + (Yoty)} + Loy — You 
=tor? + or (a cos 0+yp Sin 0) +40 (4? + Yo") +7 (Hp SiN 8 — J COS 4), «4... (6) 


* For further researches in this connection see Hill, ‘‘On the Motion of Fluid part of which 
is moving rotationally and part irrotationally,” Phil. Trans. 1884; Love, ‘‘On the Stability of 
certain Vortex Motions,’’ Proc. Lond. Math. Soc. (1) xxv. 18 (1893). 

+ Cf. Proudman, ‘‘On the Motion of Solids in a Liquid possessing Vorticity,’’ Proc. Roy. 


Soc. A, xcii. 408 (1916). 
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where we have introduced polar co-ordinates relative to C. The relative stream-function 
for the disturbed motion will be 
2 2 . . 
Vv=tor+to (r- a) (a Cos 6+ yp Sin 6) +40 (x? +40) + (« - =) (Zp sin 6 — Y cos 6). 
er EOP ai Go 8 (7) 


For this satisfies V2 =2o; it makes y=const. for r=a; and it agrees with (6) for r=. 


2 . -* 
Hence aaa (--<) (& COS A+ HY Sin 8) + (r-2 (Gp SiN O — Hp COS O), ....-0eeeeee (8) 
and therefore 
Go) GN sc a: f GX yop ey (9) 
ee (+5) (#o Sin 6 — % Cos 8) + a ed (€p COSO+Y) SiN O), «2.00000 
terms independent of r and 6 being omitted. Again we have, for 7=a, 
=o, YF oa +20 (a cos 8 +4 Sin O) + 2 (xp Sin 6 — H Cos 4), 
and therefore 
$.q?= 27a (7 cos 0+ Yo Sin A) + 2aa (#9 Sin 6 — J COS A) + etC., .......--0-- (10) 


where terms are omitted which will contribute nothing to the resultant force on the 
cylinder, Substituting in (4) we find, for r=a, 


oe (Zo cos 6 + 4 Sin 8) — 40a (#9 sin 6 — Ycos 6) — 2w*a (x, cos 6 + yy sin 8) + ete. ...(11) 


The component forces on the cylinder, due to fluid pressure, are therefore * 


"Qar 
ale pcos 6 add= — M' (%)+4a% — 207%), 


2r 
-[° psin 6 adé= — M' (yy) — 40 i —2w* yp), 


where M’=pa*. Hence if M be the mass per unit length of the cylinder itself, the 
equations of motion are 
pt + 4oy — eh ia 
py — 40% —207y= Y/M’, 
where »=1+M/M’, and the zero suffixes have been omitted as no longer necessary. If we 
write z=x«+2y, these equations are equivalent to 


po — Atak — Qe 2z=(XACYV) IM". 0... .crccescscsccncsvcceceees (14) 
To ascertain the free motion, when Y=0, Y=0, we assume that z « et, and find 
pin — AM Ee B= Pe ieeacaeseloneseseeneeatecearetor (15) 


If »<2, ze. if the mass of the cylinder is less than that of the fluid which it displaces, the 
values of m are real, and the solution has the form 


Z ead GUm Oe Beil ae ne ena ceece ate eeeeee eter nee (16) 


where m, mz are positive. This represents motion in a ‘direct’ epicyclic. As special 
cases circular paths are possible, and are stable. If on the other hand »>2, the values of 
m are complex, and the solution takes the form 


Bue AGe Be 220) Mn wecse tens cacsch csuett age eee (17) 
the ultimate path being an equiangular spiral. If 1»=2, we have (m—1)?=0, and 
B= (A ABC) CLONE cece astan eo seotne dace eeeecene meee (18) 


* Cf. G. I. Taylor, ‘‘Motion of Solids in Fluids when the Flow is not Irrotational,’’ Proc. 
Roy. Soc. A, xciii. 99 (1916). 


159 a] Cylinder in Rotating Fluid 235 


Hence, although it is possible as we should expect for a cylinder having the same mean 
density as the fluid to revolve with the latter in a circular path, this motion is unstable. 


If there is a radial force whose direction revolves with the fluid, say 


ota Dut Ae cay 2 asp act Aan rahe iain tinh Aneeep a (19) 

the equation (14) is satisfied, when p=2, by 
SPC Me cents ee ee CET ict ab ocho wcoht (20) 
provided REF MAE AEC EAR Retention sooeaee ety (21) 


The cylinder can therefore move, relatively to the rotating fluid, along a radius*, but this 
motion, again, must be classed as unstablet. 


Let us next suppose that the fluid when undisturbed is in laminar motion parallel to 
Ox, with constant vorticity 2, the stream-function being 


Vo=o (Yo ty)? =her* (1— cos 26) + 2oyy 7 sin O + Wyo? ....ceececeeecoees (22) 
In the disturbed motion relative to the cylinder 


4 2 
v=tor?—to (* -5) cos 26+ 20% (r-£) sin 6+ @¥?+ (r - *) (€ sin 6 — % cos 8). 
agobse (23) 
2 2 
Hence v 2a% (r ~ =) sin 6+ (r- ) (€ Sin 8—Yp COSA), 1... -es eevee (24) 
the terms independent of r and @ being omitted. We write therefore 
Clo) : aa ai wy ae 
F = 2ajo(r+) cos 6+ r+o) (By COB O44 SiN A). .......ceeeenee (25) 
For r=a we have from (23) 
ke 0, ore — od + 40a sin? 6+4ey) sin +2 (%)sind—y cos 6), ...... (26) 


ago 
’ and therefore 
$¢°= —40*ay, sin 6 — 2wa (x sin 6 — H Cos 6) + 16a*ay, sin’ 8 
+ 80ayo (Zp sin? 6 — J sin? 6 cos @) + etc., ......... (27) 
those terms only being retained which will contribute to the resultant force on the cylinder. 
Substituting in (4) we find, for r=a, 


or 


Puma (# cos 6+%, sin 6) +2wazy (sin 6 — 4 sin’ 6) + 2wa% (cos 6+ 4 sin? 6 cos 6) 
: +4w*ay, (sin 6—4 sin? 6)+ etc. ...... (28) 


Qn 
Hence t -|' pcos 6ad0=—M' (d+ 40%), 
- |" sin 6ad0=— MM’ (ij) — 40a — 8w2y). 


The equations of motion of the cylinder are therefore, omitting the suffixes, 


pit4oy=X/M’, } 
sng Lagi batt ek aie ea, 
We notice that the cylinder can remain at relative rest subject to a force 

= —8a0*M’y=4aM U=2KpU, ...cccosecerere seddheasaaetas (31) 


* Cf. Taylor, l.c. 
+ Some cases of motion of a sphere in rotating fluid have been studied by Proudman, l.c.; 


§. F. Grace, Proc. Roy. Soc. A, cii. 89 (1922); and Taylor, Proc. Roy. Soc. A, cii. 180 (1922). 
t Cf. Taylor, l.c. 
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where U(= —2ey) is the velocity of the undisturbed stream at the level of the centre, and 
x (=2ma%e) is the circulation immediately round the cylinder. This result may be con- 
trasted with Art. 69 (6). 


It is easily found from (30) that, if »<2, the path when there are no extraneous 
forces is a trochoid whose general direction of advance is parallel to the stream. 


160. It was pointed out in Art. 80 that the motion of an incompressible 
fluid in a curved stratum of small and uniform thickness is completely defined 
by a stream-function y, so that any kinematical problem of this kind may be 
transformed by projection into one relating to a plane stratum. If, further, 
the projection be ‘orthomorphic,’ the kinetic energy of corresponding portions 
of liquid, and the circulations in corresponding circuits, are the same in the 
two motions. The latter statement shews that vortices transform into vortices 
of equal strengths. It follows at once from Art. 145 that in the case of a closed 
simply-connected surface the algebraic sum of the strengths of all the vortices 
present is zero. 

We may apply this to motion in a spherical stratum. The simplest case is that of a 
pair of isolated vortices situated at antipodal points; the stream-lines are then parallel 
small circles, the velocity varying inversely as the radius of the circle. For a vortex-pair 
situate at any two points A, B, the stream-lines are coaxal circles as in Art. 80. It is 
easily found by the method of stereographic projection that the velocity at any point P is 
the resultant of two velocities «/2ra. cot 46, and «/27a. cot $62, perpendicular respectively 
to the great-circle arcs dP, BP, where 6,, 62 denote the lengths of these arcs, a the radius 
of the sphere, and +x the strengths of the vortices. The centre* (see Art. 154) of either 
vortex moves perpendicular to AB with a velocity x/2ra.cot}AB. The two vortices 


therefore describe parallel and equal small circles, remaining at a constant distance from 
each other. 


Circular Vortices. 


161. Let us next take the case where all the vortices present in the liquid 
(supposed unlimited as before) are circular, having the axis of # as a common 
axis. Let @ denote the distance of any point P from this axis, v the velocity 
in the direction of a, and the resultant vorticity at P. It is evident that 
u, v, w are functions of #, @ only. 


Under these circumstances there exists a stream-function , defined as in 
Art. 94, viz. we have 


__ lop 1 Op 
UNS ee Oe A isbes one Poem c cece ves ceccerccees (1) 
_d_du_1/®p By 1d 
W hence o= AVS = Bey = ~ (5s ae Dest =e as Siaibleteietelerelelelerel cis (2) 


It is easily seen from the expressions (7) of Art. 148 that the vector 
(F, G, H) will under the present conditions be everywhere perpendicular to 


* To prevent possible misconception it may be remarked that the centres of corresponding 
vortices are not necessarily corresponding points. The paths of these centres are therefore not 
in general projective. 
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the axis of w and the radius a. If we denote its magnitude by S, the flux 
through the circle (x, a) will be 27aS, whence 


cai tnd MOT ee Ce ee (3) 


To find the value of w at (x, ) due to a single vortex-filament of circulation 
x, Whose co-ordinates are 2’, a’, we note that the element which makes an 
angle @ with the direction of S may be denoted by o’86, and therefore by 
Art. 149 (1) 


kam [2"cos 6 
ya- oS =— [ ach Ga be eee et (4) 
where r={(ve—a’ P+ w+ ow? — 2am’ cos O}F. oe (5) 


If we denote by 71, r2 the least and greatest distances, respectively, of the 
point P from the vortex, viz. 


rvi=(e-aP+(a—o'y, ri=(#-a P+(@to’yy ...... (6) 
we have r?=7r,*cos?40+72%sin? 40, 4aa’ cos 0=r;2 4 r2—2r’, ...... (7) 


and therefore 
eh tte 2 2)" dé 
es 87r ln + 8 df’ j/ (r#2 cos? 46 + 7% sin? $6) 


—2 "v (r2 cos? 4.0 + re sin? 4) ao}, paenes (8) 
0 


The integrals are of the types met with in the theory of the ‘arithmetico- 
geometrical mean.’ * In the ordinary, less symmetrical, notation of ‘complete’ 
elliptic integrals we have 


‘ 74 2 
=-5-(e0 H(E-k) )-_HOw}, Rees (9) 
: f ri vas os’ 
provided k2=1— me Lee we (10) 


The value of y at any assigned point can therefore be computed with the 
help of Legendre’s tables. 

A neater expression may be obtained by means of ‘Landen’s trans- 
formation,’ + viz. 


p= = Ganon ailt.9 9 80) yo ewe (11) 
; - Ta— 7 
provided = rer Lyra AapAb ORR BER res (12) 


The forms of the stream-lines corresponding to equidistant values of y are shewn on 
the next page. They are traced by a method devised by Maxwell, to whom the formula (11) 


is also duef. 


* See Cayley, Elliptic Functions, Cambridge, 1876, c. xiii. 


+ See Cayley, l.c. 
$ Electricity and Magnetism, Arts. 704, 705. See also Minchin, Phil. Mag. (5), xxxv. (1893); 


Nagaoka, Phil. Mag. (6), vi. (1903). 
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Expressions for the velocity-potential and the stream-function can also be obtained in 
the form of definite integrals involving Bessel’s Functions. 


Thus, supposing the vortex to occupy the position of the circle s=0, a=a, it is evident 
that the portions of the positive side of the plane 2=0 which lie within and without this 
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circle constitute two distinct equipotential surfaces. Hence, assuming that we have ¢=4«x 
for v=0, w<a, and @=0 for z=0, w>a, we obtain from Art. 102 (2) 


oadea [er V, NCE Cee to oe ills srl omicta mines lane (13) 


and therefore, in accordance with Art. 100 (5), 


patos | REE (aa yd, (hay aEOT AEN Blane. (14) 


These formulae relate of course to the region « >0*. 


It was shewn in Art. 150 that the value of ¢ is that due to a system of double sources 
distributed with uniform density « over the interior of the circle. The values of ¢ and p 
for a uniform distribution of simple sources over the same area have been given in Art. 102 
(11). The above formulae (13) and (14) can thence be derived by differentiating with 
respect to z, and adjusting the constant factorf. 


162. The energy of any system of circular vortices having the axis of x as 
a common axis, is 


T=p [02+ 4) wdede = np [f(v -u%) dede 


=—7p [|¥e da da Ei arp wie ITE. Fo. TSF (1) 


by a partial integration, the integrated terms vanishing at the limits. We have 
here used « to denote the strength wézéa of an elementary vortex-filament. 


Again the formula (7) of Art. 153 becomes} 
T = 2p ff (su—av) wodxdy = 2rpiKka (wu —aVv). ......06 (2) 


The impulse of the system obviously reduces to a force along Ow. By 
Art. 152 (6), 


P=thpff(yt—2n) dadydz= mp f[a*wdada =mpixna*. ...... (3) 
If we introduce the symbols a, mo defined by the equations 


lke Pa PL oe 


X= Sas ao = ee 2 Pe veneer eer esecceare (4) 


these determine a circle whose position evidently depends on the strengths 
and the configuration of the vortices, and not on the position of the origin on 
the axis of symmetry. It may be called the ‘circular axis’ of the whole system 
of vortex-rings. 


* The formula for y occurs in Basset, Hydrodynamics, ii. 93. See also Nagaoka, l.c. 

+ Other expressions for ¢ and y can be obtained in terms of zonal spherical harmonics. 
Thus the value of ¢ is given in Thomson and Tait, Art. 546; and that of y can be deduced by 
the formulae (11), (12) of Art. 95 ante. The elliptic-integral forms are however the most useful 
for purposes of interpretation. 

t At any point in the plane z=0 we have y=@, =0, n=0, f=40, v=v; the rest follows by 
symmetry. 
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Since « is constant for each vortex, the constancy of the impulse shews, 
by (3) and (4), that the circular axis remains constant in radius. To find its 
motion parallel to , we have, from (4), 


dx da da 
> an at 
DK. wo. a 9 = Sk? Ae Wnou — or Leo (wut 2xv). ...... (5) 
With the help of (2) this can be put in the form 
di fh 
2 SS = >; ~™MWAQ] WU, coe seereeseeeseseee 
DK. woe. mips: + 32K (@ — %) BY, «0.2206. (6) 


where the added term vanishes, since «av = 0 on account of the constancy 
of the mean radius (a). 

163. Let us now consider, in particular, the case of an isolated vortex-ring 
the dimensions of whose cross-section are small compared with the radius (a). 
It has been shown that 


ve-Z fF (2) -#,(2— \hovtn) ode, ce? (1) 


where 71, 72 are defined by Art. 161 (6). For points (2, a) in or near the 
substance of the vortex, the ratio 7/72 is small, and the modulus (A) of the 
elliptic integrals is accordingly nearly equal to unity. We then have 


16 
Fi (A) = ¢ log sa, Ey (A) = i, CE CTO Or OORT ACPI OS (2) 
approximately *, where \’ denotes the complementary modulus, viz. 
y 47172 
Pak Mey Vee ee ey re eee 
(ri +12)" so, 


or V2 = 574/72, nearly. 

Hence at points within the substance of the vortex the value of W is of 
the order xa log (wo/e), where ¢ is a small linear magnitude comparable with 
the dimensions of the section. The velocities at such points, depending 
(Art. 94) on the differential coefficients of yy, will be of the order «/e. 

We can now estimate the magnitude of the velocity da/dt of translation 
of the vortex-ring. By Art. 162 (1), 7 is of the order px? a log (w/e), and v is, 
as we have seen, of the order «/e; whilst x — aq is of course of the order e. 
Hence the second term on the right-hand side of the formula (6) of the 
preceding Art. is, in the present case, small compared with the first, and the 
velocity of translation of the ring is of the order «/a. log (wo/e), and approxi- 
mately constant. 

An isolated vortex-ring moves then, without sensible change of size, parallel 
to its rectilinear axis with nearly constant velocity. This velocity is small 
compared with that of the fluid in the immediate neighbourhood of the circular 
axis, but may be greater or less than 4«/a, the velocity of the fluid at the 
centre of the ring, with which it agrees in direction. 


* See Cayley, Elliptic Functions, Arts, 72, 77; and Maxwell, l.c. 
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For the case of a circular section more definite results can be obtained as follows. If 
we neglect the variations of a and over the section, the formulae (1) and (2) give 


= = $m || (tog 2) dee der, 


or, if we introduce polar co-ordinates (s, y) in the plane of the section, 


@ @ [2m 8m , , , 
- gm [* f (log “8-21 «dy ay, we Felina eo. Uh (4) 


where a is the radius of the section. Now 
Qa Qa 
| » een ex = / » 108 (9? +87 — 238" cos (x — x} dy’, 


and this definite integral is known to be equal to 2m log s’, or 2m log s, according as s’2s. 
Hence, for points within the section, 


= ome | (log <2) ds — om |” (log Ft-2) 3’ ds’ 
0 s s s§ 
2 
2 fey {log ==2-3-3. 5h BRE UIE O 8 1a (5) 


The only variable part of this is the term }@aps?; this shews that to owr order of approxi- 
mation the stream-lines within the section are concentric circles, the velocity at a distance 
s from the centre being 4s. 


Substituting in Art. 162 (1) we find 


dH 8a, 
oap7 -40f* - “pedsdy= "2" fi og 20 f. re YO Se NET: (6) 
The last term in Art. 162 (6) is equivalent to 


2a @Sk (a— Xo). 


In our present notation, where «x denotes the strength of the whole vortex, this is equal to 
2x?@,/m. Hence the formula for the velocity of translation of the vortex becomes* 


ramet flo 3}. Pees ett ot (7) 


ate 41 Do a 

The vortex-ring carries with it a certain body of irrotationally moving fluid in its 

career; cf. Art. 155, 2°. According to the formula (7) the velocity of translation of the 

vortex will be equal to the velocity of the fluid at its centre when a/a=86, about. The 

accompanying mass will be ring-shaped or not, according as @/a exceeds or falls short of 
this critical value. 


The ratio of the fluid velocity at the periphery of the vortex to the velocity at the centre 
of the ring is 2oa@/x, or @/ra. For a= zh5@, this is equal to 32, about. 

The conditions under which a vortex-ring of finite section and uniform 
vorticity can travel unchanged have been investigated by Lichtenstein f. The 
shape of the section, when small, is found to be approximately elliptic, with 
the minor axis in the direction of translation. He has also discussed the 
analogous question relating to a vortex-pair (Art. 155). 

* This result was given without proof by Sir W. Thomson in an appendix to a translation of 
Helmholtz’ paper, Phil. Mag. (4), xxxiii. 511 (1867) [Papers, iv..67]. It was verified by Hicks, 
Phil. Trans. A, clxxvi. 756 (1885); see also Gray, ‘‘Notes on Hydrodynamies,’’ Phil. Mag. (6), 
xxviii. 13 (1914). 

+ Math. Zeitsch. xxiii. 89, 310 (1925). See also his Grundlagen der Hydrodynamik, Berlin, 
1829. 
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164. If we have any number of circular vortex-rings, coaxal or not, the 
motion of any one of these may be conceived as made up of two parts, one 
due to the ring itself, the other due to the influence of the remaining rings. 
The preceding considerations shew that the second part is insignificant com- 
pared with the first, except when two or more rings approach within a very 
small distance of one another. Hence each ring will move, without sensible 
change of shape or size, with nearly uniform velocity in the direction of its 
rectilinear axis, until it passes within a short distance of a second ring. 


A general notion of the result of the encounter of two rings may, in par- 
ticular cases, be gathered from the result given in Art. 149 (3). Thus, let us 
suppose that we have two circular vortices having the same rectilinear axis. 
If the sense of the rotation be the same for both, the two rings will advance, 
on the whole, in the same direction. One effect of their mutual influence will 
be to increase the radius of the one in front, and to contract the radius of the 
one in the rear. If the radius of the one in front becomes larger than that of 
the one in the rear, the motion of the former ring will be retarded, and that 
of the latter accelerated. Hence if the conditions as to relative size and 
strength of the two rings be favourable, it may happen that the second ring 
will overtake and pass through the first. The parts played by the two rings 
will then be reversed; the one which is now in the rear will in turn overtake 
and pass through the other, and so on, the rings alternately passing one through 
the other*. 


If the rotations be opposite, and such that the rings approach one another, 
the mutual influence will be to enlarge the radius of each. If the two rings 
be moreover equal in size and strength, the velocity of approach will continually 
diminish. In this case the motion at all points of the plane which is parallel 
to the two rings, and half-way between them, is tangential to this plane. We 
may therefore, if we please, regard the plane as a fixed boundary to the fluid 
on either side, and so obtain the case of a single vortex-ring moving directly 
towards a fixed rigid wall. 


The foregoing remarks are taken from Helmholtz’ paper. He adds, in 
conclusion, that the mutual influence of vortex-rings may easily be studied 
experimentally in the case of the (roughly) semicircular rings produced by 
drawing rapidly the point of a spoon for a short space through the surface of 
a liquid, the spots where the vortex-filaments meet the surface being marked 
by dimples. (Cf. Art. 27.) The method of experimental illustration by means 
of smoke-ringst is too well-known to need description here. A beautiful 


* Cf. Hicks, ‘‘On the Mutual Threading of Vortex Rings,’’ Proc, Roy. Soc. A, cii. 111 (1922). 
The corresponding case in two dimensions was worked out and illustrated graphically by Grobli, 
l.c. ante p. 224; see also Love, ‘‘On the Motion of Paired Vortices with a Common Axis,’’ Prec. 
Lond, Math. Soc. xxv. 185 (1894), and Hicks, l.c. 

+ Reusch, ‘‘ Ueber Ringbildung der Fliissigkeiten,’’ Pogg. Ann. cx. (1860); Tait, Recen 
Advances in Physical Science, London, 1876, c. xii. 
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variation of the experiment consists in forming the rings in water, the sub- 
stance of the vortices being coloured *. 

The motion of a vortex-ring in a fluid limited (whether internally or externally) by a 
fixed spherical surface, in the case where the rectilinear axis of the ring passes through 
the centre of the sphere, has been investigated by Lewist, by the method of ‘images.’ 
The following simplified proof is due to Larmor{. The vortex-ring is equivalent (Art. 150) 
to a spherical sheet of double-sources of uniform density, concentric with the fixed sphere. 
The ‘image’ of this sheet will, by Art. 96, be another uniform concentric double-sheet, 
which is, again, equivalent to a vortex-ring coaxal with the first. It easily follows from 
the Art. last cited that the strengths (x, «’) and the radii (a, a’) of the vortex-ring and 
its image are connected by the relation 

cot+c'ot=0. ease tueninencesie rs atts Renacteagesueeetaas (1) 

The argument obviously applies to the case of a re-entrant vortex of any form, provided 
it lie on a sphere concentric with the boundary. 

The interest attaching to Karman’s stable configuration of a system of 
line- vortices of small section (Art. 156) has led to the discussion of analogous 
arrangements in three dimensions. 


Considering, in the first instance, a procession of equal vortex-rings of 
infinitesimal section, spaced at equal intervals with a common axis, Levi and 
Forsdyke§ find that the arrangement is unstable for a type of disturbance in 
which the radii and the intervals vary simultaneously, the rings remaining 
accurately plane and circular. On the other hand, provided the ratio of the 
interval between successive rings to the common radius exceeds 1°20, periodic 
vibrations about the circular form are possible, of types discussed by 
J. J. Thomson and Dyson in the case of an isolated ring]|j. 


They examine next the case of a helical vortex{. If undisturbed this will 
have a certain angular velocity about its axis, and a certain velocity of advance. 
They find that there is stability if, and only if, the pitch of the helix 
exceeds 0°3. 


The Conditions for Steady Motion. 


165. In steady motion, 1.e. when 


ou dv ow 
Apuaunp ry eapes digg 
the equations (2) of Art. 6 may be written 
ou ov ow wena lop 
Bet Ulerates hw (vf —wn) = — = pon’ oreheie (Ya ete:oisie)s (1) 


* Reynolds, ‘‘On the Resistance encountered by Vortex Rings &c.,’’ Brit. Ass. Rep. 1876; 
Nature, xiv. 477. 

+ ‘*On the Images of Vortices in a Spherical Vessel,’’ Quart. Journ. Math. xvi. 338 (1879). 

{ ‘‘Electro-magnetic and other Images in Spheres and Planes,” Quart. Journ, Math. xxiii. 


94 (1889). 
§ Proc. Roy. Soc. A, cxiv. 594; A, cxvi. 352 (1927). 
|| For references see p. 246. { Proc. Roy. Soc. A, cxx. 670 (1928). 
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Hence, if as in Art. 146 we put 


i= [Prag+o, sappeiiont ina ies en) 
/ Ue rs) ’ 
we have X= of — wn 2 = ue — ub He = un ~ v6. 5 af 5.09 (3) 
It follows that es Hig (Aas Oona. 
Oa oy 0z 
enn er koe 


so that. each of the surfaces y’ = const. contains both stream-lines and vortex- 
lines. If further Sn denote an element of the normal at any point of such a 
surface, we have 


where q is the current velocity, w the vorticity, and 8 the angle between the 
stream-line and the vortex-line at that point. 

Hence the conditions that a given state of motion of a fluid may be a 
possible state of steady motion are as follows. It must be possible to draw in 
the fluid an infinite system of surfaces each of which is covered by a network 
of stream-lines and vortex-lines, and the product gw sin 86n must be constant 
over each such surface, dn denoting the length of the normal drawn to a con- 
secutive surface of the system *. 

These conditions may also be deduced from the considerations that the 
stream-lines are, in steady motion, the actual paths of the particles, that the 
product of the angular velocity into the cross-section is the same at all points 
of a vortex, and that this product is, for the same vortex, constant with regard 
to the time. 

The theorem that the function y’, defined by (2), is constant over each 
surface of the above kind is an extension of that of Art. 21, where it was shewn 
that y’ is constant along a stream-line. 

The above conditions are satisfied identically in all cases of irrotational 
motion, provided of course the boundary-conditions be such as are consistent 
with the steady motion. 

In the motion of a liquid in two dimensions (ay) the product qén is con- 
stant along a stream-line; the conditions in question then reduce to this, that 
the vorticity ¢ must be constant along each stream-line, or, by Art. 59 (5), 


Gert pe ee ue were (5) 


where J (¥) is an arbitrary function of yf. 


* See a paper ‘On the Conditions for Steady Motion of a Fluid,” Proc. Lond. Math. Soc. (1) 
ix. 91 (1878). 


+ Ci. Lagrange, Nouv. Mém. de V Acad, de Berlin, 1781 [Oeuvres, iv. 720]; and Stokes, ‘‘On 
the Steady Motion of Incompressible Fluids,’ Camb. Trans, vii. (1842) [Papers, i. 15]. 
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This condition is satisfied in all cases of motion in concentric circles about the origin. 
Another obvious solution of (5) is 


P= (Az? + 2BaLy + Cy), lovcccccciccssasasdecssuvasecssccees (6) 


in which case the stream-lines are similar and coaxal conics. The angular velocity at any 
point is $(4+C), and is therefore uniform. 


Again, if we put f()= — /, where & is a constant, and transform to polar co-ordinates 


r, 6, we get 

mp lop 1% 

Oe Py ne gz tv =0, nedhgsesosssouchoaueadactiobdnosad (7) 
which is satisfied (Art. 101) by y=CJ,(kr) at J SPL ee (8) 


This gives various solutions consistent with a fixed circular boundary of radius a, the 
admissible values of & being determined by 


wf gi btS) =O Mare scienesscce Wexvessuessiacesnncessorerereeee’ (9) 
Suppose, for example, that in an unlimited mass of fluid the stream-function is 
Almost eT SUIEO Suen se ck cece oes sic nus eoccoteennentes (10) 
within the circle =a, whilst outside this circle we have 
2 
y=U(r-<) Bi OSe aren ee: (11) 


These two values of y agree for r=a, provided J, (ka) =0. Moreover, the tangential velocity 
at this circle will be continuous, provided the two values of dy-/dr are equal, ze. if 


2U0 2U 
CET ia BERD Oded eee eee ecseceeeececcccsosccves (12) 


If we now impress on everything a velocity U parallel to Ox, we get a species of cylindrical 
vortex travelling with velocity U through a liquid which is at rest at infinity. The smallest 
of the possible values of & is given by ka/m =1'2197; the relative stream-lines inside the 
vortex are then given by the lower diagram on p. 288, provided the dotted circle be taken 
as the boundary (r=a). It is easily proved, by Art. 157 (1), that the ‘impulse’ of the vortex 
is represented by 2rpa?U. 

In the case of motion symmetrical about an axis (#), we have q.2mraén 
constant along a stream-line, a denoting as in Art. 94 the distance of any 
point from the axis of symmetry. The condition for steady motion then is 
that the ratio w/a must be constant along any stream-line. Hence, if be 
the stream-function, we must have, by Art. 161 (2), 

Ay ay loys 
_ Se (A in oie raiigieisaiv nese nace te 13 
‘aise =aalicae ah ee 
where f(r) denotes an arbitrary function of *. 
An interesting example is furnished by Hill’s ‘Spherical Vortext.’ If we assume 


Pp = GAD? (G72 — 17), ccrisdsconeccnscdssoessescersveberestes (14) 
where 7?=x?+4 a, for all points within the sphere r=a, the formula (2) of Art. 161 makes 
o=—$Aa, 


so that the condition of steady motion is satisfied. Again it is evident, on reference to 
Arts. 96, 97, that the irrotational flow of a stream with the general velocity — U parallel to 
the axis, past a fixed spherical surface r=a, is given by 


| 
y=} Ua? (1-5). Ree eA HN ottt saetncing (15) 


* This result is due to Stokes, l.c. 
+ ‘On a Spherical Vortex,” Phil. Trans. A, clxxxv. (1894). 
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The two values of y agree when r=a; this makes the normal velocity zero on both sides. 
In order that the tangential velocity may be continuous, the values of dy/ér must also 
agree. Remembering that a=, sin 4, this gives A= —3$U/a*, and therefore 
O=TE UDA. .....0ccccecescvonscnserensearercevenceres (16) 
The sum of the strengths of the vortex-filaments composing the spherical vortex is 5 Ua. 
The figure shews the stream-lines, both inside and outside the vortex; they are drawn, 
as usual, for equidistant values of yp. 


If we impress on everything a velocity U parallel to x, we get a spherical vortex 
advancing with constant velocity U through a liquid which is at rest at infinity. 

By the formulae of Art. 162, we readily find that the square of the ‘mean-radius’ of the 
vortex is #a*, the ‘impulse’ 27 pa’ U, and the energy is 4 wpa’ U?. 

As explained in Art. 146, it is quite unnecessary to calculate formulae for the pressure, 
in order to assure ourselves that this is continuous at the surface of the vortex. The con- 
tinuity of the pressure is already secured by the continuity of the velocity, and the constancy 
of the circulation in any moving circuit. 


166. As already stated, the theory of vortex motion was originated by 
Helmholtz in 1858. It acquired additional interest when, in 1867, Kelvin 
suggested * the theory of vortex atoms. As a physical theory, this has long 
been abandoned, but it gave rise to a great number of interesting investi- 
gations, to which some reference should be made. We may mention the 
investigations as to the stability and the periods of vibration of rectilinear + 
and annular { vortices; the similar investigations relating to hollow vortices 
(where the rotationally moving core is replaced by a vacuum$); and the cal- 
culations of the forms of boundary of a hollow vortex which are consistent 
with steady motion||. A summary of some of the leading results has been 
given by Love {. 


* L.c. ante p. 222. 

+ Sir W. Thomson, l.c. ante p. 230. 

t J. J. Thomson, l.c. ante p. 216; Dyson, Phil. Trans. A, clxxxiv. 1041 (1893). 

§ Sir W. Thomson, l.c.; Hicks, ‘‘On the Steady Motion and the Small Vibrations of a 
Hollow Vortex,” Phil. Trans. 1884; Pocklington, ‘‘The Complete System of the Periods of a 
Hollow Vortex Ring,’ Phil. Trans. A, clxxxvi. 603 (1895); Carslaw, ‘‘The Fluted Vibrations of 
a Circular Vortex-Ring with a Hollow Core,’’ Proc. Lond. Math. Soc. (1) xxviii. 97 (1896). 

|| Hicks, 1.c.; Pocklington, ‘‘ Hollow Straight Vortices,’’ Camb. Proc, viii. 178 (1894). 

WI l.c. ante p. 192, 
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166a. The dynamical theorems of the present chapter all depend on the 
constancy of the circulation in a moving circuit. It is postulated (Art. 146) 
that the extraneous forces if any are conservative, and also that the ‘fluid is 
either homogeneous and incompressible, or subject to a definite relation 
between the pressure and the density. 


There are of course many natural conditions, especially in Meteorology, in 
which this latter assumption does not hold. If we proceed as in Art. 33 
without making this assumption we find, for the rate of change of the circu- 
lation in a moving circuit, 


= —— [5(P gan ® gy 4 OP 

pi] ude ody + mde) =— [s(B dar 2 dy Pde), sassy) 
where s (=1/p) is the reciprocal of the density, or the ‘bulkiness’, of the fluid. 
The line-integral on the right hand may be converted into a surface-integral 
over any area bounded by the circuit, by Stokes’ theorem; thus 


= (uda +vdy+wdz) = [Jor +mQ+ nk) dS, cece (2) 
Os) OD, 8) _ 9 (Pp, 8) 
where P= Te) Q= AG a OWEN ee (3) 


Now consider the vector whose components are P, Q, R. It is solenoidal, in 
virtue of the relation 
Oz Oy 2 

and its direction is given by the intersections of the surfaces p = const., s = const. 
If we imagine a series of surfaces of equal pressure to be drawn for equal 
infinitesimal intervals dp, and likewise a series of surfaces of equal bulkiness 
for equal infinitesimal intervals 6s, these will divide the field into a system of 
tubes whose cross-sections are infinitesimal parallelograms. It is easy to shew 
that if 82 is the area of one of these parallelograms 


Nn Go OS, Ee ODOR: crcecneeshsan cast oe sorh: (5) 


Hence the product of the vector (P, Q, R,) into the cross-section is not only 
uniform along any tube, but is the same for all the tubes. The equation (2) 
then shews that the rate of change of the circulation round a moving circuit 
is proportional to the number of the aforesaid tubes which it embraces *. 


* Y. Bjerknes, Vid.-Selsk, Skrifter, Kristiania, 1918. An independent proof is attributed to 
Silberstein (1896). Another theorem of a less simple character is given by Bjerknes, relating to 
the circulation of momentum 

fp (udx+vdy+wdz). 
Some applications of the theorems to meteorological and other phenomena are explained in 
Stockholm, 4k. Handl. xxxi. (1898). 
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Clebsch’s Transformation. 


167. Another matter of some-interest, which can however only be briefly 
touched upon, is Clebsch’s transformation of the hydrodynamical equations *. 


It is easily seen that the component velocities at any one instant can be expressed in 


the forms : x i : ab 2 
COE ee pe cant el 
u=—z tha, v= — geen oe Gasp tra, SebaneaasseEaaes (1) 
where ¢, A, » are functions of 2, y, 2, hese the component rotations can be put in the 
ag 20,n) 20x) 2048) 
0054 oH) OOH 9 
Say. A Uy ee ¢ 1G Hi ee (2) 
Now if the differential equations of the vortex-lines, viz. 
dx dy dz 
rr OF Fn ete w cece ccc reser vncsceeseressasereseenes 3 
? ; é n ¢ b ( ) 
be supposed integrated in the form 
C= CODSt ye = COUSU pean ses checeiceetes ste deansesteneeaes (4) 
where a, 8 are functions of x, y, 2, we must have 
— p(B) —_ p0(B)  4_ p 9 (a, B) 
Sables 2)? det inirisy: ¢= Terie whee (5) 
where P is some function of x, y, zt. Substituting these expressions in the identity 
O67 Onan ot 
an * oy Fa, —% 
0(P, a, 8) _ 
we find ems WO, wivatinr ocassewon ga dessa se havenstaet eee 6 
O(@,y,2) — (8) 


which shews that P is of the form f(a, 8). If A, » be any two functions of a, B, we have 


0 (A, pe) 0 A, #) ) (a, 8) a 
3 (y,2) ~ B(@,B) * (gy, 2)” 83 
and the equations (5) will therefore reduce to the form (2), provided A, » be chosen so that 


0 (A, B) 
5 (a, B) sa} (G, B)yccccesescececcceccsecercctuccctee terete: (7) 


which can obviously be satisfied in an infinity of ways. 


It is evident from (2) that the intersections of the surfaces \=const., »=const. are the 
vortex-lines. This suggests that the functions 2, » which occur in (1) may be supposed to 
vary continuously with ¢ in such a way that the surfaces in question move with the fluid f. 
Various analytical proofs of the possibility of this have been given; the simplest, perhaps, 
is by means of the equations (2) of Art. 15, which give (as in Art. 17) 


Uda +vdy + wdz= Uy da + vydb + wyde— Ay. ...ccscceseccrsecceeeees (8) 
It has been proved that we may assume, initially, 
Up ha + Vy Ab + woe = —Ad>y+AMp. ...cscceececcsecsscsscessecces (9) 
Hence, considering space-variations at time ¢, we shall have 
Uda + vdly + wdz= —APAAM py ...cssseccossscccensccsceeceees (10) 


* “Ueber eine allgemeine Transformation d. hydrodynamischen Gleichungen,”’ Crelle, liv. 
(1857) and lvi. (1859). See also Hill, Quart. Journ. Math. xvii. (1881), and Camb. Trans. xiv. 
(1883). 

+ Cf. Forsyth, Differential Equations, Art. 174. 

¢ It must not be overlooked that on account of the insufficient determinacy of A, u these 
functions may vary continuously with ¢ without relating always to the same particles of fluid, 
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where ¢=¢)+y, and X, » have the same values as in (9), but are now expressed in terms 
of x, y, z, t. Since, in the ‘ Lagrangian’ method, the independent space-variables relate to 
the individual particles, this proves the theorem. 

On this understanding the equations of motion can be integrated, provided the extraneous 
forces have a potential, and that p is a function of p only. We have 


Op\ O 
Ou (« Or 0% tu a) Op _ - (43 u thay OH ay #) rv 


Ou 
ieee ar Cpe epee cs By tba) Ox 
a 10 0g me Drop Dp or 
-=(- a tha ) ee Relate relaletola eels siciele elelereleieiaievele's (11) 
and therefore, on the present assumption that D/Dt=0, Du/Dt=0, 
dp 2 _op Op 12 
[Pt FO RRO N A, ceescseesseesnscesecenenneennes (12) 


by Art. 146 (5), (6). An arbitrary function of ¢ is here supposed incorporated in d@/0t. 


If the above condition be not imposed on A, p, we have, writing 


ees ecesesvceseessoesesescsenes 


Dttc” Dtdz tu’ Ditty Ditty dy’ Dite Dice  %° 


é (H, >, #) A, B) 15 
Hence NeW a) (D). caposadedaeuatnenadontbborondeceddonccsadd (15) 
shewing that 7 is of the form f(A, p, t); and 
Dx OH Dp _ OH c16y* 


Die yp ODEON 


* The author is informed that these equations were given in a Fellowship dissertation 
(Dublin) by Mr T. Stuart (1900). 


CHAPTER VIII 
TIDAL WAVES 


168. ONE of the most interesting and successful applications of hydro- 
dynamical theory is to the small oscillations, under gravity, of a liquid having 
a free surface. In certain cases, which are somewhat special as regards the 
theory, but very important from a practical point of view, these oscillations 
may combine to form progressive waves travelling with (to a first approxi- 
mation) no change of form over the surface. 


The term ‘tidal, as applied to waves, has been used in various senses, but 
it seems most natural to confine it to gravitational oscillations possessing the 
characteristic feature of the oceanic tides produced by the action of the sun 
and moon. We have therefore ventured to place it at the head of this Chapter, 
as descriptive of waves in which the motion of the fluid is mainly horizontal, 
and therefore (as will appear) sensibly the same for all particles in a vertical 
line. This latter circumstance greatly simplifies the theory. 


It will be convenient to recapitulate, in the first place, some points in the 
general theory of small oscillations which will receive constant exemplification 
in the investigations which follow*. The theory has reference in the first 
instance to a system of finite freedom, but the results, when properly inter- 
preted, hold good without this restriction f. 


Let 1, qa, --- Yn be nm generalized co-ordinates serving to specify the con- 
figuration of a dynamical system, and let them be so chosen as to vanish in 
the configuration of equilibrium. The kinetic energy 7’ will be a homogeneous 
quadratic function of the generalized velocities G1, ge, ... Gn, SAY 


2T = au qi" + Agego* + guS SF 20129192 + Ratign tee emie tiene Somreates (1) 


where the coefficients are in general functions of the co-ordinates q,, dz, --- Gn; 
but may in the application to small motions be supposed constant, and to have 
the values corresponding to qi, ga, -.. Ia=0. Again, if (as we shall suppose) 
the system is ‘conservative, the potential energy V of a small displacement is 
a homogeneous quadratic function of the component displacement q, ge,... Gn; 
with (on the same understanding) constant coefficients, say 


2V = e191? + Coa qa? + Sire ate 20129192 + SEARS aot Siele eiserer (2) 


* For a fuller account of the general theory see Thomson and Tait, Arts. 337,...; Rayleigh, 
Theory of Sound, c. iv.; Routh, Elementary Rigid Dynamics (6th ed.), London, 1897, c. ix.; 
Whittaker, Analytical Dynamics, c. vii.; Lamb, Higher Mechanics, 2nd ed., Cambridge, 1929. 

+ The steps by which a rigorous transition can be made to the case of infinite freedom have 
been investigated by Hilbert, Gétt. Nachr. 1904. 
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By a real* linear transformation of the co-ordinates GihGatec Gye weas 
possible to reduce 7 and V simultaneously to sums of squares; the new 
variables thus introduced are called the ‘normal co-ordinates’ of the system. 
In terms of these we have 


2T= 3x2 + dega? +... + An gn’, efatertie storaleretstsietereistetaierers (3) 

2V= C191? + Ce Qe? + pet ate CnUnn drocaposnsacoaemeooos (4) 
The coefficients ay, az,...a@, are called the ‘principal coefficients of inertia’; 
they are necessarily positive. The coefficients c1, cg, ... Cy may be called the 


‘principal coefficients of stability’; they are all positive when the undisturbed 
configuration is stable. 


When given extraneous forces act on the system, the work done by these 
during an arbitrary infinitesimal displacement Agq;, Age,... Agn may be ex- 


pressed in the form 
Oe Adi + VaAga te. - tQnAdns woccccecsesstresacess (5) 


The coefficients Q1, Q2,...Q, are then called the ‘normal components of 
disturbing force.’ 


In the application to infinitely small motions Lagrange’s equations 
ar a = — =~ +0, [r=l, 2,... 2] 2.66) 


take the form 


Ayr Gi + Aer Je + vee + Cir Gi + Corgat...= (aye sisis Bale cistste stelaeis (7) 
or, in the case of normal co-ordinates, 
i Nl) AE LI Oe nei gnies vf vee ln Pathan aa cies oe (8) 


It is easily seen from this that the dynamical characteristics of the normal 
co-ordinates are (1°) that an impulse of any normal type produces an initial 
motion of that type only, and (2°) that a steady disturbing force of any type 
maintains a displacement of that type only. 
To obtain the free motions of the system we put Q,=0. Solving (8), we 
find 
PEA OBL OF UT Gp) vores o2ds ty ag teens asia (9) 


where o,= (c,/a,)*, TN ae RS ae (10) 
and A,, e, are arbitrary constantst. Hence a mode of free motion is possible 
in which any normal co-ordinate q, varies alone, and the motion of any particle 
of the system, since it depends linearly on q,, will be simple-harmonic, of 
period 27/c,; moreover the particles will keep step with one another, passing 
simultaneously through their equilibrium positions. The several modes of 
this character are called the ‘normal modes’ of vibration of the system; their 

* The algebraic proof of this involves the assumption that one at least of the functions T, V 
is essentially positive. In the present case T of course fulfils this condition. 

+ The ratio /2r measures the ‘frequency’ of the oscillation. It is convenient to have a 
name for the quantity o itself; the term ‘speed’ has been used in this sense by Kelvin and 
G. H. Darwin in their researches on the Tides. 
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number is equal to that of the degrees of freedom, and any free motion what- 
ever of the system may be obtained from them by superposition, with a proper 
choice of the ‘amplitudes’ (A,) and ‘epochs’ (e,). It is seen from (10) that in 
"any normal mode the mean values (with respect to time) of the kinetic and 
potential energies are equal. 


In certain cases, viz. when two or more of the free periods (27/c) of the 
system are equal, the normal co-ordinates are to a certain extent indeterminate, 
i.e. they can be chosen in an infinite number of ways. By compounding the 
corresponding modes, with arbitrary amplitudes and epochs, we obtain a small 
oscillation in which the motion of each particle is the resultant of simple- 
harmonic vibrations in different directions, and is therefore, in general, elliptic- 
harmonic, with the same period. This is exemplified in the spherical pendulum ; 
an important instance in our own subject is that of progressive waves in deep 
water (Chapter IX.). 

If any of the coefficients of stability (c,) be negative, the value of o, is a pure 
imaginary. The circular function in (9) is then replaced by real exponentials, 
and an arbitrary displacement will in general increase until the assumptions 
on which the approximate equation (8) is based becomes untenable. The 
undisturbed configuration is then reckoned as unstable. The necessary and 
sufficient condition of stability (in the present sense) is that the potential 
energy V should be a minimum in the configuration of equilibrium. 

To find the effect of disturbing forces, it is sufficient to consider the case 
where Q, varies as a simple-harmonic function of the time, say 


QP= OFC08 (at Fe) eects cnet eee (11) 
where the value of o is now prescribed. Not only is this the most interesting 
case in itself, but we know from Fourier’s Theorem that, whatever the law of 
variation of Q, with the time, it can be expressed by a series of terms such as 
(11) A particular integral of (8) is then 

r= aoe CO8.( GEM €).P Aiseerstomr essere (12) 
This represents the ‘forced oscillation’ due to the periodic force Q,. In it the 
motion of every particle is simple-harmonic, of the prescribed period 2:/c, 
and the extreme displacements coincide in time with the maxima and minima 
of the force. 


A constant force equal to the instantaneous value of the actual force (11) 
would maintain a displacement 


9 AL (ot 
= pens (e “e)}. oid. txel Lue. ue Pelee (13) 


the same, of course, as if the inertia-coefficient a, were null. Hence (12) may 
be written 
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where a, has the value (10). This very useful formula enables us to write 
down the effect of a periodic force when we know that of a steady force of the 
same type. It is to be noticed that g, and Q, have the same or opposite phases 
according as o $ o,, that is, according as the period of the disturbing force is 
greater or less than the free period. A simple example of this is furnished by 
a simple pendulum acted on by a periodic horizontal force. Other important 
illustrations will present themselves in the theory of the tides *. 


When ga is very great in comparison with o,, the formula (12) becomes 


— ee C, 
an ~ a, 
the displacement is now always in the opposite phase to the force, and depends 
only on the inertia of the system. 


If the period of the impressed force be nearly equal to that of the normal 
mode of order r, the amplitude of the forced oscillation, as given by (14), is 
very great compared with g,. In the case of exact equality, the solution (12) 
fails, and must be replaced by 


C,t 

ch 2cd, 

This gives an oscillation of continually increasing amplitude, and can therefore 
only be accepted as a representation of the initial stages of the disturbance. 

Another very important property of the normal modes may be noticed. If by the 

introduction of frictionless constraints the system be compelled to oscillate in any other 


prescribed manner, the configuration at any instant can be specified by one variable, which 
we will denote by 6. In terms of this we shall have 


qr= B, 6, 
where the quantities B, are certain constants. This makes 
DT me By20, + Ba? dg + «sot By? dy) 04, snrrerrensoreasesceesearnes (17) 
DV (bt estCs tise. Cy) Or Uacns soup easeesasae tine snace (18) 


If 6 x cos(ot+e), the constancy of the energy (Z7’+ V) requires 
_ Bie + Beet ... +By2 Cn 
~ ByYa,+ Be Ug+.. +B ee 

Hence o? is intermediate in value between the greatest and least, of the quantities ae 

in other words, the frequency of the constrained oscillation is intermediate between the 

greatest and least frequencies corresponding to the normal modes of the system. In par- 
ticular, when a system is modified by the introduction of a constraint, the frequency of 
the slowest natural oscillation is increased. Moreover, if the constrained type differ but 
slightly from a normal type (7), o will differ from c,/a, by a small quantity of the second 
order. This gives a method of estimating approximately the frequency in cases where the 
normal types cannot be accurately determined. Examples will be found in Arts. 191, 259. 


Bry, STN IR (19) 


* Cf. T. Young, ‘‘A Theory of Tides,’’ Nicholson’s seal, xxxv. (1813) [Miscellaneous 
Works, London, 1854, ii. 262]. 

+ Rayleigh, ‘‘Some General Theorems relating to Vibrations,’ Proc. Lond. Math. Soc. iv. 
357 (1874) [Papers, i. 170], and Theory of Sound, c. iv. The method was elaborated by Ritz, 
Journ. fiir Math. exxxv. 1 (1908), and Ann. der Physik, xxviii. (1909) [Gesammelte Werke, Paris, 
1911, pp. 192, 265]. 
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It may further be shewn that in the case of a partial constraint, which merely reduces 
the degree of freedom from x to n—1, the periods of the modified system separate those of 
the original one*., 

It had been already remarked by Lagranget that if in the equations of type (7), where 
the co-ordinates are not assumed to be normal, we put @,=0, and assume 

Gr = Az COB (OTHE), crccccocscencscaccecererserevncesaesers (20) 

the resulting equations are identical with those which determine the stationary values of 
the expression 
Ay? +699 Ao? + oes +2424, Ag+ eee V (A, A) 
"yy Aq? +. Og9 Ae? +... +2094, Ag+...’ Z'(A, A)’ 
say. Since 7'(A, A) is essentially positive the denominator cannot vanish, and the 
expression has therefore a minimum value. It is moreover possible, starting from this 
property, to construct a proof that the x values of o? are all real{. They are obviously all 
positive if V be essentially positive. 


Rayleigh’s theorem is also closely related to the Hamiltonian formula (3) of Art. 135, 
as we may see by assuming 


o2 


Get pS Ol, cccks csececdac dae Biataeatieobece aces tees (22) 
and taking ¢)=0, ¢;=2m/o. Cf. Art. 205 a. 
The modifications which are introduced into the theory of small oscillations 
by the consideration of viscous forces will be noticed in Chapter XI. 


Long Waves in Canals. 


169. Proceeding now to the special problem of this chapter, let us begin 
with the case of waves travelling along a straight canal, with horizontal bed, 
and parallel vertical sides. Let the axis of x be parallel to the length of the 
canal, that of. y vertical and upwards, and let us suppose that the motion 
takes place in these two dimensions a, y. Let the ordinate of the free surface, 
corresponding to the abscissa a, at time t, be denoted by yo + 7, where y is 
the ordinate in the undisturbed state. 

As already indicated, we shall assume in all the investigations of this 
Chapter that the vertical acceleration of the fluid particles may be neglected, 
or, more precisely, that the pressure at any point (a, y) is sensibly equal to 
the statical pressure due to the depth below the free surface, viz. 


P— Po=9p(Yyotn—y), speleloneteteiiaie ik wear coUate gia) oters (1) 
where pp is the (uniform) external pressure. 
Op On 

Hence ay OP an ciitetrtseeeeetteeet eects eens (2) 


This is independent of y, so that the horizontal acceleration is the same for 
all particles in a plane perpendicular to #. It follows that all particles which 
once lie in such a plane always do so; in other words, the horizontal velocity 
u is a function of # and t only. 

**Routh, Elementary Rigid Dynamics, Art. 67; Rayleigh, Theory of Sound (2nd ed.), Art. 92a; 
Whittaker, Analytical Dynamics, Art. 81. 


+ Mécanique Analytique (Bertrand’s ed.), i. 331; Oeuvres, xi. 380. 
} See Poincaré, Journ. de Math. (5), ii. 83 (1896); Lamb, Higher Mechanics, 2nd ed., Art. 92, 
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The equation of horizontal motion, viz. 
Ou, Ou 10p 


at da pda’ 
is further simplified in the case of infinitely small motions by the omission of 
the term wdu/dxz, which is of the second order, so that 
Ou _ on 
Ot iG) ve tee cece eee cccersceccece Ooeccveces (3) 


Now let E = fudt; 


ie. Eis the time-integral of the displacement past the plane x, up to the 
‘time ¢t. In the case of small motions this will, to the first order of small 
quantities, be equal to the displacement of the particles which originally 
occupied that plane, or again to that of the particles which actually occupy it 
at time ¢t. The equation (3) may now be written 

2 See 

AY eG ae Cho cect ce cccerccsvcsccecesccens (4) 

The equation of continuity may be found by calculating the volume of 

fluid which has, up to time ¢, entered the space bounded by the planes w and 
x + 6x; thus, if h be the depth and 6 the breadth of the canal, 


a MS (Ehb) dx = nbéz, 


0& 

CY a yi Ae INA ot Are Ro 
or n a io (5) 

The same result comes from the ordinary form of the equation of continuity, viz. 

ou dv 
nes + oy A Meena weer ewer eee rerer sees sernsseeressensenses (6) 
you ou 

Thus v= - [ret = 5m aee/sagasnnee vedeasscsiinaGeasesens sss (7) 


if the origin be (for the moment) taken in the bottom of the canal. This formula is of 
interest.as shewing, as a consequence of our primary assumption, that the vertical velocity 
of any particle is simply proportional to its height above the bottom. At the free surface 
we have y=h+n, v=0n/0t, whence (neglecting a product of small quantities) 

iia so 

Bem Dharm acsuorasvzeniarniobbnsnnsnsnsronsisetovdte (8) 
From this (5) follows by integration with respect to ¢. 

Eliminating 7 between (4) and (5), we obtain 


oe aa 

= gh S i ites SR ere ease (9) 
The elimination of & gives an equation of the same form, viz. 

oe oe 

re = gh a gy OS, Re (10) 


The above investigation can readily be extended to the case of a uniform 
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canal of any form of section*. If the sectional area of the undisturbed fluid 
be S, and the breadth at the free surface b, the equation of continuity 1s 


é = aib bay: Sie Lae 11 
— 5, (ES) ba = nb da, Ni a (11) 
0 
whence nan—h&, Pry es Pe aia (12) 


as before, provided h = S/b, i.e. h now denotes the mean depth of the canal. 
The dynamical equation (4) is of course unaltered. 


170. The equation (9) is of a well-known type which occurs in several 
physical problems, e.g. the transverse vibrations of strings, and the motion of 
sound-waves in one dimension. 


To integrate it, let us write, for shortness, 
EHNA OM occ td Pecciocrtsect neh ro (13) 
and a2—-ct=a,, xvxt+ct=4. 


In terms of x and zg as independent variables, the equation takes the form 


Cat 4 
021022 ah 
The complete solution is therefore 
E=F(e@—ct) + f(GH+CE), — crcaccccscerscees (14) 


where F, f are arbitrary functions. 


The corresponding values of the particle-velocity and of the surface-elevation 
are given by 


@ [Vere 


= Bee (e+e) 


j= -Fe-a)-f(ere| 

The interpretation of these results is simple. Take first the motion repre- 
sented by the first term in (14), alone. Since F'(#— ct) is unaltered when t 
and «x are increased by 7 and cr, respectively, it is plain that the disturbance 
which existed at the point « at time ¢ has been transferred at time ¢ + 7 to 
the point «+ cr. Hence the disturbance advances unchanged with a constant 
velocity c in space. In other words we have a ‘progressive wave’ travelling 
with velocity c in the direction of x-positive. In the same way the second 
term of (14) represents a progressive wave travelling with velocity c in the 
direction of #-negative. And it appears, since (14) is the complete solution 
of (9), that any motion whatever of the fluid, which is subject to the conditions 


laid down in the preceding Art., may be regarded as made up of waves of these 
two kinds. 


* Kelland, Trans. R. S. Edin, xiv. (1839). 
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The velocity (c) of propagation is, by (18), that ‘due to’ half the depth of 
the undisturbed fluid *. 


The following table giving, in round numbers and assuming g=32f/s, the velocity of 
wave-propagation for various depths, will be of interest later in connection with the theory 
of the tides. 


The last column gives the time a wave would take to travel over a distance equal to 
the earth’s circumference (27a). In order that a ‘long’ wave should traverse this distance 
in 24 hours, the depth would have to be about 14 miles. It must be borne in mind that 
these numerical results are only applicable to waves satisfying the conditions above 
postulated. The meaning of these conditions will be examined more particularly in 
Art. 172. 


c c 
(feet) (feet per sec.) (sea-miles per hour) 


3124 100 60 
1250 200 120 
5000 400 240 

11250+ 600 360 
20000 800 480 


171. To trace the effect of an arbitrary initial disturbance, let us suppose 
that when t= 0 we have 


= O() PHP@). ecccnien (16) 

The functions F’, f’ which occur in (15) are then given by 
F(a) =— 4 {6 (0) +4 (@)} ae 
nee aes at bs sn meres nt ts (17) 


Hence if we draw the curves y= m1, y = 72, where 


ia a a ve ls ficeewn. Dare on (18) 
m2= th ip (2)— $(2)}, 

the form of the wave-profile at any subsequent instant ¢ is found by displacing 

these curves parallel to «, through spaces + ct, respectively, and adding (alge- 

braically) the ordinates. If, for example, the original disturbance is confined 

to a length J of the axis of x, then after a time 1/2c it will have broken up into 

two progressive waves of length J, travelling in opposite directions. 

In the particular case where in the initial state £ = 0, and therefore ¢ (x) = 0, 
we have 71: = 72; the elevation in each of the derived waves is then exactly half 
what it was, at corresponding points, in the original disturbance. 

It appears from (16) and (17) that if the initial disturbance be such that 
£ = +4 n/h.c, the motion will consist of a wave ‘system travelling in one 
direction only, since one or other of the functions ¥” and /’ is then zero. 

* Lagrange, Nouv. mém. del’ Acad. de Berlin, 1781 [Oewvres, i. 747). 
+ This is probably comparable in order of magnitude with the mean depth of the ocean. 


LH 17 
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It is easy to trace the motion of a surface-particle as a progressive wave of 
either kind passes it. Suppose, for example, that 


Sal (Bech) OC 1. DATA SO ee (19) 
and therefore f= Ei hc oo 2 ia nner ee (20) 


The particle is at rest until it is reached by the wave; it then moves forward 
with a velocity proportional at each instant to the elevation above the mean 
level, the velocity being in fact less than the wave-velocity c, in the ratio of 
the surface-elevation to the depth of the water. The total displacement at 
any time is given by 


This integral measures the volume, per unit breadth of the canal, of the 
portion of the wave which has up to the instant in question passed the 
particle. Finally, when the wave has passed away, the particle is left at rest 
in advance of its original position at a distance equal to the total volume of 
the elevated water divided by the- sectional area of the canal. 


172. We can now examine under what circumstances the solution expressed 
by (14) will be consistent with the assumptions made provisionally in Art. 169. 


The exact equation of vertical motion, viz. 


eae 
gives, on integration with respect to y, 
ytn Dy 
P-Po=ge(ye+n-y)—P |. Di WY: Sees aaah ames (21) 


This may be replaced by the approximate equation (1), provided Bh be small 
compared with gn, where 8 denotes the maximum vertical acceleration. Now 
in a progressive wave, if X% denote the distance between two consecutive 
nodes (1.e. points at which the wave-profile meets the undisturbed level), the 
time which the corresponding portion of the wave takes to pass a particle is 
r/c, and therefore, provided the gradient 0y/0x is everywhere small, the vertical 
velocity will be of the order nc/X*, and the vertical acceleration of the order 
ne?/?, where 7 is the maximum elevation (or depression). Hence Bh will be 
small compared with gy, provided h?/A? is a small quantity. 


Waves whose slope is gradual, and whose length 2 is large compared with 
the depth / of the fluid, are called ‘long’ waves. 

Again, the restriction to infinitely small motions, made in equation (3), 
consisted in neglecting wdu/de in comparison with du/dé. In a progressive 


* Hence, comparing with (20), we see that the ratio of the maximum vertical to the maximum 
horizohtal velocity is of the order h/). 
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wave we have 0u/dt = + cdu/dx; so that wu must be small compared with c, and 
therefore, by (20), 7 must be small compared with h. It is to be observed 
that this condition is altogether distinct from the former one, which may be 
legitimate in cases where the motion cannot be regarded as infinitely small. 
See Art. 187. 


The preceding conditions will of course be satisfied in the general case 
represented by equation (14), provided they are satisfied for each of the two 
progressive waves into which the disturbance can be analysed. 


173. There is another, although on the whole a less convenient, method 
of investigating the motion of ‘long’ waves, in which the Lagrangian plan is 
adopted of making the co-ordinates refer to the individual particles of the 
fluid. For simplicity, we will consider only the case of a canal of rectangular 
section*. The fundamental assumption that the vertical acceleration may be 
neglected implies as before that the horizontal motion of all particles in a plane 
perpendicular to the length of the canal will be the same. We therefore denote 
by «+ € the abscissa at time ¢ of the plane of particles whose undisturbed 
abscissa is wz. If y denote the elevation of the free surface, in this plane, the 
equation of motion of unit breadth of a stratum whose thickness (in the un- 
disturbed state) is dz will be 


2 
nbn Ze = —P bn (h +n), 
where the factor (dp/dx). 8x represents the pressure-difference for any two 
opposite particles 2 and «+ 6a on the two faces of the stratum, while the 
factor h+ 7 represents the area of the stratum. Since we assume that the 
pressure about any particle depends only on its depth below the free surface 
we may write 


op _ an 
On =gp On ’ 
so that our dynamical equation is 
OF 7\ On 
ma 9(1+F) 52: eee ey (1) 


The equation of continuity is obtained by equating the volumes of a stratum, 
consisting of the same particles, in the disturbed and undisturbed conditions 


respectively, viz. 


(8 +2 bz) (h+) =héz, 


o£\-1 
or 1+7= (142) OPPS NIA DIME ims (2) 


* Airy, Encyc. Metrop. ‘‘Tides and Waves,’’ Art. 192 (1845); see also Stokes, ‘‘On Waves,’’ 
Camb. and Dub. Math. Journ. iv. 219 (1849) [Papers, ii. 222]. The case of a canal with sloping 
sides has been treated by McCowan, ‘On the Theory of Long Waves...,’’ Phil. Mag. (5), xxxv. 
250 (1892). 

17-2 
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Between equations (1) and (2) we may eliminate either » or &; the result in 
terms of & is the simpler, being 


we 
PE, oe is 
a2 9 0 Ho ove ecereeccercererecoeesesons 
(1+ 55) 


This is the general equation of ‘long’ waves in a uniform canal with vertical 
sides *. 

So far the only assumption in the present investigation is that the vertical _ 
acceleration of the particles may be neglected in calculating the pressure. If 
we now assume, in addition, that n/h is a small quantity, the equations (2) 
and (8) reduce to 


Lagily fil 
n ae h De yp Deen e rece ee were ene ereneeeeereece (4) 
ak nee eis 2 
and YD = ape oc en eves ovis de veceecesecsisccececne (5) 


The elevation 7 now satisfies an equation of the same form, viz. 

a2 2 

A = gh = Sector SEC met Ppt (6) 

These are in conformity with our previous results; for the smallness of 

0&/da means that the relative displacement of any two particles is never more 
than a minute fraction of the distance between them, so that (to a first ap- 
proximation) it is now immaterial whether the variable x be supposed to refer 
to a plane fixed in space, or to one moving with the fluid. 


174. The potential energy of a wave, or system of waves, due to the 
elevation or depression of the fluid above or below the mean level is, per unit 
breadth, gp {/ydxdy, where the integration with respect to y is to be taken 
between the limits 0 and , and that with respect to 2 over the whole length 
of the waves. Effecting the former integration, we get 

SOP (HP dae Gita. tM ee eee (1) 
The kinetic energy is doh fEda. 


In a system of waves travelling in one direction only we have 
: c 
so that the expressions (1) and (2) are equal; or the total energy is half 
potential, and half kinetic. 


This result may be obtained in a more general manner, as followst. Any 
progressive wave may be conceived as having been originated by the splitting 


PANY eC 
+ Rayleigh, ‘‘On Waves,’’ Phil. Mag. (5), i. 257 (1876) [Papers, i, 251]. 
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up, into two waves travelling in opposite directions, of an initial disturbance 
in which the particle-velocity was everywhere zero, and the energy therefore 
wholly potential. It appears from Art. 171 that the two derived waves are 
symmetrical in every respect, so that each must contain half the original store 
of energy. Since, however, the elevation at corresponding points is for each 
derived wave exactly half that of the original disturbance, the potential energy 
of each will by (1) be one-fourth of the original store. The remaining (kinetic) 
part of the energy of each derived wave must therefore also be one-fourth of 
the original quantity. 


175. If in any case of waves travelling in one direction only, without 
change of form, we impress on the whole mass a velocity equal and opposite 
to that of propagation, the motion becomes steady, whilst the forces acting on 
any particle remain the same as before. With the help of this artifice, the laws 
of wave-propagation can be investigated with great ease*. Thus, in the present 
case we shall have, by Art. 22 (5), at the free surface, 


bmoonst. — 9 (h +n) — a8 6x0, 228... Lokam: (1) 
where q is the velocity. If the slope of the wave-profile be everywhere gradual, 
and the depth 4 small compared with the length of a wave, the horizontal 
velocity may be taken to be uniform throughout the depth, and approximately 
equal to g. Hence the equation of continuity is 


libata aches. Jelite,..egnelons. De (2) 


c being the velocity, in the steady motion, at places where the depth of the 
stream is uniform and equal to h. Substituting for q in (1), we have 
=o 


Nya z hl Oe p 
et gh (1+ 7) ke (1 +7) » pont b aint ats (3) 


Hence if n/h be small, the condition for a free surface, viz. p=const., is 
satisfied approximately, provided 
ries GUE Petcaey hereto Bb sae yen esses 90008296 (4) 


which agrees with our former result. 


The present method also accounts very simply for the relation between 
particle-velocity and surface-elevation already found in Art. 171. From (2) we 


have, approximately, 
q=e (a A 4 th 8 ens: tee nant (5) 


Hence in the wave-motion the particle-velocity relative to the undisturbed 
water is cn/h in the direction of propagation. 


When the elevation 7, though small compared with the wave-length, is not 


* Rayleigh, l.c. 
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regarded as infinitely small, a closer approximation to the wave-velocity is 
secured if in (4) we replace h by 7 +h. This gives a wave-velocity 


o(1 +57), 


approximately, where ¢) = /(gh), relative to the fluid in the immediate neigh- 
bourhood. Since this fluid has itself a velocity con/h, the velocity of propagation 
in space is approximately 


a result due substantially to Airy*. It follows that a wave of the type now 
under consideration cannot be propagated entirely without change of profile, 
since the speed varies with the height. Another proof of (6) will be given 
presently when we come to consider specially the theory of waves of finite 
amplitude (Art. 187). 


176. It appears from the linearity of the approximate equations that, in 
the case of sufficiently low waves, any number of independent solutions may 
be superposed. For example, having given a wave of any form travelling in 
one direction, if we superpose its image in the plane x =0, travelling in the 
opposite direction, it is obvious that in the resulting motion the horizontal 
velocity will vanish at the origin, and the circumstances are therefore the 
same as if there were a fixed barrier at this point. We can thus understand 
the reflection of a wave at a barrier; the elevations and depressions are 
teflected unchanged, whilst the horizontal velocity is reversed. The same 
results follow from the formula 

Ex EF (ch—a)—F (Cb 4 &), c.recersnvowsvonevoesene (1) 
which is evidently the most general value of & subject to the condition that 
E=0 for s=0. 

We can further investigate without much difficulty the partial reflection of a wave at a 


point where there is an abrupt change in the section of the canal. Taking the origin at 
the point in question, we may write, for the negative side, 


<p -2) r( =) ae (:-2)-2 2) 
m (« a +f Maa Pou; he . ae AP bien aeeassend (2) 


and for the positive side 
= a wag. x 
m=o(t-2), w= 2 @ (1-2), Peet ewer n eee eeteercerecees (3) 


where the function /’ represents the original wave, and f, ¢ the reflected and transmitted 
portions respectively. The constancy of mass requires that at the point «=O we should 
have byhyu,=bah2uz, where 6,,.62 are the breadths at the surface, and /,, hy are the mean 
depths. We must also have at the same point 7;=72, on account of the continuity of 
pressuret. These conditions give 


bf rt) —f(0} = 
Cy 


* «Tides and Waves,’’ Art. 208, 
+ It will be understood that the problem admits only of an approximate treatment, on account 
of the rapid change in the character of the motion near the point of discontinuity, The nature 


Baha 
C2 


Po), F@+f()=¢6 (0). 
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We thence find that the ratios of the elevations in corresponding parts of the reflected and 
incident waves, and of the transmitted and incident waves, are 


if wy be, — boC2 p it 2b, c, (4) 
F by cy + byCe ’ F DiC + O90,” Cece ccrcrrccrccecccceecccceece 


respectively. The reader may easily verify that the energy contained in the reflected and 
transmitted waves is equal to that of the original incident wave. 


177. Our investigations, so far, relate to cases uf free waves. When, in 
addition to gravity, small disturbing forces X, Y act on the fluid, the equation 
of motion is obtained as follows. 


We assume that within distances comparable with the depth h these forces 
vary only by a small fraction of their total value. On this understanding we 
have, in place of Art. 169 (1), 


POR =(9-Y)(w+0-y), ee eee (1) 
LOD AM rs ON ince wae 
and theretore z Sa (g-—Y) Aas (Yyotn—y) ree 


We assume that Y is small compared with g, and (for the reason just stated) 
that hd Y/dx is small compared with X. Hence, with sufficient approximation, 
the equation of horizontal motion, viz: 


Ot2 = a x eee eee ewe ee ewer e we eeeeeees peeree (2) 
reduces to the form 58 
Oe —_—_-— g On + ‘Xs re ac ay (3) 


where, moreover, X may be regarded as a function of # and tonly. The equation 
of continuity is the same as in Art. 169, viz. 


0€ 
2 — — h On Core ceewccceeerererevesessccccoes (4) 
Hence, on elimination of n, 
Rosary OE s 
Oe =ghas a BR, —eppeehemcenes bbe pe EES (5) 


The horizontal component of the disturbing force is alone important. 


If the disturbing influence consists of a variable surface-pressure (po), the 
equation (3) is replaced by 


ee Fo ED seit cout hoon, bonitte (6) 
ot? Jan p oa’ 
of the approximation implied in the above assumptions will become more evident if we suppose 
the suffixes to refer to two sections S, and S,, one on each side of the origin O, at distances from 
O which, though very small compared with the wave-length, are yet moderate multiples of the 
transverse dimensions of the canal. The motion of the fluid will be sensibly uniform over each 
of these sections, and parallel to the length. The condition in the text then expresses that there 


is no sensible change of level between S, and Sp. 
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whilst (4) is unaltered. In the case of a travelling pressure, say 


Poa f(Ut~ a) sesrererenrseeennensriien (7) 
we find 

attend aman Batiteg Gobee susie Baa 8 

oe p ( po (t= — gh)’ eee rere r reese reresedor ( ) 


The surface depression is in the same phase with the pressure, or the opposite, 
according as U $ /(gh). 

On the other hand, when it is the bottom which is disturbed, we have 
X =0 in (2), whilst the equation of continuity becomes 


0 
p= no=—h eee meee ee rere en eeeceeresvenes (9) 


where 7 is the elevation of the bottom above the mean level. Thus in the case 
of a seismic wave 


No = PU bik), nese ases toes tego eaeannees (10) 
we find 

at eS 

ain Teer Whe ioe Tae (11) 


178. The oscillations of water in a canal of uniform section, closed at both 
ends, may, as in the corresponding problem of Acoustics, be obtained by super- 
position of progressive waves travelling in opposite directions. It is more 
instructive, however, with a view to subsequent more difficult investigations, 
to treat the problem as an example of the general theory sketched in Art. 168. 

We have to determine & so as to ail 


together with the terminal conditions an €=0 for e=0 and x=, say. 
To find the free oscillations we put X =0, and assume that 
E x cos (ot + €), 
where o is to be found. On substitution we obtain 
Oe On 
aye + 2 eh Reign sbrac ie rere naee ofa! (2) 


whence, omitting the time-factor, 


E=A sin <= + Beos=, 


The terminal conditions give B= 0, and 


Ob CEN, Prawns weadonres at ween nets Coe (3) 
where r is integral. Hence the normal mode of order r is given by 
£= A, sin” cos (“+ er); alt noniennnth ae (4) 


where the amplitude A, and epoch e¢, are arbitrary. 
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In the slowest oscillation (r= 1), the water sways to and fro, heaping 
itself up alternately at the two ends, and there is a node at the middle 
(x=3l). The period (2J/c) is equal to the time a progressive wave would 
take to traverse twice the length of the canal. 

The periods of the higher modes are respectively 4, 4, }, ... of this, but 
it must be remembered, in this and in other similar problems, that our theory 
ceases to be applicable when the length J/r of a semi-undulation becomes 
comparable with the depth h. 


On comparison with the general theory of Art. 168, it appears that the 
normal co-ordinates of the present system are quantities q1, da, --- dn such 


that when the system is displaced according to any one of them, say q,, we 
have 
_ Te 

E — dr sin ia 5 
and we infer that the most general displacement of which the system is 
capable (subject to the conditions presupposed) is given by 

ee nace (5) 
where q1, 92, --- Yn are arbitrary. This is in accordance with Fourier’s 
Theorem. 

When expressed in terms of the normal velocities and the normal co-ordi- 
nates, the expressions for 7 and V must reduce to sums of squares. This is 
easily verified, in the present case, from the formula (5). Thus if S denote the 
sectional area of the canal, we find 


oa l 
20 = pS | Ede=Sag?, 2V= 9p = a 
0 0 


where Coe OD), ep al FT OPO las tease cicdhs « satepta cent Cae 
It is to be noted that, on the present reckoning, the coefficients of stability 
(c,) increase with the depth. 

Conversely, if we assume from Fourier’s Theorem that (5) is a sufficiently 
general expression for the value of & at any instant, the calculation just 
indicated shews that the coefficients g, are the normal co-ordinates; and the 
frequencies can then be found from the general formula (10) of Art. 168; viz. 
we have 


Fp (COs yea TH CGR)SL, © narnpssncenhsvevesenerss (8) 
in agreement with (8). 
179. Asan example of forced waves we take the case of a uniform hori- 


zontal force 


Koa bf Coshat cb €).Larvams ve avse den campiieindeade. (9) 


This will illustrate, to a certain extent, the generation of tides in a land- 
locked sea of small dimensions. 
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Assuming that £ varies as cos (ot + €), and omitting the time-factor, the 
equation (1) becomes 


ee ot, ff 
jot Ee 
the solution of which is 
=-44Dsin@ + Boose AON oak clacton Sere (10) 
The terminal conditions give 
n=4, Dsin= =(1 — cos) §. aeticoih dian (11) 
Hence, unless sin ol/c = 0, we have D=f/c?. tan ol/2c, so that 
2f . o# . o(l—2a) i 
= -—4 —, sin S sin SS t+), 
é a cog (ali) sin 5, sin —5, | ae as 
and BP sin eS 0) . cos (ot + €). 


7 = ———,—_ si 
oc cos ($ al/c) 
If the period of the disturbing force be large compared with that of the 


slowest free mode, ol/2c will be small, and the formula for the elevation 
becomes 


n= z (a@'— 41) cos'(cb-F €)). ek. SI (13) 


approximately, exactly as if the water were devoid of inertia. The horizontal 
displacement of the water is always in the same phase with the force, so long 
as the period is greater than that of the slowest free mode, or ol/e <7. If the 
period be diminished until it is less than the above value, the phase is 
reversed, 

When the period is exactly equal to that of a free mode of odd order 
(r=1, 3, 5, ...), the above expressions for & and 7 become infinite, and the 
solution fails. As pointed out in Art. 168, the interpretation of this is that, 
in the absence of dissipative forces, the amplitude of the motion becomes so 
great that our fundamental approximations are no longer justified. 

If, on the other hand, the period coincide with that of a free mode of even 
order (r = 2, 4, 6, ...), we have sin ol/c = 0, cos ol/e = 1, and the terminal 
conditions are satisfied independently of the value of D. The forced motion 
may then be represented by * 

—=— = sin? oF 

This example illustrates the fact that the effect of a disturbing force may 


sometimes be conveniently calculated without resolving the force into its 
‘normal components.’ 


COB (GE 4. 8).0 caer eae ae (14) 


* In the language of the general theory, the impressed force has here no component of the 
particular type with which it synchronizes, so that a vibration of this type is not excited at all. 
In the same way a periodic pressure applied at any point of a stretched string will not excite any 
fundamental mode which has a node there, even though it synchronize with it. 
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Another very simple case of forced oscillations, of some interest in connection 
with tidal theory, is that of a canal closed at one end and communicating at 
the other with an open sea in which a periodic oscillation 


Be COR LOUIE Oe Uric te tsa a feng es cae (15) 


is maintained. If the origin be taken at the closed end, the solution is 
obviously 
= 4098 (ox/c) 
cos (al/c) 
[denoting the length. If cl/c be small the tide has sensibly the same amplitude 
at all points of the canal. For particular values of J (determined by cos ol/c = 0) 
the solution fails through the amplitude becoming infinite. 


BCOSN Ob ol 8) Ue as ccsusuwiatols vs (16) 


Canal Theory of the Tides. 


180. The theory of forced oscillations in canals, or on open sheets of water, 
owes most of its interest to its bearing on the phenomena of the tides. The 
‘canal theory, in particular, has been treated very fully by Airy*. We will 
consider a few of the more interesting problems. 

The calculation of the disturbing effect of a distant body on the waters of 
the ocean is placed for convenience in an Appendix at the end of this Chapter. 
It appears that the disturbing effect of the moon, for example, at a point P 
of the earth’s surface, may be represented by a potential O whose approximate 


value is : 
se y Mai 


ways D® 
where M denotes the mass of the moon, D its distance from the earth’s centre, 
a the earth’s radius, y the ‘constant of gravitation,’ and S the moon’s zenith 
distance at the place P. This gives a horizontal acceleration 02/a03, or 

Py BIG, ed, Whe Tee rt as een Tie elke Meee (2) 
towards the point of the earth’s surface which is vertically beneath the moon, 
where 


9) CRORES cas nan econ s tae ipiseesic es (1) 


If E be the earth’s mass, we may write g = yH/a?, whence 


fi wao eel. ($) 
g yaa 2 . E . D . 

Putting M/E =,, a/D = gy, this gives f/g = 8°57 x 10-*. When the sun is 

the disturbing body, the corresponding result is f/g = 3°78 x 10~*. 


It is convenient, for some purposes, to introduce a linear magnitude H, 


> d b . 
penne by (ELLA EO TR ORE ees SF (4) 


* Encycl. Metrop. ‘‘Tides and Waves,”’ Section vr. (1845). Several of the leading features of 
the theory had been made out, by very simple methods, by Young, in 1813 and 1823 [Works, ii. 


262, 291}. 
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If we put a = 21 x 10° feet, this gives, for the lunar tide, H =1:80 ft., and for 
the solar tide H="79 ft. It is shewn in the Appendix that H measures the 
maximum range of the tide, from high water to low water, on the ‘equilibrium 
theory.’ 


181. Take now the case of a uniform canal coincident with the earth’s 
equator, and let us suppose for simplicity that the moon describes a circular 
orbit in the same plane. Let & be the displacement, relative to the earth’s 
surface, of a particle of water whose mean position is in longitude $, measured 
eastwards from some fixed meridian. If » be the angular velocity of the 
earth’s rotation, the actual displacement of the particle at time ¢ will be 
£&+ aot, so that the tangential acceleration will be o?£/dt. If we suppose the 
‘centrifugal force’ to be as usual allowed for in the value of g, the processes 
of Arts. 169, 177 will apply without further alteration. 


If n denote the angular velocity of the moon westward, relative to the fixed 


meridian *, we may write in Art. 180 (2) - 
y=nt+ Pte, 
so that the equation of motion is 
OE o£ ; 
GATE data) ete) occ etccccecccccesoseces (1) 


The free oscillations are determined by the consideration that £ is necessarily 
a periodic function of ¢, its value recurring whenever ¢ increases by 27. It 
may therefore be expressed, by Fourier’s Theorem, in the form 


&= > (P,.cosrd:+..Q, 810 fd). te <u tsa ease (2) 


Substituting in (1), with os a term omitted, it is found that P, and Q, 
must satisfy the equation 

Clare 

Fras a Pr HO. veeceeeeeeetseseteeees (3) 
The motion, in any normal mode, is therefore simple-harmonic, of period 
2ma/re. 


For the forced waves, or tides, we find 


Stes Le a 2 hoa Sin 2 (nt + $ +e), Pet ort Se (4) 


whence n= UDO oe 2 COS S (NE Tip Fe). dines esters trans (5) 


The tide is therefore semi-diurnal (the lunar day being of course understood), 
and is ‘direct’ or ‘inverted,’ 7.e. there is high or low water beneath the moon, 
according as c 2 na, in other words according as the velocity, relative to the 


* That is, n=w—mn,, if n, be the angular velocity of the moon in her orbit. 
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earth’s surface, of a point which moves so as to be always vertically beneath 
the moon, is less or greater than that of a free wave. In the actual case of 
the earth we have 

c g h h 


Ree ee aT 
naz naa Ga 


so that unless the depth of the canal were to greatly exceed such depths as 
actually occur in the ocean, the tides would be inverted. 

This result, which is sometimes felt as a paradox, comes under a general 
principle referred to in Art. 168. It is a consequence of the comparative 
slowness of the free oscillations in an equatorial canal of moderate depth. 
It appears from the rough numerical table on p. 257 that with a depth 
of 11250 feet a free wave would take about 30 hours to describe the earth’s 
semi-circumference, whereas the period of the tidal disturbing force is only a 
little over 12 hours. 

The formula (5) is, in fact, a particular case of Art. 168 (14), for it may be 
written 


1 = 
7= T— oa, ID] yi Wsicloivicisiviclele sls ses sso 0's 0 visisjece oe (6) 


where 7 is the elevation given by the ‘equilibrium theory,’ viz. 
=e COS ARE ie) as ceed acters cece rs (7) 
and o = 2n, oo = 2c/a. 

For such moderate depths as 10000 feet and under, n?a? is large compared 
with gh; the amplitude of the horizontal motion, as given by (4), is then 
J/4n?, or g/4n?a. H, nearly, being approximately independent of the depth. 
In the case of the lunar tide this amplitude is about 140 feet. The maximum 
elevation is obtained by multiplying by 2h/a; this gives, for a depth of 
10000 feet, a height of only 133 of a foot. 

For greater depths the tides would be higher, but still inverted, until we 
reach the critical depth n?a?/g, which is about 13 miles. For depths beyond 
this limit, the tides become direct, and approximate more and more to the 
value given by the equilibrium theory *. 

182. The case of a circular canal parallel to the equator can be worked 
out in a similar manner. If the moon’s orbit be still supposed to lie in the 
plane of the equator, we find by spherical trigonometry 

COS = BIN 6 COS (TE HAE), .ceccncsersccecesorss (1) 
where @ is the co-latitude, and ¢ the longitude. The disturbing force in 
longitude is therefore 


—— = = — fal in 2 iis na Sls eres ary a 2 
en ae J sin @sin 2 (nt + $ + €) (2) 
cH sin? 
This leads to 7= $a Patent d cos 2 (nt sR 0) ae €). se veeccoececece (3) 


* Cf, Young, l.c. ante p. 253. 
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Hence if na >c the tide will be direct or inverted according as sin 6 $ c/na. 
If the depth be so great that c > na, the tides will be direct for all values of 6. 

If the moon be not in the plane of the equator, but have a co-declination 
A, the formula (1) is replaced by 

cos 3 =cos 8 cos A +sin 6 sin A COSG, ........seeeee eens (4) 
where a is the hour-angle of the moon from the meridian of P. For simplicity, 
we will neglect the moon’s motion in declination in comparison with the earth’s 
angular velocity of rotation; thus we put 
a=nt+orte, 

and treat A as constant, The resulting expression for the disturbing force 
along the parallel is found to be 


— caegg 7 F008 8 sin 2A sin (nt +b +6) 
—fsin@ sin*A sind (nt + P+). cs. (5) 
We thence obtain 
foe | : 
n= tater 26 sin 2A cos (nt + ¢ + €) 
+45 aoa sin? 6 sin? A cos 2 (nt + H+ €). ....eees (6) 


The first term gives a ‘diurnal’ tide of period 27/n; this vanishes ana 
changes sign when the moon crosses the equator, z.e. twice a month. The 
second term represents a semi-diurnal tide of period z/n, whose amplitude is 
now less than before in the ratio of sin?A to 1. 


183. In the case of a canal coincident with a meridian we should have 
to take account of the fact that the undisturbed figure of the free surface is 
one of relative equilibrium under gravity and centrifugal force, and is therefore 
not exactly circular. We shall have occasion later on to treat the question of 
displacements relative to a rotating globe somewhat carefully; for the present 
we will assume by anticipation that in a narrow canal the disturbances are 
sensibly the same as if the earth were at rest, and the disturbing body were 
to revolve round it with the proper relative motion. 

If the moon be supposed to move in the plane of the equator, the hour- 
angle from the meridian of the canal may be denoted by nt +, and if @ be 
the co-latitude of any point P on the canal,-we find 

COS S = SIN O 6 COS (ME +-.€). cascssrsccsrncersedodnns (1) 

The equation of motion is therefore 


ae a ae 
an Oe nt SE 4 fein 20. {1 +0082 (nt +6}. «.(2) 


Solving, we find 
n=—4}4H cos 26—} Xe pat Bm page 08 29. Cos 2 (ni+e). wc... (3) 


182-184 | Tides in a Finite Canal 271 


The first term represents a permanent change of mean level to the extent 
MP LICOS SU meet take ker sess ervees crete (4) 


The fluctuations above and below the disturbed mean level are given by the 
second term in (3). This represents a semi-diurnal tide; and we notice that if, 
as in the actual case of the earth, c be less than na, there will be high water 
in latitudes above 45°, and low water in latitudes below 45°, when the moon 
is in the meridian of the canal, and vice versd when the moon is 90° from that 
meridian. These circumstances would be all reversed if c were greater than na. 


When the moon is not on the equator, but has a given declination, the 
mean level, as indicated by the term corresponding to (4), has a coefficient 
depending on the declination, and the consequent variations in it indicate a 
fortnightly (or, in the case of the sun, a semi-annual) tide. There is also 
introduced a diurnal tide whose sign depends on the declination. The reader 
will have no difficulty in examining these points, by means of the general 
value of 0 given in the Appendix. 


184. In the case of a uniform canal encircling the globe (Arts. 181, 182) 
there is necessarily everywhere exact agreement (or exact opposition) of phase 
between the tidal elevation and the forces which generate it. This no longer 
holds, however, in the case of a canal or ocean of limited extent. 

Let us take for instance the case of an equatorial canal of finite length *. 
Neglecting the moon’s declination we have, if the origin of time be suitably 
chosen, ag 

oF 0 

ae Cue Kf BIN A(NEAD),  scrccccscececcescsers 1 

ae O Pag f sin 2 (nt +9), (1) 
with the condition that &=0 at the ends, where ¢ = +4, say. 

If we neglect the inertia of the water the term 0°£/0¢ is to be omitted 
and we find 


2 
E= eh {sin 2nt cos 2a + 3 cos 2nt sin 2a — sin 2 (nt + @)} peda) 
sin 2a 


Hence n=—-~—=4H {eos zZ (nt + ) — 5g 08 ant} nuaeke edt, (3) 


where H = af/g, as in Art. 180. This is the elevation on the (corrected) 
‘equilibrium’ theory referred to in the Appendix to this Chapter. At the 
centre (¢ = 0) of the canal we have 


in 2 
1 =}4H cos 2nt (1 -2 *). BAN ©. ccd: (4) 


If « be small the range is here very small, but there is not a node in the absolute 


* H, Lamb and Miss Swain, Phil. Mag. (6), xxix. 737 (1915). A similar efiect of variable 
depth is discussed by Goldsbrough, Proc. Lond. Math. Soc. (2) xv. 64 (1915). 
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sense of the term. The times of high water coincide with the transits of 
moon and ‘anti-moon*.’ At the ends ¢= +a we have 


n= tH {(1 2 2 cos 2 (nt + a) F pee amdnt +0) 
= £1 Ry 009)2; (nd + G7 9), a ex<aisice.7 oars Pleat oats coisaan = aD) 
if eR D hk een tey aed fous ee eh (6) 


4a > 
Here e denotes the hour-angle of the moon W. of the meridian when there is 
high water at the eastern end of the canal, or E. of the meridian when there 
is high water at the western end. When a is small we have 


Big 20, Cy S— ETE ya cennits Ske =sbesenea op (7) 
approximately. 


When the inertia of the water is taken into account we have 


E=1 cya sin 2(nt +4) - 


{sin 2 (nt + a) sin 2m (¢ + a) 


sin 4ma 
—sin 2 (nt — a) sin 2m (o — a) | Fy eo gm eo (8) 
where m=na/c. Hence+ 
H : 
ee ie rae i 2082 SO) a {sin 2 (nt + a) cos 2m(¢ + @) 


— sin 2 (nt — a) cos 2m (d— a) | z ehigubinds wares (9) 


If we imagine m to tend to the limit 0 we obtain the formula (3) of the 
equilibrium theory. It may be noticed that the expressions do not become 
infinite for m->1 as they would in the case of an endless canal. In all cases 
which are at all comparable with oceanic conditions m is, however, considerably 
greater than unity. 

At the centre of the canal we have 


HH m sin 2a 
ee) a 
1=— 3 gz 008 dnt (1 A — A ope ace (10) 


As in the equilibrium theory, the range is very small if a be small, but there 
is not a true node. At the ends we find 


HA m sin 4a 
n= m—1 (Fe 4ma 1) Cos 2 (nt 5 &) 


4ma—c i 
4m (cos 4ma — cos 4a) Any Cbs ah 


sin 4ma 
f = 417 Fis COB Ae ia C1 etree een ee (11) 
i 
_ msin 4a — sin 4ma : m (cos 4ma — cos 4a) 
R, cos 2e, = (bt) arte KR, sin 2e, = (12) 


(m?—1)sin4dma °°" 


* This term is explained in the Appendix to this Chapter. 
+ Cf. Airy, ‘‘Tides and Waves,’”’ Art. 301. 
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When a is small we have 
y= 2a eg = —4ar 8a, lees (18) 
approximately, as in the case of the equilibrium theory. 


The value of R, becomes infinite when sin 4ma = 0. This determines the 
critical lengths of the canal for which there is a free period equal to 7/n, or 
half a lunar day. The limiting value of ¢ in such a case is given by 


tan 2e, =—cot2a, or = tan 2a, 
according as 4ma is an odd or even multiple of z. 


Corrected Equilibrium Theory Dynamical Theory 
ba ae 
2a 2aa Range at | Range at € Range at | Range at 


€. 
(degrees) | (miles) centre ends (degrees) centre ends (degrees) 


0 0 —45 — 45 
9 540 : . —42 . ‘165 —41°9 
18 1080 : ; —39 - , — 38°5 
27 1620 z G — 36 . : —33°9 
31°5 1890 = z — 345 : — 30°9 
OF . g a Sail 
36 2160 — 33 463 
4O°5 2430 5 : — 31°6 : +68°2 
45 2700 . : — 30°1 17 -987 475-7 
54 3240 . . —27°2 “! : —83°5 
63 3780 : —24°4 . —65'1 
72 4320 eZ : —21°6 
81 4860 S . —18°9 
90 5400 : : —16°2 


The table illustrates the case of m=2°5. If m/n=12 lunar hours this implies a depth 
of 10820 ft., which is of the same order of magnitude as the mean depth of the ocean. 
The corresponding wave-velocity is about 360 sea-miles per hour. The first critical 
length is 2160 miles (a= 57). The unit in terms of which the range is expressed is the 
quantity H, whose value for the lunar tide is about 1°80 ft. The hour-angles «) and & 
are adjusted so as to lie always between +90°, and the positive sign indicates position W. 
of the meridian in the case of the eastern end of the canal, and E. of the meridian for the 


western end. 
Wave-Motion in a Canal of Variable Section. 


185. When the section (S, say) of the canal is not uniform but varies 
gradually from point to point, the ery of continuity is by Art. 169 (11), 


= ~72(8 edhe, TORRE EEE a enTen (1) 


where b denotes the breadth at the surface. If h denote the mean depth over 


the width b, we have S = bh, and therefore 
er 


where h, b are now functions of a. 


LH 
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The dynamical equation has the same form as before, viz. 


Ole on ‘ 
ae = g ye SL Rwistwra a alam Mo Winks Slew ois Ala) neal pele Fe (3) 
Between (2) and (3) we may eliminate either 7 or &; the equation in 7 is 
On g O on 
— =TR Be bre ace eer crn ey aid north. 4 
of = ob oa (7 Hk is @) 


The laws of propagation of waves in a canal of gradually varying rect- 
angular section were investigated by Green*. His result, freed from the 
restriction to the special form of section, may be obtained as follows. 


If we introduce a variable r defined by 


da } 
= S(GFN)B, vc ccecceccrecsccoreesercsivians ccsaen cnsapses 10(5 
ae (Gh)S, Se .00s (5) 
in place of w, the equation (4) transforms into 
Cs pce ell No 
ret +(5+55)" Scialo aiale'sleloieiais ejs/nclniole slaale’eraeincesieisinajac (6) 


where the accents denote differentiations with respect to r. If b and / were constants, the 
equation would be satisfied by n=’ (r—2), as in Art. 170; in the present case we assume 


for trial, 
N= Oe Le (Gb) y cecdueescdeee see snce snes ste sehecoseeeeare (7) 
where @ is a function of r only. Substituting in (6), we find 
Gl! POG O me ip ae O, 
2o tS +(F+55) (+S)-°. 5 os ttene seg bias astoatd (8) 
The terms of this which involve F’ will cancel provided 
Orbe 2 i x 
254545 7=O 
or e=Cb-t ae Ren co Abit teel atest ni (9) 


C being a constant. Hence, provided the remaining terms in (8) may be neglected, the 
equation (4) will be satisfied. 


The above approximation is justified, provided we can neglect 6”/6’ and ©’/© in com- 
parison with F”/F. As regards ©’/0, it appears from (9) and (7) that this is equivalent to 
neglecting b-!.db/dx and h-1.dh/dx in comparison with n-!.0n/d”. If, now, A denote a 
wave-length, in the general sense of Art. 172, On/dx is of the order 7/A, so that the assump- 
tion in question is that Adb/dx and Adh/dx are small compared with 6 and A, respectively. 
In other words, it is assumed that the transverse dimensions of the canal vary only by 
small fractions of themselves within the limits of a wave-length. It is easily seen, in like 
manner, that the neglect of 6”/6’ in comparison with /”/F implies a similar limitation to 
the rates of change of db/dx and dh/dzx. 


Since the equation (4) is unaltered when we reverse the sign of ¢, the complete solution, 
subject to the above restrictions, is 
nab thet B i ete Py, ence ate (10) 
where F and f are arbitrary functions. 
The first term in this represents a wave travelling in the direction of x-positive; the 


velocity of propagation past any point is determined by the consideration that any particular 
phase is recovered when dr and d¢ have equal values, and is therefore equal to /(gh), by 


* «On the Motion of Waves in a Variable Canal of small depth and width,’’ Camb. Trans. vi. 
(1837) [Papers, p. 225]; see also Airy, ‘‘Tides and Waves,’’ Art. 260. 
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(5), as we should expect from the case of a uniform section. In like manner the second 
term in (10) represents a wave travelling in the direction of x-negative. In each case the 
ary of any particular part of the wave alters, as it proceeds, according to the law 

The reflexion of a progressive wave at a point where the section of a 
canal suddenly changes has been considered in Art. 176. The formulae there 
given shew, as we should expect, that the smaller the change in the 
dimensions of the section, the smaller will be the amplitude of the reflected 
wave. The case where the change from one section to the other is con- 
tinuous, instead of abrupt, has been investigated by Rayleigh for a special 
law of transition*. It appears that if the space within which the transition 
is completed be a moderate multiple of a wave-length there is practically no 
reflexion; whilst in the opposite extreme the results agree with those of 
Art. 176. 

If we assume, on the basis of these results, that when the change of 
section within a wave-length may be neglected a progressive wave suffers 
no appreciable disintegration by reflexion, the law of amplitude easily follows 
from the principle of energyt. It appears from Art. 174 that the energy of 
the wave varies as the length, the breadth, and the square of the height, and 
it is easily seen that the length of the wave, in different parts of the canal, 
varies as the corresponding velocity of propagation, and therefore as the square 
root of the mean depth. Hence in the above notation, bh? is constant, or 

n x b-th-4, 
which is Green’s law above found. 


186. In the case of simple harmonic motion, where 7 cos (ct + e), the 
equation (4) of the preceding Art. becomes 


go on = 
f= (hb 5 =) + Ey ott eeelbeecesinnty? (1) 


Some particular cases of considerable interest can be solved with ease. 


1°. For example, let us take the case of a canal whose breadth varies as the distance 
from the end x =0, the depth being uniform; and let us suppose that at its mouth (#=a) 
the canal communicates with an open sea in which a tidal oscillation 


HR MACOS OC) tee nie deds aciasee soc seeps sen saeetcviecee (2) 
is maintained. Putting h=const., b « «, in (1), we find 
On LOnt +s 3 
aut peal OR cede tansaci es eiseasenesseeseneneseas (3) 
provided PPE 8) ON Maeda pas astei ca cpisinvarsey ++ deseaarecas (4) 
Jy (ka 
Hence n=C 7, ies COS (Tt+E). s.eeee a ONT (5) 


* «Qn Reflection of Vibrations at the Confines of two Media between which the Transition is 
gradual,” Proc. Lond. Math. Soc. (1) xi. 51 (1880) [Papers, i. 460); Theory of Sound, 2nd ed., 
London, 1894, Art. 148 b. 

+ Rayleigh, l.c. ante p. 260. 
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The curve y= (x) is figured on p. 286 ; it indicates how the amplitude of the forced 
oscillation increases, whilst the wave-length is practically constant, as we proceed up the 
canal from the mouth. 


2°, Let us suppose that the variation is in the depth only, and that this increases 
uniformly from the end «=O of the canal to the mouth, the remaining circumstances 
being as before. If, in (1), we put h=how/a, k=07a/ghy, we obtain 


0 On io 6 
= (#32) +0n=0. deem eee eect eee arensecseevenerereseses ( ) 
The solution of this which is finite for e=0 is 
(aii ie 
Aoay (1-S4+ie gc)» eileen lta Meee yG (7) 
or qu Aled ate See Cae (8) 
whence finally, restoring the time-factor and determining the constant, 
To (Qx2 x2) 
=C UE Sales LYS CLARE) jccneeweadecoaanpewwciemafiseedereccs 9 
4) Jn (2x8 ah) ( ) (9) 


2 
Ses. 2 ee ec 


The annexed diagram of the curve y=J)(./2), where, for clearness, the scale adopted 
for y is 200 times that of 2, shews how the amplitude continually increases, and the 
wave-length diminishes, as we travel up the canal. 


These examples may serve to illustrate the exaggeration of oceanic tides which takes 
place in shallow seas and in estuaries. 


3°, If the breadth and depth both vary as the distance from the end x=0, we have, 
writing b=b)z/a, h=hox/a, 


On 9 On 
ag tas ten=0, aleareiselslsmisiattie sisteissleleeletieieenctiesees (10) 
where k=o7a/ghy as before. Hence 
Kx x2? 
a4! (1 SS ahie ee COS (at +e). aie nieiela'slatulsieia Gereeesas (11) 


The series is equal to J, (2x3 xb) /cd xh, and the constant A is determined by com- 
parison with (2). The present assumption gives a fair representation of the case of the 


Bristol Channel, and the tides observed at various stations are found to be in good agree- 
ment with the formula*, 


We add one or two simple problems of free oscillations. 


* G.I. Taylor, Camb. Proc, xx. 320 (1921). 
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&. Let us take the case of a canal of uniform breadth, of length 2a, whose bed slopes 
uniformly from either end to the middle. If we take the origin at one end, the motion in 
the first half of the canal will be determined, as above, by 


Foe EEN 16 Cae ee ne (12) 
where kx=o7a/gho, hy denoting the depth at the middle. 


It is evident that the normal modes will fall into two classes. In the first of these n 
will have opposite values at corresponding points of the two halves of the canal, and will 
therefore vanish at the centre (v=a). The values of o are then determined by 


SE OAL ES geen spe ee ee ee (13) 


viz. x being any root of this, we have 


+ 
o= To < CTS Ave on, Amanat tear edeh (14) 


In the second class, the value of 7 is symmetrical with respect to the centre, so that 
0n/ex=0 at the middle. This gives 
u Bin 287i be One aeteao el arenes ae (15) 


It appears that the slowest oscillation is of the asymmetrical class, and corresponds to 
the smallest root of (13), which is xt at ="76557, whence 


27 _ 1-306 x a“. 
a (gho) 
5°. Again, let us suppose that the depth of the canal varies according to the law 
xv 
h=h, (1 - 5) I OSCORD ECAR OSCE REE E HITE ordeodemnan tad (16) 
where 2 now denotes the distance from the middle. Substituting in (1), with 6=const., 
we find 9 ne : 
rng | ig gem ht ee i 
= {(Q a) a fp 90. sibel AE NO (17) 
If we put ot=n (n+1) 2, Brace sec ectateensssperrseodeccasenos@a8 (18) 


this is of the same form as the general equation of zonal harmonics, Art. 84 (1). 

In the present problem n is determined by the condition that » must be finite for 
zja=+1. This requires (Art. 85) that should be integral; the normal modes are 
therefore of the type 

n=aePy () ene ee eee RA HENS. Aue (19) 


where P,, is a zonal harmonic, the value of « being determined by (18). 

In the slowest oscillation (1=1), the profile of the free surface is a straight line. For a 
canal of uniform depth hy, and of the same length (2a), the corresponding value of o 
would be ze/2a, where c=(ghy)t. Hence in the present case the frequency is less, in the 
ratio 2/27, or ‘9003*. 

The forced oscillations due to a uniform disturbing force 

Xf COS (Ot e)  isccrccosnssecaseteavasecosassveesanees (20) 


* For extensions, and applications to the theory of ‘seiches’ in lochs, see Chrystal, ‘‘Some 
Results in the Mathematical Theory of Seiches,’’ Proc. R. S. Edin. xxv. 328 (1904), and Trans. 
R. S. Edin. xli. 599 (1905). For more recent investigations see Proudman, Proc. Lond. Math. 
Soc. (2) xiv. 240 (1914); Doodson, Trans. R. S. Edin. lii. 629 (1920); Jeffreys, M. N. R. A. S., 
Geophys. Suppt. i. 495 (1928). 
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can be obtained by the‘rule of Art. 168 (14). The equilibrium form of the free surface is 
evidently 


j= Laos (CELE), c.ccsccecccccocercsseserecssccsannssees (21) 
and, since the given force 1s of the normal type n=1, we have 
ui 
n By (ieee) 2 COB (GEE), .corescrenscssasecerssaesiossies (22) 


where oy? = 2gh,/a*. 


Waves of Finite Amplitude. 


187. When the elevation 7 is not small compared with the mean depth 
h, waves, even in an uniform canal of rectangular section, are no longer 
propagated without change of type. The question was first investigated by 
Airy*, by methods of successive approximation. He found that in a pro- 
gressive wave different parts will travel with different velocities, the wave- 
velocity corresponding to an elevation 7 being given approximately by Art. 
175 (6). 

A more complete view of the matter can be obtained by a method similar 
to that adopted by Riemann in treating the analogous problem in Acoustics. 
(See Art. 282.) 

The sole assumption on which we are now proceeding is that the vertical 
acceleration may be neglected. It follows, as explained in Art. 168, that the 
horizontal velocity may be taken to bé uniform over any section of the canal. 
The dynamical equation is 

Ou Ou on 


FY 7 eae Or eS (1) 


as before, and the equation of continuity, in the case of a rectangular section, 
is easily seen to be 


0 0 
a, (h+a)ub=—-s, td) Meio WET. te (2) 
where h is the depth. This may be written 
On On _ ou S 
Fae ae ae) eVevginl aiwre:o7 @W ein e)eiaiatele Cistalacs (3) 


Multiplying this equation by /’ (n), where f(m) is a function to be deter- 
mined, and adding to (1), we have 


0 
(ZtuZ\ife ty =-cht nf (Bt —g@ 
== ht af (m) ZEF lm) tas see AK) 
provided (h+n) tf" (n)}P= 9. 


* l.c. ante p. 267. 
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This is satisfied by | 


3 
F(n)= 2 {(1 +2) -1}, sks Tanah aaah (5) 
where ¢ = (gh). Hence, writing 
P= f(y) Puy Qf (n) Uy viecscceedisceseeuss (6) 
we have 
oP oP 
ap tut Ua. = 0, Grelatelataie) ofeterereselcvershy.¢ fevel/elelielelsiets (7) 
and, by similar steps, 
0Q 0Q _ 
ap tm u)da = 90, SoS ee ORO (8) 
3 
where v=(h+n)f (1) =o (1+ 7) © oe eee ror eee cece eseee (9) 


It appears, therefore, that P is constant for a geometrical point moving in 
the positive direction of # with the velocity 


: 
es (1 +7) ity 75. ROE Soe (10) 


whilst Q is constant for a pot moving in the negative direction with the 
velocity 


bs (1 +2)iaw. ok Ay eae (11) 


Hence any given value of P travels forwards, and any given value of Q travels 
backwards, with the velocities given by (10) and (11) respectively. The 
values of P and @ are determined by those of n and u, and conversely. 

As an example, let us suppose that the initial disturbance is confined to 
the space for which a< «<b, so that P and Q are initially zero for #< a and 
a >b. The region within which P differs from zero therefore advances, whilst 
that within which Q differs from zero recedes, so that after a time these 
regions separate, and leave between them a space within which P = 0, Q=0, 
and the fluid is therefore at rest. The original disturbance has now been 
resolved into two progressive waves travelling in opposite directions. 


In the advancing wave we have 
4 
O=0, bP =u=20){(1 + 7) - 11, pie Ae et (12) 


so that the elevation ana vhe particle-velocity are connected by a definite 
relation (cf. Art. 171). The wave-velocity is given by (10) and (12), viz. it is 


fe {3 (1 « ay - 2h. 25 eeacurs (13) 


To the first order of n/h, this is in agreement with Airy’s result quoted on p. 262. 
Similar conclusions can be drawn in regard to the receding wave*. 


* The above results can also be deduced from the equation (3) of Art. 173, by a method due 
to Earnshaw; see Art. 283. 
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Since the wave-velocity increases with the elevation, it appears that in 
a progressive wave-system the slopes will become continually steeper in front, 
and more gradual behind, until at length a state of things is reached in which 
we are no longer justified in neglecting the vertical acceleration. As to what 
happens after this point we have at present no guide from theory; observa- 
tion shews, however, that the crests tend ultimately to curl over and break. 

The case of a ‘bore,’ where there is a transition from one uniform level to another, 


may be investigated by the artifice of steady motion (Art. 175). If @ denote the volume 
per unit breadth which crosses each section in unit time we have 


Uy hy=Ugh,=Q, eee meres renee seen eeneas ee teseseseeees (14) 


where the suffixes refer to the two uniform states, 4, and hy denoting the depths. Con- 
sidering the mass of fluid which is at a given instant contained between two cross-sections, 
one on each side of the transition, we see that in unit time it gains momentum to the 
amount pQ (w,—2), the second section being supposed to lie to the right of the first. 
Since the mean pressures over the sections are gph, and $gphe, we have 


Q (tue = Uy) = 49 (hy? = hg?). eee vecccccccsccscecencescecccecs Gl 5) 
Cain the ee (16) 


If we impress on everything a velocity —w, we get the case of a wave invading still water 


with a velocity of propagation 
hg (hy + Ag) 
N= i (age wee c cee ee ee eeeececnecesereeeserecs (17) 


in the negative direction. The particle-velocity in the advancing wave is 2,— wv, in the 
direction of propagation. This is positive or negative according as h, 2 hy, 2.e. according 
as the wave is one of elevation or depression. 


Hence, and from (14), 


The equation of energy is however violated, unless the difference of level be regarded 
as infinitesimal. If, in the steady motion, we consider a particle moving along the surface 
stream-line, its loss of energy in passing the place of transition is 


$p (uy? — U9") +9p (hy — Ag) Sivlelalele'eiels e/elule clolels eleieloieisieisieielevelereisic (18) 
per unit volume. In virtue of (14) and (16) this takes the form 
gp (he —Iy)8 
Tig «Una ser esteem ae tts narra (19) 


Hence, so far as this investigation goes, a bore of elevation (hg > h;) can be propagated 
unchanged on the assumption that dissipation of energy takes place to a suitable extent 
at the transition. If however hy <h,, the expression (19) is negative, and a supply of 
energy would be necessary. It follows that a negative bore of finite height cannot in 
any case travel unchanged *. 


188. In the detailed application of the equations (1) and (3) to tidal 
phenomena, it is usual to follow the method of successive approximation. 
As an example, we will take the case of a canal communicating at one end 
(x= 0) with an open sea, where the elevation is given by 


= O.CONMEad  iah nx sup as accom tacconeetee (20) 


* Rayleigh, ‘‘On the Theory of Long Waves and Bores,’’ Proc. Roy. Soc. A, xc. 324 (1914) 
[Papers, vi. 250]. 
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For a first approximation we have 


Bu One oy du 


oe 9 oe Sp 5p? Sete cree nese eeeeeseeeeeees B00) 
the solution of which, consistent with (20), is 
mala u=Zeosa(t-<). SEER CR DEEACD ORCS (22) 
c c 
For a second approximation we substitute these values of n and w in (1) and (8), and 
obtain 
Ou on = g?oa? . G On, Ow gaa Zz 
epee ag oes sin 20 (¢-2), a — 1 5 ~ OE sin 2e (¢-2). .+-(23) 


Integrating these by the usual methods, we find, as the solution consistent with (20), 


x coe xv 
Dats re tee ie AG) 
Aap 
u=Geosa(t -*)— i “F008 20 (¢—2) - 9227 sin Bo (2-2). 
c c c 


The annexed figure shews, with, of course, exaggerated amplitude, the profile of the 
waves in a particular case, as determined by the first of these equations. It is to be noted 
that if we fix our attention on a particular point of the canal, the rise and fall of the 
water do not take place symmetrically, the fall occupying a longer time than the rise. 


The occurrence of the factor x outside trigonometrical terms in (24) shews that there is 
a limit beyond which the approximation breaks down. The condition for the success of 
the approximation is evidently that goax/c3 should be small. Putting c?=gh, A=2mc/o, 
this fraction becomes equal to 2m (a/h).(x/X). Hence however small the ratio of the 
original elevation (a) to the depth, the fraction ceases to be small when ~ is a sufficient 
multiple of the wave-length (A). 


It is to be noticed that the limit here indicated is already being overstepped in the 
right-hand portions of the figure; and that the peculiar features which are beginning 
to shew themselves on the rear slope are an indication rather of the imperfections of the 
analysis than of any actual property of the waves. If we were to trace the curve further, 
we should find a secondary maximum and minimum of elevation developing themselves 
on the rear slope. In this way Airy attempted to explain the phenomenon of a double 
high-water which is observed in some rivers; but, for the reason given, the argument 
cannot be sustained *. 

The same difficulty does not necessarily present itself in the case of a canal closed by a 
fixed barrier at a distance from the mouth, or, again, in the case of the forced waves due to 
a periodic horizontal force in a canal closed at both ends (Art. 179). Enough has, however, 
been given to shew the general character of the results to be expected in such cases. For 
further details we must refer to Airy’s treatise f. 

When analysed, as in (24), into a series of simple-harmonic functions of the time, the 
expression for the elevation of the water at any particular place (x) consists of two terms, 


* McCowan, l.c. ante p. 259. 
+ ‘Tides and Waves,”’ Arts. 198, ... and 308, See also G. H. Darwin, “Tides,’’ Encyc. 


Britann. (9th ed.) xxiii. 362, 363 (1888). 
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of which the second represents an ‘over-tide,’ or ‘tide of the second order,’ being propor- 
tional to a?; its frequency is double that of the primary disturbance (20). If we were to 
continue the approximation we should obtain tides of higher orders, whose frequencies are 
3, 4, ... times that of the primary. 
If, in place of (20), the disturbance at the mouth of the canal were given by 
¢=acosat+a'cos(a't+e), 
it is easily seen that in the second approximation we should in like manner obtain tides of 


periods 2/(o+0’) and 21/(c- 0’); these are called ‘compound tides.’ They are analogous 
to the ‘combination-tones’ in Acoustics which were first investigated by Helmholtz*. 


Propagation in Two Dimensions. 


189. Let us suppose, in the first instance, that we have a plane sheet 
of water of uniform depth h. If the vertical acceleration be neglected, the 
horizontal motion will as before be the same for all particles in the same 
vertical line. The axes of «, y being horizontal, let u,v be the component 
horizontal velocities at the point (x, y), and let € be the corresponding elevation 
of the free surface above the undisturbed level. The equation of continuity 
may be obtained by calculating the flux of matter into the columnar space 
which stands on the elementary rectangle 5xéy; thus we have, neglecting 
terms of the second order, 


2 (uhdy) dx +2 sa bx) dy = —= fet h) dx8y}, 
ve Ou dv 
whence pe h G+ 2) Se cee chemo ereeeee (1) 
The dynamical equations are, in the absence of disturbing forces, 
pate _ Op ov Op 
OF Oa PoE BG? 
where we may write 
P — Po= gp (20+ §—2), 


if z denote the ordinate of the free surface in the undisturbed state. We 
thus obtain 


du __ 8 w_ a 
at ve a 9 dy” 5 co ola natexetsions st avexeetaisas eiatetave (2) 
If we eliminate u and », we find 
OPE (OS, ME 
oa = =o(c3+ oS =a) ete tee (3) 


where c? = gh as before. 


In the application to simple-harmonic motion, the equations are shortened 
if we assume 1 complex time-factor e'@'+?, and reject in the end, the 


+ “Ueber Combinationsténe,’’ Berl. Monatsber, May 22, 1856 [Wiss. Abh. i. 256]; a 


‘‘Theorie der Luftschwingungen in Réhren mit offenen Enden,” Crelle, lvii. 14 (1859) eee 
Abh. i, 318]. 
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imaginary parts of our expressions. This is legitimate so long as we have to 
deal solely with linear equations. We have then, from (2), 


fed ELS se Hw cite cine dnayewie sles ete (4) 
: o 0x o Oy 
whilst (3) becomes 
ae ate 
Gee i sere er cwenrecrerernsevevees (5) 
where (ph Tad lies) oy” ang cere SAG oN Laan ne (6) 


The condition to be satisfied at a vertical bounding wall is obtained at 
once from (4), viz. it is 


if dn denote an element of the normal to the boundary. 

When the fluid is subject to small disturbing forces whose variation 
within the limits of the depth may be neglected, the equations (2) are 
replaced by 


au =— ok ss = 
i Lee ee a J dy By’ eee ececesceees (8) 
where 2) is the potential of these forces. 
If we put TAY (ih. + 4 ek re eecteuepaltn ot seni game (9) 


so that € denotes the equilibrium-elevation correspc.ding to the potential 0. 
these may be written 


tag A (t-8), E795 -B were (10) 
In the case of simple-harmonic motion, these take the forms 
unm 2 cg e), v= 8 b-2), eucipanientsa (11) 
whence, substituting in the equation of continuity (1) we obtain 
(Vie Oe lps att Li ahidowes (12) 
: Crate 
if We Se Bert A AO ae Pie en mary hy (18) 


and k? = o?/gh, as before. The condition to be satisfied at a vertical boundary 
is now 


fs) a 
Se (EH E)HO, coseeseresssesseernesenesssnes (14) 


190. The equation (3) of Art. 189 is identical in form with that which 
presents itself in the theory of the transverse vibrations of a uniformly 
stretched membrane. A still closer analogy, when regard is had to the 
boundary-conditions, is furnished by the theory of cylindrical waves of 
sound*., Indeed many of the results obtained in this latter theory can be 
at once transferred to our present subject. 

* Rayleigh, Theory of Sound, Art. 338. 
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Thus, to find the free oscillations of a sheet of water bounded by vertical 
walls, we require a solution of 


gi oY od SUR eRe RORHE Moctppt oancancn ae (1) 
subject to the boundary-condition 
OCaml 
ae BRE pe Per mere eR CAL AAC: (2) 


Just as in Art. 178 it will be found that such a solution is possible only for 
certain values of k, which accordingly determine the periods (27/kc) of the 
various normal modes. 


Thus, in the case of a rectangular boundary, if we take the origin at one 
corner, and the axes of a, y along two of the sides, the boundary-conditions 
are that of/da =0 for e=0 and «=a, and of/oy=0 for y=0 and y=), 
where a, b are the lengths of the edges parallel to x, y respectively. The 
general value of { subject to these conditions is given by the double Fourier’s 
series 


C= >A cos = cos “ae, Ps vend A nee (3) 


where the summations include all integral values of m, n from 0 to o. 
Substituting in (1) we find 


ant (E+). Pee ees, Ye (4) 


a2 
If a >b, the component oscillation of longest period is got by making m = 1, 


n= 0, whence ka =m. The motion is then everywhere parallel to the lonyer 
side of the rectangle. Cf. Art. 178. 


191. In the case of a circular sheet of water, it is convenient to take the 
origin at the centre, and to transform to polar co-ordinates, writing 
x=recos 6, y=rsin 6. 
The equation (1) of the preceding Art. becomes 


Cte ke eal ote 
apa + 5, + re aga tS = 0. Sushi sie anenetas Sere (1) 
This might of course have been established independently. 


As regards dependence on @, the value of € may, by Fourier’s Theorem, 
be supposed expanded in a series of cosines and sines of multiples of 6; we 
thus obtain a series of terms of the form 


It is found on substitution in (1) that each of these terms must satisfy the 
equation independently, and that 


(OE: =f (r)+ (x ~ 4) TU) = On te ee (3) 
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This is of the same form as Art. 101 (14). Since £ must be finite for r= 0, 
the various normal modes are given by 


t=A,J,(kr) a BORCORCOE Re)” recs. (4) 


where s may have any of the values 0, 1, 2, 3,..., and A, is an arbitrary 
constant. The admissible values of k are determined by the condition that 
0¢/dr = 0 at the boundary r=a, say, or 
Hiucica y= OF ten Homntnl AbACry. ots, (5) 
The corresponding ‘speeds’ (c) of the oscillations are then given by o=ke, 
where c= /(gh). 
In the case s=0, the motion is symmetrical about the origin, so that the 
waves have annular ridges and furrows. The lowest roots of 
Jo (ka) =0, or aie) = OMe ee eee es eee tacee (6) 


are given by 
Kal =1°2197, 22380, 3°2383,<.0, 0 .escsevcuneeees (7) 


these numbers tending ultimately to the form ka/r=m+4, where m is 


integral *. Hence 
BGS O82 OL, 10113. ns secaneosedencnces (7a) 


In the mth mode of the symmetrical class there are m nodal circles whose 
radu are given by €=0 or 


The roots of this are+ 
lat ICD LUST: 62-7546, 22. access (9) 
Fox example, in the first symmetrical mode there is one nodal circle r = 628 a. 
The form of the section of the free surface by a plane through the axis of z, 
in any of these modes, will be understood from the drawing of the curve 
y = Jo(«), which is given on the next page. 
When s>0O there are s equidistant nodal diameters, in addition to the 


nodal circles 
DE ig ae OMe eA stn a aiess sas> sadasacbeie (10) 


It is to be noticed that, owing to the equality of the frequencies of the two 
modes represented by (4), the normal modes are now to a certain extent 
indeterminate ; viz. in place of cos s@ or sin s0 we might substitute cos s (8 — as), 
where @, is arbitrary. The nodal diameters are then given by 

2m+1 

2s 

where m=O, 1, 2, ...,s—1. The indeterminateness disappears, and the 
frequencies become unequal, if the boundary deviate, however slightly, from 
the circular form. 


* Stokes, ‘‘On the Numerical Calculation of a class of Definite Integrals and Infinite Series,’’ 
Camb. Trans. ix. (1850) [Papers, ii. 355}. 

It is to be noticed that ka/ is equal to 7,/r, where 7 is the actual period, and 7, is the time 
a progressive wave would take to travel with the velocity ,/(gh) over a space equal to the 
diameter 2a. + Stokes, lc. 
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In the case of the circular boundary, we obtain by superposition of two 
fundamental modes of the same period, in different phases, a solution 


CeO, J, (en) 008 (Gt E86 46) no tegiceessssssecces (12) 


This represents a system of waves travelling unchanged round the origin 
with an angular velocity o/s in the positive or negative direction of 6. The 
motion of the individual particles is easily seen from Art. 189 (4) to be 
elliptic-harmonic, one principal axis of each elliptic orbit being along the 
radius vector. All this is in accordance with the general theory recapitulated 
in Art. 168. 


The most interesting modes of the unsymmetrical class are those corre- 
sponding to s=1, eg. 


Ce AS (hr) Cos 6..COS( Ob); sisvsec ein tseseseess. (138) 
where k is determined by 
Jy (ka)=0. «0... bap yas dass canry Meme (14) 
The roots of this are * 
Pare OOO SL IOOL R21) 1, is cenncabcices: ae: (15) 
whence OB) C= LOSI SBS Zy 18086). .25 so osh lense ces es (15a) 


We have now one nodal diameter (9=47r), whose position is, however, in- 
determinate, since the origin of @ is arbitrary. In the corresponding modes 
for an elliptic boundary, the nodal diameter would be fixed, viz. it would 
coincide with either the major or the minor axis, and the frequencies would 
be unequal. 


The diagrams on the next page shew the contour-lines of the free 
surface in the first two modes of the present species. These lines meet the 
boundary at right angles, in conformity with the general boundary-condition 
(Art. 190 (2)). The simple-harmonic vibrations of the individual particles 
take place in straight lines perpendicular to the contour-lines, by Art. 189 (4). 
The form of the sections of the free surface by planes through the axis of z is 
given by the curve y=J,(z) on the opposite page. 


The first of the two modes here figured has the longest period of all the 
normal types. In it, the water sways from side to side, much as in the slowest 
mode of a canal closed at both ends (Art. 178). In the second mode there 
is a nodal circle, whose radius is given by the lowest root of Jy(kr)=0; this 
makes r=*719at. 


* See Rayleigh’s treatise, Art. 339. A general formula for calculating the roots of J,’ (ka) =0, 
due to Prof. J. MeMahon, is given in the special treatises. 

+ The oscillations of a liquid in a circular basin of any uniform depth were discussed by 
Poisson, ‘‘Sur les petites oscillations de l’eau contenue dans un cylindre,” Ann. de Gergonne, 
xix, 225 (1828-9); the theory of Bessel’s Functions had not at that date been worked out, and 
the results were consequently not interpreted. The full solution of the problem, with numerical 
details, was given independently by Rayleigh, Phil. Mag. (5), i. 257 (1876) [Papers, i. 25]. 

The investigation in the text is limited, of course, to the case of a depth small in comparison 
with the radius a. Poisson’s and Rayleigh’s solution for the case of finite depth will be noticed 


in Chapter x. 


(OHAP. VIII 


Tidal Waves 


288 


191 | Properties of Bessels Functions 289 


A comparison of the preceding investigation with the general theory of small oscilla- 
tions referred to in Art. 168 leads to several important properties of Bessel’s Functions. 


In the first place, since the total mass of water is unaltered, we must have 


where ¢ has any one of the forms given by (4). For s > 0 this is satisfied in virtue of the 
trigonometrical factor cos s@ or sin s6; in the symmetrical case it gives 


[rx RAT) Shite Opry srr se tc eness Sues on sede w Beebe (17) 


Again, since the most general free motion of the system can be obtained by super- 
position of the normal modes, each with an arbitrary amplitude and epoch, it follows 
that any value whatever of ¢, which is subject to the condition (16), can be expanded in a 


series of the form 
(= 22 (A, cos 86+ B, sin 80) Jy (Er), ..ecesececceccnsereeeseeees (18) 


where the summations embrace all integral values of s (including 0) and, for each value of 
s, all the roots & of (5). If the coefficients A,, B, be regarded as functions of ¢, the equa- 
tion (18) may be regarded as giving the value of the surface-elevation at any instant. The 
quantities A,, B, are then the normal co-ordinates of the present system (Art. 168) ; and in 
terms of them the formulae for the kinetic and potential energies must reduce to sums of 
squares. Taking, for example, the potential energy 


VERO BCP OL AY Rieiies ansgiesitast doses seaes Mates (19) 
20 
this requires that J % / i AOA RLO Gin Rage ea aale Sele clean Natatsc atese aoe (20) 


where #,, #2 are any two terms of the expansion (18). If w,, we involve cosines or sines of 
different multiples of 6, this is verified at once by integration with respect to 6; but if 
we take 

w, £S, (kyr) Cos 88, we x J, (ker) cos 80, 


where k;, 2 are any two distinct roots of (5), we get 


i) c/ pr dim ORE rie (21) 
The general results, of which (17) and (21) are particular cases, are 
i Jo (Ped —t Ii Abd) ssevaps le datas ar taent (22) 
(cf. Art. 102 (10)), and 
[5 ar) Ja ar) rete peas ha (te) Ia (hy) ~ kya (by) Ja (x). (28) 


In the case of k,=k, the latter expression becomes indeterminate; the evaluation in the 
usual manner gives 


a 1 
J : {J, (ka)? rdr = op [h? a? { J,’ (ka)}? + (kh? a? — 8”) {J, (ka) }?), oo. eee eeeees (24) 
For the analytical proofs of these formulae we refer to the treatises cited on p. 136. 


The small oscillations of an annular sheet of water bounded by concentric 
circles are easily treated, theoretically, with the help of Bessel’s Functions of 
the second kind.’ The only case of any special interest, however, is when the 
two radii are nearly equal; we then have practically a re-entrant canal, and 
the solution follows more simply by the method of Art. 178. 


LH 19 
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The analysis can also be applied to the case of a circular sector of any 
angle*, or to a sheet of water bounded by two concentric circular arcs and 
two radii. 


An approximation to the frequency of the slowest mode in an edd¢ptic basin of uniform 
depth can be obtained by Rayleigh’s method, referred to in Art. 168. 


The equation of the boundary being 
a y? 
it poe: Coen ec sce cccbecsesscescosecteerecssessesee (25) 


let us assume, for the component displacements, 


seaacsew denesoseeate seesee nae eate (26) 
a) 
n=—B a 
where the constants have been adjusted so as to make 
Sera Ee ae Raateil Ot GH RET. ak Bee (27) 


at the boundary (25). The time-factor cos ct is understood. The corresponding surface- 
elevation is 


(=a (E42) = 5 0d+B) x Be EE A oe: (28) 


The assumption (26) is however too general for the present purpose, since it includes 
circulatory motions. The condition of zero vorticity requires 


(202 50?) B= DOF A eaonenece cascemceseecinsenesctases (29) 
We find from (26) 


0 2 
2T'=ph / H (Ga) dedytopabhat (ba? + pp AB+ (iets a) Bt sin? ot, ...(30) 


2 
cme COSE, Ole 1 Fecdseadan ten cay ease ne eeep ae (31) 


2 v= [ Cdady= 2m abgh? . 


Expressing that the mean value of 7’— V is zero, and introducing the relation (29), we find 


9 18a?+6b? c? 
Bat +262 * a2? 
where c?=gh. 


If we put b=a, this makes oa/c=1°852, the true value for the circular basin being 
1841. The approximate estimate is in excess, in accordance with a general principle 
(Art. 168). The various modes of longitudinal oscillations in an elliptic canal have been 
studied by Jeffreys} and Goldstein}, and more recently by Hidaka§, by different methods. 
It appears that in the gravest mode oa/c=1-8866, whilst if we make b/a +0 in (32) we get 
oa/e=1°8994. It would appear that the formula gives a good approximation for values of 
b/a less than unity. 


* See Rayleigh, Theory of Sound, Art. 339, 

+ Proc. Lond. Math, Soc. (2) xxiii. 455 (1924). 

+ Ibid. xxviii, 91 (1927). 

§ Mem. Imp. Mar. Obs. (Japan), iv. 99 (1931), This paper includes the discussion of the free 
oscillations in basins with boundaries of various other shapes, and with various laws of depth. 
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192. Asan example of forced oscillations in a circular basin, let us suppose 
that the disturbing forces are such that the equilibrium elevation would be 


t=C (") OSS COG Gl cls @).ty tiaer teas ene wns a ye (33) 


This makes V,2E=0, so that the equation (12) of Art. 189 reduces to the 
form (1), above, and the solution is 

Gen ADJ, (1) CODS0 . COS( OL 4°€),. sac cnisde were .4de (34) 
where A is an arbitrary constant. The boundary-condition (Art. 189 (14)) 
gives 


AkaJ,' (ka) = sC, 


whence 6=C cose cos (ot 16). See (35) 


The case s=1 is aimee as ie eta to a untform horizontal 
force; and the result may be compared with that of Art. 179. 

From the case s = 2 we could obtain a rough representation of the semi- 
diurnal tide in a polar basin bounded by a small circle of latitude, except that 
the rotation of the earth is not as yet taken into account. 

We notice that the expression for the amplitude of oscillation becomes 
infinite when J,’(ka)=0. This is in accordance with a general principle, of 
which we have already had several examples; the period of the disturbing 
force being now equal to that of one of the free modes investigated in the 


preceding Art. 


193*. When the sheet of water is of variable depth, the calculation at 
the beginning of Art. 189 gives, as the equation of continuity, 
of _ _d(hu) a (hv) 
ee aa ee On re ee ee ee (1) 
The dynamical equations (Art. 189 (2)) are of course unaltered. Hence, 
eliminating ¢, we find, for the free Soak ag! 


Seo {R(6B) +4 029) 
sao {an (ns HE Nea eorermeatueaersn (2) 
If the time-factor be e+, we obtain 
dO (4.0 0g 
=, (hae +5 (hg) +o 1 sei. lantern cnateey ee (3) 
When h is a function of r, the distance from the origin, only, this may be 
written 
dho 
AV?E+ ants ‘gf Ke oo peer me Metre (4) 


As a simple example we may take the case of a Am basin which shelves gradually 
from the centre to the edge, according to the law 


72 , 
hale (1-4). SOEs eaalt oie ee (5) 


* This formed Art. 189 of the 2nd ed. of this work (1895). A similar investigation was given 
by Poincaré, Legons de mécanique céleste, iii. 94 (Paris, 1910). 
19-2 
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Introducing polar co-ordinates, and assuming that ¢ varies as cos s6 or sin s0, the equation 


(4) takes the form 
rr ( 10t # 2 7 ky 6 
( -5) (Ss pa aa nt) a hi yes () aaotiganaacdscodopbcodse ) 


That integral of this equation which is finite at ih origin is easily found in the form 
of an ascending series. Thus, assuming 


pil (Z)" Ur lom OA? Li gee ART (7) 


where the trigonometrical factors are omitted, for shortness, the relation between consecu- 
tive coefficients is found to be 


2q2 
(m?— s*) A n={m (m—2)— eT flops 6p 
‘ . a? Q? 
or, if we write ah =I I= 2) = Se pnvodends eieene nccinesseceseosecesee tee (8) 
0 
where n is not as yet assumed to be integral, 
(mn? — 8") A, = (1) — 10) (2A eg en cnssasee ee ceiaeide =e eieniae se (9) 


The equation is therefore satisfied by a series of the form (7), beginning with the term 
A, (r/a)*, the succeeding coefficients being determined by putting m=s+2, s+4,... in (9). 
We thus find 


= r\8 (n—s—2)(n+8) 7? | (n—s—4) (n—8—2) (n+8) (n+8+2) 74 } 
Srp (Fy {1 2(@s+2) at? 2.4 (28+ 2) (28+4) mae 
or in the usual notation of hypergeometric series 
rs r 
(4,5 .F (a B, Y a), eee cee cee cence cncensceseeessene (11) 
where a=$n+4s, B=1l+4s—3n, y=st+l1. 


Since these make y—a—f=0, the series is not convergent for r=a, unless it terminate. 
This can only happen when ~ is integral, of the form s+2j. The corresponding values of 
o are then given by (8). 


In the symmetrical modes (s=0) we have 
yah Pee a yr IED IO = Uy 2) as 
¢= 0 aa 12 =) eee fy 
where j may be any integer a than unity*. It may be shewn that this expression 


vanishes for 7 —1 values of r between 0 and a, indicating the existence of j—1 nodal circles. 
The value of o is given by 


o*#=4) G-1)2 = Sav atingis ace ah Soceecnee terete nance (13) 
whence od|,/(gho) =2°828, 4°899, 6-928, 
The gravest symmetrical mode (j=2) has a nodal circle of radius ‘707 a. 


Of the unsymmetrical modes, the slowest, for any given value of s, is that for which 
nm=s-+2, in which case we have 


Vind 
(=A, qe oO8 80 cos (ct +e), 


, : neal 
the value of o being given by o?=2s. a aT ichaehtrecice ees semene etree te tentete (14) 
In the case s=1 the various frequencies are given by 
; h, 
o2= (4j2— 2) 72, sea ke een aon en (15) 
whence DAAC OM WI MER EDR ROSIE 5, Sune cepesheeetcanne au (16) 


* If we put r/a=sin }x, the series is identical with the expansion of P;_, (cos x)3 see Art. 85 (4). 
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In the slowest of these modes, corresponding to s=1, n=3, the free surface is always 
plane. It appears from Art. 191 (15a) that the frequency is °768 of that of the corre- 
sponding mode in a circular basin of uniform depth hy, and of the same radius*. 


As in Art. 192 we could at once write down the formula for the tidal motion produced 
by a uniform horizontal periodic force ; or, more generally, for the case where the disturbing 
potential is of the type 

Q « 7? cos 86 cos (at+e). 

194. We may conclude this discussion of ‘long’ waves on plane sheets of 
water by an examination of the mode of propagation of disturbances from 
a centre in an unlimited sheet of uniform depth. For simplicity, we will 
consider only the case of symmetry, where the elevation ¢ is a function of 
the distance r from the origin of disturbance. This will introduce us to some 
peculiar and rather important features which attend wave-propagation in two 
dimensions. 

The investigation of a periodic disturbance involves the use of a Bessel’s 
Function (of zero order) ‘of the second kind,’ as to which some preliminary 
notes may be useful. 


: ap ld 
To solve the equation BE gs <P .$=0 SUED ce bite saaltte ductal trea stacesoaers (1) 
by definite integrals, we assume f p= ip Tia Ais Un a ak i ai ca ee aan is eth ee (2) 


where 7 is a function of the complex variable ¢, and the limits of integration are constants 
as yet unspecified. This makes 


Pb ig [140 6-47] + (3 {(1+#) T}- ‘?) e-*dt, 


* det” de 
by a partial integration. The equation (1) is accordingly satisfied by 
e-* dt 
=| Fam Aree cere eee e re eesssreeeeeeeeaeessesenes (3) 
provided the expression J(1+) e-# 


vanishes at each limit of integration. Hence, on the supposition that z is real and positive, 
or at all events has its real part positive, the integral in (3) may be taken along a path 
joining any two of the points 7, —7, + in the plane of the variable ¢; but two distinct 
paths joining the same points will not necessarily give the same result if they include 
between them one of the branch-points (¢= +7) of the function under the integral sign. 


Thus, for example, we have the solution 
Comsat 
1 J, J(1+e)’ 
where the path is the portion of the imaginary axis which lies between the limits, and that 
value of the radical is taken which becomes =1 for t=0. If we write t=&+7, we obtain 
1 —ten 7 

waif) sah oA cos (2 Co8 9) 9 =tado (2), .ccesseceeeeesens (4) 

which is the solution already met with (Art. 100). 


* For the oscillations in an elliptic basin with a similar law of depth see Goldsbrough, Proc. 
Roy. Soc. A, exxx. 157 (1930). 

+ Forsyth, Differential Equations, c. vii. The systematic application of this method to the 
theory of Bessel’s Functions is due to Hankel, ‘‘Die Cylinderfunktionen erster u. zweiter Art,’’ 


Math. Ann. i. 467 (1869). 
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Au independent solution is obtained if we take the integral (3) along the axis of n from 
the point (0, 7) to the origin, and thence along the axis of & to the point (w, 0). This 
gives, with the same determination of the radical, 

_ [97 #"d (iy) ie e~#d&  (° e-#dé 4 e-*1dn (6) 
m=} d=) eect JIE) “Jovan 

By adopting other pairs of limits, and other paths, we can obtain other forms of f, but 
these must all be equivalent to ¢, or 2, or to linear combinations of these. In particular, 
some other forms of dz are important. It is known that the value of the integral (3) taken 
round any closed contour which excludes the branch- 
points (¢= +7) is zero. Let us first take as our contour 
a rectangle, two of whose sides coincide with the positive 
portions of the axes of € and n, except for a small semi- 
circular indentation about the point ¢=2, whilst the 
remaining sides are at infinity. It is easily seen that 
the parts of the integral due to the infinitely distant 
sides will vanish, either through the vanishing of the 
factor e~*€ when & is infinite, or through the infinitely 
rapid fluctuation of the function e—*"/n when 7 is in- 
finite. Hence for the path which gave us (5) we may 
substitute that which extends along the axis of n from 
the point (0, 2) to (0,7), provided the continuity of oO 
the radical be attended to. Now as the variable ¢ 
travels counter-clockwise round the small semicircle, the radical changes continuously 
from ,/(1—n*) to7,/(n?—-1). We have therefore 


io e— 1d (tn) edn ih iz cosh u 
= eae Ler = ane DU swaw science ues goar seine 6 

oa fi i@P-1) Ja V@=D) Jo * ‘ e) 
It will appear that this solution is the one which is specially appropriate to the case of 
diverging waves. Another method of obtaining it will be given in Chapter x. 


If we equate the imaginary parts of (5) and (6) we obtain 


Jy(2) == | ‘ a iGeoneh a) ihe ea nee (7) 


a form due to Mehler*. 


On account of the physical importance of the solution (6) it is convenient to have a 
special notation for it. We writef 


Dine | a CT lt Ye owt Tatas (8) 
w) 0 

This is equivalent to Dy (2)==— Yj (2) tel gl (2) eseteneens cece ane eee eee eee rete (9) 
9 fo a) 

where ¢ Yo (2)=—- =f, COS: (2/COSIN) IA uaneeceecere oe ceneereeeec entries (10) 


Equating the real parts of (5) and (6) we have, also, 
2 Bead , 7 
Y,(2)=— =I e~zeinhu gy, + [\ BIN |(Z/COS J)\0-do py eeeeccssoeneees (11) 


* Math, Ann. v. (1872). 

+ The use of a simple notation to meet the case of diverging waves seems justifiable. Our 
Dy (2) is equivalent to —7H,() (z) in Nielsen’s notation, as slightly modified by Watson. 

{ This is the notation definitely recommended by Watson. The reader should be warned, 
however, that the same symbol has been employed by other writers in various senses. From 
a purely mathematical point of view the choice of a standard solution ‘of the second kind’ is 
largely a matter of convention, since the differential equation (1) is still satisfied if we add any 
constant multiple of Jy(z). Tables of the function Y,(z) as defined by (10) are given in Watson’s 
treatise. 
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For a like reason, the path adopted for ¢. may be replaced by the line drawn from the 
point (0, z) parallel to the axis of (viz. the dotted line in the figure), To secure the con- 
tinuity of ,/(1+¢), we note that as ¢ describes the lower quadrant of the small semicircle, 
the value of the radical changes from ,/(1— 7”) to e"./(2E), approximately. Hence along 
the dotted line we have, putting ¢=7+ &, 

J(L +0) el" (26 — 16), 
where that value of the radical is to be chosen which is real and positive when € is infini- 
tesimal. Thus 


a wotie Et (Eni) Leer, woe be ey 
w= | etl" 1(0¢ 182) 2° Ne a (1=$26) 4dé. 0.2... (12) 


If we expauu he binomial, and integrate term by term, we find 


ght 70 W2/c\  12,.32/2\2 
Dy(@)= (=) é tate +()+ sr) ae Ses eeeteseceece (13) 


where use has been made of the formulae 


/ $ 
a —zt +g te 
ie gt gg B Dt, 


Se eed ge a) 218 os (2m —1) wt 
0 ov gntt gm ,m ay 


If we separate the real and imaginary parts of (13) we have, on comparison with (9), 


J) (a= (2)' te sin (2+ Z)—Scos(Z+4M)},  v.cscecsesccseceneees (15) 
ae (2)' ee Geis (eed wisi (etd Nabi ven cans. Limes (16) 


where lee — siGe)t 1A Be\E 


2 12 atop | SAGs OnsHg Adc anEEBanOBSORSS 
“12 3l(@2p T°" 

The series in (13) and (17) are of the kind known as ‘semi-convergent,’ or ‘asymptotic,’ 
expansions ; 7.e. although for sufficiently large values of z the successive terms may for a 
while diminish, they ultimately increase again indefinitely, but if we stop at a small term 
we get an approximately correct result*. This may be established by an examination of 
the remainder after m terms in the process of evaluation of (12). 


It follows from (15) that the large roots of the equation Jp (z)=0 approximate to those of 
Bin(2dod at) a0. gdkinnstdecssecedaas 4- Seyorsevah estas, (18) 
The series in (13) gives ample information as to the demeanour of the function Dy (z) 


when z is large. When z is small, D(z) is very great, as appears from (8). An approxi- 
mate formula for this case cun be obtained as follows. Referring to (11), we have 


1 $20 il 2 
oe gi _ [2 -42(0-= dv _ De < n(¢) \ 
peat “du= |e ( 3) anf, ie Tae Ghia ap) te dv 


See x(S) ja ghd 
a erry re “pase OU sitain Saleh ecdntme aes foe MAGE (19) 


* Of, Whittaker and Watson, Modern Analysis, c. viii.; Bromwich, Theory of Infinite Series, 
London, 1908, c. xi.; Watson, c. vii.; Gray and Mathews, c. iv. The semi-convergent 
expansion of J,(z) is due to Poisson, Journ, de l’Ecole Polyt. cah. 19, p. 349 (1823); a rigorous 
investigation of this and other analogous expansions was given by Stokes, l.c. ante p. 285. The 
‘remainder’ was examined by Lipschitz, Crelle, lvi. 189 (1859). Cf. Hankel, 1.c. ante p. 293. 


12, 3? 12, 325%) 72 | 
ie 5) 
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The first term gives* 


oe —w 
i meee AH MO ae eee wacbasoas anbedeonsbondonnsoctce (20) 
te W 
and the remaining ones are small in comparison. Hence, by (9) and (11), 
2 3 
Di (= —= (log 32-+y+ 30m +...). Renee cacecricnacenenisesn: (21) 
It follows that 
my Do G@)e 2 = fe e  eeee (22) 
z>0 7 


The formula (21) is sufficient for our purposes, but the complete expression can now be 
obtained by comparison with the general solution of (1) in terms of ascending series, viz. f 


BD of 26 
p=AJ (2) +B {J0(@) 10g t+ — 859 gat S353 ga ga ea S| ccauesmese (23) 
lk ga 1 
where Sm=ltgtat.-+t7- 
In order to identify this with (21), for small values of z, we must make 
2 2 ; 
Jie Pe. A= —— (log 32+ y +307). acetate qosenngsceeanc sees (24) 
Hence 
26 
Dy (2)=-= = (log 42+y4+4hitr) Jy (z)- 2 855 ae Be ay meee (20) 


195. We can now proceed to the wave-problem stated at the beginning 
of Art. 194. For definiteness we will imagine the disturbance to be caused 
by a variable pressure yo applied to the surface. On this supposition the 
dynamical equations near the beginning of Art. 189 are replaced by 


Ou oC wel OPo ov 10€ 10p 


en em pox’ ot poy poy’ eee cece eserves (1) 
. at, (au , av 
whilst anh (= ae ee ee net (2) 


as before. 


If we introduce the velocity-potential in (1), we have, on integration, 


Op _ Po 
Beane odes 


We may suppose that po refers to the wn of pressure, and that the arbi- 
trary function of ¢ which has been incorporated in ¢ is chosen so that 0¢/dt = 0 


in the regions not affected by the disturbance. Eliminating £ by means of 
(2), we have 


When ¢ has been determined, the value of & is given by (8). 


* De Morgan, Differential and Integral Calculus, London, 1842, p. 653. 

+ The Bessel’s Functions of the second kind were first thoroughly investigated and made 
available for the solution of physical problems in an arithmetically intelligible form by Stokes, 
in a series of papers published in the Camb. Trans. With the help of the modern Theory of 
Functions, some of the processes have been simplified by Lipschitz and others, and (especially 
from the physical point of view) by Rayleigh. These later methods have been used in the text. 

{ Forsyth, Differential Equations, c. vi. note 1; Watson, Bessel Functions, pp. 59, 60. 
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We will now assume that po is sensible only over a small* area about the 
origin. If we multiply both sides of (4) by dxdy, and integrate over the area 
in question, the term on the left-hand side may be neglected (relatively), and 


we find 3 Ate 
toe Zed] 
-{ ds = ar ai i | podiedy, Met een oes (5) 


where és is an element of the boundary of the area, and 8 refers to the hori- 
zontal normal to és, drawn outwards. Hence the origin may be regarded as 
a two-dimensional source, of strength 


ie el ta, 
FO= Sap (6) 


where Pp is the total disturbing force. 


Turning to polar co-ordinates, we have to satisfy 


PS _ 9 (8b , 104 

=e (53+ : 5.) Nise So Nails ce (7) 
where c? = gh, subject to the condition 

lim (- amr Sf) = Fe BEL BY, (8) 

r>0 


where f(t) is the strength of the source, as above defined. 


In the case of a simple-harmonic source e” the equation (7) takes the 
form 


Op 106 | 4 
aeavane aoe Pim 0 0G sete avira yt menionwe. (9) 
where k =a/c, and a solution is 
reg gt RI) Oo pet nceaees pact tant oee 208 praise (10) 


where the constant factor has been determined by Art. 194(22). Taking the 
real part we have 


} =4 {Jo (kr) sin ot — Yo (kr) cos at}, ...ccecceeeeees (11) 
corresponding to J () =c08 at. 
For large values of kr the result (10) takes the form 
io { t—--)-—4ir 
to) = wll é ( i) Bln ela qv8ihia aifols’ ols alete.d e.ayeieie (12) 
V(87rkr) 


The combination t—1/c indicates that we have, in fact, obtained the solution 
appropriate to the representation of diverging waves. 
It appears that the amplitude of the annular waves ultimately varies 
inversely as the square root of the distance from the origin. 
* That is, the dimensions of the area are small compared with the ‘length’ of the waves 


generated, this term being understood in the general sense of Art. 172. On the other hand, the 
dimensions must be supposed large in comparison with h. 
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196. The solution we have obtained for the case of a simple-harmonic 
source e’ may be written 


2ro = i 


This suggests generalization by Fourier’s Theorem; thus the formula 


eae a si (t =F cosh 1) dit sssseeseeseeeeessee (14) 


should represent the disturbance due to a source f(t) at the origin*. It is 
implied that the form of f(t) must be such that the integral is convergent ; 
this condition will as a matter of course be fulfilled whenever the source has 
been in action only for a finite time. A more complete formula, embracing 
both converging and diverging waves, is 


2rd = [, f(t ae cosh u) du +f F(t ee cosh u) Wb Steen (15) 


The solution (15) may be verified, subject to certain conditions, by substitution in the 
differential equation (7). Taking the first term alone, we find 


ep ,106\ ph 
25 { Gi 9) S an 
ah {sinb? Cy as (t-2 cosh u) — < cosh u ai (-7 cosh u) du 
0 c r c 


c2 [2 0 r cola ‘ r u=o 
= sat (+—Z cosh u) du = ~$ | sinhw 7 (1—Z cosh “) : 


This obviously vanishes whenever /(¢)=0 for negative values of ¢ exceeding a certain 
limit f. 
: op r [© , r 
Again — 207 aaa cf’ cosh wu. f (t-Z cosh u) du 


(«2 cosh u 
Wiha faeinde caer (138) 


(eal r 
=" (sinh w+e-“) f’ (t-7 cosh «) du 


-[F (¢-7 cosh w) [+ an ema (¢—2 cosh u) du 
-/(t-Z) aE cfress (5 cosh u) du, 


under the same condition. The limiting value of this when 7-0 is f(t); and the state- 
ment made above as to the strength of the source in (14) is accordingly verified. 


A similar process will apply to the second term of (15) provided F(t) vanishes for 
positive values of ¢ exceeding a certain limit. 


197. We may apply (14) to trace the effect of a fern porary source varying 
according to some simple prescribed law. 


If we suppose that everything is quiescent until the instant ¢ =0, so that 


* The substance of Arts. 196, 197 is adapted from a paper ‘‘On Wave-Propagation in Two 
Dimensions,” Proc. Lond. Math. Soc. (1), xxxv. 141 (1902). A result equivalent to (14) was obtained 
(in a different manner) by Levi-Civita, Nuovo Cimento (4), vi. (1897). 

+ The verification is very similar to that given by Levi-Civita. 
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f (t) vanishes for negative values of t, we see from (14) or from the equivalent 
orm 
t—t 
sgn [2 £10) a0 
-o {(t — 0)? — r2/c2i4 
that ¢ will be zero everywhere so long as t< r/c. If, moreover, the source 
acts only for a finite time 7, so that f(t)=0 for t > 7, we have, for t>7+7/c, 


tx f(0)d0 
2rd = Me he Rae nih eae Ls 
Th i: {(t — 6?) — r2/c2}2 ( ) 
This expression does not as arule vanish; the wave accordingly is not sharply 


defined in the rear, as it is in front, but has, on the contrary, a sort of ‘tail’+ 
whose form, when t — r/c is large compared with 7, is determined by 


1 7 
2 = (es a 
Ef ae Tat BONN Waa eee (18) 
The elevation ¢ at any point is given by (3), viz. 
lo 
= a () SRA eee (19) 
It follows that 

Cliente tre te sca ccae vi (20) 


provided the initial and final values of ¢ vanish. It may be shewn that this 
will be the case when f(t) is finite and the integral 


is convergent. The meaning of these conditions appears from (6). It follows 
that even when dP/dt is always positive, so that the flux of liquid in the 
neighbourhood of the origin is altogether outwards, the wave which passes 
any point does not consist solely of an elevation (as it would in the corre- 
sponding one-dimensional problem) but, in the simplest case, of an elevation 
followed by a depression. 


To trace in detail the progress of a solitary wave in a particular case we may assume 


= 
FO) ppp vores eeseeteteseeeneneecenteenntes (22) 
which makes P, increase from one constant value to another according to the law 
BetAae Bit Ue te ee Ho tl nee. (23) 
us 


* Analytically, it may be noticed that the equation (4), when py»=0, may be written 
Pee nt Pk 
On? dy? d(ict)?? ’ 
and that (17) consists of an aggregate of solutions of the known type 
{a2 + 42+ (ict)?}#. 
+ The existence of the ‘tail’ in the case of cylindrical electric waves was noted by Heaviside, 
Phil. Mag. (5), xxvi. (1888) [Electrical Papers, ii.]. 
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The disturbing pressure has now no definite epoch of beginning or ending, but the range 
of time within which it is sensible can be made as small as we please by diminishing r. 
For purposes of calculation it is convenient to assume 


et 2 oe Bole in eR aoe Aid oi oes” (24) 
fo= 7 
in place of (22), and to retain in the end only the imaginary part. We have then 
Irp= ees ene 2 —— J treet ews eee (25) 
t-" cosh u—tr tT (t42—ar) 2 
0 ¢ Or c 
where z=tanh 4u. We now write 
t— —tr=a%e-%, t+ oir = be Hi, ieee Cease (26) 
e 


where we may suppose that a, b are positive, and that the angles a, @ lie between 0 and $7. 


Since 
r\2 r\2 
at=(1—7) ee = (t+) ie 
Cc c 
ct 
ct+r’ 


CT 
tan 26 a? tan 26 


it appears that a < 6 according as ¢ 20, and that a> always. With this notation, we find 


(ei er 

— e—t(a—B 

1 ay gila+B) etre i(a—B) 
log 


anpae | ae b2e—21872 ah 


oe ; e-i(a-B) 
To interpret the logarithms, let us mark, in the plane of a complex variable z, the points 


jfeei Gl Ds —ze-te-8), Q=pe-te-A), 


Since the integral in the second member of (28) is to be taken along the path OJ, the proper 
value of the third member is 


eet (7 IP ioe 
———{(los Gat! opt) . (log 58 - i. ogi), 


Q 


where real logarithms and positive values of the angles are to be understood. Hence, 
rejecting all but the imaginary part, we find 


, IP 
sper go os Oe pt are (eee (29) 


as the solution corresponding to a source of the type (22). Here 


IP _ (a*+2ab cos (a—8)+62\4 2ab sin (a—£) 
Om a a) ) nO Apoksoobse (30) 


and the values of a, 6, a, 8 in terms of r and ¢ are to be found from (27). 
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It will be sufficient to trace the effect of the most important part of the wave as it 
passes a point whose distance r from the origin is large compared with cr. If we confine 
ourselves to times at which ¢-r/c is small compared with r/c, a will be small compared 
with 6, PZQ will be a small angle, and JP/ZQ will =1, nearly. If we put 


we shall have 
a=}r—4n, a=dJ(rsecn), B=fer/r, b=(Qr/e)b, occ (32) 


approximately ; and the formula (29) will reduce to 


2rp=s cos a= @ 
nN 


3 
) COS (Tari— $n)ia/ (COSI) y sects tes -aseenas (33) 


Le 


The elevation ¢ is then given by 


7\e . 
Irgl(=20rg rea : (=) sin (far — 8) cosB n, .....ceceeee (34) 


tann) 4 /2r?\7r 


approximately. The diagram shews the relation between ¢ and ¢, as given by this 
formula*, 


198. We proceed to consider the case of a spherical sheet, or ocean, of 
water covering a solid globe. We will suppose for the present that the globe 
does not rotate, and we will also in the first instance neglect the mutual 
attraction of the particles of the water. The mathematical conditions of the 
question are then exactly the same as in the acoustical problem of the 
vibrations of spherical layers of air Ft. 


Let a be the radius of the globe, h the depth of the fluid; we assume 
that h is small compared with a, but not (as yet) that it is uniform. The 
position of any point on the sheet being specified by the angular co-ordinates 
6, d, let u be the component velocity of the fluid at this point along the 
meridian, in the direction of @ increasing, and v the component along the 
parallel of latitude, in the direction of ¢ increasing. Also let ¢ denote the 
elevation of the free surface above the undisturbed level. The horizontal 


* The points marked —1, 0, +1 correspond to the times r/¢—7, r/c, r/c +7, respectively. 
+ Discussed in Rayleigh’s Theory of Sound, c. xviii. 
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motion being assumed, for the reasons explained in Art. 172, to be the same 
at all ee in a vertical line, iat condition of continuity is 
0g 
ot’ 
where the left-hand side measures the flux out of the columnar space 
standing on the element of area a sin 05¢. a66, whilst the right-hand member 
expresses the rate of diminution of the volume of the contained fluid, owing 
to fall of the surface. Hence 
CS = tid Th ‘ (hu sin @) ras (1) 
ier rey: a0 By st eee 
If we neglect terms of the second order in u, v, the dynamical equations 
are, on the same principles as in Arts. 169, 189, 
ou Co OMe dv ot CkO} 


a9 2 Sie sin 05) 60 +35 5; (vha 50) 86 =— asin 066.4686. 


cetera yh pl Sms ae 
where © denotes the potential of the extraneous forces. 
If we put £ Ol gon en stein Sha wether oe (3) 
these may be written 
Ou ov 
ee t), t7~ ame eR FAME pce nt (4) 


Between (1) and (4) we can eliminate u, v, and so obtain an equation in € 
only. 

In the case of simple-harmonic motion, the time-factor being e+, the 
equations take the forms 


racy: 0 (hu sin @) 4 O(hv) . 
fsa —7A Ob b MT. «cAI (5) 
uni Se-6) v6 S555 6-9. See (6) 


199. We will now consider more particularly the case of uniform depth. 
To find the free oscillations we put €=0; the equations (5) and (6) of the 
preceding Art. then lead to 

1 og ISSO Co ners 
snp 90 (8 955) + saepagat ah Ces Ue ine we ree (1) 


This is identical in form with the general equation of spherical surface- 
harmonics (Art. 83 (2)). Hence, if we put 


a solution of (1) will be C 2 Sa, Ree ole: ai noe et eats oat (3) 
where S,, is the general surface-harmonic of order n. 


It was pointed out in Art. 86 that S,, will not be finite over the whole 
sphere unless n be integral. Hence, for wm ocean covering the whole globe, 
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the form of the free surface at any instant is, in any fundamental mode, that 
of a ‘harmonic spheroid’ 


Medch de COS (eb he), A. Sie yeaee. ics (4) 
and the speed of the oscillation is given by 


$ 
o={n(n+1)yh, Ota ed ted... chon (5) 
the value of n being integral. 


The characters of the various normal modes are best gathered from a 
study of the nodal lines (S,=0) of the free surface. Thus, it is shewn in 
treatises on Spherical Harmonics* that the zonal harmonic P,(u) vanishes 
for n real and distinct values of u lying between +1, so that in this case 
we have n nodal circles of latitude. When n is odd one of these coincides 
with the equator. In the case of the tesseral harmonic 

d* P,, () cos 
Oe eas me cat sg, 
the second factor vanishes for n—s values of yw, and the trigonometrical 
factor for 2s equidistant values of ¢. The nodal lines therefore consist of 
n—s parallels of latitude and 2s meridians. Similarly the sectorial harmonic 
cos 
(1 = pays np 
has as nodal lines 2m meridians. 

These are, however, merely special cases, for since there are 2n + 1 inde- 
pendent surface-harmonics of any integral order n, and since the frequency, 
determined by (5), is the same for each of these, there is a corresponding 
degree of indeterminateness in the normal modes, and in the configuration of 
the nodal lines. 

We can also, by superposition, build up various types of progressive 
waves; e.g. taking a sectorial harmonic we get a solution in which 


£ oc (1 — 2)! cos (nd — ot +6) 3 vecssesccsseseen sien (6) 


this gives a series of meridianal ridges and furrows travelling round the 
globe, the velocity of propagation, as eae at the equator, being 


n 
It is easily verified, on examination, that the orbits of the particles are now 
ellipses having their principal axes in the directions of the meridians and 
parallels, respectively. At the equator these ellipses reduce to straight lines. 

In the case n=1, the harmonic is always of the zonal type. The 
harmonic spheroid (4) is then, to our order of approximation, a sphere 
excentric to the globe. It is important to remark, however, that this case 


* For references see p. 110. 
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is, strictly speaking, not included in our dynamical investigation, unless we 
imagine a constraint applied to the globe to keep it at rest; for the de- 
formation in question of the free surface would involve a displacement of 
the centre of mass of the ocean, and a consequent reaction on the globe. 
A corrected theory for the case where the globe is free could easily be 
investigated, but the matter is hardly important, first because in such a 
case as that of the earth the inertia of the solid globe is so enormous 
compared with that of the ocean, and secondly because disturbing forces 
which can give rise to a deformation of the type in question do not as a 
rule present themselves in nature. It appears, for example, that the first 
term in the expression for the tide-generating potential of the sun or moon 
is a spherical harmonic of the second order (see the Appendix to this 
Chapter). 


When n=2, the free surface at any instant is approximately ellipsoidal. 
The corresponding period, as found from (5), is then ‘816 of that belonging 
to the analogous mode in an equatorial canal (Art. 181). 


For large values of n the distance from one nodal line to another is 
small compared with the radius of the globe, and the oscillations then take 
place much as on a plane sheet of water. For example, the velocity of 
propagation, at the equator, of the sectorial waves represented by (6) tends 
with increasing n to the value (gh), in agreement with Art. 170. 

From a comparison of the foregoing investigation with the general theory of Art. 168 


we are led to infer, on physical grounds alone, the possibility of the expansion of any 
arbitrary value of ¢ in a series of surface-harmonics, thus 


(=3S8,, 
0 


the coefficients of the various independent harmonics being the normal co-ordinates of the 
system. Again, since the products of these coefficients must disappear from the expressions 
for the kinetic and potential energies, we are led to the ‘conjugate’ properties of spherical 
harmonics quoted in Art. 87. The actual calculation of the energies will be given in the 
next Chapter, in connection with an independent treatment of the same problem. 


The effect of a simple-harmonic disturbing force can be written down at 
once from the formula (14) of Art. 168. If the surface value of Q be 
expanded in the form 

OO haben dyemntcn ye eae ote (8) 
where ©, is a surface-harmonic of integral order n, the various terms are 
normal components of force, in the generalized sense of Art. 135; and the 
equilibrium value of corresponding to any one term Q,, is 


Cp eiml) a/ Oigsats. celts Si auican eee ene (9) 
Hence, for the forced oscillation due to this term, we have 
| Os 
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where o measures the ‘speed’ of the disturbing force, and o, that of the 
corresponding free oscillation, as given by (5). There is no difficulty, of course, 
in deducing (10) directly from the equations of the preceding Art. 


200. We have up to this point neglected the mutual attraction of the 
parts of the liquid. In the case of an ocean covering the globe, and with 
such relations of density as we meet with in the actual earth and ocean, this 
is not insensible. To investigate its effect in the case of the free oscillations, 
we have only to substitute for Q,, in the last formula, the gravitation- 
potential of the displaced water. If the density of this be denoted by p, 
whilst po represents the mean density of the globe and liquid combined, we 
have * 


On = — Ink & PEMD Sed ecbs Savas ooies see (11) 

and FF ALY TEC fey Mae sa By cial 06 tg Sse Vanso'e ta» OA (12) 
y denoting the gravitation-constant, whence 
3p 

pera ee ee eT Oe ee (18) 


Substituting in (10) we find 


where co, is now used to denote the actual speed of the oscillation, and a,’ 
the speed calculated on the former hypothesis of no mutual attraction. 
Hence the corrected speed is given by 


3. p\gh 
 e . 
Tn rele) (lin ere) os tt ate inp oA ot (15) 


For an ellipsoidal oscillation (n =2), and for p/po ='18 (as in the case of 
the Earth), we find from (14) that the effect of the mutual attraction is to 
lower the frequency in the ratio of ‘94 to 1. 


The slowest oscillation would correspond to n = 1, but, as already indicated, 
it would be necessary, in this mode, to imagine a constraint applied to the 
globe to keep it at rest. This being assumed, it appears from (15) that if 
p > po the value of o,? is negative. The circular function of ¢ is then replaced 
by real exponentials; this shews that the configuration in which the surface 
of the sea is a sphere concentric with the globe is one of unstable equilibrium. 
Since the effect of the constraint is merely to increase the inertia of the 
system, we infer that the equilibrium is still unstable when the globe is free. 
In the extreme case where the globe itself is supposed to have no gravitative 

* See, for example, Routh, Analytical Statics, 2nd ed., Cambridge, 1902, iil, 146-7. 
+ This result was given by Laplace, Mécanique Céleste, Livre 1°, Art. 1 (1799). The free and 


the forced oscillations of the type n=2 had been previously investigated in his ‘‘ Recherches sur 
quelques points du systéme du monde,’’ Mém. del’ Acad. roy. des Sciences, 1775 [1778] [Oewvres 


Completes, ix. 109, ...]. 


LH 
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power at all, it is obvious that the water, if disturbed, would tend ultimately, 
under the influence of dissipative forces, to collect itself into a spherical mass, 
the nucleus being expelled. 

It is obvious from Art. 168, or it may easily be verified independently, 
that the forced vibrations due to a given periodic disturbing force, when the 
gravitation of the water is taken into account, will be given by the formula 
(10), provided ©, now denote the potential of the extraneous forces only, and 
o, have the value given by (15). 


201. The oscillations of a sea bounded by meridians, or parallels of 
latitude, or both, can also be treated by the same method*. The spherical 
harmonics involved are however, as a rule, no longer of integral order, and it 
is accordingly difficult to deduce numerical results. 


In the case of a zonal sea bounded by two parallels of latitude, we assume 
cos 


(= {4p (py) + Bg (wh se ee (1) 


where p=cos 6, and p(), g() are the two functions of p, containing (1 —p)3* as a factor, 
which are given by the formula (2) of Art. 86. It will be noticed that p(s) is an even, and 
q() an odd function of p. 

If we distinguish the limiting parallels by suffixes, the boundary conditions are that 
u=0 for p=p; and p=p2. For the free oscillations this gives, by Art. 198 (6), 


Ap! (14)+ Bq (jy) =0, — Ap! (jis) Ba! (12) = 0) <nseessconoeasst sosee (2) 


P (pr) 9! (a) | 
whence ay Gate Gas = Ope Bvamewe Wniett eisupepinee dems soca (3) 
which is the equation to determine the admissible values of n, the order of the harmonics: 
The speeds (c) corresponding to the various roots are given as before by Art. 199 (5). 
If the two boundaries are equidistant from the equator, we have pg= —p,. The above 
solutions then break up into two groups; viz. for one of these we have 


BO, Sp! (fs, =O,” 50 connsencageeat deuce: egaeaneeneeeee (4) 
and for the other AS05890; re ead eet coateeee oars (5) 


In the former case ¢ has the same value at two points symmetrically situated on opposite 
sides of the equator; in the latter the values at these points are numerically equal, but 
opposite in sign. 

If we imagine one of the boundaries to be contracted to a point (say p2=1), we pass to 
the case of a circular basin. The values of p’(1) and gq’ (1) are infinite, but their ratio can 
be evaluated by means of formulae given in Art. 84. This gives, by the second of equations 
(2), the ratio A: B, and substituting in the first we get the equation to determine n. 
A simpler method of treating this case consists, however, in starting with a solution 
which is known to be finite, whatever the value of n, at the pole »=1. This involves 
a change of variable, as to which there is some latitude of choice. We might take, for 


instance, the expression for P,* (cos 6) in Art. 86 (6), and seek to determine » from the 
condition that 


3 
Ba AM CON 6 Oc eran at (6) 


for @=6,}. By making the radius of the sphere infinite, we can pass to the plane problem 
of Art. 191}. The steps of the transition will be understood from Art. 100, 
* Cf. Rayleigh, l.c. ante p. 301. 


+ This question has been discussed by Macdonald, Proc. Lond. Math. Soc. xxxi. 264 (1899\ 
t Cf. Rayleigh, Theory of Sound, Arts. 336, 338. 
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If the sheet of water considered have as boundaries two meridians (with or without 
parallels of latitude), say ¢=0 and ¢=a, the condition that v=0 at these restricts us to 
the factor cos sw, and gives sa=mr, where m is integral. This determines the admissible 
values of s, which are not in general integral*, The diurnal and semi-diurnal tides in a 
non-rotating ocean of uniform depth bounded by two meridians have been studied by 
Proudman and Doodson, and worked out for special cases and for special depths f. 


Dynamacs of a Rotating System. 


202. The theory of the tides on an open sheet of water is seriously 
complicated by the fact of the earth’s rotation. If, indeed, we could assume 
that the periods of the free oscillations, and of the disturbing forces, were 
small compared with a day, the preceding investigations would apply as 
a first approximation, but these conditions are far from being fulfilled in the 
actual circumstances of the earth. 

The difficulties which arise when we attempt to take the rotation into 
account have their origin in this, that a particle having a motion in latitude 
tends to keep its angular momentum about the earth’s axis unchanged, and 
so to alter its motion in longitude. This point is of course familiar in 
connection with Hadley’s theory of the trade-windst. Its bearing on tidal 
theory seems to have been first recognized by Maclaurin§. 


Owing to the enormous inertia of the solid body of the earth compared 
with that of the ocean, the effect of tidal reactions in producing periodic 
changes of the angular velocity is quite insensible. This angular velocity 
will therefore for the present be treated as constant. 


The theory of the small oscillations of a dynamical system about a state 
of equilibrium relative to a real or ideal rigid frame which rotates with con- 
stant angular velocity about a fixed axis differs in some important particulars 
from the theory of small oscillations about a state of absolute equilibrium, 
of which some account was given in Art. 168. It is therefore worth while to 
devote a little space to it before entering on the consideration of special 
problems. The system considered may be entirely free, or it may be connected 
with a rotating solid. In the latter case it is assumed that the connecting 
forces as well as the internal forces of the system are subject to the ‘con- 
servative’ law. 

203. The equations of motion of a particle m relative to rectangular 
axes Oz, Oy, Oz which rotate about Oz with angular velocity w are 


m(é—2oy—w'2)=X, m(y+2%wh—w*y)=Y, me=Z, ...(1) 
where X, Y, Z are the impressed forces. 


* The reader who wishes to carry the study of the problem further in this direction is 
referred to Thomson and Tait, Natural Philosophy (2nd ed.), Appendix B, ‘‘ Spherical Harmonic 
Analysis.’’ 

+ M,N. R. A. S., Geophy. Suppt. i. 468 (1927), and ii, 209 (1929). 

t ‘The Cause of the General Trade Winds,” Phil. Trans. 1735. 

§ De Causdé Physica Fluxus et Reflucus Maris, Prop. vii.: ‘‘ Motus aque turbatur ex inequali 
velocitate qué corpora circa axem Terre motu diurno deferuntur’?’ (1740). 
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Let us now suppose that the relative co-ordinates («, y, 2) of each particle 
are expressed in terms of a certain number of independent quantities 
Qi» Ya, «++ Ure We write 


T=4im (+ y4+2), Ty= $0* Dm (224 y?). 0... (2) 


Hence @ denotes the kinetic energy of the relative motion, which we 
shall suppose expressed as a homogeneous quadratic function of the generalized 
velocities g,, with coefficients which are functions of the generalized co- 
ordinates q,; whilst 7) is the kinetic energy of the system when rotating, 
without relative motion, in the configuration (q1, gz, --. dn). Finally we put 


S(X8a+ Vdy + Z8z)=—8V + Qrdqi + Qadqa +--+ Qndgn, ---(3) 


where V is the potential energy and Qy, Q2,... Q, are the generalized com- 
ponents of extraneous force. 


If we multiply the three equations (1) by dx/dq,, dy/0qg,, 02/0q,, respec- 
tively, and add, and sum the result for all the particles of the system, and 
then proceed as in the ‘direct’ proof of Lagrange’s equations, we obtain the 
following typical equation of motion in generalized co-ordinates *: 


acq jg, + Sad + Braga + .. + Binds == 5 (V = T))+Q,, ...(4) 


0 (a, Y) 
where sia) > Uh a en ee 5 
Bre e 0 (s» Yr) (5) 
It is to be noted that 


Begin Byzittee Piet Mimare sale eee ae (6) 


The equation (4) may also be derived from Art. 141 (23), with the help 
of Art. 142 (8), by supposing the rotating frame to be free, but to have an 
infinite moment of inertia. 


The conditions for relative equilibrium, in the absence of disturbing 
forces, are found by putting q1, ge, ... gy =0 in (4), whence 


shewing that the equilibrium value of V— 7) is ‘stationary.’ 
Again, from (1) we have 
2m (6 + Yi + 22) — wo 2m (ak + yy + 22) == (Xe+ Vy + Zz), ...(8) 
or, by (2) and (8) 
d ; 
qet V — To) = Qigrt Qagat --. + Qn gine scesccoesees (9) 
This result may also be deduced from (4), taking account of the relations (6). 


* Ct. Thomson and Tait, Natwral Philosophy (2nd ed.), i. 310; Lamb, Higher Mechanics, 
2nd ed., Art. 84. 
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When there are no disturbing forces we have 
Og = COS Ve on recs (10) 


The form assumed by the Hamiltonian theorem of Art. 135 is also to be 
noticed. The total kinetic energy of our system is 


LT =m {((é- oy? + (Ytor? + 21=T+M+oM, ...... (11) 
where LLL CATPSOTD Ease ots eee eee a (12) 
If there are no extraneous forces we have 


a|*(r- Ye eee et (13) 
subject to the usual terminal ene Hence 
A[*(€+%+ of -V)dt=0, Shee Oe ae (14) 
with the condition : 
[=m {(@— wy) Ax + (y¥ + wx) Ay + ine} |" il an ee slaric (15) 


This theorem may also be deduced directly from (1) by the usual 
Hamiltonian procedure, and leads in turn t6 an independent proof of the 
equations (4), for the case of free motion. The inclusion of disturbing forces in 
the investigation presents no difficulty. 

The condition (15) is fulfilled whenever the initial and final relative con- 
figurations are the same in the varied as in the actual motion. 


204. We will now suppose the co-ordinates q, to be chosen so as to vanish 
in the undisturbed state. In the case of a small disturbance, we may then 
write 

QT. = Ayr Gr? + oe Go? +... + Zara dada t v0) cecseseseceeees (1) 
2(V — To) = Carga? + Can gat t+ «2. 261991 da Hones cecvecssecesens (2) 
where the coefficients may be treated as constants. The terms of the 
first degree in V— 7) have been omitted, on account of the ‘stationary’ 
property. 

In order to simplify the equations as much as possible, we will further 
suppose that, by a linear transformation, each of these expressions is reduced, 
as in Art. 168, to a sum of squares; viz. 


20 =arqi? + d2g2" + viele + On Gr’, Sildiaiets atslereaceltherors oratovare (3) 
ZV 1) C1 Ca aes PCa Ine ote cc cower ssnercr wane (4) 


The quantities q1, gz, ... Yn may be called the ‘principal co-ordinates’ of the 
system, but we must be on our guard against assuming that the same 
simplicity of properties attaches to them as in the case of no rotation. The 
coefficients a1, dz, ... Gn and Cj, C2, ... C, may be called the ‘principal co- 
efficients’ of inertia and of stability, respectively. The latter coefficients 
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are the same as if we were to ignore the rotation, and to introduce fictitious 
‘centrifugal’ forces (mw*x, mw*y, 0) acting on each particle in the direction 
outwards from the axis. 

The equations (4) of the preceding Art. become, in the case of infinitely 
small motions, 


antag + Bi2g2+ Pisds + «+ + Bingn = Q1, 
d2eGo+ C2ge+ Baga + Posgat+...+Bangro=Qe) (5) 
anQn =F Cn Qn ar Brig “+ Braga ote Busqs +... = On. 


where the coefficients 8,, may be regarded as constants. 


If we multiply these by q1, ge, ... jn in order and add, we find, taking 
account of the relation 8,3; =— Ber, 


£ &+ Viz T,) = 016i + Qadaecot Quam a een. Sees (6) 
as has already been proved without approximation. | 


205. To investigate the free motions of the system, we put 1, Qs, ... 
Qn = 0, in (5), and assume, in accordance with the usual method of treating 
linear equations, 


Qi Ae Gg = AE™ eg = Ae eee tenet (7) 
Substituting, we find 
(a0? + 1) Ay + BrrAot... cae See 
9o1.Ay + (gd? + Cg) Agt ... +BanrAn=0,| (8) 
BmrAy + BnarAgt ... + (dndr*+ Cy) An=0., 
Eliminating the ratios A;:A2:...: An, we get the equation 
a? + c1, Bigke c. Bin® 
DUD Ae Vacca eS my (9) 
Bra, Brady ++ AnMe+ Cp 
or, as we shall occasionally write it, for shortness, 
D(x) 2 0CR a ee oe ln (10) 


The determinant D(X) comes under the class called by Cayley ‘skew- 
determinants,’ in virtue of the relations (6) of Art. 203. If we reverse the 
sign of X, the rows and columns are simply interchanged, and. the value of the 
determinant is therefore unaltered. Hence the equation (10) will involve 
only even powers of A, and the roots will be in pairs of the form 


A= +(p +%c). 
In order that the configuration of relative equilibrium should be stable 
it is essential that the values of p should all be zero, for otherwise terms of 
the forms e+?'cos ot and e#* sin ot would present themselves in the realized 
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expression for any co-ordinate g,. This would indicate the possibility of an 
oscillation of continually increasing amplitude. 

In the theory of absolute equilibrium, sketched in Art. 168, the necessary 
and sufficient condition of stability (in the above sense) was simply that the 
potential energy must be a minimum in the configuration of equilibrium. In 
the present case the conditions are more complicated*, but it is easily seen 
that if the expression for V— Ty be essentially positive, in other words if the 
coefficients ¢1, ca, ... Cn in (4) be all positive, the equilibrium must be stable. 
This follows at once from the equation 

EST A LN Yen 0) 1-1 a ae So (11) 
proved in Art. 203, which shews that under the present supposition neither 
© nor V— Ty can increase beyond a certain limit depending on the initial 
circumstancest. It will be observed that this argument does not involve 
the use of approximate equations. 

Henee stability is assured if V — 7) is a minimum in the configuration 
of relative equilibrium. But this condition is not essential, and there may 
even be stability (from the present point of view) with V— 7) a maximum, 
as will be shewn presently in the particular case of two degrees of freedom. 
It is to be remarked, however, that if the system be subject to dissipative forces, 
however slight, affecting the relative co-ordinates q1, qz,... dn, the equi- 
librium will be permanently or ‘secularly’ stable only if V— 7) is a minimum. 
[t is the characteristic of such forces that the work done by them on the 
system is always negative. Hence by (6) the expression © + (V — 7») will, so 
long as there is any relative motion of the system, continually diminish, in 
the algebraical sense. Hence if the system be started from relative rest in a 
configuration such that V — 7) is negative, the above expression, and therefore 
a fortiori the part V - 7, will assume continually increasing negative values, 
which can only take place by the system deviating more and more from its 
equilibrium-configuration. 

This important distinction between ‘ordinary’ or kinetic, and ‘secular’ 
or practical stability was first pointed out by Thomson and Tait}. It is to 
be observed that the above investigation presupposes a constant angular 
velocity (w) maintained, if necessary, by a proper application of force to the 
rotating solid. When the solid is free, the condition of secular stability takes 
a somewhat different form, to be referred to later (Chapter x11). In the 

* They have been investigated by Routh, l.c. ante p. 195; see also his Advanced Rigid 
Dynamics, c. vi. ‘ 2 

+ The argument was originally applied to the theory of oscillations about a configuration of 
absolute equilibrium (Art. 168) by Dirichlet, ‘‘ Ueber die Stabilitat des Gleichgewichts,”” Crelle, 
xxxii. (1846) [Werke, Berlin, 1889-97, ii. 3]. An algebraic proof is indicated in Higher Mechanics, 
2nd ed., Art. 99. 

{ Natural Philosophy (2nd ed.), Part 1. p. 391. See also Poincaré, “Sur Véquilibre d’une 
masse fluide animée d’un mouvement de rotation,’? Acta Mathematica, vii. (1885), and op. cit. 
ante p. 146. Some simple mechanical illustrations are given in a paper ‘“On Kinetic Stability,’”’ 
Proc. Roy. Soc. A, lxxx. 168 (1909), and in the author’s Higher Mechanics, 2nd ed., p. 253. 
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practical applications we shall be concerned only with cases where V — 74 is 
a minimum, and the coefficients C1, C2, ... Cn in Art. 204 (4) accordingly positive. 

To examine the character of a free oscillation, in the case of stability, we 
remark that if X be any root of (10), the equations (8) give 

Ay = Ag ine a An 
% Oy 
where @, 0, ... @, are the minors of any row in the determinant D(X), and C 
is arbitrary. These minors will as a rule involve odd as well as even powers of 
X, and so assume unequal values for the two oppositely signed roots (+ 2) of 
any pair. If we put X= +7, the corresponding values of a, will be of the 
forms pu, + wv,, where u,, vy are real. Hence 
Qr = C (poy + tv) 7? + OY (Wy — ty,) e-*, 
If we put C=hKe*, GC —shee- 
we get a solution of our equations in real form, involving two arbitrary 
constants K, e; thus 
r= K {u, cos (ot +e) —vysin(at+e)}. veces (13) 

This formula expresses what may be called a ‘natural mode’ of oscillation 
of the system. The number of such possible modes is of course equal to the 
number of pairs of roots of (9), z.e. to the number of degrees of freedom of 
the system. It is to be noticed, as an effect of the rotation, that the various 
co-ordinates are no longer in the same phase. 


If &, 7, ¢ denote the component displacements of any particle from its equilibrium 
position, we have 


0x Ox Ox 
ag Bags tag, 
oy oy oy 
= 4 pe a ee es ee Rt aa ROT 
n On ht Gq, 22 + aq, 2 (14) 
0 


Oz Z Oz 
a Oj Ha ets +5 Fae 
c 091 BI qa q2 aa In 
Substituting from (13), we obtain a result of the form 
=P. Kcos(ot+e)+P’. Ksin (at+e), 
n=Q. K cos (ct+e)+Q!. Kain (of ey, } cse-eseseceecenssseons, (15) 
(=. K cos (ct+e)+h’ . K sin (ct+e), 
where P, P’, Q, Q’, R, R’ are determinate functions of the mean position of the particle, 
involving also the value of o, and therefore different for the different normal modes, 


but independent of the arbitrary constants A, «. These formulae represent an elliptic- 
harmonic motion of period 27/c, the directions 


5-3-4, are mo b=: i set tavaete Oe (16) 

being those of two conjugate semi-diameters of the elliptic orbit, of lengths 
(P2+@?+R%)t.K, and (P?24+Q?+Rb. K, 

respectively. The positions and forms and relative dimensions of the elliptic orbits, as 


well as the relative phases of the particles in them, are accordingly in each natural mode 
determinate, the absolute dimensions and epochs being alone arbitrary. 
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205a. When the angular velocity w is small the normal modes will as a rule 
differ only slightly from the case of no rotation, and expressions for the altered 
types and frequencies can then be found as follows*. Since the determinantal 
equation (9) of Art. 205 is unaltered when we reverse the signs of all the A’s, 
the frequencies will usually involve these quantities in the second order. Hence, 
considering for example the mode in which <A, is finite, whilst Ag,A3,... dn 
are relatively small, and writing X=10,, the rth equation of the system (8) 
gives, approximately, 


where o,?=c,/a,. Hence, substituting in the first equation, we get a corrected 
value of o;?; thus 


2 
of= {142 Sr. Re ee (18) 


ay r AQ, (oi = o,*) 

But these approximations fail if any denominator in the bracket vanishes 
or is even small. This case arises when two or more of the normal modes in 
the absence of rotation have the same or nearly the same period. Suppose, for 
instance, that o;? and o,” are nearly equal. We have then, from (8), with 
A=1¢, 


(cy? — 0? a) A1+7812.0A2 = 0, } (19) 
1B Ay + (C2— 07 a2) Ag =0, 
so that A; and A, are comparable. Eliminating A,/Ag, we have 
2 
(o? — 03°) (o? — 02) = Pie 8g 1 AUN halal (20) 
a4Q2 
In the case of exact equality this gives 
Bis 
Boy? = + Gs ecccecescenceevecesces 21 
o O1 BE /(ay42) 0, ( ) 
Dest P18 pe 22 
or o LCR ITEN AY Pec aeatsetr ah I SAOSIN (22) 


approximately. The change of frequency due to the rotation is now proportional 
to w instead of w?. 

The values of Az, Ag,... A, in terms of A, Az are to be found from the 
remaining equations of the system (8), but would only affect the above con- 
clusion by terms involving w*. 


205 b. On account of the analytical difficulties which attend the deter- 
mination of the free modes of oscillation, especially in the case of continuous 
systems, it is natural to look for an approximate method of calculating the 
more important frequencies, analogous to that employed by Rayleigh in the 
case of non-rotating systems (Art. 168). 


* Rayleigh, Phil. Mag. (6) v. 293 (1903) [Papers, v. 89]. 
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For this purpose we may have recourse to the variational formula (14) of 
Art. 203. In the application to small oscillations it is convenient to express 
this in terms of the displacements (&, n, ) of the particles from their positions 
of relative equilibrium. Writing a+ &, yo+7, 20+ for x,y, 2, where 2, Yo, 20 
refer to the equilibrium position, we have 


ty 
A iE Mdat=A | M' dt + Ea (ap An — ws)| 
to 


to 


4 
iy 
where M = Si (Fg —b)y  qestenst ener eee ees (2) 


When the integrated terms in (1) are incorporated in the terminal con- 
dition (15) of Art. 203, the theorem becomes 


t 
Ad (OS + wal? +a — Vi) dt = 0, ac. ee ee (3) 
t 
with the condition ; 


| Em {(E — wn) AE+ (9 + w&) An + tan é on Osgatedt 2 (4) 


Let us now suppose that the varied, as well as the natural motion, is 
simple-harmonic with the same period 27/c, and that the limits of integration 
to, fy differ by an exact period. The terms in (4) which relate to the two 
limits will then cancel, so that the postulated condition is fulfilled. The 
result is that the mean value (with respect to time) of the expression 

Cite MAT 9) | caccae connate ato (5) 
is stationary for small arbitrary variations of the type of vibration, the period 
being kept constant. 

In terms of generalized co-ordinates (assumed to vanish in relative equi- 
librium) M’ will be a bilinear function of the two sets of variables 

Qi, 425+» Qn and qi, Ga, +.» Gns 
whilst @ and V—T) are already by hypothesis homogeneous quadratic 
functions of the velocities and co-ordinates, respectively. Hence (5) is a 
homogeneous quadratic function of the variables q,., g,. 
If we now write 
gr = A,cos ot + B, sin at, 
and denote the resulting mean value of the expression (5) by J, we have 
lm RP a chy saath, tty Sn a ee (7) 
where P, Q, R are certain homogeneous quadratic functions of the variables 
A,, B,, whose precise forms are not required for the moment. 
The stationary property asserts that 
TAP GAG — A Bice 0 ite aston thee ate (8) 
for all infinitesimal values of AA,,AB,. In particular, putting AA,=eA,, 
AB,=e¢B,, where ¢ is an infinitesimal constant independent of r, we have 


J 1S: ee ae (9) 
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on account of the homogeneous character. The statement that in a free 
oscillation the mean value of the expression (5) is zero is a generalization of 
a result already pointed out in the case of w =0, viz. that in oscillations about 
absolute equilibrium the mean values of the kinetic and potential energies 
are equal. 

The present result can be expressed in another form. If for a moment we 
regard o as a function of A,, B,, where these coefficients have general values, 
determined by the equation 


steer sh eae ana (10) 
we have 
(2o0P + Q) Ac +(P?AP+cAQ-—AR)=0. .......000. (11) 
Hence when 4,, B, have the special values appropriate to a free mode of 
oscillation, we have 
ERY Va oll tap at ToC (12) 


by (8). In other words, the values of « determined by (10) are stationary. 

It follows that if the values of P, Q, R in (10) are calculated on the basis 
of an assumed type of vibration which differs slightly from the truth, the 
error in the consequent values of o will be of the second order. 

These stationary values will include, as generally most important, the 
maxima and minima (in absolute value) of co. 

Applications of the above principle to particular cases will be found in 
Arts. 212 a, 216. 

The general form of the functions P,Q, R in (7) may be noticed, although 
it is not essential to the argument. We have at once, on reference to 
Art. 204 (3) (4), 

P=4S,a,(A2+B), R=4S8,c,(A2+ BY), vcs (13) 
where S, denotes a summation of terms of the types indicated, with r = 1, 2,... n. 
Again, from (2), 


oM'’=wo rm {3,5 a, ee ie qa — 8.5 ; Sx a 
=${GS,Birdr + G2SrBardr + ++. + GnS+Bne Gr}, aisles eieieisl> (14) 
where 
Serie Fe a. Ja eae oceania (15) 
Substituting from (6), and taking uhe mean value, we have 
Qed SS Opg A gD ypp ete: et Vi ncess caro antes (16) 


where, in the double summation, each permutation of suffixes is to be taken 
once. 

As a verification we may note that if with these values of P,Q, R we form 
the equation (8) the coefficients of A4,, AB, will be found to be identical with 
the coefficients of cos ct and sin ot, respectively, when we substitute from (6) 
in the typical equation of motion, Art. 204 (5). 
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206. The symbolical expressions for the forced oscillations due to a 
periodic disturbing force are easily written down. If we assume that 
Q1, Qe, --- Qn all vary as e*, where o is prescribed, the equations (5) of Art. 
204 give, if we omit the time-factors, 


D (46) Gp = Gyr Qa + Ora Qa + +e + rn Qn, crrerererereeeers (1) 


where the coefficients on the right-hand side are the minors of the rth row 
in the determinant D (2c). 


The most important point of contrast with the theory of the ‘normal 
modes’ in the case of no rotation is that the displacement of any one type 
is no longer affected solely by the disturbing force of that type. As a con- 
sequence, the motions of the individual particles are, as is easily seen from 
Art. 205 (14), now in general elliptic-harmonic. Again, there are in general 
differences of phase, variable with the frequency, between the displacements 
and the force. 


As in Art. 168, the displacement becomes very great when D (tc) is very 
small, i.e. whenever the ‘speed’ o of the disturbing force approximates to 
that of one of the natural modes of free oscillation. 


When the period of the disturbing forces is infinitely long, the displace- 
ments tend to the ‘equilibrium-values’ 


Gu = Qi/Crs a= Gel Cs, 3. Gn = Qala, <--nchtresenee eee (2) 

as is seen directly from the equations (5) of Art. 204. This conclusion must 
be modified, however, when one or more of the coefficients of stability c, 
Cg, -.. Cn 18 zero. If, for example, c, = 0, the first row and column of the deter- 
minant D (d) are both divisible by A, so that the determinantal equation 
has a pair of zero roots. In other words we have a possible free motion of 
infinitely long period. The coefficients of Qe, Qs, ... Qn on the right-hand 
side of (1) then become indeterminate for ¢ = 0, and the evaluated results 
do not as a rule coincide with (2). This point is of importance, because in 
some hydrodynamical applications, as we shall see, steady circulatory motions 
of the fluid, with a constant deformation of the free surface, are possible when 
no extraneous forces act; and as a consequence forced tidal oscillations of 
long period do not necessarily approximate to the values given by the equi- 
librium theory of the tides. Cf. Arts. 214, 217. 


In order to elucidate the foregoing statements we may consider more in detail the case 
of two degrees of freedom. The equations of motion are then of the forms 


HG +6191 +BG2=91, Bon +$6o92—BGr=Qa. cceresececesccereeees (3) 
The equation determining the periods of the free oscillations is 
Ay Agd4 + (Ay Cg + AC} +?) +0;¢=0. 9)616/8isisleleleielufelais\s elas Sisis\eisivisisje (4) 


For ‘ordinary’ stability it is sufficient that the roots of this quadratic in 2 should be real 
and negative. Since a, a, are essentially positive, it is easily seen that this condition is 
in any case fulfilled if c,, c, are both positive, and that it will also be satisfied even when 


206-207 | Forced Oscillations 317 


€,, Cz are both negative, provided 6? be sufficiently great. It will be shewn later, however, 
that in the latter case the equilibrium is rendered unstable by the introduction of dissipa- 
tive forces. See Art. 322. 


To find the forced oscillations when Q;, Q: vary as e‘t, we have, omitting the time- 
factor, 


(ce; — a7) HUt+toBge= Q1, = to BQ + (C2 — 072) G2= Qs, eee eee ceeeeeses (5) 
___(€2—a7az) Qi — 70 BQ2 _ __ toBQ, + (1 — 07a) Q, 
mene = oa) (a= oan) = BP (= oa) (e908) — on“) 


Let us now suppose that c,=0, or, in other words, that the displacement. g, does not 
affect the value of V—7). We will also suppose that @.=0, ze. that the extraneous forces 
do no work during a displacement of the type g,. The above formulae then give 


kd dle tae paral Daa i 
Ss (¢ ~ 0a) +B Q1, 42 SRE Qingeacccsucteteersses (7) 
In the case of a disturbance of long period we have o=0, approximately, and therefore 
eee eee 
Nn — a + Bay an > q2= any ee Be 1 © bee e cere ree eeeerceeesenee (8) 


The displacement g, is therefore less than its equilibrium-value, in the ratio 1 :1+6?/agcq ; 
and it is accompanied by a motion of the type ge although there is no extraneous force of 
the latter type (cf. Art. 217). We pass, of course, to the case of absolute equilibrium, 
considered in Art. 168, by putting B=0*. 

It should be added that the determination of the ‘principal co-ordinates’ 
of Art. 204 depends on the original forms of © and V — 7p, and is therefore 
affected by the value of w?, which enters as a factor of 77>. The system of 
equations there given is accordingly not altogether suitable for a discussion 
of the question how the character and the frequencies of the respective 
principal modes of free vibration vary with w. One remarkable point which 
is thus overlooked is that types of circulatory motion, which are of infinitely 
long period in the case of no rotation, may be converted by the slightest 
degree of rotation into oscillatory modes of periods comparable with that of 
the rotation. Cf. Arts. 212, 223, 

To illustrate the matter in its simplest form, we may take the case of two degrees of 
freedom. If c,; vanishes for »=0, and so contains w? as a factor in the general case, the 


two roots of equation (4) are 
N= — e/a), M=—eC2/A9, 


approximately, when »? is small. The latter root makes } « a, ultimately. 


207. Proceeding to the hydrodynamical examples, we begin with the case 
of a plane horizontal sheet of water having in the undisturbed state a motion 
of uniform rotation about a vertical axist. The results will apply without 
serious qualification to the case of a polar or other basin, of not too great 
dimensions, cn a rotating globe. 


* The preceding theory appeared in the 2nd ed. (1895) of this work. The effect of friction is 
considered in Art. 322. 

+ Sir W. Thomson, ‘‘On Gravitational Oscillations of Rotating Water,’’ Proc. R. S. Edin. 
x. 92 (1879) [Papers, iv. 141]. 
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Let the axis of rotation be taken as axis of z. The axes of # and y being 
now supposed to rotate in their own plane with the prescribed angular 
velocity w, let us denote by u, v, w the velocities at time t, relative to these axes, 
of the particle which then occupies the position (a, y,z). The actual velocities 
of the same particle, parallel to the instantaneous positions of the axes, will 
be w—wy, v+ x, w, and the accelerations in the same directions will be 


Du z Dy Dw 

—— — 2wv — wx, = + 2wu — wy, Dr: 

In the present application, the relative motion is assumed to be infinitely 
small, so that we may replace D/Dt by 0/ot. 


Now let zp be the ordinate of the free surface when there is relative 
equilibrium under gravity alone, so that 


2 
z= 7 (2 Py Fe CONst., Ns ac cce cree =e hanna {15 


as in Art. 26. For simplicity we will suppose that the slope of this surface 
is everywhere very small; in other words, if r be the greatest distance of any 
part of the sheet from the axis of rotation, w*r/g is assumed to be small. 


If z9 + € denote the ordinate of the free surface when disturbed, then on 
the usual assumption that the vertical acceleration of the water is small 
compared with g, the pressure at any point (a, y, z) will be given by 


Di Do OP (fo + 0 — 2) oo cag ecase avon cnenrat cease (2) 
lop = on og lop 2 og 
whence Pipes Jan? ove I Y Foy" 
The equations of horizontal motion are therefore 
Ou OG eo? Ov es 
at 2ou=—g a" 3a? Oe ens yee hs: (3) 
where {2 denotes the potential of the disturbing forces. 
If we write Cem Olgn cet hos a ee ee (4) 
i.e. € is the ‘equilibrium’ value of the surface elevation, these become 
Ou 0 ov 0 © 
ay 2ov=—ga- (o—- 6), es Semen seeees (5) 


The equation of continuity has the same form as in Art. 193, viz. 


0 a(hu) 0 (hv) 

y Dare any ehEs BARI Bes era (6) 
where h denotes the depth, from the free surface to the bottom, in the 
undisturbed condition. This depth will not, of course, be uniform unless the 
bottom follows the curvature of the free surface as given by (1). 
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If we eliminate (—¢ from the equations (5), by cross-differentiation, we find 


0 fov du Ow av 

i (Ge - at Qeo (+ =) Ne Ce ge Be ree (7) 
or, writing w=0é/dt, v=0n/dt, and integrating with respect to ¢, 

ov Ou o& | On 

oy a Qo (E+ a 72) = const. LBRaoloissiaseraioee Melee tew'aslalsisieia (8) 


This is merely the expression of Helmholtz’ theorem that the product of the vorticity 


Ov Ou 0& 0 
Le Se peat SS on UN 
+ Els and the cross-section (2 +a + =) dx by, 


of a vortex-filament, is constant. 


In the case of a simple-harmonic disturbance, the time-factor being e” 
the equations (5) and (6) become 


iou-20v=—g 2 (t-), ign-+ uum -~9 5 (C-) i ees (9) 
O(hu) _0(hv) 


and ic6=— a ee ee (10) 
From (9) we find 
stihl ae 0 3 wl sei] ‘eit 0 = 
w= a, (ic + 205) (-), wah, (ic fs! 20 = | (eee 
dite) (11) 


and if we substitute from these in (10), we obtain an equation in € only. 
In the case of uniform depth a result takes the form 


sia Peo ae ee oo (12) 


vite +7 


where V;? = 07/02? + 0?/dy?, as pine 


When ¢=0, the equations (5) and (6) can be satisfied by constant values of wu, v, ¢ 
provided certain conditions are fulfilled. We must have 


ee LCST Nek Rs 
a5 iy? Deo Dp) TTT ettenensteeneeetenens (18) 
and therefore 0 (A, ¢) Sew ceevonte aoetnae ceisb aap sgaielin ston’ ace (14) 
0 (2, y) 


The latter condition shews that the contour-lines of the free surface must be everywhere 
parallel to the contour-lines of the bottom, but that the value of ¢ is otherwise arbitrary. 
The flow of the fluid is everywhere parallel to the contour-lines, and it is therefore further 
necessary for the possibility of such steady motions that the depth should be uniform 
along the boundary (supposed to be a vertical wall). When the depth is everywhere the 
same, the condition (14) is satisfied identically, and the only limitation on the value of ¢ 
is that it should be constant along the boundary. 

208. A simple application of the preceding equations is to the case of 


free waves in an infinitely long uniform straight canal*. 

If we assume Cae ee a PEN) nde alin evinces heeds (1) 
the axis of # being parallel to the length of the canal, the equations (5) of the 
preceding Art., with the terms in ¢ omitted, give 

cu=g6, OME Fe ON a sie cote «asthe ccabling bees (2) 
* Sir W. Thomson, l.c. ante p. 317. 
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whilst, from the equation of continuity (Art. 207 (6)), 
CC SR wen seinen dees ore core oriace teem eac er (3) 


We thence derive = gh, m=— 2a]c. ....+. odieenetii satieonas age (4) 


The former of these results shews that the wave-velocity is unaffected by the 
rotation. 


When expressed in real form, the value of ¢ is 
C= ae Mele cos {he (ch— HL) Fe}. csaccceceneceseooseee (5) 


The exponential factor indicates that the wave-height increases as we pass from 
one side of the canal to the other, being least on the side which is forward 
in respect of the rotation. If we take account of the directions of motion of 
a water-particle, at a crest and at a trough, respectively, this result is seen to 
be in accordance with the tendency pointed out in Art. 202*. 


It will be observed that there is, in the above solution, no limitation to 
the breadth of the canal, provided it be uniform. 


The problem of determining the free oscillations in a rotating canal of 
Jinite length, or even the simpler one of reflection of a wave at a transverse 
barrier, does not however admit of a simple solution by superposition, as was 
the case in the investigations of Arts. 176, 178. For a wave travelling in the 
negative direction, we should find 


C= aes costie(ct + 7) + € }.0 eccwackyats+tyie-o aes (6) 


but this cannot be combined with (5) so as to make u=0 at a barrier for all 
values of yt. 


209. We take next the case of a circular sheet of water rotating about 
its centre tf. 


If we introduce polar co-ordinates 7, 8, and employ the symbols &,-7 to 
denote displacements along and perpendicular to the radius vector, then since 
£=icf, 7 =%07n, the equations (9) of Art. 207 are equivalent to 


oF + won = 92 (6- £), on — 2iwot = oe (hxh)oe.e (1) 


* For applications to tidal phenomena see Sir W. Thomson, Nature, xix. 154, 571 (1879), and 
G. I. Taylor, ‘‘Tidal Friction in the Irish Sea,”’ Phil. Trans. A, coxx. 1 (1918). 

+ Poincaré, Legons de Méc. Cél. iii. 124. The problem here indicated has been solved by 
G. I. Taylor, Proc. Lond. Math. Soc. (2) xx. 148 (1920). He finds that, provided the wave-length 
(27/k) be sufficiently large compared with the breadth (b), there is regular reflection (with a change 
of phase), in the sense that at a distance from the barrier we have practically superposition of 
(5) and (6) above, with a’=a, the necessary condition being 

2b? <7? + 4w?b?/0?, 
The theory of the free oscillations in a rotating rectangular basin is also discussed in the paper 
cited. The case where the angular velocity of rotation is relatively small had been previously 
treated by Rayleigh, Phil. Mag. (6), v. 297 (1903) [Papers, v. 93], and Proc. Roy. Soc. A, lxxxii. 
448 (1909) [Papers, v, 497]. 


} The investigation which follows is a development of some indications given by Kelvin in 
the paper cited on p. 317, 
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whilst the equation of continuity (10) becomes 


pa 2(hEr) _ (hn) 


ae 7 (2) 
Hence 
eee 0 Www 0 S neg 200. 0 a 
A leg oe (5. Co =a) Sas) los sae) Sao (¢—£) 
eee (3) 
and substituting in (2) we get the differential equation in €. 
In the case of uniform depth we find 
(Mar Rta SOs, OF me Se od, J (4) 
toi iegd ke hees A Maat 
: SEE GE er hee 
where V;= apa ta. tb paaghe ccc cites (5) 
2 2 
g 7 —4a 
and = Sia Wanita GAY 3 (6) 
This might have been written down at once from Art. 207 (12). 
The condition to be satisfied at the boundary (r =a, say) is &=0, or 
0 2w od s 
(r= 325) b-B)=0. ie AL LO every ae (7) 


210. In the case of the free oscillations we have £=0. The way in which 
the imaginary 7 enters into the above equations, taken in conjunction with 
Fourier’s Theorem, suggests that @ occurs in the form of a factor e**, where s 
is integral. On this supposition, the differential equation (4) becomes 


ote Ale A eae 
mat aaet (« —*,) $=0, Cece eer eceserenesereeres (8) 
and the boundary-condition (7) gives 
OGe 28a.) & 
, a eae OEY Acc Ae rae Seer ines WI (9) 


for r= a. 
The equation (8) is of Bessel’s form, and the solution which is finite for 
r=0 may therefore be written 
; Fae Ag NI) ae ered tas oostrs oe atta ah (10) 
but it is to be noticed that x? is not, in the present problem, necessarily 
positive. When «? is negative, we may replace J,(«r) by I,(«7), where «1 is 
the positive square root of (4m? — o”)/gh, and 
ze a zt é 
1.(2) = 355 {i +9 @s42)*2.4(s+2)(Qs4+4)° st neve) 
In the case of symmetry about the axis (s =0), we have, in real form, 
Grated Gh ICT ECOR OT FC). eases) caine see esacveiesins (12) 


* The functions I, (z) were tabulated by Prof. A. Lodge, Brit. Ass. Rep. 1889. The tables are 
reprinted by Dale, and by Jahnke and Emde. Extensive tables of the functions e~* I, (z), e~* I, (2) 
are given in Watson’s treatise. 


LH 21 
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where « is determined by 
Je Cea aO0.0 sige ese o-speenneenee eras (13) 
The corresponding values of o are then given by (6). The free surface has, 
in the various modes, the same forms as in Art. 191, but the frequencies are 
now greater. If we write 
C= On, B= Gat OTe cane en een eee (14) 


we have G2? le? sagt gt +ghS jim. ise daa oe Sade tt (15) 


It is easily seen, moreover, on reference to (3), that the relative motions of 
the fluid particles are no longer purely radial; the particles describe, in fact, 
ellipses whose major axes are in the direction of the radius vector. 
For s >0 we have 

GaetA Js (ier) COS (Ob 0 tie), Caen ds sesctrena (16) 
where the admissible values of «, and thence of o, are determined by (9), 
which gives 

ie: 2sa 
Kad, (Ka) + ree Jilco) Oa) Shox Ree. (17) 


The formula (16) represents a wave rotating relatively to the water with 
an angular velocity o/s, the rotation of the wave being in the same direction 
with that of the water, or the opposite, according as o/w is negative or 
positive. 

If «a is any real or pure imaginary root of (17), the corresponding value 
of o is given by (15). 

Some indications as to the values of o may be gathered from a graphical construction. 
If we write x?a?=w, we have, from (6), 


/ $ 
o a 
sat ( +3) aa ee evar ee et eee (18) 
3d, (xa) z= 22 
If we further put ee) = d (x?a*), 
the equation (17) may be written 
3 
o @x(1 +5) = Ones. 0 ed Bona sere! (19) 
The curve Afi Ch (aan Sane ae ciate s eee Teaco ee eeeen(20) 


can be readily traced by means of the tables of the functions J, (z), J, (z); and its inter- 
sections with the parabola 
ap ae t= WO OG EE eae reenact eee tan ae (21) 


will give, by their ordinates, the values of o/2. The constant 8, on which the positions 


of the roots depend, is equal to the square of the ratio 2wa(gh)® which the period of a 
wave travelling round a circular canal of depth A and perimeter 27a bears to the half- 
period (7/) of the rotation of the water. 


The diagrams on the next page indicate the relative magnitudes of the lower roots, in 
the cases s=1 and s=2, when 8 has the values 2, 6, 40, respectively *. 


* For clearness the scale of y has been taken to be 10 times that of a. 
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With the help of these figures we can trace, in a general way, the changes in the 
character of the free modes as 8 increases from zero. The results may be interpreted as 
due either to a continuous increase of , or to a continuous diminution of 4. We will use 


B=2 


21-2 
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the terms ‘positive’ and ‘negative’ to distinguish waves which travel, relatively to the 
water, in the same direction as the rotation and the opposite. 


When £ is infinitely small, the values of w are given by J, (xt) =0 ; these correspond 
to the vertical asymptotes of the.curve (20), The values of a then occur in pairs of equal 
and oppositely-signed quantities, indicating that there is now no difference between the 
velocity of positive and negative waves. The case is, in fact, that of Art. 191 (12). 


As 8 increases, the two values of « forming a pair become unequal in magnitude, and 
the corresponding values of x separate, that being the greater for which o/2o is positive. 
When B=s(s+1) the curve (20) and the parabola (21) touch at the point (0, —1), the 
corresponding value of o being —2e. As 8 increases beyond this critical value, one value 
of « becomes negative, and the corresponding (negative) value of o/2m becomes smaller 
and smaller. 


Hence, as 8 increases from zero, the relative angular velocity becomes greater for a 
negative than for a positive wave of (approximately) the same type; moreover the value 
of « for a negative wave is always greater than 2a. As the rotation increases, the two 
kinds of wave become more and more distinct in character as well as in ‘speed.’ With a 
sufficiently great value of 8 we may have one, but never more than one, positive wave for 
which o is numerically less than 20. Finally, when f is very great, the value of o corre- 
sponding to this wave becomes very small compared with 2, whilst the remaining values 
tend all to become more and more nearly equal to +2o. 


If we use a zero suffix to distinguish the case of o=0, we find 


g? ktdotigh 248 
Toe ko" a Xo : 


where 2 refers to the proper asymptote of the curve (20). This gives the ‘speed’ of any 
free mode in terms of that of the corresponding mode when there is no rotation. 


The preceding statements are illustrated by the following table, which gives for the 
case of s=1 approximate values of xa within the range of the upper diagram on p. 323, 
together with the corresponding values of o/2 and ca/c. 


211. As a sufficient example of forced oscillations we may assume 


fae (=) gti) ti nh ee (23) 


where the value of o is now prescribed. 
This makes Vi?f=0, and the equation (4) then gives 
GSAS ner yiel Sart eka eae Seo Sinigh Selosaag es .(24) 
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where A is to be determined by the boundary-condition (7), viz. 

s @ +22) 
eo 


ies - 
ade! (xa) + = J, (xa) 


hy iparatedetrse (25) 


This becomes very great when the frequency of the disturbance is nearly 
coincident with that of a free mode of corresponding type*. 


From the point of view of tidal theory the most interesting cases are those of s=1 
with o=o, and s=2 with ¢=2e, respectively. These would represent the diurnal and 
semidiurnal tides due to a distant disturbing body whose proper motion may be neglected 
in comparison with the rotation . 


In the case of s=1 we have a uniform horizontal disturbing force. Putting, in addition, 
o=a, we find without difficulty that the amplitude of the tide-elevation at the edge (r=a) 
of the basin has to its ‘equilibrium-value’ the ratio 


3 (2) 


Tea den dbice tae sotnakcadatchads selnets (26) 
where z=4,/(38). With the help of Lodge’s tables we find that this ratio has the values 
1-000, 638, -396, 
for = 0, 12, 48, respectively. 
When o=2a, we have x =0, and thence, by (23), (24), (25), 
(eRe) Ri ee lei, EIA (27) 


ze. the tidal elevation has exactly the equilibrium-value. 


This remarkable result can be obtained in a more general manner; it holds whenever 
the disturbing force is of the type 


(TEA y aned haha See ee ey ee ee (28) 
provided the depth / be a function of r only. If we revert to the equations (1), we notice 
that when o=2o they are satisfied by (=¢, n=7&. To determine & as a function of 7, we 
substitute in the equation of continuity (2), which gives 

0(hAE) 8-1 

eek. = sg te — x (r). Cee r cere ees ereesseseenesecceseres (29) 
The arbitrary constant which appears on integration of this equation is to be determined 
by the boundary-condition. 

In the present case we have x (r)=Cr*/a’. Integrating, and making £=0 for r=a, 


we find 
ae 


f= oe CF ey Ghee et, MEN soos Aeanddieg en eney sa tuaais (30) 


The relation 7=7& shews that the amplitudes of & and 7 are equal, while their phases 
differ by 90°; the relative orbits of the fluid particles are in fact circles of radii 


Cre~1 
pa 3 pt ; 

Sey = COCA oh BEN SP OPE EET Apne eet Meer ee (31) 
described each about its centre with angular velocity 2 in the negative direction. We 
may easily deduce that the path of any particle in space is an ellipse of semi-axes r+r 
described about the origin with harmonic motion in the positive direction, the period 
being 27/o. This accounts for the peculiar features of the case. For if ¢ have always the 


* The case of a nearly circular sheet is treated by Proudman, ‘‘On some Cases of Tidal Motion 
on Rotating Sheets of Water,’’ Proc. Lond. Math. Soc. (2) xii. 453 (1913). 
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equilibrium-value, the horizontal forces due to the elevation exactly balance the disturbing 
force, and there remain only the forces due to the undisturbed form of the free surface 
(Art. 207 (1)). These give an acceleration gdz,/dr, or wr, to the centre, where r is the 
radius vector of the particle in its actual position. Hence all the conditions of the problem 
are satisfied by elliptic-harmonic motion of the individual particles provided the positions, 
the dimensions, and the ‘epochs’ of the orbits can be adjusted so as to satisfy the con- 
dition of continuity, with the assumed value of ¢. The investigation Just given resolves 
this point. 

When the sheet of water is bounded also by radial walls the problem is more difticuit. 
The tidal oscillations (free and forced) in a semicircular basin of uniform depth are discussed 
by Proudman*, with an application to the tides of the Black Sea, the disturbing forces 
being of the idealized diurnal and semi-diurnal types. 


The free and forced oscillations in a rotating elliptic basin of uniform depth are discussed 
by Goldstein f. 


212+. We may also notice the case of a circular basin of variable depth, 
the law of depth being the same as in Art. 193, viz. 


2, 
hice (1-4). ns gh, sh leh aha an dao (1) 


Assuming that &, 7, ¢ all vary as e#(*t+#+e), and that A is a function of 7 only, we 
find, from Art. 209 (2), (3), 


dh [0 , 2ws > CB We s 
pene ES eee SN ee ts ee 2 oS 
(o 40") (+9 77 (5+ =) O+gh (tis 5) (GO) ON eeeee cee (2) 
Introducing the value of 4 from (1), we have, for the free oscillations, 
GEN MONG GE 2 / o¢ , 2ws o?— 4e2 
a-5 (tie) -altet lange: acoustics (3) 


This is identical with Art. 193 (6), except that we now have 
o*—4e? 4s 


gh) oa 


in place of o?/gh). The solution can therefore be written down from the results of that 


Art., viz. if we put 
(o?—4w*) a2 dws 


5 SS = 9) — 92 
a at (Nix 2) == 88 pee Ne ciceheteeeen aoe (4) 
EN? TON 
we have (G= Ale ) F(a, BY, =) ghiot kote) ae ee, A EE eee: (5) 
where a=jn+hs, B=1+4s—4tn, y=s4+1; 
and the condition of convergence at the boundary 7=a requires that 
VEEN), Bese dot tetansoineSoverlgacectacnoutek eae (6) 


where j is some positive integer. The values of o are then given by (4). 


The forms of the free surface are therefore the same as in the case of no rotation. but 
the motion of the water particles is different. The relative orbits are in fact now ellipses 
having their principal axes along and perpendicular to the radius vector; this follows 
easily from Art. 209 (3). 


* M.N. R.A. S., Gegphys. Suppt. ii. 32 (1928). 
+ Ibid. ii. 213 (1929). 
+ See the footnote to Art. 193. 
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In the symmetrical modes (s=0), the equation (4) gives 
oc =o)" +402, eee sere meaner ese ne es ererereeenevercceennes (7) 


where oy denotes the ‘speed’ of the corresponding mode in the case of no rotation, as 
found in Art. 193. 


For any value of s other than zero, the most important modes are those for which 


n=s+2. The equation (4) is then divisible by o+2, but this is an extraneous factor ; 
discarding it, we have the quadratic 


a2 200 = 2820, ge sis eeicle ecinieis sis cisions gracias 5 Asi6e) (8) 
whence c=ot (ot+28 as SUGOSG RMAC COMO E e eRI (9) 


This gives two waves rotating round the origin, the relative wave-velocity being greater 
for the negative than for the positive wave, as in the case of uniform depth (Art. 210). 
With the help of (8) the formulae reduce to 


ee (=), gabe, Gy, n=big A(Z)" er. (10) 


the factor e!(t+s?t«) being understood in each case. Since n=7é, the relative orbits are 
all circles. 


The case s=1, n=3, is noteworthy; the free surface is then always plane, and the 
circular orbits have all the same radius. In the following table, which relates to this case, 
B stands for 4w?a*/¢)?, where cy=“V (gh). 


B=40 


o/2w calc, o/2w calcy 


+1°264 + 3°096 +1:048 +6°626 
—0°264 — 0°646 —0°048 — 0°302 


When 2x>s+2, we have nodal circles. The equation (4) is then a cubze in a/2a; it is 
easily seen that its roots are all real, lying between —o and —1, —1 and 0, and +1 and 
+o, respectively. The following table is calculated for the case of s=1, n=5. 


+3°742 —0°125 —0°176 — 0-100 —0°245 


! = 


The first and the last root of each triad give positive and negative waves of a somewhat 
similar character to those already obtained in the case of uniform depth. The smaller 
negative root gives a comparative slow oscillation which, when the angular velocity w is 
infinitely small, becomes a steady rotational motion, without elevation or depression of the 
surface. The possibility of oscillations of this type was pointed out in Art. 206, ad fin. In 
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the present case the transition is easily traced. It follows from (4) that the relevant limiting 
value of ¢/2, when o is infinitesimal, is -+. We then find, from Art. 209 (2), (3), 


i 22 oN 
gc (1-5) eeren, A=10 (1-55) gor an) RAMEN ae (11) 
/ 
7 2: 
with (=- ees (1 = 5) gir gn 8 Be ema (12) 
ultimately, where o=—#o. 


The most important type of forced oscillations is such that 


=. Va 8 A 9 
a0 (=) ce ee ee (13) 


a 
We readily verify, on substitution in (3), that 
- Qsgqho z 
¢ Qsghy— (o?— Yoo) a? ‘ 
We notice that when o=2 the tide-height has exactly the equilibrium-value, in agree- 
ment with Art. 211. 


If o;, v2 denote the two roots of (8), the last formula may be written 


¢ 
(l-o/oi)(1—a/o2)" 
The tidal oscillations in a semicircular basin with the above law of depth have been 


examined by Goldsbrough*. The difficulty of the problem consists in satisfying the 
conditions at the straight portion of the boundary. 


212a. Place may be found here for one or two illustrations of the approxi- 
mate procedure outlined in Art. 205 a. 
1°. To take first a known problem, that of the circular basin of uniform depth (Art. 


210). Assuming as the polar co-ordinates of a displaced particle, relative to an initial line 
revolving with the angular velocity o, 


m=r+é, OO Eats rocns soln saea cen ta nee eRe ROS (1) 
the equation of continuity is 
88 & Bs 
ia Dep RAG hr ereteteseeseneeneeaeeaeees 


us in Art. 209 (2). 


With our previous notation 


CP ; Qa 
Tasph |) [eri yradr, V—~Ty=d90 | [** Craodr, 


Apuacce too: (3) 
} a [20 . : 
u = ph ff (£4 ~né) rdédr. 
We take as our assumed type, for the gravest mode, 
2 2 
é=A ( -5) cos (ot + 6), y=(-4+285) SIN (2-170) eeeeeeeeneee (4) 
which make 
at; 
£2 @a SB) 7, ole (Oey 0) ft en (5) 


The constants in (4) have been adjusted so that ¢ shall be finite for r=0. 


* Proc. Roy. Soc. cxxii. 228 (1929). 
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Hence with the definitions of Art. 205 a, taking the mean values of the functions in 
(3), and performing the integrations, 


nie 3A B+ B’), Q=—- }rpwha?(34?- AB), R=} rgph? (34 —B)?. ...(6) 


If w write for shortness 


Caren Gem aN AGC Boece cccdsecsivoaevesuacts (7) 
the equation 
G2 12-10; OU 0, Bae te Atak, SL eters ale (8) 
becomes 
(422-3 /Bxr—2L) A? —(302—./Bn—9) AB+ (x28) B2=0. ccceeeseees (9) 


The stationary values of x are then given by 
BA (Tati 8e— B= O40) hdche vscsnsnenonsachdancacss (10) 


The zero roots may be disregarded as corresponding to a merely circulatory motion, without 
change of surface-level. To compare with the numerical results of Art. 210 (p. 324) we 
put 8B=2, 6, 40 in succession. The finite roots of (10) are 


= oe —1:27 = a 
+ 2°65) ” +327)? +6°77) 7 
in the respective cases. It is only in the third case that there is any serious deviation 


from the correct value. It will be seen that the approximate method is fairly successful 
over a considerable range of the parameter f. 


2°. In the case of a rectangular basin of uniform depth, we take axes Ox, Oy coincident 
with two of the sides, whose lengths are (say) a, b, respectively. Denoting by &,7 the com- 
ponent displacements of a particle, we have 


a pe a £0 
T= 4p | if (224-7) dady, V-—T=49p [" [ eaeay, 
0 


es UE IO OT AER BO octet (11) 
Mim ph [* | (i~ 18) ded 
Let us assume as an approximate type 
£=Asin 72 cos ot, n=Bsin 7H sin Od srpasehis semmperdsedoseheutes (12) 


This is suggested by the case of o=0, where either A or B is zero, and cannot be expected 
to give a good result for more than a limited range of . From (12) we derive 


petted Seckasi ist, Sant oaisieauer (13) 
Hence aM 4 
P=%phab(A2+B), Q= Pee R=}ngph? : Ate 2) + seees(14) 
The equation (8) now takes the form 

(?-=) A24 2287 AB + (0? or) B= ne eee (15) 

where c2=gh as before. The stationary values of o are therefore given by 

2560707 

(02- 02) (6? — 092) = = LS ee a Ok acne Gen (16) 


where oj, a2 are the values of o corresponding to oscillations parallel to # and y, respec- 
tively, when there is no rotation. 
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If @ is small and a, 6 decidedly unequal, then in the type where o=0;, nearly, we have 
_ 12800, 17 
C= Op — rw (o2— 022) fd tte e eee eeeeteereerscescrenseseeeees ( ) 
approximately. The corresponding ratio B/A is then given by 


pad UHR CANCE tee eee eae go eas 


and is accordingly small, as was to be expected. 
For a square tank (a=b), on the other hand, (16) makes 


e—of= ceed Bodh an cor Nobiact sedboedeauBbebonbronesee (19) 
Tv 
8 
or o-m=+-5, Miicliaicaleotie iy cat Nee tak em ease mac aec esas (20) 


approximately. Then B/A= +1. 


Tides on a Rotating Globe. 


213. We proceed to give some account of Laplace’s problem of the tidal 
oscillations of an ocean of (comparatively) small depth covering a rotating 
globe*. In order to bring out more clearly the nature of the approximations 
which are made on various grounds, we adopt a method of establishing the 
fundamental equations somewhat different from that usually followed. 


When in relative equilibrium, the free surface is of course a level-surface 
with respect to gravity and centrifugal force; we shall assume it to be a 
surface of revolution about the polar axis, but the ellipticity will not in the 
first instance be taken to be small. 


We adopt this equilibrium-form of the free surface as a surface of reference, 
and denote by @ and ¢ the co-latitude (7.e. the angle which the normal makes 
with the polar axis) and the longitude, respectively, of any point upon it. 
We shall further denote by z the altitude, measured outwards along a normal, 
of any point above this surface. 


The relative position of any particle of the fluid being specified by the 
three orthogonal co-ordinates 6, ¢, z, the kinetic energy of unit mass is 
given by 

QT =(R+ zk Ot oF (w+ ht 2 ceecceccseceesees (1) 
where £ 1s the radius of curvature of the meridian-section of the surface of 
reference, and a is the distance of the particle from the polar axis. It is to 
be noticed that R is a function of @ only, while w is a function of both 6 
and z; and it easily follows from geometrical considerations that 


Om Cary 
(R+2)00 = COS 0, a Gilt Oies..d, cee ee eee (2) 


* «Recherches sur quelques points du systéme du monde,”’ Mém. de l’ Acad. roy. des Sciences, 
1775 [1778] and 1776 [1779]; Oeuvres Completes, ix. 88, 187. The investigation is reproduced, 
with various modifications, in the Mécanique Céleste, Livre 4™, c. i, (1799). 
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The component accelerations are obtained at once from (1) by Lagrange’s 
formula. Omitting terms of the second order, on account of the restriction to 
infinitely small motions, we have 


Id aT aT\_ sig BL atten fotos 
Rea diag a9) "(R48 geile + tod) 0 | 
1 d of a) . Os, Om. 3 
Gace =ah+20 (5+ 2), ie (3) 
dav ar_ mie ge 
AGERE DEL Uh We Tee eS Be 


Hence, if we write u, v, w for the component relative velocities of a particle, 
viz. 


U=(R4 26, Wah, Wek. iisscescsssnsesse (4) 
and make use of (2), the hydrodynamical equations may be put in the forms 
ou ‘ ee ag 2,2 ) 
ay 2wv cos O = Se +), 
Seco cos OF 2a ein f= wats (24+ ¥- dors? +0) Fe) 
at @ 0d \p r ; | 
ow : 0 (p ps) | 
sie ae a i — @ 
a 2wv sin 0 a llsee $0? ao? + ), 


where W is the gravitation-potential due to the earth’s attraction, whilst 0 
denotes the potential of the disturbing forces. 


So far the only approximation has consisted in the omission of terms of 
the second order in u, v, w. In the present application, the depth of the sea 
being small compared with the dimensions of the globe, we may replace 
R+z by R. We will further assume that the vertical velocity w is small 
compared with the horizontal components u, v and that dw/dt may be 
neglected in comparison with wv. As in the theory of ‘long’ waves, such 
assumptions are justified & posteriori if the results obtained are found to be 
consistent with them (cf. Art. 172)*. 


Let us integrate the third of equations (5) between the limits z and ¢, 
where £ denotes the elevation of the disturbed surface above the surface of 
reference. At the surface of reference (¢=0) we have 


Y — 40? oH? =const., 
by hypothesis, and therefore at the free surface (z= C) 
WV — 4w? a? = const. + gf, 


0 
approximately, provided g = E (Vv -— potat)| BORA citi cane slaadianrs (6) 


_j2=0 


* Thus in the simplified conditions of Arts. 219, 220 w/wv is of the order m(=w?a/g). 


332 Tidal Waves (CHAP. VIII 


Here g denotes the value of apparent gravity at the surface of reference ; 
it is of course, in general, a function of 0, but its variation with z is 
neglected. 


The integration in question then gives 
¢ 
Bt — hotat = const + 9€+ 2 sin | DO, weaaeneae tae C1) 


where the variation of the disturbing potential Q with z has been neglected 
in comparison with g. The last term is of the order of whv sin @, where h is the 
depth of the fluid, and it may be shewn that in the subsequent applications 
this is of the order h/a as compared with gf*. Hence, substituting in the first 
two of equations (5), we obtain, with the approximations indicated, 

du 


0 x «OU 0 z 
ry 2wv cos 9=— pry g (S— 8), pa Ne mee he Soa te) 
where ¢ =— O/9. 


These equations are independent of z, so that the horizontal motion may be 
assumed to be sensibly the same for all particles in the same vertical line. 


As in Art. 198, this last result greatly simplifies the equation of continuity. 
In the present case we find without difficulty 


06 —s 1 (0 (hau) | d(hv) 
spo oe tet ee ee ane (10) 


It is important to notice that the preceding equations involve no 
assumptions beyond those expressly laid down; in particular, there is no 
restriction as to the ellipticity of the meridian, which may be of any degree 
of oblateness. 


214. In order, however, to simplify the question as far as possible, with- 
out sacrificing any of its essential features, we now take advantage of the 
circumstance that in the actual case of the earth the ellipticity is a small 
quantity, being in fact comparable with the ratio (w*a/g) of centrifugal force 
to gravity at the equator, which ratio is known to be about 34,5. Subject to 
an error of this order of magnitude, we may put R =a, 7 =a sin @, g=const., 
where a is the earth’s mean radius. We thus obtain 


ou kG = ov Ci O a 
GET nmricns Os ae ae) ips aed eal rea y cia 
SS 6 eae te (1) 
: o¢ = (do (husin @) , d(hv) 
with a Sag a0 fe ad He a eee oi waeae vies (2) 


this last equation being identical with Art. 198 (1) f. 


* This, again, may be verified in the same cases. The upshot is that the vertical acceleration 
is neglected, as in the theory of ‘long’ waves. 


+ Except for the notation these are the equations arrived at by Laplace, l.c. ante p. 330. 
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Some conclusions of interest follow at once from the mere form of the 
equations (1). In the first place, if u, v denote the velocities along and 
perpendicular to any horizontal direction s, we easily find, by transformation 
of co-ordinates, 


ou 0 z 
BE 2@V cos O=—g a (o— 8). Pah erase Wen vt ota (3) 


In the case of a narrow canal, the transverse velocity v is zero, and the 
equation (3) takes the same form as in the case of no rotation; this has 
been assumed by anticipation in Art. 183. The only effect ot the rotation in 
such cases is to produce a slight slope of the wave-crests and furrows in the 
direction across the canal, as investigated in Art. 208. In the general case, 
resolving at right angles to the direction of the relative velocity (q, say), we 
see that a fluid particle has an apparent acceleration 2wq cos @ towards the 
right of its path, in addition to that due to the forces. 


Again, by comparison of (1) with Art. 207 (5), we see that the oscillations 
of a sheet of water of relatively small dimensions, in co-latitude 0, will take 
place according to the same laws as those of a plane sheet rotating about 
a normal to its plane with angular velocity w cos @. 


As in Art. 207, free steady motions are possible, subject to certain 
conditions. Putting £=0, we find that the equations (1) and (2) are 
satisfied by constant values of u, v, ¢, provided 


5 q ag SUNS ess 
~  Qwa sin 6 cos 60d’ ” = 2eaco0s000? (4) 
0(hsec 0, €) _ 5 
and 00, 6) => 0. Riae asdtee weiaie Naik rae @ a evalnlelh Rierae es ( ) 
The latter condition is satisfied by any assumption of the form 
Cea f IVSEC 0), o xancsice tos se dngceinn sss ssznirn (6) 


and the equations (4) then give the values of u, v. It appears from (4) that 
the velocity in these steady motions is everywhere parallel to the contour- 
lines of the disturbed surface. 


If h is constant, or a function of the latitude only, the only condition 


imposed on ¢ 1s that it should be independent of ¢; in other words the 
elevation must be symmetrical about the polar axis. 


215. We shall suppose henceforward that the depth / is a function of 0 
only, and that the barriers to the sea, if any, coincide with parallels of 
latitude. 

We take first the cases where the disturbed form of the water-surface 
is one of revolution about polar axis. When the terms involving ¢ 


334 Tidal Waves (CHAP. VIII 


are omitted, the equations (1) and (2) of the preceding Art. take the 
forms 


ou oe du sai #8 a 

ap zou cos =— © aE ¢), ag + 2wucos 8 Drepeestisr (1) 

: 0¢ a (hwsin @) “ 
with at me hacia 00g: Hn teiorexsdvintels niedeta eielaiete/sistele aie) e eiein (2) 


Assuming a time-factor e’%, and solving for u, v, we find 

0 s 2wg cos 0 0 c ; 

— Yd =) aoe ey 

ee) aoe > g), if a? — 4@? cos? 6 aap 6 SARC) 
0 (hw sin @) 

“asin Oa (nse 


The formulae for the component displacements (£, 7, say) can be written 
down from the relations u = £, v=%, or u=io£&, v=ino. It appears that the 
fluid particles describe ellipses having their principal axes along the meridians 
and the parallels of latitude, respectively, the ratio of the axes being 
a/2w.sec 6. In the forced oscillations of the present type the ratio o/2o is 
very small; so that the ellipses are very elongated, with the greatest length 
from E. to W., except in the neighbourhood of the equator. 


iog 
ao? — 4w* cos 


U= 


Eliminating w and v between (3) and (4), and writing, for shortness, 


piped Jott ek, Geta). 
C=C c, Spore : Po per BRR OASE Ss (5) 
0 hsin@ 0’ a4 =: 
we find cg eer: aa hm” = — AME on ce ccew senses (6) 


In the case of uniform depth, this become 


Ohi ees te 7 
Om (ae Ou ) + BE are SE, re ed ( ) 
4ma  4@*a* 
where « = cos 6, and B= ae ee te eae (8) 


216. First, as regards the free oscillations. Putting £=0, we have 


0 (/1—p? 0f ; 

= Gana pra 0ste lade ae (9) 
and we notice that in the case of no rotation this is included in (1) of Art. 199, 
as may be seen by putting Bf? = 07a?/gh, f=00. The general solution of (9) 


is necessarily of the form 
CA PA) te), emacs cement ete (10) 


where #’(uz) is an even, and f(u) an odd, function of uw, and the constants 
A, B are arbitrary. In the case of a zonal sea bounded by two parallels of 
latitude, the ratio A: B and the admissible values of f (and thence of the 
frequency o/27) are determined by the conditions that w= 0 at each of these 
parallels. If the boundaries are symmetrically situated on opposite sides 
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of the equator, the oscillations fall into two classes; viz. in one of these 
B=0, and in the other A=0. By supposing the boundaries to contract to 
points at the poles, we pass to the case of an unlimited ocean, and the 
admissible values of f are now determined by the condition that w must 
vanish for 4=+1. The argument is, in principle, exactly that of Art. 201, 
but the application of the last-mentioned condition is now more difficult, 
owing to the less familiar form in which the solution of the differential 
equation is obtained. 


In the case of symmetry with respect to the equator, we assume, following 
the method of Kelvin* and Darwint, 


1 


we — fF? du og = Byu+ Bp 2P a + Bo ptt + Colo.  HuamoueE g (11) 


This leads to 
1 : 
G =A— $f 7B yy? + 4 (By — f*Bs) iT SCC we 2j (Baj-3 — f? Baj-1) pi fri cistehy sis (12) 


where A is arbitrary; and makes 


0 — pu" OC’ é ; 
so (qr pagg) Bit 8 (Ba By wht + +1) Baya — By) wt 


Substituting in (9), and equating coefficients of the several powers of yu, 
we find 


hae We BES Vg Rene et A (eee Dba Kp tery 2 (14) 
2 
By—( -£F,) B,=0, ee ee eens (15) 
and thenceforward 
/ Bf? B 
Bua (1— spr) BH aaj eT BAO 8) 
These equations determine Bj, Bs, ... Byj,1,... Im succession, in terms of 


A, and the solution thus obtained would be appropriate, as already explained, 
to the case of a zonal sea bounded by two parallels in equal N. and S. latitudes. 
In the case of an ocean covering the globe, it would, as we shall prove, give 
infinite velocities at the poles, except for certain definite values of f. 


Let us write Boj41/ Ba a= Ny413 Sa SAO OA SO Ab GOOURO NENA O (17) 
we shall shew, in the first place, that as 7 increases NV; must tend either to 


the limit 0 or to the limit 1. The equation (16) may be written 


af? g@o1 FA 
Nya =1— soa t FAL) N; Gs SAE RE St (18) 


* Sir W. Thomson, ‘‘Note on the ‘Oscillations of the First Species’ in Laplace’s Theory of 
the Tides,’ Phil. Mag. (4), 1. 279 (1875) [Papers, iv. 248]. 

+ “On the Dynamical Theory of the Tides of Long Period,’’ Proc. Roy. Soc. xli. 337 (1886) 
[Papers, i. 336]. 
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Hence, when 7 is large, either 


N; ae ne ec ccc cece creer rseccesesene 
7 29(27 +1)’ 
approximately, or Vj,1 is not small, in which case Nj will be nearly equal 
to 1, and the values of Nj,3, Nj44, ... will tend more and more nearly to 1, 
the approximate formula being 
= Bi hes 1) 20 
Nyy = 1 Sens onccccceecsasbapewerees (20) 
2) (27 + 1) 

Hence, with increasing j, V, tends to one or other of the forms (19) and (20). 

In the former case (19), the series (11) will be convergent for »=+1,and 
the solution will be valid over the whole globe. 


In the other event (20), the product N3N4...Nj11, and therefore the 
coefficient Bs;,1, tends with increasing j to a finite limit other than zero. 
The series (11) will then, after some finite number of terms, become com- 
parable with 1+ y?+y4+..., or (1 —y?)-4, so that we may write 

Liar M 
= a= EE, cnsine hema tie Pamelagn es 21 
eft Oe ve 
where L and M are functions of « which remain finite when »= +1. Hence, 
from (3), 
io (1 — 2)? 06 oe 2} 2\-} 
pa ree Cle — ...(22 
ee 4m a_ fa Ome dm tl p*) L+( ph”) M}, (2 ) 
which makes u infinite at the poles. 


It follows that the conditions of our problem can be satisfied only if NV, 
tends to the limit zero; and this consideration, as we shall see, restricts us to 
a determinate series of values of f. 


yj=-— 2G 
abe tes 
(B+) 
and by successive applications of this we obtain NV; in the form of a convergent 
continued fraction 


Biss Ba oe eh B 
V2 CD) _ +2) +3) (25 + 4) (Qj +5) 
1 Bf Bf? Cf 


1 ey ROT a RE TR 1 Sa 7 Sa ay a ee ane ae aay ROL ee eee 
3j(2 +1) ~~ +2)\qir3)t Gr 4 Hrs)’ 
Sete (24) 
on the present supposition that N;,, tends with increasing k& to the limit 0, 


in the manner indicated by (19). In particular, this formula (24) determines 
the value of Nz. Now from (15) we must have 
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ink 8 
Pia 4.5 Gad. 

whence ecw FS Spee Re spe tcorscee (26) 
PE RAE Aen UR 


which is equivalent to N;=0. This equation determines the admissible 
values uf #(=/2w). The constants in (11) are then given by 

B,=BA, B;= N2BA, B,= N2N3BA,..., sels ele cies (27) 
where A is arbitrary. 


It is easily seen that when is infinitesimal the roots of (26) are given by 


oa? 


where n is an even integer; ef. Art. 199. 


One arithmetically remarkable point remains to be noticed. It might 
appear at first sight that when a value of f has been found from (26) the 
coefficients Bs, Bs, Bz, ... could be found in succession from (15) and (16), or 
by means of the equivalent formula (18). But this would require us to start 
with exactly the right value of f and to observe absolute accuracy in the 
subsequent stages of the work. The above argument shews, in fact, that any 
other value, differing by however little, if adopted as a starting point for the 
calculation will inevitably lead at length to values of VV; which approximate 
to the limit 1*. 


An approximation to the longest free period may be attempted by the method of 
Art. 205 a. 


Denoting by &, 7 the displacements southwards and eastwards, respectively, we have, 
in the notation of the Art. referred to, 


T= xphat | (2+472)sin 6d6,  M’=2mpha? 4 (Ecos 6. —7. Ecos 6) sin 6ad, 
: ; ...(29) 
V- Ty= gpa | (sin 6d6. 
0 
We will assume that as in the case of no rotation the surface elevation is represented 


by a zonal harmonic of the second order. The formulae (3) of Art. 215 then suggests for our 
assumed type 


&=Asin OcosOcosat, n=Bsin Acos*Osin ot, .......csceeceeeee (30) 
which makes 
ee in fin (8 cock Ati) A 0s at (31) 
= asin 6 06 = a (0 Sere 
We find 
P= pha? (42+ % B’?), Q=x:rpwha®AB, R=trgph*A®. ............ (32) 
The equation (10) of Art. 205 a becomes 
(22-6) A2+,/B.$rA BLE B*L7=0, .oecceeeccesscerecneecceees (33) 
where 
BOG) ed BHAI Gack, dann en scednnsednap eooads seen nae' (34) 
The stationary values of x are then given by 
Te OE GB anes Ss an hora ease e ies (35) 


* Sir W. Thomson, l.c, ante p. 335. 


LH 22 
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For example, taking 8=5, which would correspond in the case of the earth to a depth 
of 58080 ft., we find 
oa). J (gh) =2'854, w/o='3917. 
The latter number gives the period in terms of the sidereal day. Hence in sidereal time 
Qr/o=9h. 24 m. The true period, as calculated by Hough (see Art. 222) is 9h. 52 m., but 
this allows for the mutual gravitation of the disturbed water, which we have neglected. 


A correction is however easily made. Since we neglect effect of centrifugal force on 


gravity the influence of 7, in (29) may be disregarded, whilst the value of V is altered in 
the ratio 


Siler, 
1 grr 892, 
where p;/py) (= 718) is the ratio of the density of the water to the mean density of the earth 
(see Art. 200). The result is to replace (35) by 
a= 5352438. 
For 8=5 this gives a perioa ot y u. 48 m., in close approximation to Hough’s value. 

For greater values of 8, 1.e. smaller depths of the ocean, or greater speeds of rotation, 
the approximation is less satisfactory, as we should expect from the nature of our assumed 
type. 

217. It is shewn in the Appendix to this Chapter that the tide-generating 
potential, when expanded in simple-harmonic functions of the time, consists 
of terms of three distinct types. 


The first type is such that the equilibrium tide-height would be given by 


C= H! (4 —c0s®).cos(ct+e).  scsscececscesceces (3i)% 

The corresponding forced waves are called by Laplace the ‘ Oscillations of the 

First Species’; they include the lunar fortnightly and the solar semi-annual 

tides, and generally all the tides of long period. Their characteristic is 

symmetry about the polar axis, and they form accordingly the most important 
case of forced oscillations of the present type. 

If we substitute from (37) in (7), and assume for 

1—p? 0¢’ 

wef? Op 

expressions of the forms (11) and (12), we have, in place of (14), (15), 

B,— 48H’ —BA=0, 


By— (1- FE) BO H0, oeccccsesccsscee (39) 


whilst (16) and its consequences hold for all the higher coefficients. It may 
be noticed that (39) may be included under the general formula (16), provided 
we write B_;=—2H’. It appears by the same argument as before that the 
only admissible solution for an ocean covering the globe is the one that makes 
NV, =0, and that accordingly NV; must have the value given by the continued 
fraction in (24), where fis now prescribed by the frequency of the disturbing 
forces. 


and ¢' 


* In strictness, 6 here denotes the geocentric latitude, but the difference between this and the 
geographical latitude may be neglected consistently with the assumptions introduced in Art. 214. 
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In particular, this formula determines the value of N,. Now 
B= N,B_, = Se iy eee 
and the equation (38) then gives 
A=~}H'— 2. MH"; PM ten oe (40) 


in other words, this is the only value of A which is consistent with a zero 
limit of V;, and therefore with a finite velocity at the poles. Any other value 
of A, if adopted as a starting point for the calculation of By, Bs, Bs, ... in 
succession, by means of (38), (39), and (16), would lead ultimately to values 
of NV; approximating to the limit 1. Moreover, since absolute accuracy in the 
initial choice of A and in the subsequent computations would be essential to 
avoid this, the only practical method of calculating the coefficients is to use 
the formulae 
B,/H’ =—2N,, Bs; = NeoB,, By = NBs, ..., 
or B,/H’=-2Nj, B;/H’ =—2N,N2, B;/H’ =—2N,N2Ns, ... 


where the values of Vy, Nz, Ns, ... are to be computed from the continued 
fraction (24). It is evident & posteriori that the solution thus obtained will 
satisfy all the conditions of the problem, and that the series (12) will converge 
with great rapidity. The most convenient plan of conducting the calculation 
is to assume a roughly approximate value, suggested by (19), for one of the 
ratios WN; of sufficiently high order, and thence to compute 
Ng Ngee ee a Ny 
in succession by means of the formula (23). The values of the constants 
A, By, Bz, ..., in (12), are then given by (40) and (41). For the tidal elevation 
we find 
¢/H! = —2N,/ - (1 —f2N,) ut $0 (1 72s) wt... 


- 2 M.Ms...W, 1(1 —f7N;) w?—.... coos eerie (42) 


In the case of the lunar fortnightly tide, fis the ratio of a sidereal day 
to a lunar month, and is therefore equal to about ,, or more precisely -0365. 
This makes f?=-00133. It is evident that a fairly accurate representation 
of this tide, and & fortiori of the solar semi-annual tide, and of the remaining 
tides of long period, will be obtained by putting f=0; this materially shortens 
the calculations. 
The results will involve the value of 8, =4w*a?/gh. For 8B =40, which 
corresponds to a depth of 7260 feet, we find in this way 
£/H’ = 1515 — 1:0000p? + 1°5153u4 — 1:2120p8 + 6063p — 20764» 
+ 05162 — 0097 u4* + 0018 u7* — 0002u%%, ......... (43;)* 
* The coefficients in (43) and (44) differ only slightly from the numerical values obtained by 


Darwin for the case f=°0365. 
22-2 
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whence, at the poles (u= +1), 
€=—2H’ x‘154, 
and, at the equator (u=0), 
C= 4H! x 455. 
Again, for 8= 10, or a depth of 29040 feet, we get 
¢/H’ = 2359 — 1:0000p? + 589844 — 1623 y% 


+ 0258 u8 — -0026u + 0002u. (44) 
This makes, at the poles, 

¢=— 2H’ x ‘470, 
and, at the equator, 

C= 4H’ x ‘708. 


For 8=5, or a depth of 58080 feet, we find 
¢/H’ = 2723 — 1:0000p? + 34044 


— 05095 + 0043, — 0004 uu. «2... eee (45) 
This gives, at the poles, 
€=— #H’ x ‘651, 
and, at the equator, 
Cate ax S17. 


Since the polar and equatorial values of the equilibrium tide are — 3H’ 
and +H’, respectively, these results shew that for the depths in question 
the long-period tides are, on the whole, direct, though the nodal circles will, 
of course, be shifted more or less from the positions assigned by the equi- 
librium theory. It appears, moreover, that, for depths comparable with the 
actual depth of the sea, the tide has less than half the equilibrium value. 
It is easily seen from the form of equation (7) that with increasing depth, 
and consequent diminution of 8, the tide-height will approximate more and 
more closely to the equilibrium value. This tendency is illustrated by the 
above numerical results. 


It is to be remarked that the kinetic theory of the long-period tides was 
passed over by Laplace, under the impression that practically, owing to the 
operation of dissipative forces, they would have the values given by the 
equilibrium theory. He proved, indeed, that the tendency of frictional forces 
must be in this direction, but it has been maintained by Darwin* that in 
the case of the fortnightly tide, at all events, it is doubtful whether the effect 
would be nearly so great as Laplace supposed. We shall return to this point 
later. 


218. When the disturbance is no longer restricted to be symmetrical 
about the polar axis, we must recur to the general equations (1) and (2) of 
Art. 214, We retain, however, the assumptions as to the law of depth and 
the nature of the boundaries introduced in Art. 215. 


* Lc. ante p. 335. 
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If we assume that Q, w, v, fall vary as e@t++9, where s is integral, th 
equations referred to Bue 


é : as. - 
ou — 2evcos d= — 25 (b— igt tau + 2ou cos @=— 2 (¢— 8), res) 
: : 1 husi 
with fob | ag th sQoOnaososocouenG ad (2) 


Solving for u, v, we find 


io ot’ 
ae TET CL eat cot 8), 


ORE eet Ane ee mal le hi teenies 2. (3) 
a cos 6 0£’ 9 
4m (f? — cos? 6) ( f 00 erecoc ) 4 
where we have written 
igsema cel, o — ora _ 
c-C=¢, Pe GM cere (4) 


as before. 

It appears that in all cases of simple-harmonic oscillation the fluid particles 
describe ellipses having their principal axes along the meridians and parallels 
of latitude, respectively. 

Substituting from (3) in (2) we obtain the differential equation in ¢’: 


0 hsin 6 ra ‘ 
sin 600 1 recare (38 +56 pet a) 
h 
~ f?—cos*d 

219. The case s=1 includes, as forced oscillations, Laplace’s ‘ Oscillations 
of the Second Species,’ where the disturbing potential is a tesseral harmonic 
of the second order; viz. 

C=HA" sin OcosO.cos(at+ hte),  ..cceecceeeeseeees (1) 
where o differs not very greatly from ». This includes the lunar and solar 
diurnal tides. 

In the case of a disturbing body whose proper motion could be neglected, 
we should have o =a, exactly, and therefore f=4. In the case of the moon, 
the orbital motion is so rapid that the actual period of the principal lunar 
diurnal tide is very appreciably longer than a sidereal day*; but the sup- 
position that f=4 simplifies the formulae so materially that we adopt it in 
the following investigationt. We find that it enables us to calculate the 
forced oscillations when the depth follows the law 

I= (Lo — 9 C08 2) Np, yotsas iss ocdedes dev seass seit (2) 
where q is any given constant. 


* Tt is to be remarked, however, that there is an important term in the harmonic development 
of @ for which o =w exactly, provided we neglect the changes in the plane of the disturbing body’s 
orbit. This period is the same for the sun as for the moon, and the two partial tides thus produced 
combine into what is called the ‘luni-solar’ diurnal tide. 

+ Taken with very slight alteration from Airy, ‘‘Tides and Waves,”’ Arts. 95 ..., and Darwin, 


Encyc. Brit. (9th ed.), xxili. 359. 


(Feot 7 = + 8?f’ cosec? 0) + 4mat’ =—4mat. ...(5) 
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Taking an exponential factor e*‘+#+9, and therefore putting s=1, f=3, 
in Art. 218 (8), and assuming 


C= Csin ACOSO, wo... eeeseeeeeeeeeeee eee eeees (3) 
we find Uu=—to—, ae, Oa sear) Dua see neta core (4) 
m m 
Substituting in the equation of continuity (Art. 318 (2)), we get 
,,¢. GC dh 
c'+¢ ma dO? ee (5) 
which is consistent with the law of depth (2), provided 
1 ” 
C= ae 1 — 2gho/ma tee ee (6) 
3 ee 2qho/ma =z 
ed Creer reer ere reeree 7 
This gives G T= aha (7) 


One remarkable consequence of this formula is that in the case of uniform 
depth (q=0) there is no diurnal tide, so far as the rise and fall of the surface 
is concerned. This result was first established (in a different manner) by 
Laplace, who attached great importance to it as shewing that his kinetic 
theory was able to account for the relatively small values of the diurnal tide 
as then (imperfectly) known, in striking contrast to what would be demanded 
by the equilibrium theory. 


But, although with a uniform depth there is no rise and fall, there are 
tidal currents. It appears from (4) that every particle describes an ellipse 
whose major axis is in the direction of the meridian, and of the same length 
in all latitudes. The ratio of the minor to the major axis is cos 8, and so 
varies from 1 at the poles to 0 at the equator, where the motion is wholly 


N. and S. 


220. In the case s=2, the forced oscillations of most importance are 
where the disturbing potential is a sectorial harmonic of the second order. 
These constitute Laplace’s ‘Oscillations of the Third Species,’ for which 

CH sintOcos(at+. 2d. 4), sat. cue ae, (1) 
where o is nearly equal to 2m. This includes the most important of all the 


tidal oscillations, viz. the lunar and solar semi-diurnal tides. 

If the orbital motion of the disturbing body were infinitely slow we should 
have o = 2, and therefore f=1; for simplicity we follow Laplace in making 
this approximation, although it is a somewhat rough one in the case of the 
principal lunar tide*. 

A. solution similar to that of the preceding Art. can be obtained for the 
special law of depth t 

his Ng eink Os staan ee (2) 


* There is, however, a ‘luni-solar’ semi-diurnal tide whose speed is exactly 2w if we neglect 
the changes in the planes of the orbits. Cf. p, 341, first footnote. 
+ Cf, Airy and Darwin, Jl..cc. 
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Adopting an exponential factor e®t+%+9 and putting therefore f= 1, s=2, 
we find that if we assume 


Kat) Sins UA, OA ARES Serle (3) 
the equations (3) of Art. 218 give 
_ to 2 Se eae 
es C cot 6, v= Im ead | eiscaveravereseloraiolsiatste (4) 
whence, substituting in Art. 218 (2), 
_ 2ho es 
C= sin OBS. oo. TS CHET REE SBS OR GR SCRE (5) 
Putting = ¢'.+ € and substituting from (1) and (8), we find 
1 wes 
Oi an 1 — 2ho/ma A rd (6) 
and therefore c=— erg fe (7) 
ia pts ge we aoa a aa 


For such depths as actually occur in the ocean 2h9< ma, and the tide is 
therefore inverted. It may be noticed that the formulae (4) make the velocity 
infinite at the poles, as was to be expected, since the depth there is zero. 


221. For any other law of depth a solution can only be obtained in the 
form of a series. In the case of uniform depth, we find, putting s = 2, f= 1, 
4ma/h = 8 in Art. 218 (5), 


apr a 
(1 pt FE + (8 (1 WAP BP 6) ff = — BL — pF, B) 


where yp is written for cos @. In this form the equation is somewhat intract- 
able, since it contains terms of four different dimensions in w. It simplifies 
a little, however, if we transform to 

v, =(1—-p2)t, =sin 8, 


as independent variable; viz. we find 


v2(1 ee v oe — (8 — 2p? — Br) 6’ =— Bvt =— BH'" v8, ...(9) 


which is of three different dimensions in vp. 


To obtain a solution for the case of an ocean covering the globe, we assume 


C= By + Bav? + Bayt +... 4 Bay + oe. cesceseensenees (10) 
Substituting in (9), and equating coefficients, we find 
Ey ome Omg eh) OO ig = OSs ans cena parecns ines (115 
LG Bet OUD peice C= 0,1 tossnsan ests esete (12) 
and thenceforward ; 
2j (2j + 6) Bojra — 2j (2) +3) Bajre + B Boj =O. ...-eeees (13) 
These equations give Bg, Bg, ... By, ... in succession, in terms of By, which 


is so far undetermined. It is obvious, however, from the nature of the 
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problem, that, except for certain special values of h (and therefore of £), 
which are such that there is a free oscillation of corresponding type (s = 2) 
having the speed 2a, the solution must be unique. We shall see, in fact, 
that unless B, have a certain definite value the solution above indicated will 
make the meridian component (uw) of the velocity discontinuous at the 
equator ™*. | 

The argument is in some respects similar to that of Art. 217. If we 
denote by NV; the ratio Ba;,2/Ba; of consecutive coefficients, we have, from (13), 

24+3 B f 
~~ B+6 25 (2 +6) N;’ 
from which it appears that, with increasing j, V; must tend to one or other 
of the limits 0 and 1. More precisely, unless the limit of N; be zero, the 
limiting form of NV;,1 will be 
(2+3)((2j +6), or 1— 5° 
approximately. The latter is identical with the limiting form of the ratio 
of the coefficients of »¥ and v¥2 in the expansion of (1 — v*)#. We infer that, 
unless By have such a value as to make NV, = 0, the terms of the series (10) 
will become ultimately comparable with those of (1 —v*)#, so that we may 
write 
C= L+(1—-v tM, ............ Doerecresetnt es (15) 
where LZ, M are functions of v which do not vanish for y=1. Near the 
equator (vy = 1) this makes 
@ samt S 4M. fool sete aren (16) 

Hence, by Art. 218 (8), w would change from a certain definite value to an 
equal but opposite value as we cross the equator. 


It is therefore essential, for our present purpose, to choose the value of By 
so that V,,=0. This is effected by the same method as in Art. 217. Writing 
(18) in the form 


gota me 
_ _29 (2) +8) 

i= 353 iY anna geaon ees (17) 

a6 Nin 
we see that NV; must be given by the converging continued fraction 
B B B 
nao (27 + 6) (2) + 2)(27+ 8) (2) + 4) (27 +10) 1 
i" +3, 62 pan 92) + han eet (18) 
27 +6 24+8 23+ 10 - 


* In the case of a polar sea bounded by a small circle of latitude whose angular radius is 
<7, the value of B, is determined by the condition that w=0, or 0¢’/dv=0, at the boundary. 
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This holds from j = 2 upwards, but it appears from (12) that it will give also 
the value of WV; (not hitherto defined), provided we use this symbol for B,/H’”. 
We have then 


By=N,H", Be= No Ba, Bg = N3Bg,.... 
Finally, writing £=¢+ ¢’, we obtain 
We aa Nev Ns Nav? 4. Ny Ny Neue ica coeccenes (19) 
As in Art. 217, the practical method of conducting the calculation is to 
assume an approximate value for V;,1, where 7 is a moderately large number, 


and then to deduce N;, Nja, ... Ne, Ny in succession by means of the 
formula (17). 


The above investigation is taken substantially from the very remarkable paper written 
by Kelvin* in vindication of Laplace’s treatment of the problem, as given in the 
Mécanique Céleste. In the passage more especially in question, Laplace. determines the 
constant By by means of the continued fraction for ,, without, it must be allowed, 
giving any adequate justification of the step; and the soundness of this procedure had 
been disputed by Airy+, and after him by Ferrel t. 

Laplace, unfortunately, was not in the habit of giving specific references, so that few of 
his readers appear to have become acquainted with the original presentment§ of the 
kinetic theory, where the solution for the case in question is put in a very convincing, 
though somewhat different, form. Aiming in the first instance at an approximate 
solution by means of a finite series, thus: 


as Bayt gt cae + Dogg eV 1), eset reeds chaste vventanses (20) 


Laplace remarks|| that in order to satisfy the differential equations, the coefficients would 
have to fulfil the conditions 
16B, -108,+BH” =0, 
40B,—28B,+BB, =0, 
(2k —2) (2k +4) Boy y2—(2h-2) (2k+1) By t+BBy—2=0,( 
— 2k (2k +3) Buy 2+ BBx =0, 
BBx 42=0, 
as is seen at once by putting By.,4=0, By4¢=0, ... in the general rélation (13). 
We have here £+1 equations between -& constants. The method followed is to 
determine the constants by means of the first # relations; we thus obtain an exact 
solution, not of the proposed differential equation (9), but of the equation as modified by 
the addition of aterm BBy,.v**+® to the right-hand side. This is equivalent to an 
alteration of the disturbing force, and if we can obtain a solution such that the required 
alteration is very small, we may accept it as an approximate solution of the problem 
in its original form 9. 


* Sir W. Thomson, ‘‘On an Alleged Error in Laplace’s Theory of the Tides,’’? Phil. Mag. 
(4), 1. 227 (1875) [Papers, iv. 231]. 

+ ‘‘Tides and Waves,’’ Art. 111. 

+ ‘Tidal Researches,’’ U.S. Coast Survey Rep. 1874, p. 154. 

§ “Recherches sur quelques points du systéme du monde,” Mém. de V Acad. roy. des Sciences, 
1776 [1779] [Oeuvres, ix. 187...]. 

|| Oeuvres, ix. 218. The notation has been altered. 

{| It is remarkable that this argument is of a kind constantly employed by Airy himself in his 


researches on waves. 
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Now, taking the first & relations of the system (21) in reverse order, we obtain By +2 
in terms of By, thence By, in terms of By, and so on, until, finally, By is expressed in 
terms of H’’; and it is obvious that if & be large enough the value of By,,2, and the 
consequent adjustment of the disturbing force which is required to make the solution 
exact, will be very small. This will be illustrated presently, after Laplace, by a numerical 
example, 

The process just given is plainly equivalent to the use of the continued fraction (18) 
in the manner already explained, starting with j+1=4, and Vk=8/2k(2k+3). The 
continued fraction, as such, does not, however, make its appearance in the memoir here 
referred to, but was introduced in the Mécanique Céleste, probably as an after-thought, as a 
condensed expression of the method of computation originally employed. 


The table below gives the numerical values of the coefficients of the 
several powers of v in the formula (19) for ¢/H’”’, in the cases 8 = 40, 20, 10, 
5, 1, which correspond to depths of 7260, 14520, 29040, 58080, 290400 feet, 
respectively *. The last line gives the value of ¢/H’”’ for v=1, xe. the ratio 
of the amplitude at the equator to its equilibrium-value. At the poles (vy =0), 
the tide has in all cases the equilibrium-value zero. 


B=40 B=20 B=10 B=5 
y2 + 1:0000 + 1:0000 +1:°0000 + 1:0000 
v4 + 20°1862 — 0°2491 +6°1915 +0°7504 +0°1062 
y +10°1164 — 1°4056 +3°2447 +0°1566 +0:°0039 
v8 — 13°1047 —0°8594 +0°7234 +0°0157 +0-0001 
yi0 — 15°4488 — 0°2541 +0°0919 +0:0009 
ee — 7°4581 — 0°0462 + 0°0076 
pyl4 — 2°1975 —0°0058 +0°0004 
y16 — 0°4501 — 0°0006 
is — 0:°0687 
y20 — 0°0082 
Dae — 0:0008 
ve — 0:0001 
— 7°434 — 1°821 +11°259 +1°924 +1°110 
ee as a 


We may use the above numerical results to estimate the closeness of the approxi- 
mation in each case. For example, when 8=40, Laplace finds B,,=—-000004H”"; the 
addition to the disturbing force which is necessary to make the solution exact would then 
be —-00002H’’y*, and would therefore bear to the actual force the ratio — ‘0C002p8, 

It appears from (19) that near the poles, where vis small, the tides are 
in all cases direct. For sufficiently great depths, 8 will be very small, and 
the formulae (17) and (19) then shew that the tide has everywhere sensibly 
the equilibrium-value, all the coefficients being small except the first, which 
is unity. As h is diminished, 8 increases, and the formula (17) shews that 
each of the ratios NV; will continually increase, except when it changes sign 

* The first three cases were calculated by Laplace, l.c. ante p. 330; the last by Kelvin. The 


numbers relating to the third case have been slightly corrected, in accordance with the computa- 
tions of Hough; see p. 347. 
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from + to — by passing through the value 0. No singularity in the 
solution attends this passage of N; through o, except in the case of Mj, 
since, as is easily seen, the product N;_; NV; remains finite, and the coefficients 
in (19) are therefore all finite. But when N,= 0, the expression for ¢ 
becomes infinite, shewing that the depth has then one of the critical values 
already referred to. 

The table on p. 346 indicates that for depths of 29040 feet, and 
upwards, the tides are everywhere direct, but that there is some critical 
depth between 29040 feet and 14520 feet, for which the tide at the equator 
changes from direct to inverted. The largeness of the second coefficient in 
the case 6 =40 indicates that the depth could not be reduced much below 
7260 feet before reaching a second critical value. 

Whenever the equatorial tide is inverted, there must be one or more pairs 
of nodal circles (¢=0), symmetrically situated on opposite sides of the 
equator. In the case of 8 = 40, the position of the nodal circles is given by 
vp =°95, or 6 = 90° + 18°, approximately *. 


222. The dynamical theory of the tides, in the case of an ocean covering 
the globe, with depth uniform along each parallel of latitude, has been greatly 
improved and developed by Hought, who, taking up an abandoned attempt 
of Laplace, substituted expansions in spherical harmonics for the series of 
powers of uw (or v). This has the advantage of more rapid convergence, 
especially, as might be expected, in cases where the influence of the rotation 
is relatively small; and it also enables us to take account of the mutual 
attraction of the particles of water, which, as we have seen in the simpler 
problem of Art. 200, is by no means insignificant. 

If the surface-elevation ¢, and the conventional equilibrium tide-height e 
(in which the effect of mutual attraction is not included), be expanded in 
series of spherical harmonics, thus ] 

eee gS S gk Deanne SOR (1) 


the complete expression for the disturbing Sod will be 


See Oe 


cf. Arv. 200. The 3eries on the right hand is to a substituted for € in the 
equations of Arts. 214...; this will be allowed for if we write 


Egle Mae Neg MOE ack OP ce ee (2) 

3 p 
: Sef eerie tN, BS os pea adesligen 3 
where On In | po’ (3) 


in modification of the notation of Art. 215 (5) or Art. 218 (4). 


* For a fuller discussion of these points reference may be made to the original investigation 


of Laplace, and to Kelvin’s papers. 
+ ‘*On the Application of Harmonic Analysis to the Dynamical Theory of the Tides,’’ Phil. 


Trans. A, clxxxix. 201, and exci. 139 (1897). See also Darwin’s Papers, i. 349, 
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In the oscillations of the ‘First Species,’ the differential equation may be 


written ah 
@f/1=- - 
fe (aa ae oe pape st ea Te ee (4) 
If we assume 
GE PI CEI ALGT C= Spd x (ae eee eee (5) 
we have A (0 ay PN) SPOTS Matinee Pen oa eoegh2 (6) 


Substituting in (4), and oe RE between the limits — 1 and yp, we find 
KM 
¥ @aCn— yn) = wy +380, (7-1) +0 —p9} [" Padu=o. AT) 


Now, by known esi of zonal harmonics*, 


H at 1 nar. 
I He Sal Teva Ce eet e coerce reecces (8) 
a 
ma | "Pade = ay *- = (Pn — Prt) 
ay es) 1 ee he ifs) vesciel & ius =) 
~ Qn+1 (2n+3\ du dp 2n—1\du du 
¥" 1 APnie _ 2 EPs, 
~ (Qn+1)(Qn+3) du (Qn—1)(2n+38) du 
1 LP a3 
ons tye cly dae 
Substituting in (7), and equating to zero the coefficient of (1 —,p?) oe ; 
we find 
1 1 Yn 
(in 3) (n+5) ° ugh Ona) Cuca) esti Gc ae 
: , te = 2 On 
where ue nal (Steal acnne D y aiohen css Ua (11) 
The relation (10) will hold from m= 1 onwards, provided we put 
C_y = 3 Co = 


' The further theory is based substantially on the argument of Laplace, 
given in Art. 221; and the work follows much the same lines as in Arts. 216, 
217, 221. 

In the free oscillations we have y,=0, and the admissible values of f 
are determined by the transcendental equation 


1 1 
5.72.99.112.13 
2 Te 5 A \ Avtase.t occte ieee ie a ee (12) 
1 1 
3.52.77.92.11 
or i ete (18) 


* See Todhunter, Functions of Laplace, dc. c. v.; Whittaker and Watson, Modern Analysis, 
p. 306. 
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according as the mode is symmetrical or asymmetrical with respect to the 
equator. Alternative forms of the period equations are given by Hough, 
suitable for computation of the higher roots, and it is shewn that close 
approximations are given by the equations L, =0 or 

o 3 h 2 

ari 1 {(1 aoe gaa Gas ES’ pe 
except for the first two or three values of n*. 


The following table gives the periods (in sidereal time) of the slowest symmetrical 
oscillation (i.e. the one in which the surface-elevation would vary as P2() if there were 
no rotation), corresponding to various depths f. 


| 


Depth o Period Period 
(feet) 4g when w=0 


@ 


The results obtained for the forced oscillations of the ‘ First Species’ are very similaa 
to those of Art. 217. The limiting form of the long-period tides when o=0 shews the 
foliowing results: 


: plpo= "181 p/Po=90 
=.  —_-~. —_—-_-0———__——~. 
Pole Equator Pole Equator 
40 “140 ‘426 “154 "455 
20 *266 551 
"443 681 ‘470 *708 
"628 "796 


The second and third columns give the ratio of the polar and equatorial tides to the 
respective equilibrium-values{. The numbers in the fourth and fifth columns are repeated 
from Art. 217. The comparison shews the effect of the mutual gravitation of the water 
in reducing the amplitude. 


223. In the more general case, where symmetry about the axis is not 
imposed, the surface-elevation ¢ is expanded by Hough in a series of tesseral 


harmonies of the type , 
i Raat US ICE la APR RO A (1) 


* Reference may also be made to Poole, Proc. Lond. Math. Soc. (2) xix. 299. 

+ The slowest asymmetrical mode has a much longer period. It involves a displacement of 
the centre of mass of the water, so that a correction would be necessary if the nucleus were free ; 
ef. Art. 199. 

+ The numbers are deduced from Hough’s results. The paper referred to contains discussions 
of other interesting points, including an examination of cases of varying depth, with numerical 
illustrations. 
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In relation to tidal theory the most important cases are where the disturbing 
potential is of the form (1), with n=2 and s=1 or s=2, 


The calculations are necessarily somewhat intricate*, and it may suffice 
here to mention a few of the more interesting results, which will indicate 
how the gaps in the previous investigations have been filled. 

To understand the nature of the free oscillations, it is best to begin with 
the case of no rotation (o=0). As @ is increased, the pairs of numerically 
equal, but oppositely signed, values of « which were obtained in Art. 199 
begin to diverge in absolute value, that being the greater which has the 
same sign with w. The character of the fundamental modes is also gradually 
altered. These oscillations are distinguished as ‘of the First Class.’ 


At the same time certain steady motions which are possible, without 
change of level, when there is no rotation, are converted into long-period 
oscillations with change of level, the speeds being initially comparable with 
w. The corresponding modes are designated as ‘of the Second Class’ ; 
ef. Art. 206. 


The following table gives the speeds of those modes of the First Class which are of 
most importance in relation to the diurnal and semi-diurnal tides, respectively, and the 
corresponding periods, in sidereal time. The last column repeats the corresponding periods 
in the case of no rotation, as calculated from the formula (15) of Art. 200. 


Second Species Third Species 
[s=1] [s=9] 

Depth o Period o Period Period 
(feet) é 5 when w=0 
hy me: ink, | heels hy ms 

16337 14 41 13347 17 59 
7260 | _ 09-9834 24 24 ~0°6221 38 34 |t 32 49 
1°8677 1) il 1°6133 14 52 
14520 | _ 11-9450 19 16 ~ 08922 26 54 t 23 12 

21641 Lies 1:9968 2 1 
See = 16170 14 50 —1+2855 18 40 t Mees 

26288 9 8 2°5535 9 24 
eo a ere (eid Tue —1°8575 12 55 t ee 


The quickest oscillation of the Second Class has in each case a period of over a day; 
and the periods of the remainder are very much longer. 


* A simplification is made by Love, ‘‘ Notes on the Dynamical Theory of the Tides,’’ Proc. 
Lond. Math. Soc. (2) xii. 309 (1913). He writes 


EFS BPI A EE 
add asinddd’ ~ asin@dd add’ 
ef. Art. 154 (1). The values of x, y are expanded in series of spherical harmonics. 


¢ These two classes of oscillations have been already encountered in the plane problem of 
Art. 212, 


v= 
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As regards the forced oscillations of the ‘Second Species,’ Laplace’s 
conclusion that when c=, exactly, the diurnal tide vanishes in the case of 
uniform depth, still holds. The computation for the most important lunar 
diurnal tide, for which o/w =-92700, shews that with such depths as we have 
considered the tides are small compared with the equilibrium heights, and 
are in the main inverted. 

Of the forced oscillations of the ‘Third Species, we may note first the 
case of the solar semi-diurnal tide, for which ¢ = 2w with sufficient accuracy. 
For the four depths given in our tables, the ratio of the dynamical tide-height 
to the conventional equilibrium tide-height at the equator is found to be 


+7:9548, —1:5016, -— 23487, +2:1389, 
respectively. 


“The very large coefficients which appear when hg/4w2a? =, indicate 
that for this depth there is a period of free oscillation of semi-diurnal type 
whose period differs but slightly from half-a-day. On reference to the 
tables ... it will be seen that we have, in fact, evaluated this period as 
12 hours 1 minute, while for the case hg/4w?a? = 2, we have found a period 
of 12 hours 5 minutes*. We see then that though, when the period of 
forced oscillation differs from that of one of the types of free oscillation by as 
little as one minute, the forced tide may be nearly 250 times as great as the 
corresponding equilibrium tide, a difference of 5 minutes between these 
periods will be sufficient to reduce the tide to less than ten times the 
corresponding equilibrium tide. It seems then that the tides will not tend 
to become excessively large unless there is very close agreement with the 
period of one of the free oscillations. 

“The critical depths for which the forced tides here treated of become 
infinite are those for which a period of free oscillation coincides exactly with 
12 hours. They may be ascertained by putting [o =2w] in the period- 
equation for the free oscillations and treating this equation as an equation 
for the determination of h....... The two largest roots are..., and the corre- 
sponding critical depths are about 28,182 feet and 7375 feet....... 


“Tt will be seen that in three cases out of the four here considered the effect 
of the mutual gravitation of the waters is to increase the ratio of the tide to 
the equilibrium tide [cf. Art. 221]. In two of the cases the sign is also re- 
versed. This of course results from the fact that whereas when [p/p; = 0°18093] 
one of the periods of free oscillation is rather greater than 12 hours, when 
[p/p1 = 0] the corresponding period will be less than 12 hourst.” 

Hough has also computed the lunar semi-diurnal tides for which 


o e 
ey 0) 96350. 


* [Belonging to a mode which comes next in sequence to the one having a period of 17h. 59 m.] 
+ Hough, Phil. Trans. A, exci. 178, 179. 
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For the four depths aforesaid the ratios of the equatorial tide-heights to their 
equilibrium-values are found to be 


— 24187, —1:8000, +11:0725, +4 1°9225, 
respectively. 


“On comparison of these numbers with those obtained for the solar 
tides..., we see that for a depth of 7260 feet the solar tides will be direct 
while the lunar tides will be inverted, the opposite being the case when the 
depth is 29,040 feet. This is of course due to the fact that in each of these 
cases there is a period of free oscillation intermediate between twelve solar 
(or, more strictly, sidereal) hours and twelve lunar hours. The critical depths 
for which the lunar tides become infinite are found to be 26,044 feet and 
6448 feet. 


“Consequently this phenomenon will occur if the depth of the ocean be 
between 29,182 feet and 26,044 feet, or between 7375 feet and 6448 feet. 
An important consequence would be that for depths lying between these 
limits the usual phenomena of spring and neap tides would be reversed, the 
higher tides occurring when the moon is in quadrature, and the lower at new 
and full moon *.” 


223 a. Some important contributions to the dynamical theory have been 
made by Goldsbrough. Considering, first, the tides in an ocean of uniform depth 
bounded by one or two parallels of latitude, he finds, in the case of a polar 
basin of angular radius 30°, for instance, that for such depths as have been 
considered in Arts. 217, 221 the long-period tides and the semi-dinrnal tides do 
not deviate very widely from the values given by the equilibrium theory, when 
this is corrected as explained in the Appendix+. The case is different with 
the diurnal tides, which vary considerably with the size of the basin and the 
depth, and are as a rule considerable, whereas we have seen that in a uniform 
ocean covering the globe they are negligible. 


In the case of an equatorial belt}, the long-period tides again approximate 
to the equilibrium values, whilst the diurnal and semi-diurnal deviate widely, 
to an extent which varies considerably with the latitudes of the boundaries. 


The variations here met with are doubtless conditioned by the relation 
between the imposed period and the natural periods of free oscillation. This 
question has been examined by Goldsbrough with reference to the semi-diurnal 
tides of the Atlantic ocean, which forms a more or less limited and isolated 
system. Taking the case of an ocean limited by two meridians 60° apart, and 
assuming the law of depth 

h=ho sin? 6, 


* Hough, l.c., where reference is made to Kelyin’s Popular Lectures and Addresses, London, 
1894, ii. 22 (1868). 
+ Proc. Lond, Math. Soc. (2) xiv. 31 (1913). { Ibid, xiv. 207 (1914). 
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he finds* that there will be a free oscillation with o=2e exactly, provided 
ho = 23,200 ft., which means a mean depth of 15,500 ft. With hy = 25,320 ft., 
or a mean depth of 16,880 ft., he finds that the forced tides of the above period 
are still very large compared with the equilibrium values. 

In a more recent papert+ by Goldsbrough and Colborne the depth is taker 
to be uniform and equal to the estimated mean depth (12,700 ft.) of the 
Atlantic. For the imposed frequency they take that of the principal semi- 
diurnal constituent (usually denoted by Mz) of the lunar disturbing force 
(a/2m = -9625). The amplitudes, though not so great as before, prove to be 
largely in excess of the equilibrium values. The diurnal tide in an ocean of 
this type has been investigated by Colbornet. 


224. It is not easy to estimate, in any but the most general way, the 
extent to which the foregoing conclusions of the dynamical theory would 
have to be modified if account could be taken of the actual configuration of 
the ocean, with its irregular boundaries and irregular variation of depth§. 
One or two points may however be noticed. 

In the first place, the formulae (1) of Art. 206 would lead us to expect 
for any given tide a phase-difference, variable from place to place, between 
the tide-height and the disturbing force||. Thus, in the case of the lunar 
semi-diurnal tides, for example, high-water or low-water need not synchronize 
with the transit of the moon or anti-moon across the meridian. More 
precisely, in the case of a disturbing force of given type for which the 
equilibrium tide-height at a particular place would he 


Lem OUST yee aa ths on ana ss ne secceiessnesecens (1) 
the dynamical tide-height will be 
CEA COGM Ob 8E), oe iu e shi fisanessies sen cesen (2) 


where the ratio A/a, and the phase-difference ¢, will be functions of the 
speed a, as well as of the position of the station. 

Again, consider the superposition of two oscillations of the same type but 
of slightly different speeds, e.g. the lunar and solar semi-dinrnal tides. If the 
origin of t be taken at a syzygy, we have 


f mG COSOE a COSC Ep ik sien eoene a Ue (3) 
and f= A cos (ct—€)+ A’ COs (o't— 6’). ceeceeceeeeeeenees (4) 
This may be written 
£=(A+A’ cos d) cos (ct —e)+ A’ singsin (ct—e),  «..... (5) 
where f= (F— EK EH. cirecscrecevencoeeevenees (6) 
* Proc. Roy. Soc. A, cxvii. 692 (1927). + Ibid. exxvi. 1 (1929). 


+ Ibid. exxxi, 38 (1931). 
§ As to the general mathematical problem reference may be made to Poincaré, “ Sur l’équi- 


libre et les mouvements des mers,’’ Liouville (5), ii. 57, 217 (1896), and to his Legons de mécanique 
céleste, iil. 
|| This is illustrated by the canal problem of Art. 184. 
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If the first term in the second member of (4) represents the lunar, and the 
second the solar tide, we shall have o<o’, and A > A’. If we write 


A+ A’ cos $=C cosa, Apain pC Sindy) ae sn csae (7) 

we get C=C cos (at ~€—G), sacssetsennacacnserssmenees (8) 
A’ si 

where C=(A?+2AA'coso+4’)t, 2 =tan- revert (9) 


This may be described as a simple-harmonic oscillation of slowly varying 
amplitude and phase. The amplitude ranges between the limits A + 4’, 
whilst @ may be supposed to lie always between +47. The ‘speed’ must 
also be regarded as variable, viz. we find 


d _ cA?+(o+0') AA’ cosp+oa'A® 1 
FTA AD ee UY VOY ELI Am Weoonpotors ( 0) 
This ranges between 
Aac+A’'o A Ac—A'o ats 


era 4 

The above is the well-known explanation of the phenomena ot the spring- 
and neap-tidest; but we are now concerned further with the question of 
phase. On the equilibrium theory, the maxima of the amplitude C would 
occur whenever 

(o’ —c) t=2nrm, 
where n is integral. On the dynamical theory the corresponding times of 
maximum are given by 
(o’ —c)t—(é’ — €) = 2nm, 

a.e. the dynamical maxima follow the statical by an interval 


(e’ —e)/(o’ —c). 
If the difference between o’ and o were infinitesimal, this would be equal to 
de/de. 


The fact that the time of high-water, even at syzygy, may follow or 
precede the transit of the moon or anti-moon by an interval of several hours 
is well known§. The interval, when reckoned as a retardation, is, moreover, 
usually greater for the solar than for the lunar semi-diurnal tide, with the 
result that the spring-tides are in many places highest a day or two after 
the corresponding syzygy. The latter circumstance has been ascribed] to 
the operation of Tidal Friction (for which see Chapter x1.), but it is evident 


* Helmholtz, Lehre von den Tonempfindungen (2° Aufi.), Braunschweig, 1870, p. 622. 

+ Cf. Thomson and Tait, Art. 60. 

+ This interval may of course be negative. 

§ The values of the retardations (which we have denoted by e) for the various tidal com- 
ponents, at a number of ports, are given by Baird and Darwin, ‘Results of the Harmonic 
Analysis of Tidal Observations,’”? Proc. R. S, xxxix. 185 (1885), and Darwin, ‘‘ Second Series of 
Results...,’’ Proc. R, S. xlv, 556 (1889). 

|| Airy, ‘‘ Tides and Waves,’’ Art. 459. 
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that the phase-differences which are incidental to a complete dynamical 
theory, even in the absence of friction, cannot be ignored in this connection. 
There is reason to believe that they are, indeed, far more important than 
those due to the latter cause. 


Lastly, it was shewn in Arts. 206, 217 that the long-period tides may 
deviate very considerably from the values given by the equilibrium theory, 
owing to the possibility of certain steady motions in the absence of disturbance. 
It has been pointed out by Rayleigh* that these steady motions may be 
impossible in certain cases where the ocean is limited by perpendicular 
barriers. Referring to Art. 214 (6), it appears that if the depth h be 
uniform, € must (in the steady motion) be a function of the co-latitude 6 
only, and therefore. by (4) of the same Art., the eastward velocity » must be 
uniform along each parallel of latitude. This is inconsistent with the existence 
of a perpendicular barrier extending along a meridian. The objection would 
not necessarily apply to the case of a sea shelving gradually from the central 
parts to the edget. 


225. We may complete the investigation of Art. 200 by a brief notice of 
the question of the stability of the ocean, in the case of rotation. 


It has been shewn in Art. 205 that the condition of secular stability is 
that V— 7) should be a minimum in the equilibrium configuration. If we 
neglect the mutual attraction of the elevated water, the application to the 
present problem is very simple. The excess of the quantity V— Tj over its 
undisturbed value is evidently 


[[{[foe—dorer def d8, cacnennnnnennen (1) 


where W denotes the potential of the earth’s attraction, 6S is an element of 
the oceanic surface, and the rest of the notation is as before. Since V — $0?a? 
is constant over the undisturbed level (z = 0), its value at a small altitude z 
may be taken to be gz + const., where, as in Art. 213, 


aps E (y— jotat)| pea eoteapa et (2) 


Since {{fdS = 0, on account of the constancy of volume, we find from (1) that 
the increment of V — 7) is 


RNVGCROSE ice wg Deen nse vexsnp cabivton cso (3) 


This is essentially positive, and the equilibrium is therefore ‘secularly’ stable. 


* “Note on the Theory of the Fortnightly Tide,” Phil. Mag. (6) v. 136 (1903) [Papers, 
iv. 84]. ilies 
+ ie theory of the limiting forms of long-period tides in oceans of various types is discussed 
by Proudman, Proc. Lond. Math. Soc. (2) xiii. 273 (1913). 
+ Cf. Laplace, Mécanique Céleste, Livre 4™°, Arts. 13, 14. 
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It is to be noticed that this proof does not involve any restriction as to 
the depth of the fluid, or as to smallness of the ellipticity, or even as to 
symmetry of the undisturbed surface with respect to the axis of rotation. 


If we wish to take into account the mutual attraction of the water, the 
problem can only be solved without difficulty when the undisturbed surface 
is nearly spherical, and we neglect the variation of g. The question (as to 
secular stability) is then exactly the same as in the case of no rotation. 
The calculation for this case will find an appropriate place in the next 
chapter (Art. 264). The result, as we might anticipate from Art. 200, is 
that the necessary and sufficient condition of stability of the ocean is that its 
density should be less than the mean density of the earth*. 


226. This is perhaps the most suitable occasion for a few additional 
remarks on the general question of stability of dynamical systems. We 
have in the main followed the ordinary usage which pronounces a state of 
equilibrium, or of steady motion, to be stable or unstable according to the 
character of the solution of the approximate equations of disturbed motion. 
If the solution consists of series of terms of the type Ce*, where all the 
values of \ are pure imaginary (7.e. of the form ic), the undisturbed state is 
usually reckoned as stable; whilst if any of the )’s are real, it is accounted 
unstable. In the case of disturbed equilibrium, this leads algebraically to 
the usual criterion of a minimum value of V as a necessary and sufficient 
condition of stability. 


It has in recent times been questioned whether this conclusion is, from 
a practical point of view, altogether warranted. It is pointed out that since 
the approximate dynamical equations become less and less accurate as the 
deviation from the equilibrium configuration increases, it is a matter for 
examination how far rigorous conclusions as to the ultimate extent of the 
deviation can be drawn from them +. 


The argument of Dirichlet, which establishes that the occurrence of 
a minimum value of V is a sufficient condition of stability, in any practical 
sense, has already been referred to. No such simple proof is available to 
shew without qualification that this condition is necessary. If, however, we 
recognize the existence of dissipative forces, which are called into play by 


any motion whatever of the system, the conclusion can be drawn as in 
Art. 205. 


A little consideration will shew that a good deal of the obscurity which 
attaches to the question arises from the want of a sufficiently precise 
mathematical definition of what is meant by ‘stability.’ The difficulty 
is encountered in an aggravated form when we pass to the question of 


* Cf. Laplace, U.c. 
+ See papers by Liapounoff and Hadamard, Liouville (5), iii. (1897). 
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stability of motion. The various definitions which have been propounded 
by different writers are examined critically by Klein and Sommerfeld in 
their book on the theory of the top*. Rejecting previous definitions, they 
base their criterion on the character of the changes produced in the path of 
the system by small arbitrary disturbing impulses. If the undisturbed path 
be the limiting form of the disturbed path when the impulses are indefinitely 
diminished, it is said to be stable, but not otherwise. For instance, the 
vertical fall of a particle under gravity is reckoned as stable, although for 
a given impulsive disturbance, however small, the deviation of the particle’s 
position at any time t from the position which it occupied in the original 
motion increases indefinitely with ¢. Even this criterion, as the writers 
referred to themselves recognize, is not free from ambiguity unless the phrase 
‘limiting form,’ as applied to a path, be strictly defined. It appears moreover 
that a definition which is analytically precise may not in all cases be easy to 
reconcile with geometrical prepossessions t+. 


The foregoing considerations have reference, of course, to the question 
of ‘ordinary’ stability. The more important theory of ‘secular’ stability 
(Art. 205) is not affected. We shall meet with the criterion for this, under 
a somewhat modified form, at a later stage in our subject}. 


* Ueber die Theorie des Kreisels, Leipzig, 1897..., p. 342. 

+ Some good illustrations are furnished by Particle Dynamics. Thus a particle moving in a 
circle about a centre of force varying inversely as the cube of the distance will if slightly disturbed 
either fall into the centre, or recede to infinity, after describing in either case a spiral with an 
infinite number of conyolutions, Each of these spirals has, analytically, the circle as its 
‘limiting form,’ although the motion in the latter is most naturally described as unstable. 
Cf. Korteweg, Wiener Ber. May 20, 1886. 

A narrower definition has been given by Love, and applied by Bromwich to several dynamical 
and hydrodynamical problems; see Proc. Lond. Math. Soc, (1) xxxiii. 325 (1901). 

+ This summary is taken substantially from the Art. ‘‘ Dynamics, Analytical,’ in Hncyc. 
Brit. 10th ed. xxvii. 566 (1902), and 11th ed, viii. 756 (1910). 


APPENDIX 


TO CHAPTER VIII 


ON TIDE-GENERATING FORCES 


a. Ir, in the annexed figure, 0 and C be the centres of the earth and of the disturbing 
body (say the moon), the potential of the moon’s attraction at a point P near the earth’s 
surface will be —yM/CP, where M denotes the moon’s mass, and y the gravitation- 
constant. If we put OC=D, OP=r, and denote the moon’s (geocentric) zenith-distance 
at P, viz. the angle POC, by 9, this potential is equal to 


atebertan FS 2 he 
(D2— 2rD cos 9472) 


Cc’ 


We require, however, not the absolute accelerative effect at P, but the acceleration 
relative to the earth. Now the moon produces in the whole mass of the earth an 
acceleration yM/D?* parallel to OC, and the potential of a uniform field of force of this 
intensity is evidently 


ait 7 cos 9. 


eae this from the former result we get, for the potential of the relative attraction 
at P, 
Se 1 1 rics Sek eee (1) 
(D* - 27rDcos$ ay Pe 
This function Q is identical with the ‘disturbing-function’ of planetary theory. 
Expanding in powers of 7/D, which is in our.case a small quantity, and retaining only 


the most important term, we find 


By eres Kies micaecuneiace ee (2) 


Considered as a function of the aie of P, this is a zonal harmonic of the second 
degree, with OC as axis. 


The reader will easily verify that, to the order of approximation adopted, Q is equal to 
the joint potential of two masses, each equal to 4M, placed, one at C, and the other at a 
point 0’ in CO produced such that 00"’= OC t. 


b. In the ‘equilibrium-theory’ of the tides it is assumed that the free surface takes 
at each instant the equilibrium-form which might be maintained if the disturbing body 
were to retain unchanged its actual position relative to the rotating earth. In other 


* The effect of this is to produce a monthly inequality in the motion of the earth’s centre 
about the sun. The amplitude of the inequality in radius vector is about 3000 miles; that of 
the inequality in longitude is about 7”; see Laplace, Mécanique Céleste, Livre 6™°, Art. 30, and 
Livre 13™¢, Art. 10. 


+ Thomson and Tait, Art. 804. These two fictitious bodies are designated as ‘moon’ and 
‘anti-moon,’ respectively. 
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words, the free surface is assumed to be a level-surface under the combined action of 
gravity, of centrifugal force, and of the disturbing force. The equation to this level- 
surface is 

Wis Ser ON COUSG 6) ceaecea ter easet scons tecteuecervoces (3) 


where @ is the angular velocity of the rotation, a denotes the distance of any point from 
the earth’s axis, and © is the potential of the earth’s attraction. If we use square 
brackets [ ] to distinguish the values of the enclosed quantities at the undisturbed level, 
and denote by ¢ the elevation of the water above this level due to the disturbing 
potential Q, the above equation is equivalent to 


[¥ —40?2a7] + E (¥- joa?) | CO meCOnSt ate 5, 8. .n00s osonce Cestaes (4) 


approximately, where 0/dz is used to indicate a space-differentiation along the normal 
outwards. The first term is of course constant, and we therefore have 


where, as in Art. 213, g-| = (¥—40? a) |. eiereisaieloe'io saheticerece auisatiessculseae (6) 


Evidently, g denotes the value of ‘apparent gravity’; it will of course vary more or less 
with the position of P on the earth’s surface. 


It is usual, however, in the theory of the tides, to ignore the slight variations in the 
value of g, and the effect of the ellipticity of the undisturbed level on the surface-value 
of ©. Putting, then, r=a, g=y£/a?, where # denotes the earth’s mass, and a the mean 
radius of the surface, we have, from (2) and (5), 


Ge 1 (00649 4) S50. Bo inacuame sopdecrpaieh he. thamtieaies (7) 


3 
where H=32. oy (5) BTDDy. ecent BCR sateoBaa san soonnacaobsOosBeaNI. (8) 


as in Art. 180. Hence the equilibrium-form of the free surface is a harmonic spheroid of 
the second order, of the zonal type, whose axis passes through the disturbing body. 


c. Owing to the diurnal rotation, and also to the orbital motion of the disturbing 
body, the position of the tidal spheroid relative to the earth is continually changing, 
so that the level of the water at any particular place will continually rise and fall. 
To analyse the character of these changes, let 6 be the co-latitude, and ¢ the longitude, 
measured eastward from some fixed meridian, of any place P, and let A be the north-polar- 
distance, and a the hour-angle west of the same meridian, of the disturbing body. We 


have, then, ' 
Cos $=COS A COS A+S8iN ASIN A COS (A+), crcsssssesceseesceeceeee (9) 


and thence, by (7), vt 
(= $H (cos? A —}4) (cos? 6 — 4) 
+44 sin 2A sin 26 cos (a+) 
+44 sin? A sin? cos 2 (at+p)+C. Meise dsless sien dsaleesiosciese sis (10) 


Each of these terms may be regarded as representing a partial tide, and the results 
superposed. 

Thus, the first term 1s a zonal harmonic of the second order, and gives a tidal spheroid 
‘vmmetrical with respect to the earth’s axis, having as nodal lines the parallels for which 
cos? 6=4, or 6=90°+ 35° 16’. The amount of the tidal elevation in any particular latitude 
varies as cos?A—4. In the case of the moon the chief fluctuation in this quantity has 
a period of about a fortnight; we have here the origin of the ‘lunar fortnightly’ or 
‘ declinational’ tide. When the sun is the disturbing body, we have a ‘solar semi-annual’ 
tide. It is to be noticed that the mean value of cos? A—4 with respect to the time is not 
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zero, so that the inclination of the orbit of the disturbing body to the equator involves as 
a consequence a permanent change of mean level. Cf. Art. 183. 


The second term in (10) is a spherical harmonic of the type obtained by putting n=2, 
s=1 in Art. 86 (7). The corresponding tidal spheroid has as nodal lines the meridian 
which is distant 90° from that of the disturbing body, and the equator. The disturbance 
of level is greatest in the meridian of the disturbing body, at distances of 45° N. and S. of 
the equator. The oscillation at any one place goes through its period with the hour- 
angle, a, 7.e. in a lunar or solar day. The amplitude is, however, not constant, but varies 
slowly with A, changing sign when the disturbing body crosses the equator. This term 
accounts for the lunar and solar ‘diurnal’ tides. 


The third term is a sectorial harmonic (n=2, s=2), and gives a tidal spheroid having 
as nodal lines the meridians which are distant 45° E. and W. from that of the disturbing 
body. The oscillation at any one place goes through its period with 2a, z.e. in half a (lunar 
or solar) day, and the amplitude varies as sin? A, being greatest when the disturbing body 
is on the equator. We have here the origin of the lunar and solar ‘semi-diurnal’ tides. 


The ‘constant’ C is to be determined by the consideration that, on account of the 
invariability of volume, we must have 


i CaScs Ok, eee eater eee eee (11) 


where the integration extends over the surface of the ocean. If the ocean cover the 
whole earth we have (’=0, by the general property of spherical surface-harmonics. quoted 
in Art. 87. It appears from (7) that the greatest elevation above the undisturbed level is 
then at the points $=0, 9=180°, ze. at the points where the disturbing body is in 
the zenith or nadir, and the amount of this elevation is 34. The greatest depression is at 
places where $=90°, ze. the disturbing body is on the horizon, and is }H. The greatest 
possible range is therefore equal to H. 


In the case of a limited ocean, C does not vanish, but has at each instant a definite 
value depending on the position of the disturbing body relative to the earth. This value 
may be easily written down from equations (10) and (11); it is a sum of spherical 
harmonic functions of A, a, of the second order, with constant coefficients in the form of 
surface-integrals whose values depend on the distribution of land and water over the 
globe. The changes in the value of C, due to relative motion of the disturbing body, 
give a general rise and fall of the free surface, with (in the case of the moon) fortnightly, 
diurnal, and semi-diurnal periods. This ‘correction to the equilibrium-theory’ as usually 
presented, was first fully investigated by Thomson and Tait*. The necessity for a 
correction of the kind, in the case of a limited sea, had however been recognized by 
D. Bernoullit. 


The correction has an influence on the time of high water, which is no longer synchronous 
with the maximum of the disturbing potential. The interval, moreover, by which high 
water is accelerated or retarded differs from place to place f. 


d. We have up to this point neglected the mutual attraction of the particles of the 
water. To take this into account, we must add to the disturbing potential @ the 
gravitation-potential of the elevated water. In the case of an ocean covering the earth, 
the correction can be easily applied, as in Art. 200. If we put n=2 in the formulae of 


* Natural Philosophy, Art. 808; see also Darwin, ‘‘On the Correction to the Equilibrium 
Theory of the Tides for the Continents,’’ Proc. Roy. Soc. April 1, 1886 [Papers, i. 328]. It 
appears as the result of a numerical calculation by Prof. H. H. Turner, appended to this paper, 
that with the actual distribution of land and water the correction is of little importance. 

+ Traité sur le Flux et Reflux de la Mer, ec. xi. (1740). This essay, as well as the one by 
Maclaurin cited on p. 307, and another on the same subject by Kuler, is reprinted in Le Seur and 
Jacquier’s edition of Newton’s Principia. 


{ Thomson and Tait, Art. 810. The point is illustrated by the formula (3) of Art. 184 supra. 
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that Art., the addition to the value of @ is —%p/p).g¢; and we thence find without 
difficulty 


> H 
CaT= balk (cos? 3 — 4). Wee ence reese cece ceseceessaccanees (12) 


It appears that all the tides are increased, in the ratio (1—2p/p 9)". If we assume 
p/pp='18, this ratio is 1°12. 


e. So much for the equilibrium theory. For the purposes of the kinetic theory 
of Arts. 213-224, it is necessary to suppose the value (10) of ¢ to be expanded in a 
series of simple-harmonic functions of the time. The actual expansion, taking account of 
the variations of A and a, and of the distance D of the disturbing body (which enters 
into the value of H), is a somewhat complicated problem of Physical Astronomy, into 
which we do not enter*. 


Disregarding the constant C, which disappears in the dynamical equations (1) of 
Art. 215, the constancy of volume being now secured by the equation of continuity (2), it 
is easily seen that the terms in question will be of three distinct types. 


First, we have the tides of long period, for which 


Ca (oont' 94) 5.008 (ot pels eek teis hel AAs (13) 


The most important tides of this class are the ‘lunar fortnightly’ for which, in degrees 
per mean solar hour, ¢=1°-098, and the ‘solar-annual’ for which « =0°:082. 


Secondly, we have the diurnal tides, for which 
C= mn 6 608.8. GOB (GEE DAE), .ccsorsseressscenseaveenses (14) 


where o differs but little from the angular velocity w of the earth’s rotation. These 
include the ‘lunar diurnal’ (¢=13°-943), the ‘solar diurnal’ (e=14°'959), and the ‘luni- 
solar diurnal’ (c=o=15°-041). 


Lastly, we have the semi-diurnal tides, for which 
CFT ee PCOS LL LOA), sasesssesconndan od esx ven (15)t 


where o differs but little from 20. These include the ‘lunar semi-diurnal’ (¢ =28°'984), 
the ‘solar semi-diurnal’ (o =30°), and the ‘luni-solar semi-diurnal’ (o =2a=30°'082). 


For a complete enumeration of the more important partial tides, and for the values of 
the coefficients H’, H”, H’”’ in the several cases, we must refer to the investigations of 
Darwin, already cited. In the Harmonic Analysis of Tidal Observations, which is the 
special object of these investigations, the only result of dynamical theory which is made 
use of is the general principle that the tidal elevation at any place must be equal to the 
sum of a series of simple-harmonic functions of the time, whose periods are the same as 
those of the several terms in the development of the disturbing potential, and are therefore 
known @ priort. The amplitudes and phases of the various partial tides, for any particular 
port, are then determined by comparison with tidal observations extending over a 


* Reference may be made to Laplace, Mécanique Céleste, Livre 13™°, Art. 2, The more 
complete development which has served as the basis of all recent accurate tidal work is due to 
Darwin, and is reprinted in his Papers, i. This development is only quasi-harmonic, certain 
elements which are only slowly variable being treated as constants, but adjustable from time to 
time. A strict harmonic development has recently been carried out by Doodson, Proc. Roy. Soc. 
A, c. 305 (1921). 

+ It is evident that over a small area, near the poles, which may be treated as sensibly plane, 
the formulae (14) and (15) make 

fxrcos(st+p+e), and fx 7r2cos(ct+2p+e), 
respectively, where 7, w are plane polar co-ordinates, These forms have been used by anticipation 
in Arts. 211, 212. 
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sufficiently long period*. We thus obtain a practically complete expression which can be 
used for the systematic prediction of the tides at the port in question. 


f. One point of special interest in the Harmonic Analysis is the determination of the 
long-period tides. It has been already stated that under the influence of dissipative 
forces these must tend to approximate more or less closely to their equilibrium values. 
In the case of an ocean covering the globe it is at least doubtful whether the dissipative 
forces would be sufficient to produce an appreciable effect in the direction indicated. The 
amplitudes might therefore be expected to fall below those given by the equilibrium theory, 
for the dynamical reason explained in Arts. 206, 214. In the actual ocean, on the other 
hand, this consideration does not apply t, whilst the influence of friction is much greater. 
We may assume, then, that if the earth were absolutely rigid the long-period tides would 
have their full equilibrium values. As a matter of fact the lunar fortnightly, which is 
the only one whose amplitude can be inferred with any certainty from the observations, 
appears to fall short by about one-third. The discrepancy is attributed to elastic yielding 
of the solid body of the earth to the tidal distorting forces exerted by the moon. 


* It is of interest to note, in connection with Art. 187, that the tide-gauges, being situated 
in relatively shallow water, are sensibly affected by certain tides of the second order, which 
therefore have to be taken-account of in the general scheme of Harmonic Analysis. 

+ See the paper by Rayleigh cited on p. 355 ante. 


CHAPTER IX 
SURFACE WAVES 


227. We have now to investigate, as far as possible, the laws of wave- 
motion in liquids when the vertical acceleration is no longer neglected. The 
most important case not covered by the preceding theory is that of waves 
on relatively deep water, where, as will be seen, the agitation rapidly 
diminishes in amplitude as we pass downwards from the surface; but it 
will be understood that there is a continuous transition to the state of things 
investigated in the preceding chapter, where the horizontal motion of the 
fluid was sensibly the same from top to bottom. 


We begin with the oscillations of a horizontal sheet of water, and we will 
confine ourselves in th» first instance to cases where the motion is in two 
dimensions, of which one (z) is horizontal, and the other (y) vertical. The 
elevations and depressions of the free surface will then present the appearance 
of a series of parallel straight ridges and furrows, perpendicular to the 
plane xy. 

The motion, being assumed to have been generated originally from rest 
by the action of ordinary forces, will necessarily be irrotational, and the 
velocity-potential ¢ will satisfy the equation 


Oh Ph _ 
aa Oy? = 0, voce ere cee vcccenseecessveeerceees (1) 
: oe op 
with the condition ai WT cirismidoaie ds edivisin dhidtiniy ale ap thiaatas (2) 


at a fixed boundary. 

To find the condition which must be satisfied at the free surface 
(p =const.), let the origin O be taken at the undisturbed level, and let Oy 
be drawn vertically upwards. The motion being assumed to be infinitely 
small, we find, putting 2 = gy in the formula (4) of Art. 20, and neglecting 
the square of the velocity (q), 

PF gy + F(. Weaiedte, vom ek (3) 

Hence if 7 denote the elevation of the surface at time ¢ above the point (, 0), 
we shall have, since the pressure theres uniform, 


provided the function F'(t), and the additive constant, be supposed merged 
in the value of d¢/ét. Subject to an error of the order already neglected, 
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this may be written 


Since the normal to the free surface makes an infinitely small angle 
(dn/dx) with the vertical, the condition that the normal component of the 
fluid velocity at the free surface must be equal to the normal velocity of the 
surface itself gives, with sufficient approximation, 


a = Bim Pe (6) 


This is in fact what the general surface condition (Art. 9 (3)) becomes, if we 
put F(a, y, z,t)=y—n7, and neglect small quantities of the second order. 


Eliminating » between (5) and (6), we obtain the condition 


Od ob _ 
a t95y => 0, cece vecccsccncsceccnencnccccee (7) 


to be satisfied when y=0. This is equivalent to Dp/Dt = 0. 


In the case of simple-harmonic motion, the time-factor being e**+®, this 
condition becomes 


o ot: 8 
0) I 5° scibswusines <qnagweneeenecsaeseeee (8) 


228. Let us apply this to the free oscillations of a sheet of water, or a 
straight canal, of uniform depth h, and let us suppose for the present that 
there are no limits to the fluid in the direction of x, the fixed boundaries, if 
any, being vertical planes parallel to ay. 

Since the conditions are uniform in respect to a, the simplest supposition 
we can make is that ¢ is a simple-harmonic function of #; the most general 
case consistent with the above assumptions can be derived from this by 
superposition, in virtue of Fourier’s Theorem. 


We assume then 


ise P CCS ei « ONCE TS ee na ten on eee (1) 
where P is a function of y only. The equation (1) of Art. 227 gives 
EP) eee (2) 
te po gverite ice cee evateneeeareteme 
whence PA A BE IY Meat cts ee ee ea eee (3) 


The condition of no vertical motion at the bottom is op/dy = 0 for y=—h, 
whence 
Ae = Beh, = 40, say. 


This leads to = Ceosh k(y +h) cos ka ett), occ c cones (4) 
The value of o is then determined by Art. 227 (8), which gives 
oven gk tanh Khe ivecss-<c0t eens ore nee (5) 
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Substituting from (4) in Art. 227 (5), we find 


n= = CII COS KI CUO T Sy te oe crs ans Sees soak (6) 
or, writing a=— me . cosh kh, 


and retaining only the real part of the expression, 
YO COB MG. SIN (GEE) oe inestcasasccst cQeceis. (7) 


This represents a system of ‘standing waves,’ of wave-length X= 27/k, 
and vertical amplitude a. The relation between the period (27/c) and the 
wave-length is given by (5). Some numerical examples of this dependence 
are given on p. 369. 


In terms of a we have 


_ _ gacosh k (y +h) 
e=—"S  cosh kh 
and it is easily seen from Art. 62 that the corresponding value of the stream- 
function is 


COS HE. COS (CLA €), oc onc sasetsnses (8) 


_ gasinhk(y+h) 
oe ANG BS 
If x, y be the co-ordinates of a particle relative to its mean position (a, y), 
we have 


Bi i COS CEP C)e ns. echo. sc arae: (9) 


dx 0d dy __ op 
Tene? dpa gy? (10) 


if we neglect the differences between the component velocities at the points 
(x, y) and («+ x, y+y), as being small quantities of the second order. Sub- 
stituting from (8), and integrating with respect to ¢, we find 


re SD) ree aint (at €), 
sinh kh (11) 
eee nell ee 
Ie Vee yo cos kx. sin (at + e), 


where a slight reduction has been effected by means of (5). The motion of 
each particle is rectilinear, and simple-harmonic, the direction of motion 
varying from vertical, beneath the crests and hollows (ka = mr), to horizontal, 
beneath the nodes (ka =(m + 4)7). As we pass downwards from the surface 
to the bottom the amplitude of the vertical motion diminishes from a cos ka 
to 0, whilst that of the horizontal motion diminishes in the ratio cosh kh: 1. 


When the wave-length is very small compared with the depth, kh is large, 
and therefore tanh kh =1*, The formulae (11) then reduce to 


x = — ae” sin kx. sin (ot + €), y = ae coskx.sin(ot+e), ...(12) 
with DP NAM to teesadeases tase vaplncenentess (13) 


* This case may of course be more easily investigated independently. 
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The motion now diminishes rapidly from the surface downwards; thus at 
a depth of a wave-length the diminution of amplitude is in the ratio e~™” or 
1/535. The forms of the lines of (oscillatory) motion (x=const.), for this 
case, are shewn in the annexed figure. 


In the above investigation the fluid is supposed to extend to infinity in 
the direction of x, and there is consequently no restriction to the value of k. 
The formulae also give, however, the longitudinal oscillations in a canal of 
finite length, provided & have the proper values. If the fluid be bounded by 
the vertical planes « =0, x=1 (say), the condition d¢/0«=0 is satisfied at 
both ends provided sinkl=0, or kl=m, where m=1, 2, 3, ...... The 
wave-lengths of the normal modes are therefore given by the formula 
N= 2/m. Cf. Art. 178. 


229. The investigation of the preceding Art. relates to the case of 
‘standing’ waves; it naturally claimed the first place, as a straightforward 
application of the usual method of ascertaining the normal modes of oscilla- 
tion of a system about a state of equilibrium. 


In the case, however, of a sheet of water, or a canal, of uniform depth, 
extending horizontally to infinity in both directions, we can, by super- 
position of two systems of standing waves of the same wave-length, obtain 
a system of progressive waves which advance unchanged with constant 
velocity. For this, it is necessary that the crests and troughs of one 
component system should coincide (horizontally) with the nodes of the other, 
that the amplitudes of the two systems should be equal, and that their 
phases should differ by a quarter-period. 


Thus if we put A SA ce gs bese ovo nina sleae ete cee ee (1) 
where m=asin kx cos ct, a =.0 COS ke sin ot, ...scesn cote cvs (2) 
we get n=a sin (ka fat) Cae aS eee (3) 


which represents an infinite train of waves travelling in the negative or 
positive direction of «, respectively, with the velocity c given by 


ou (Gg 2 
Cane (¢ tanh kh) Row iisah ovinoaee Gee caaawacees (4) 


where the value of o has been substituted from Art. 228 (5). In terms of» 
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the wave-length (A) we have 
_ (2 =z 
c= (¢ tanh a eS (5) 
When the wave-length is anything less than double the depth, we have 
tanh kh = 1, sensibly, and therefore * 


oo (2) e (2e RoR cae (6) 


On the other hand when 2X is moderately large compared with h we have 
tanh kh=kh, nearly, so that the velocity is independent of the wave-length, 
being given by 

TOTTI ETERS, SR Ce ee (7) 


as in Art. 170. This result is here obtained on the assumption that the 
wave-profile is a curve of sines, but Fourier’s Theorem shews that the 
restriction is now to a great extent unnecessary. 


It appears, on tracing the curve y=(tanh~)/x, or from a numerical 
table to be given presently, that for a given depth A the wave-velocity 
increases constantly with the wave-length, from zero to the asymptotic 
value (7). 

Let us now fix our attention, for definiteness, on a train of simple-harmonic 
waves travelling in the positive direction, i.e. we take the lower sign in (1) 
and (3). It appears, on comparison with Art. 228 (7), that the value of 7 is 
deduced by putting e=4}7, and subtracting 47 from the value of ket, and 
that of ne by putting e=0, simply. This proves a statement made above as 
to the relation between the component systems of standing waves, and also 
enables us to write down at once the proper modifications of the remaining 
formulae of the preceding Art. 

Thus, we find, for the component displacements of a particle, 


__coshk(y+h) 
X=X,—X,= a —— cos (ka — ot), 


9 =¥y— Y= EE) cin (hn — at) 

This shews that the motion of each particle is elliptic-harmonic, the period 
(22/a,=/c) being that in which the disturbance travels over a wave-length. 
The semi-axes, horizontal and vertical, of the elliptic orbits are 

cosh k h sinh k(y+h 
Saree oo re ayaa 
respectively. These both diminish from the surface to the bottom (y= — h), 
where the latter vanishes. The distance between the foci is the same for all 


* Green, ‘Note on the Motion of Waves in Canals,’’ Camb. Trans. vii. (1839) [Papers, 


p. 279]. 
+ This is merely equivalent to a change of the origin from which x is measured. 
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the ellipses, being equal to a cosech kh. It easily appears, on comparison 
of (8) with (3), that a surface-particle is moving in the direction of wave- 
propagation when it is at a crest, and in the opposite direction when it is in 
a trough*. 
When the depth exceeds half a wave-length, e is very small, and the 
formulae (8) reduce to 
x = ae” cos (ka — at), y= ge sin (hao Os), seiecdres es (9) 


so that each particle describes a circle, with constant angular velocity 
o,=(2mg/d)t+. The radii of these circles are given by the formula ae”, and 
therefore diminish rapidly downwards. 


In the table given below, the second column gives the values of sech 4A corresponding 
to various values of the ratio h/A. This quantity measures the ratio of the horizontal 
motion at the bottom to that at the surface. The third column gives the ratio of the 
vertical to the horizontal diameter of the elliptic orbit of a surface-particle. The fourth 
and fifth columns give the ratios of the wave-velocity to that of waves of the same length 
on water of infinite depth, and to that of ‘long’ waves on water of the actual depth, 
respectively. 

The tables of absolute values of periods and wave-velocities, on the opposite page, are 
abridged from Airy’s treatise}. The value of g adopted by him is 32°16 ft./sec.? 


The possibility of progressive waves advancing with unchanged form is limited, theo- 
retically, to the case of uniform depth; but the numerical results shew that a variation 
in the depth will have no appreciable influence, provided the depth everywhere exceeds 
(say) half the wave-length, 


sech kh 


: 1-000 
“Ol “998 
02 "992 
03 983 
04 “969 
*05 953 
06 933 
07 “911 
08 “886 
“09 *859 
“10 *831 
20 527 
30 °297 
*40 161 
“50 *086 
“60 *046 
“70 025 
80 013 
: 007 

004 


“000 


* The results of Arts. 228, 229, for the case of finite depth, were given, substantially, by 
Airy, ‘‘Tides and Waves,’’ Arts. 160... (1845). 
+ Green, l.c. { ‘‘Tides and Waves,’’ Arts. 169, 170. 
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Length of wave, in feet 
Depth of 


water, 
oe 1 | 10 | 100 | 1000 | 10,000 


Period of wave, in seconds 


17°645 176°33 1763°3 
5°923 55°80 557-62 
4°420 18°73 176°45 
4°420 13°98 59°23 
4°420 13°98 44°20 


Length of wave, in feet 


1 | 10 | 100 | 1000 10,000 


Wave-velocity, in feet per second 


5°339 5°667 5671 5°671 
7°154 16°88 17°92 17°93 
7°154 22°62 53°39 56°67 
7°154 22°62 71°54 168°8 


22°62 71°54 226°2 


We remark, finally, that the theory of progressive waves may be obtained, 
without the intermediary of standing waves, by assuming at once, in place of 
Art. 228 (1), 

Pi OD i. 5455 Bee aera (10) 
The conditions to be satisfied by P are exactly the same as before, and we 
easily find, in real form, 


ome (EMIT oe OV ie francs inwnete saab veaarhe (11) 
=£ a DO a De eee (12) 


with the same determination of o as before. From (12) all the preceding 
results as to the motion of the individual particles can be inferred without 


difficulty. 


230. The energy of a system of standing waves of the simple-harmonic 
type is easily found. If we imagine two vertical planes to be drawn at unit 
distance apart, parallel to ay, the potential energy per wave-length of the 
fluid between these planes is 


A 
£9p ff ada. 


Substituting the value of 7 from Art. 228 (7), we obtain 
Pgpogn. gilt at 4c). Oe --- saved. ce sans .n sass (1) 


ite 24 
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The kinetic energy is, by the formula (1) of Art. 61, 


an E 55 lyn? 


Substituting from Art. 228 (8), and remembering the relation between o and 
k, we obtain 
,.gpa"n.. Cos" (ot + €)itek<.d.<dbseeme aceusp cewsenes (2) 

The total energy, being the sum of (1) and (2), is constant, and equal to 
4gpa?x. We may express this by saying that the total energy per unit area 
of the water-surface is }.gpa*. 

A similar calculation may be made for the case of progressive waves, or 
we may apply the more general argument explained in Art. 174. In either 
way we find that the energy at any instant is half potential and half kinetic, 
and that the total amount, per unit area, is 4gpa*%. In other words, the 
energy of a progressive wave-system of amplitude a is equal to the work 
which would be required to raise a stratum of the fluid, of thickness a, 
through a height $a. 


231. We next consider the oscillations of the common boundary of two 
superposed liquids which are otherwise unlimited. 


Taking the origin at the mean level of the interface we may write 


ob = Ce’ cos ka et, b=. 63 cos far oe se (1) 
where the accents relate to the upper fluid. For these satisfy Art. 227 (1) 
amd vanish for y=— oo and y=+o, respectively. Hence if the equation of 
the disturbed surface is 
O) = 0 COS WE Ve ace as ge cee meee (2) 
we must have 
—hO wh? mtgd «cose iecttne eee (3) 
by Art. 227 (6). Again, the formulae 
pace oa 
nat IY; a ol SEGY ch sub anc ee caehr a (4) 
give p (ta — ga) = p! (to 0" — gd) «0... ese cence ececeeees (5) 


as the condition for continuity of pressure at the interface. Substituting the 
values of 0 and ©" from (3) we have 


pC Le © ae ae ee 6 
pip & 
The velocity of propagation of waves of length 2zr/k is therefore given by 
Gop p 
om Eote. (7) 


The presence of the upper fluid has therefore the effect of diminishing 
the velocity of propagation of waves of any given length in the ratio 


{(1 —s)/(1 +s)}4, where s is the ratio of the density of the upper to that of 
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the lower fluid. This diminution has a two-fold cause; the potential energy 
of a given deformation of the common surface is diminished in the ratio 
1 —s, whilst the inertia is increased in the ratio 1+s*. As a numerical 
example, in the case of water over mercury (s+=13'6) the wave-velocity is 
diminished in the ratio ‘929. 


It is to be noticed, in this and in other problems of the kind, that there 
is a discontinuity of motion at the common surface. The normal velocity 
(— 6¢/dy) is of course continuous, but the tangential velocity (— 06/d«) changes 
sign as we cross the surface; in other words we have (Art. 151) a vortex-sheet. 
This is an extreme illustration of the remark, made in Art. 17, that the free 
oscillations of a liquid of variable density are not necessarily irrotational. In 
reality the discontinuity, if it could ever be originated, would be immediately 
abolished by viscosity, and the vortex-sheet replaced by a film of vorticity +. 


If p<p’, the value of o is imaginary. The undisturbed equilibrium- 
arrangement is then unstable. 


If the two fluids are confined between rigid horizontal planes y= —h, y=h’, we assume 
in place of (1) 


p=Ccoshk(y+h)coskre*t, g’=C' cosnk(y—h’) coskr et, ......... (8) 
since these make d¢/dy =0, d¢’/¢y=0 at the respective planes. Hence 
EO SIMU LEC SID m=, rere ecscetacsssscentter. (9) 
The continuity of pressure requires 
p (to C cosh kh—ga)=p' (to O' cosh kh! — ga). c.cesesceeceesnecneee (10) 


= ( ) ys b-brereaseerserobnacsmdatins aac b) 


When £A/ and £/’ are both very great this reduces to the form (6). When £/’ is large and 
kh small we find 
GuciiP= (1 = e) Pe NN ek Sat Oil Sa (12) 


approximately, the main effect of the presence of the upper fluid being the change in the 
potential energy of a given deformation. Its kinetic energy is small compared with that 


of the lower fluid. 


* This explains why the natural periods of oscillation of the common surface of two liquids 
of very nearly equal density are very long compared with those of a free surface of similar extent. 
The fact was noticed by Benjamin Franklin in the case of oil over water; see a letter dated 1762 
(Complete Works, London, n. d., ii. 142). ; 

Again, near the mouths of some of the Norwegian fiords there is a layer of fresh over salt 
water. Owing to the comparatively small potential energy involved in a given deformation of the 
common boundary, waves of considerable height in this boundary are easily produced. To this 
cause is ascribed the abnormal resistance occasionally experienced by ships in those waters. See 
Ekman, ‘‘On Dead-Water,’’ Scientific Results of the Norwegian North Polar Expedition, pt. xv. 
Christiania, 1904. Reference may also be made to a paper by the author, ‘‘On Waves due to a 
Travelling Disturbance, with an application to Waves in Superposed Fluids,” Phil. Mag. (6), 
xxxi. 386 (1916). 

+ The solution, taking account of viscosity, is given by Harrison, Proc. Lond. Math. Soc. (2), 
vi. 396 (1908). 
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When the upper surface of the upper fluid is free we may assume 


p=Ccosh k (y+h) cos ka et, op’ =(A cosh ky+ B sinh ky) cos kv e'. ...... (13) 
The kinematical condition is then 
HAO sinh FA — BH10.  .ersersecesecnsscensecsscosscoers (14) 
The condition for continuity of pressure at the interface is 
p (to cosh kh—ga)=p' (t17A— GQ). rercosececceresccsscerceres (15) 


The condition for constancy of pressure at the free surface is given by Art. 227 (8) 
provided we put y=/’ after the differentiations. Thus 
o? (A cosh kh’ + B sinh kh’) =gk (A sinh kA’ + Bosh kh’). ....seceeeee (16) 
The elimination of A, B, C between (14), (15), (16) leads to the equation 
o (pcoth kh coth kh’ +p’) — op (coth kh’ + coth kh) gk +(p—p’) g?k?=0. .....(17) 
Since this is a quadratic in 0, there are two possible systems of waves of any given period 
(2r/c). This is as we should expect, for when the wave-length is prescribed the system 
has virtually two degrees of freedom, so that there are two independent modes of oscilla- 
tion about the state of equilibrium. For example, in the extreme case where p’/p is small, 
one mode consists mainly in an oscillation of the upper fluid which is almost the same as 
if the lower fluid were solidified, whilst the other mode may be described as an oscillation 
of the lower fluid which is almost the same as if its upper surface were free. 
The ratio of the amplitude at the upper to that at the lower surface is found to be 
ke? 
[cicock biica cin bis Wigs ae aie aa ae 
Of the various special cases that may be considered, the most interesting is that in 
which sf is large; z.e. the depth of the lower fluid is great compared with the wave- 
length. Putting coth 4h=1, we see that one root of (17) is now 
OTN hccccascascrecdun ne cunsenstadt qeecsceeoaees (19) 
exactly as in the case of a single fluid of infinite depth, and that the ratio of the ampli- 
tudes is e’, This is merely a particular case of a general result stated near the end of 
Art. 233; it will in fact be found on examination that there is now no slipping at the 
common boundary of the two fluids. 
The second root of (17) is, on the same supposition, 


2 p-p 


Cc ~ pb coth kA! +p! Eh’ +p’ . gk, Smee rere re ener ceccceceeccceeeceece (20) 
and for this the ratio (18) assumes the value 
p —kh! 
soa Sern é iB) (sioie 6\o(uinigjele(o.s)a/ele)alelele)eiialelaisie sievalejelevee'eialeia'e 
é ) a 


If in (20) and (21) we put 4A’=0, we fall back on a former case. If on the other hand 
we make £/’ small, we find 


and the ratio of the amplitudes is 


These problems were first investigated by Stokes*. The case of any number of super 
posed strata of different densities has been treated by Webb+ and Greenhill t. 


* “On the Theory of Oscillatory Waves,’ Camb. Trans. viii. (1847) [Papers, i. 212). 
+ Math. Tripos Papers, 1884. 


f ‘‘ Wave Motion in Hydrodynamics,’ Amer. Journ. of Math. ix. (1887). 
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232. Let us next suppose that we have two fluids of densities p, p’, one 
beneath the other, moving parallel to « with velocities U, U’ , respectively, the 
common surface (when undisturbed) being of course plane and horizontal. 
This is virtually a problem of small oscillations about a state of steady motion. 

We write, then, 

¢=—Ux+y, Sen Gl an chdny weeRmere ys eeeNtsue, (1) 
where qu, ¢1' are by hypothesis small. 

The velocity of either fluid at the interface may be regarded as made up 
of the velocity of this surface itself, and the velocity of the fluid relative to it. 
Hence if » be the ordinate of the displaced surface we have, considering 
vertical components, 

an y2n__ 26 7, dn __ a8 
ot Ox oy’ at Ox oy 

as the kinematical conditions to be satisfied for y = 0. 
Again, the formula for the pressure in the lower fluid is 


2-24 {(u a a gy t+. 


Pp oy 
0 
= Fr Teme siiebir. pinot. 8. (en 2.0.5 (3) 
the terms omitted being baie of the second order, or irrelevant to the 
present purpose. Hence the condition of continuity of pressure is 


p (B+ go gn )=p (4 — gn). eee he iit) (4) 


We have seen, in various connections, that in oscillations about steady 
motion there is not necessarily uniformity of phase throughout the system, 
and in the present case it would not be found possible to satisfy the con- 
ditions on such an assumption. Assuming both fluids to be of unlimited 
depth, the appropriate course is to write 


ag ed IIs chy eC ge a Ids saben wens (5) 
and Ape ONE POLAS, Ie pasic eee EDL Pa nee (6) 
The conditions (2) then give 
i(o—kU)a=—-k0, i(o—kU')aakC", oc eeee (7) 
whilst, from (4), 
p {t(o —kU) C— ga} =9" {1 (a — kU") C’ — ga}. ........... (8) 
Hence p(a—kUy +p’ (o-kU' P= gk(p—p')  ccoccssccseeees (9) 


or 


a _pU+,'U' i ff het eal 
kane +p: k’p+p' yea. | 
The first term on the right-hand side may be called the mean velocity of the 


* These are particular cases of the general boundary-condition (3) of Art. 9, as is seen by 
writing F=y-7, and neglecting small terms of the second order. 


‘Wie oy nee (10) 
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two currents. Relatively to this there are waves travelling with velocities 
+c, given by 


chien ain [PO DORs Sen (11) 


where co denotes the wave-velocity in the absence of currents (Art. 231). It is 
to be noticed however that the values of o given by (9) are imaginary if 


ed idle Seems Ob: 
a a TEE (12) 


The common boundary is therefore unstable for sufficiently small wave- 
lengths. This result would indicate that, if there were no modifying cir- 
cumstances, the slightest breath of wind would ruffle the surface of water. 
A more complete investigation will be given later, taking account of capillary 
forces, which act in the direction of stability. If p=p’, or if g =0, the plane 
form of the surface is (on the present reckoning) unstable for all wave-lengths. 
This result illustrates the statement, as to the instability of surfaces of dis- 
continuity in a liquid, made in Art. 79*. 


The case of p=p’, with U=U’, is of some interest, as illustrating the 
flapping of sails and flagst. We may conveniently simplify the question by 
putting U=U’=0; any common velocity may be superposed afterwards if 
desired. On these suppositions the equation (8) reduces to o?=0. On 
account of the double root the solution has to be completed by the method 
explained in books on Differential Equations. In this way we obtain the 
two independent solutions 


n= ae™, ¢i= 0, thy" a0), ek Ke eet eee (13) 
F ; a ‘ ; 
and n= ate, gi =— i ey , etka, ¢i = t Cas, OF ee tas (14) 


The former solution represents a state of equilibrium; the latter gives a 
system of stationary waves with amplitude increasing proportionally to the 
time. In this form of the problem there is no physical surface of separation 
to begin with; but if a slight discontinuity of motion be artificially produced, 
e.g. by impulses applied to a thin membrane which is afterwards dissolved, 
the discontinuity will persist, and, as we have seen, the height of the 
corrugations will continually increase. 

An interesting application of the same method is to the case of a jet of thickness 26 
moving through still fluid of the same density}. Taking the origin in the medial plane we 
write, for the disturbed jet d= — Ur+qo, and for the fluid on the two sides ¢=q, for 


y > 6, and P=¢; for y <—b. We also denote by 7, 72 the normal displacements of the 
two surfaces y=b and y= —6, respectively. The proper assumptions are then 


di = Aye ei(ot-kt), ho = Anetv et (ot ka), 
m= Cyet(ot— kx) , mare Gg Ot Ea By oan. aonineseesenae: (15) 
So = (Ay cosh ky + By sinh ky) e4(ot-*), 


* This instability was first remarked by Helmholtz, l.c. ante p. 22. 
+ Rayleigh, Proc. Lond. Math. Soc. (1) x. 4 (1879) [Papers i. 361]. } Rayleigh J.c. 
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There are obviously two types of disturbance, in which n,;=72, and = — ne, respectively. 
In the former case we have C=C), Ay=0, 4g2=—A,. The kinematical conditions (2) at 
the surface y=6 then give 


toC,=kAje—™, t(o—kU) C= —KBy cosh kh, .......cescecceeeees (16) 

whilst the continuity of pressure requires, gravity being omitted, 
Tate fo=bO) Desinn Chang Aj CS as. csocctuacuassiessssacressces (17) 
(o— bY)? tanh eis = Oleeasseeen ee onseccecsecateereetees (18) 
If the thickness 26 is small compared with the wave-length of the disturbance, we have 
ae UU ean create concn adda eens achssineasonts (19) 


approximately, indicating a very gradual instability, as is often observed in the case of 
filaments of smoke. 


In the case of symmetry (7,= —7,), we should find 
< he =£O} couvbh Fr o= SO! Wee rec cdesseseseon sous (20) 
in place of (18). 

233. The theory of progressive waves may also be investigated, in a very 
compact manner, by the method of Art. 175*. 

Thus if ¢, Wy be the velocity- and stream-functions when the problem has 
been reduced to one of steady motion, we assume 


ei =~ (a +- vy) + iaekety) 4. Bek ary) | 
whence eel a — (ae“ — Bek) sin ka, 


¥ =—y + (ae + Be) cos ky. 


This represents a motion which is periodic in respect to #, superposed on 
a uniform current of velocity c. We assume that ka and k@ are small 
quantities; in other words, that the amplitude of the disturbance is small 
compared with the wave-length. 

The profile of the free surface must be a stream-line; we take it to be 
the line y= 0. Its form is then given by (1), viz. to a first approximation 
we have 


Y = (BH B)COSKA, ..scrcrsreescccrsvoersersees (2) 
shewing that the origin is at the mean level of the surface. Again, at the 
bottom (y= —h) we must also have yr =const.; this requires 


aekh + Be = (), 


The equations (1) may therefore be put in the forms 


P _ 4 Cooshk (y+h)sin ke, 


c 
¥ = — y+ Osinh k (y+ h) cos ke. 


* Rayleigh, l.c. ante p. 260. 
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The formula for the pressure is 


: = const. — gy —$ (5) ot (5) 


2 
= const. — gy — 5 {1 — 2kC cosh k (y + h) cos ka}, 
if we neglect k2C%, Since the equation to the stream-line y=0 is 


y= Osinh bh cos ka, i... .cssc.teesnteceaenses (4) 


approximately, we have, along this line, 
f = const. + (ke? coth kh — 9g) y. 


The condition for a free surface is therefore satisfied, provided 


tanh kh 
2 _ 
G= oh. 7 (5) 


This determines the wave-length (27/k) of possible stationary undulations on 
a stream of given uniform depth h, and velocity c. It is easily seen that the 
value of kh is real or imaginary according as c is less or greater than (gh)?. 


If we impress on everything the velocity —c parallel to x, we get 
progressive waves on still water, and (5) is then the formula for the wave- 
velocity, as in Art. 229. 


When the ratio of the depth to the wave-length is sufficiently great, the 
formulae (1) become 


© = — 0+ Bel sin ke, Fm — y+ Bet cos he, Wisassmacorch caer (6) 

leading to ; = const. — gy — om — 2kBe™ cos ka + k? Be}. 00.0.0... (7) 
If we neglect k?8%, the latter equation may be written 

a const. + (ke? —g) yt how. ecccseceeeeeeeeenees (8) 

Hence if C7 = O/ Rice curesc escode ca sou soe Dette Sento) 


the pressure will be uniform not only at the upper surface, but along every 
stream-line y= const.* This point is of some importance; for it shews that 
the solution expressed by (6) and (9) can be extended to the case of any 
number of liquids of different densities, arranged one over the other in 
horizontal strata, provided the uppermost surface be free, and the total depth 
infinite. And, since there is no limitation to the thinness of the strata, we 
may even include the case of a heterogeneous liquid whose density varies 
continuously with the depth. Cf. Art. 235. 


* This conclusion, it must be noted, is limited to the case of infinite depth. It was first 


_ remarked by Poisson, l.c. post p. 384. 
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Again, to find the velocity of propagation of waves over the common horizontul 
boundary of two masses of fluid which are otherwise unlimited, we may assume 
v =O 3G mY CON LE Meeeennorreseenastane (10) 
where the accent relates to the upper fluid. For these satisfy the condition of irrotational 
motion, V?4-=0 ; and they give a uniform velocity ¢ at a great distance above and below 
the common surface, at which we have ~=y"’, =O, say, and therefore y=B cos ka, approxi- 
mately. 

The pressure-equations are 


P E 
=vonst. — gy — 3 (1 —2kBe™ cos kx), 


¥ —y+ Be cos ka, 


ys “ly: tag ma al er dM recA co (11) 
s =const. — gy — E (1+2kBe—* cos ka), 
which give, at the common surface, 
oo const. — (g — ke?) y, c- CORStI— (GA KC*) Yi, ene ees saseeeineasanes (12) 
the usual approximations being made. The condition p=p’ thus leads to 
a ae Moa teenacasescecacacredessiowes suissraareess (13) 


as in Art. 231. 


234. As a further example of the method we take the case of two super- 
posed currents, already treated by the direct method in Art. 232. 
The fluids being unlimited vertically, we assume 
w=— U {y—Be” coska}, ' =—U"' {y — Be cos ka}, ...... (1) 
for the lower and upper fluids respectively. The origin is taken at the mean 
level of the common surface, which is assumed to be stationary, and to have 


the form 
EOS WL, Gerretse Paes rin enenes orlnns Teen re (2) 


The pressure-equations give 


P — const. — gy —4U7 (1 — 2kBe” cos ka), 


ES SS Le alee ieema Carriers (8) 
oi =const.— gy -4U"* (1 + 2kBe-™ cos kx), 
whence, at the common surface, 
p= const + (kU* -— g)y, E, = const. —(KU'2 4-9) y, crcrceees (4) 
Since we must have p= p’ over this surface, we get 
pU? +p’ = 2 (p—p') Hee aye eee (5) 


This is the condition for stationary waves on the common surtace of the 
two currents U, U’. It may be written . 
hae WS a A 6 
( ptp k’ p+,7 e+e! ys (6) 
which is easily seen to be equivalent to Art. 232 (10). 
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When the currents are confined by fixed horizontal planes y= —h, y=’, we assume 


sinh k (y+h) Sree ; sinh £ (y—h’) } 
y=-Oly- 8 cos kh, Y=-U he ghidecomete a ra cos ka a 
The condition for stationary waves on the common surface is then found to be 
pU? coth kh+p'U" coth ki! =% COTA oe (8)* 


235. The theory of waves in a heterogeneous liquid may be noticed, for 
the sake of comparison with the case of homogeneity. 


The equilibrium value py of the density will be a function of the vertical co-ordinate 
(y) only. Hence, writing 
p=PotP PME PO's cccsccessensnessaseceaensasenensuers (1) 
where p.is the equilibrium pressure, the equations of motion, viz. 


ou op ov_ op 


a Si baie OP . Palcisicisls sieg oe secs eiciosacsiesiiosescsss 2 
[Pry On? p at oy JP>- (2) 
Op, Op op 
So oe og Rialsienicte's\e siviaiels'e\e'sioluiulalei¢isieleieis'sisieluiele misieiel= (3) 
Cu Op" ov On! : 
become aoe x, Poxs= — 3-9 Gils somideee see ciate entre dce (4) 
op Opo 
Se re Occ ced ccc seccccccesnerecccccccceccceccece (5) 


small quantities of the second order being omitted. The fluid being incompressible, the 
equation of continuity retains the form 


Ou . dv 
ae Opec ssecescee sSpoaaenas soasceocaccacneeesaeten (6) 
so that we may write 
mila i wactng hd 
tl Bay an Gaps nos (7) 
Eliminating p’ and p’ we findt n 
«  Ldpo (ow 0% 
2. as “Po =—_—-—-7g=—S = 
V Laas a5 oa 9 53 One eceececetetosencecomecenss aasest(O) 


At a free surface we must have Dp/Dt=0, or 


Op! () 7) 
Ga? Paps RodandBEsbadnocusEticdocncesosdabonan ccs (9) 
Hence, and from (4), we must have 
OY 
dy == 0) oe Coe cc rec ccccccrnceceseveeesecccevesseesesens (10) 


at such a surface. 


To investigate cases of wave-motion we assume that 


ae BAN AR eae OHNE! SN Raed ah ta 11 
The equation (8) becomes OM 
OY oy, 1 doo (oy _ ght 
Bgl Neon cy (4-4 )=0; occ rccccccccvcccccccnescecs (12) 
whilst the condition (10) takes the form a 
Oy gk? 
Dy GE VO: ceesssnseccsssseeessanesecssseeecennees (13) 


* Greenhill, l.c. ante p. 372. 


+ Cf. Love, ‘‘Wave Motion in a Heterogeneous Heavy Liquid,’’ Proc. Lond. Math. Soc. xxii. 
307 (1891). 
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These are satisfied, whatever the vertical distribution of density, by the assumption 
that y varies as et”, provided 
eae aces tins een -wiceusere Cae dais eean's Counce ss oveak (14) 
For a fluid of infinite depth the relation between wave-length and period is then the same 
as in the case of homogeneity (cf. Art. 229), and the motion is irrotational. 


For further investigations it is necessary to make some assumption as to the relation 
between py and y. The simplest is that 


e Po log e~ By, Pee meee ween ener eeecesaeeeescesesssseseees (15) 
in which case (12) takes the form 
- C) he 

— ip a(x - v= GO eh cadens 0s (16) 
The solution is 

Mme AE BONY ONSET on cescnesvoctsecevescosceeseos (17) 
where Aj, Ag are the roots of 

aoe (Z- 1) FEMA er a ied A, Riegel ce (18) 


We first apply this to the oscillations of liquid filling a closed rectangular vessel*. 
The quantity & may be any multiple of m/l, where 7 denotes the length. If the equations 
to the horizontal boundaries be y=0, y=h, the condition dy/dx=0 gives 


Aras == OMA CA tet Beha == MMe arise ccs neneee nee seas. once: (19) 
whence CO rma = LOPE Ay — An = 2t5ar | Aateaen. nee sence eset tte «snes (20) 
where s is integral. Hence, from (18), 
MBA TST ily No — FO USI [ts wcasescecesoocreccetstsese tees (21) 
2 a2 
and therefore ( - ) k2=)y My=FR+ a. padOepacncadaEconensaosaccdode (22) 


We verify that o is real or imaginary, z.e. the equilibrium arrangement is stable or 
unstable, according as 8 is positive or negative, 7.e. according as the density diminishes or 
increases upwardst. 

The case where the fluid (of depth /) has a free surface may serve as an illustration of 
the theory of ‘temperature seiches’ in lakest. Assuming the roots of (18) to be complex, say 


SST 7 oh lh ee ee ema ek ee (23) 

2 
with ni = (2-1) ae an es (24) 
we have Ne COWPY BIN 120), .socacecandcessivsceats«. Sees (25) 


the origin of y being taken at the bottom. The surface-condition (13) gives 


2 
$8 sin mh+m cos mh = BUN Usd acaseicasecunsens «a vanes sa (26) 


With the help of (24) this may be written 
mh 
tan mh=Bh a m2 hi+ kh? —} B2h?? Oo ec cre nccccccceesescesoeccess 


* Rayleigh, ‘Investigation of the Character of the Equilibrium of an Incompressible Heavy 
Liquid of Variable Density,’’ Proc. Lond, Math. Soc. (1) xiv. 170 [Papers, ii. 200]. Reference may 
also be made to a paper by the author ‘‘On Atmospheric Oscillations,’’ Proc. Roy. Soc. lxxxiv. 
566, 571 (1910), where another law of density is considered. 

+ The case of waves on a liquid of finite depth is discussed by Love (J.c.). See also Burnside, 
“On the Small Wave-Motions of a Heterogeneous Fluid under Gravity,’’ Proc. Lond. Math. Soc. 


(1) xx. 392 (1889). 
t Discussed by Wedderburn, Trans, R. S. Edin, xvii. 619 (1910) and xlviii. 629 (1912). 
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from which the values of mh are to be found. They are given graphically by the inter- 
sections of the curves 


pee 
y=tan z, eas ar | Ri LSE, (28) 


where p=Bh, a?=k?h? -487h?._The only case of interest is when Bh is small. We have, 


then, mh=s7, approximately, and thence ait 
h 
2 DO. TD TDF SOSH HHO SO eee eee sess HES SEH EEE EEH HEHE 
o*=gB . Fiat ape Gee ome a 


which is seen to be identical with (22) when the square of BA is neglected. It appears in 
fact from (25) that the vertical motion at the free surface is very slight. The maximum 
vertical disturbance is at the levels y=(s= 4) 7. 

When the roots of (18) are real we should get only a slight correction to the formula 
o?=gk tanh kh which holds for a homogeneous fluid. 


236. The investigations of Arts. 227-234 relate to a special type of 
waves; the profile is simple- -harmonic, and the train extends to infinity in 
both directions. But since all our equations are linear (so long as we confine 
ourselves to a first approximation), we can, with the help of Fourier's 
Theorem, build up by superposition a solution which shall represent the 
effect of arbitrary initial conditions. Since the subsequent motion is in 
general made up of systems of waves, of all possible lengths, travelling in 
either direction, each with the velocity proper to its own wave-length, the 
form of the free surface will continually alter. The only exception is when 
the wave-length of every system which is present in sensible amplitude is 
large compared with the depth of the fluid. The velocity of propagation, 
viz. /(gh), is then independent of the wave-length, so that in the case of 
waves travelling in one direction only, the wave-profile remains unchanged 
in form as it advances (Art. 170). 

The effect of a local disturbance of the surface, in the case of infinite 
depth, will be considered presently; but it is convenient to introduce in 
the first place the very important conception of ‘group-velocity,’ which has 
application, not only to water-waves, but to every case of wave-motion 
where the velocity of propagation of a simple-harmonic train varies with the 
wave-length. 

It has often been noticed that when an isolated group of waves, of sensibly 
the same length, is advancing over relatively deep water, the velocity of the 
group as a whole is less than that of the individual waves composing it. If 
attention be fixed on a particular wave, it is seen to advance through the 
group, gradually dying out as it approaches the front, whilst its former 
place in the group is occupied in succession by other waves which have come 
forward from the rear*., 

The simplest analytical representation of such a group is obtained by the 
superposition of two systems of waves of the same amplitude, and of nearly 

* Scott Russell, ‘Report on Waves,’’ Brit. Ass. Rep. 1844, p. 369. There is an interesting 


letter on this point from W. Froude, printed in Stokes’ Scientific Correspondence, Cambridge, 
1907, ii. 156. 


235-236 | Group Velocity 381 


but not quite the same wave-length. The corresponding equation of the free 
surface will be of the form 
n =a sin (ka — ot) + asin (k’ #— 0’ t) 
= 2a cos {3 (k—k')a-—4(o-—o’)t}sin {R(k+k')a—$(o+0")t}. ...(1) 

If k, k’ be very nearly equal, the cosine in this expression varies very slowly 
with «; so that the wave-profile at any instant has the form of a curve of 
sines in which the amplitude alternates gradually between the values 0 and 
2a. The surface therefore presents the appearance of a series of groups of 
waves, separated at equal intervals by bands of nearly smooth water. The 
motion of each group is then sensibly independent of the presence of the 
others. Since the distance between the centres of two successive groups is 
2m/(k—k’), and the time occupied by the system in shifting through this 
space is 27/(a — a’), the group-velocity (U, say) is =(a—o’)/(k—K’), or 


do 
U = dk PCC er ence eee rererernsvesesossceves (2) 
ultimately. In terms of the wave-length > (= 27/k), we have 
_d(ke) | de 
U= dk =c—xX dn. JF Cocrervccccccesereccecccece (3) 


where c is the wave-velocity. 
This result holds for any case of waves travelling through a uniform 
medium. In the present application we have 


g 3 
Aye (¢ tanh kh) oa eee S (4) 
and therefore, for the group-velocity, 
d(ke) _ Qkh 
mi =$e(14+ aE): ni eves EE (5) 


The ratio which this bears to the wave-velocity c increases as kh diminishes, 
being 4 when the depth is very great, and unity when it is very small, 
compared with the wave-length. 

The above explanation seems to have been first given by Stokes*. The 
extension to a more general type of group was made by Rayleight and 
Gouy tf. 

Another derivation of (3) can be given which is, perhaps, more intuitive. 
In a medium such as we are considering, where the wave-velocity varies with 
the frequency, a limited initial disturbance gives rise in general to a wave- 
system in which the different wave-lengths, travelling with different velocities, 


* Smith’s Prize Examination, 1876 [Papers, v. 362]. See also Rayleigh, Theory of Sound, 
Art. 191. 

+ Nature, xxv. 52 (1881) [Papers, i. 540]. 

{ ‘Sur la vitesse de la lumiére,’’ Ann. de Chim. et de Phys. xvi. 262 (1889). It has recently 
been pointed out that the theory had been to some extent anticipated by Hamilton, working 
from the optical point of view, in 1839; see Havelock, Cambridge Tracts, No. 17 (1914), p. 6. 
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are gradually sorted out (Arts. 238, 239). If we regard the wave-length » 
as a function of # and t, we have 
On On 
ag t Un Ra a amr nA ct tee (6) 
since » does not vary in the Bal ett of a geometrical point travelling 
with velocity U; this is, in fact, the definition of U. Again, if we imagine 
another geometrical point to travel with the waves, we have 
ON Or dc de on 
ae + ° Of =a oe =A oda’ Mt 
the second member expressing the rate at which two consecutive wave-crests 
are separating from one another. Combining (6) and (7), we are led, again, 
to the formule. (3)*. 


This formula admits of a simple geometrical representationt. If a curve be con- 
structed with \ as abscissa and ¢ as ordinate, the group-velocity will be represented by 
c 


eee ee ee 


ig 


O N A 


the intercept made by the tangent on the axis of c. Thus, in the figure, PV represents 
the wave-velocity for the wave-length ON, and O7' represents the group-velocity. The 
frequency of vibration, it may be noticed, is represented by the tangent of the angle PON. 


In the case of gravity-waves on deep water, c« rt; the curve has the form of the 
parabola y?=4axz, and O7=43PN, ze. the group-velocity is one-half the wave-velocity. 


237. The group-velocity has moreover a dynamical, as well as a geo- 
metrical, significance. This was first shown by Osborne Reynoldst, in the 
case of deep-water waves, by a calculation of the energy propagated across a 


* See a paper ‘‘On Group-Velocity,’’ Proc. Lond. Math. Soc. (2) i. 473 (1904). The subject 
is further discussed by G. Green, ‘‘On Group-Velocity, and on the Propagation of Waves in a 
Dispersive Medium,”’ Proc. R. S. Edin, xxix. 445 (1909). 

+ Manch. Mem. xliv. No. 6 (1900). 

t ‘‘On the Rate of Progression of Groups of Waves, and the Rate at which Energy is 
Transmitted by Waves,’’ Nature, xvi. 343 (1877) [Papers, i. 198]. Reynolds also constructed a 
model which exhibits in a very striking manner the distinction between wave-velocity and group- 
velocity in the case of the transverse oscillations of a row of equal pendulums whose bobs are 
connected by a string. 
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vertical plane. In the case of infinite depth, the velocity-potential corre- 
sponding to a simple-harmonic train 


Wane SING (MOL) coer ccrese rete tareits ster sste (8) 
is Pat Ce COSI CaCl) tn seng cos stite te tices ube (9) 
as may be verified by the consideration that for y=0 we must have 
n/ot = —Op/dy. The variable part of the pressure is pdd/dt, if we neglect 
terms of the second order. The rate at which work is being done on the 
fluid to the right of the plane 2 is therefore 


-f pt dy = patk*c® sin? k (a — ct) | erty dy 
Se AU DUNC RID Ie (ice CL) 2s, oes vndth'e vols oman (10) 


since c?=g/k. The mean value of this expression is }gpa%c. It appears on 
reference to Art. 230 that this is exactly one-half of the energy of the waves 
which cross the plane in question per unit time. Hence in the case of an 
isolated group the supply of energy is sufficient only if the group advance 
with half the velocity of the individual waves. 


It is readily proved in the same manner that in the case of a finite depth 
h the average energy transmitted per unit time is* 


2Qhh 
; ‘ 
tgpa*e (1 += ok) Lj PERI: (11) 
which is, by (5), the same as 
¢ , Ake) 
$gpa x Bes eiwleleiptalnis.e'6 e @leag.eie's sie.0)s ole si0'ei:a18 (12) 


Hence the rate of transmission of energy is equal to the group-velocity, 
d (kc)/dk, found independently by the former line of argument. 


This identification of the kinematical group-velocity of the preceding Art. 
with the rate of transmission of energy may be extended to all kinds of waves. 
It follows indeed from the theory of interference groups (p. 381), which is of 
a general character. For let P be the centre of one of these groups, Q that 
of the quiescent region next in advance of P. In a time r'which extends over 
a number of periods, but is short compared with the time of transit of a 
group, the centre of the group will have moved to P’,such that PP’ = Ur, and 
the space between P and Q will have gained energy to a corresponding 
amount. Another investigation, not involving the notion of ‘interference, was 
given by Rayleigh (l.c.). 

From a physical point of view the group-velocity is perhaps even more 
important and significant than the wave-velocity. The latter may be greater 
or less than the former, and it is even possible to imagine mechanical media 
in which it would have the opposite direction; 7.e. a disturbance might be 


* Rayleigh, ‘‘On Progressive Waves,’’ Proc. Lond. Math. Soc. (1) ix. 21 (1877) [Papers, i. 322]; 
Theory of Sound, i. Appendix. 
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propagated outwards from a centre in the form of a group, whilst the in- 
dividual waves composing the group were themselves travelling backwards, 
coming into existence at the front, and dying out as they approach tho rear™*. 
Moreover, it may be urged that even in the more familiar phenomena of 
Acoustics and Optics the wave-velocity is of importance chiefly so far as it . 
coincides with the group-velocity. When it is necessary to emphasize the 
distinction we may borrow the term ‘phase-velocity’ from modern Physics to 
denote what is more usually referred to in the present subject as ‘wave- 
velocity.’ 

238. The theory of the waves produced in deep water by a local dis- 
turbance of the surface was investigated in two classical memoirs by Cauchy + 
and Poisson{t. The problem was long regarded as difficult, and even obscure, 
but in its two-dimensional form, at all events, it can be presented in a com- 
paratively simple aspect. 

It appears from Arts. 40, 41 that the initial state of the fluid is deter- 
minate when we know the form of the boundary, and the boundary-values of 
the normal velocity 0¢/dn, or of the velocity-potential ¢. Hence two forms 
of the problem naturally present themselves; we may start with an initial 
elevation of the free surface, without initial velocity, or we may start with 
the surface undisturbed (and therefore horizontal) and an initial distribution 
of surface-impulse (p¢o). 

If the origin be in the undisturbed surface, and the axis of y be drawn 
vertically upwards, the typical solution for the case of initial rest is 


1) = COS OF COG Wi) (os. ae cae setes teeter reas een (1) 
o= goa ef cos kmgniniecen bash Dveeeet tee (2) 
provided oS GN BIA Ieee (8) 


in accordance with the ordinary theory of ‘standing waves’ of simple- 
harmonic profile (Art. 228). 
If we generalize this by Fourier’s double-integral theorem 


1 ‘00 io.2) 
f@==[ dk |” f(a) cosk(@—a) da, .ssseeessseen (4) 
then, corresponding to the initial conditions 
n=f (a), uO trenhienes enh eis rea Bade (5) 
where the zero suffix indicates surface-value (y= 0); we have 
1 (-e) foe) 
== [ cos ot dk [" f@ cos k (a — a) de, seeccseseess (6) 
_g [@ sin ot % 
a2] av dk |” f(@) cosk (e—a) da. eH (7) 
* Proc. Lond. Math. Soc. (2) i. 473. + l.c. ante p. 17. 


{ ‘‘ Mémoire sur la théorie des ondes,’’ Mém. de l’ Acad. Roy. des Sciences, i. (1816). 
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If the initial elevation be confined to the immediate neighbourhood of 
the origin, so that f(a) vanishes for all but infinitesimal values of a, we have, 
assuming 


This may be expanded in the form 
5 -£/" \1-§ jase ht we ) aa ev cos hadh, sss... (10) 


where use is made of (8). If we write 
—y=rcos6, bossa) BITING Mca ucak cana cen nee (11) 


we have, y being negative, 


[et cos kok dle 25 008 (0 $1) 8, cesesesseeeee (12)* 
0 


oa 


so that (10) becomes 
t (cos 0 _ cos ee 1 208 30 
g=2 {es 5G 0) se +35 G90? =}, rele) 


a result which is easily verified. From this the value of 7 is obtained by 
Art. 227 (5), putting 0= +47. Thus, for «>0, 


1 (g? T7o0r‘t 1 gt? 
Sits San +3573 (&) --} Bee Lest 


It is evident at once that any particular phase of the surface disturbance, 
é.g.,&@ zero or a maximum or a minimum of 9, is associated with a definite 
value of $gt?/x, and therefore that the phase in question travels over the 
surface with a constant acceleration. The meaning of this somewhat remark- 
able result will appear presently (Art. 240). 


The series in (14) is virtually identical with one (usually designated by 
M+) which occurs in the theory of Fresnel’s diffraction-integrals. In its 
present form it is convenient only when we are dealing with the initial stages 
of the disturbance; it converges very slowly when $4gt?/zx is no longer small. 
An alternative form may, however, be obtained as follows. 


* This formula may be dispensed with. It is sufficient to calculate the value of ¢ at points 
on the vertical axis of symmetry; its value at other points can then be written down at once by 
a property of harmonic functions (cf. Thomson and Tait, Art. 498). 

+ That the effect of a concentrated initial elevation of sectional area Q must be of the form 


n= 2 (gt%|2) 


is evident from consideration of ‘dimensions.’ 
t Cf. Rayleigh, Papers, iii. 129. 


LH 25 
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The surface-value of ¢ is, by (9), 


_ g [7 sin ot 
bo= 2 aE cos ka dk 


1 {oe} r oa be és o72% 
as ped = — — M oe, 15 
=A sin ( g +t) do i, sin ( 9 ot do| ( ) 


: at gt 
Putting mai ( + e Re Panhingon ase tun eanasa ces nenee (16) 
() 2 4 (oo) 
me and [* sin (= si ot) Teta | Men (8 ede ee (17) 
AfX1) g gt wo 
(oa) 4 fo 
[" sin (<* e ot) domi | sinc? net) doe see (18) 
/ 0 g ot -w 
_ (9 
where w= (Z) Rey yrire carer eee (19) 
$ so 
Hence do=— =f EVES (opened Ws 1G” POPE Wen paenn hat 7 eres (20) 
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From this the value of 7 is derived by Art. 227 (5); thus 


44 fo 
g if cos (€? — w*) dg 
eed 0 


TT 


4 es . 
ww t jcos a cos 67df+ sin at | sin eat} vO Ab (21) 
0 


mat 0 


pS 


This agrees with a result given by Poisson. The definite integrals are 
practically of Fresnel’s forms*, and may be considered as known functions. 


Lommel, in his researches on Diffraction}, has given a table of the 


function 


2 4 


1 ede 4: pei See 
5.8 Ole Th Oana ao 


which is involved in (14), for values of z ranging from 0 to 60. We are thus 
enabled to delineate the first nine or ten waves with great ease. The figure 
on the next page shews the variation of 7 with the time, at a particular place ; 
for different places the intervals between assigned phases vary as /x, whilst 
the corresponding elevations vary inversely as w. The diagrams on p. 388, on 


* Tu terms of a usual notation we have 
i "cos t2d¢=/(4) C (uw), | * sin ¢2d¢=/(4n) 8 (u), 
0 0 
where C (u) =|" cos4ru*du, S(u) =|" sin $ru*du, 
0 Jo 


the upper limit of integration being u=,/(2/r).w. Tables of C (wu) and S (u) computed by Gilbert 
and others are given in most books on Physical Optics. More extensive tables, due to Lommel, 
are reproduced by Watson, Theory of Bessel Functions, pp. 744, 745. 

+ ‘‘Die Beugungserscheinungen geradlinig begrenzter Schirme,’’? Abh. d. k. Bayer. Akad. d. 
Wiss. 2° Cl. xv. (1886). 
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the other hand, shew the wave-profile at a particular instant; at different 
times, the horizontal distances between corresponding points vary as the 
square of the time that has elapsed since the beginning of the disturbance, 
whilst corresponding elevations vary: inversely as the square of this time. 


7 


[The unit of the horizontal scale is ,/(2z/g). That of the vertical scale is Q/r, 
if @ be the sectional area of the initially elevated fluid.] 


When gt?/4a is large, we have recourse to the formula (21), which makes 


34 2 2 
wt Got ) 
2= 2am) (cos + sin + PE ee (23) 


approximately, as found by Poisson and Cauchy. This is in virtue of the 
known formulae 


Pr cos C7df= iF gin (700 = i: BL Bean eee ok (24) 


Expressions for the remainder are also given by these writers. Thus 
Poisson obtains, substantially, the semi-convergent expansion 


4 2 
n=- iad (cos + sin) 


1 (20 2a 2n\5 
—., —__ re 2 ry ° . =a mae ES te ert 25 
a in 3.5() 1.806 0% 9 (=) (25) 


This is derived as follows. We have 


if: et (S$? — w*) a= [* ei (S$? — w*) att ei($2—w?) dt 
0 

i A 1.3 
+ Citas (22) w® 
by a series of partial integrations. Paine the oe part, and substituting in the first line 
of (21), we obtain the formula (25). 


1 
=$/ re iw? tn) (Ra mes ted ecie? Rosa suede (26) 


239. In the case of initial impulses applied to the surface, supposed 


undisturbed, the typical solution is 
Ph =COS ot CY COS KM, ....oecrscrsecnscseseseeees (27) 


n= = BOT EOS 1 Lee sak anos tose soetansee (28) 
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with o?= gk as before. Hence, if the initial conditions be 


ppo= F(x), 9 Os IR Peete (29) 

we have g= = | ‘ cos ot e dk i fi F (a) cosk(a@—a@) da, ......04. (30) 
0 —0 

y=—=a | esinatdk |” F(@)cosk(e—a)da. naisaiee (31) 


400 


300 
200 


100 


x 
O 0-10 
—100 


— 200 
— 300 


— 400 
[The unit of the horizontal scales is $g¢?, That of the vertical scales is 2Q/mg¢?.] 
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For a concentrated impulse acting at the point «=0 of the surface, we 
have, putting 


d= =I GOS GLEN CON UUK csodees eves. scees (38) 


This integral may be treated in the same manner as (9); but it is evident 
that the results may be obtained immediately by performing the operation 
1/gp .d/ot upon those of Art. 238. Thus a (13) and (14) we derive 


1 6 26 se 
a Se [ene ~ dot? ot ~s (49t2)2 = wd } peas (34) 


eae 5 5 gt\* * 
rms) ara llC a 


The series in (35) ts related to the function 
zZ 2 a 
ee tal Saha, Olly ta ee 6) 
which has also been tabulated by Lommel. If we denote the series (22) and 
(36) by X41 and 2s, respectively, we find 
322 524 
1- i945 ty "3.5.7.9 —...=$(1+21- 222), ee 8) 
so that the forms of the first few waves can be traced without difficulty. 


The annexed figure shews the rise and fall of the surface at a particular 


\ 


[The ae of the horizontal scale is ,/(2xz/g). That of the vertical scale is 


~ Ja , where P represents the total initial impulse. ] 
mp2 N\/ gx 


* With the help of the theory of ‘dimensions’ it is saath seen @ priori that the effect of a 
concentrated initial impulse P (per unit breadth) is necessarily of the form 


P 
n= Fa (02). 
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[The unit of the horizontal scales is $gi?. That of the vertical scales is 


n pg?t3 * 
The upper curve, if continued to the right, would cross the axis of # and would 
thereafter be indistinguishable from it on the present scale. ] 
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place; for different places the time-intervals between assigned phases vary as 
Va, as in the former case, but the corresponding elevations now vary inversely 
as 2#. In the diagrams on the opposite page, which give an instantaneous 
view of the wave-profile, the horizontal distances between corresponding points 
vary as the square of the time, whilst corresponding ordinates vary inversely 
as the cube of the time. 


For large values of 4gt?/a, we find, performing the operation 1/gp .0/dt 
upon (23), 


approximately. 


240. It remains to examine the meaning and the consequences of the 
results above obtained. It will be sufficient to consider, chiefly, the case of 
Art. 238, where an initial elevation is supposed to be concentrated on a line of 
the surface. 


At any subsequent time ¢ the surface is occupied by a wave-system whose 
advanced portions are delineated on p. 388. For sufficiently small values of 
x the form of the waves is given by (23); hence as we approach the origin 
the waves are found to diminish continually in length, and to increase 
continually in height, in both respects without limit. 


As t increases, the wave-system is stretched out horizontally, proportionally 
to the square of the time, whilst the vertical ordinates are correspondingly 
diminished, in such a way that the area 


| nda 


included between the wave-profile, the axis of w, and the ordinates corre- 
sponding to any two assigned phases (i.e. two assigned values of @) is 
constant*, The latter statement may be verified immediately from the mere 
form of (14) or (21). 

The oscillations of level, on the other hand, at any particular place, are 
represented on p. 387. These follow one another more and more rapidly, with 
ever increasing amplitude. For sufficiently great values of ¢, the course 
of these oscillations is given by (23). 

In the region where this formula holds, at any assigned epoch, the 
changes in length and height from wave to wave are very gradual, so that 
a considerable number of consecutive waves may be represented approxi- 


* This statement does not apply to the case of an initial impulse. The corresponding pro- 
position then is that 
| gyda, 


taken between assigned values of w, is constant. This appears from (34). 
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mately by a curve of sines. The circumstances are, in fact, all approximately 
reproduced when 


oa 39 
A er QF auiyss chemepaieanamennnees Comte ane (39) 
Hence, if we vary ¢ alone, we have, putting At = 7, the period of oscillation, 
Ara 
Be a Ss autaas adem Ledeen evens scenes 4 
rao (40) 
whilst, if we vary « alone, putting Az =—d, where » is the wave-length, 
we find 
81ra* 
ge ear: aaa (41) 
The wave-velocity is to be found from 
A gt se) ota cernete raat use iene eee (42) 
4a; ‘ 
apes Ag 2@ | gr 
this gives anlar Ge A as (43) 


by (41), as in the case of an infinitely long train of simple-harmonic waves 
of length 2. 


We can now see something of a reason why each wave should by con- 
tinually accelerated. The waves in front are longer than those behind, and 
are accordingly moving faster. The consequence is that all the waves are 
continually being drawn out in length, so that their velocities of propagation 
continually increase as they advance. But the higher the rank of a wave in 
the sequence, the smaller is its acceleration. 


So far, we have been considering the progress of individual waves. But, 
if we fix our attention on a group of waves, characterized as having (approxi- 
mately) a given wave-length A, the position of this group is regulated 
according to (43) by the formula 


ae. the group advances with a constant velocity equal to half that of the 
component waves. The group does not, however, maintain a constant 
amplitude as it proceeds; it is easily seen from (23) that for a given value 
of X the amplitude varies inversely as 1/2. 


It appears that the region in the immediate neighbourhood of the origin 
may be regarded as a kind of source, emitting on each side an endless 
succession of waves of continually increasing amplitude and frequency, whose 
subsequent careers are governed by the laws above explained. This persistent 
activity of the source is not paradoxical; for our assumed initial accumulation 
of a finite volume of elevated fluid on an infinitely narrow base implies an 
unlimited store of energy. 
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In any practical case, however, the initial elevation is distributed over 
a band of finite breadth; we will denote this breadth by J. The disturbance 
at any point P is made up of parts due to the various elements, da, say, of 
the breadth J; these are to be calculated by the preceding formulae, and 
integrated over the breadth of the band. In the result, the mathematical 
infinity and other perplexing peculiarities, which we meet with in the case 
of a concentrated line-source, disappear. It would be easy to write down the 
requisite formulae, but, as they are not very tractable, and contain nothing 
not implied in the preceding statement, they may be passed over. It is 
more instructive to examine, in a general way, how the previous results will 
be modified. 

The initial stages of the disturbance at a distance x, such that l/s is 
small, will evidently be much the same as on the former hypothesis; the 
parts due to the various elements da will simply reinforce one another, and 
the result will be sufficiently expressed by (14) or (23) provided we multiply by 


[Es@ aa, 


a.e. by the sectional area of the initially elevated fluid. The formula (23), 
in particular, will hold when 4g#?/x is large, so long as the wave-length X 
at the point considered is large compared with J, 1.e. by (41), so long as 
$g9¢?/x.1/x is small. But when, as ¢ increases, the length of the waves at « 
becomes comparable with or smaller than /, the contributions from the 
different parts of J are no longer sensibly in the same phase, and we have 
something analogous to ‘interference’ in the optical sense. The result 
will, of course, depend on the special character of the initial distribution of 
the values of f(a) over the space /*, but it is plain that the increase of 
amplitude must at length be arrested, and that ultimately we shall have 
a gradual dying out of the disturbance. 

There is one feature generally characteristic of the later stages which 
must be more particularly adverted to, as it has been the cause of some 
perplexity; viz. a fluctuation in the amplitude of the waves. This is readily 
accounted for on ‘interference’ principles. As a sufficient illustration, let 
us suppose that the initial elevation is uniform over the breadth /, and that 
we are considering a stage of the disturbance so late that the value of \ in 
the neighbourhood of the point # under consideration has become small com- 
pared with /. We shall evidently have a series of groups of waves separated 
by bands of comparatively smooth water, the centres of these bands occurring 
wherever J is an exact multiple of X, say/=mnd. Substituting in (41), we find 


eee ee 


i.e. the bands in question move forward with a constant velocity, which is, in 
* Of. Burnside, ‘‘On Deep-water Waves resulting from a Limited Original Disturbance,” 
Proc. Lond. Math, Soc, (1) xx. 22 (1888). 
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fact, the group-velocity corresponding to the average wave-length in the 
neighbourhood *. 


The ideal solution of Art. 238 necessarily fails to give any information as to what 
takes place at the origin itself. To illustrate this point in a special case, we may assume 


f(a)= Sp tees 46 
(a) mand © Wap Ma (46) 
the formula (7) then gives 


o-Z [* pee FU) cos kw. ee (47) 
r/o o 


The surface-elevation at the origin is 


aoe * cos ote-®dk= 22 » cos ot e~ 20/9 Bir cect @ (® sin ote—e%lo do. .--(48) 

w/o wv) 0 wg dt} o 

By a known formula we have t 

[pets apie de=e-F |” ede Baer Bat Ain ee RR ae (49) 
Hence, putting COVES CTAIEO) cobBacne cennassod sSecccsocbrpoSnbedoeo: ..(50) 
we find ah es ew et de= 5 (1- 200" | “et de). b obi tie's eeehae (51) 

7b dw” 0 ab 0 

a wt 28 [° at 

—— (6) Sf AT, occ esc ecesensncsecneceeescacess 52 
Hence oa (ne) 3 i A eda, (52) 


shewing that ne steadily diminishes as ¢ increases. Hence 7 can only change sign once. 
The form of the integrals in (48) shews that 7 tends finally to the limit zero; and it may 
be proved that the leading term in its asymptotic value is —2Q/mgt?{. 


One noteworthy feature in the above problems is that the disturbance is propagated 
instantaneously to all distances from the origin, however great. Analytically, this might be 
accounted for by the fact that we have to deal with a synthesis of waves of all possible 
lengths, and that for infinite lengths the wave-velocity is infinite. It has been shewn, 
however, by Rayleigh§ that the instantaneous character is preserved even when the water 
is of finite depth, in which case there is an upper limit to the wave-velocity. The physical 
reason of the peculiarity is that the fluid is treated as incompressible, so that changes of 
pressure are propagated with infinite velocity (cf. Art. 20). When compressibility is taken 
into account a finite, though it may be very short, interval elapses before the disturbance 
manifests itself at any point||. 


* This fluctuation was first pointed out by Poisson, in the particular case where the initial 
elevation (or rather depression) has a parabolic outline. 

The preceding investigations have an interest extending beyond the present subject, as 
shewing how widely the effects of a single initial impulse in a dispersive medium (i.e. one in 
which wave-velocity varies with wave-length) may differ from what takes place in the case of 
sound, or in the vibrations of an elastic solid. The above discussion is taken, with some modifica- 
tions, from a paper ‘‘On Deep-Water Waves,’’ Proc. Lond, Math. Soc. (2) ii. 871 (1904), where 
also the effect of a local periodic pressure is investigated. 

+ This formula presents itself as a subsidiary result in the process of evaluating 


/ e~*” cos 28a dx 
by a contour integration. : 

} The definite integral in (52) has been tabulated by Dawson, Proc. Lond, Math. Soc. (1) 
xxix. 519 (1898), and the function in (49) by Terazawa, Science Reports of the Univ. of Tokio, 
vi. 171 (1917). 

§ ‘On the Instantaneous Propagation of Disturbance in a Dispersive Medium, ...,’’ Phil. 
Mag. (6), xviii. 1 (1909) [Papers, v. 514]. See also Pidduck, ‘‘On the Propagation of a Disturb- 
ance in a Fluid under Gravity,’’ Proc. Roy. Soc. A, lxxxiii. 347 (1910). 

| Pidduck, ‘‘The Wave-Problem of Cauchy and Poisson for Finite Depth and slightly Com- 
pressible Fluid,’’ Proc. Roy. Soc. A, lxxxvi, 396 (1912). 
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241. The space which has been devoted to the above investigation may 
be justified by its historical interest, and by the consideration that it deals 
with one of the few problems of the kind which can be solved completely. 
It was shewn, however, by Kelvin that an approximate representation of 
the more interesting features can be obtained by a simpler process, which has 
moreover a very general application *, 


The method depends on the approximate evaluation of integrals of the 
type 
b 
ee | ee eee es (1) 


It is assumed that the circular function goes through a large number of 
periods within the range of integration, whilst ¢(«) changes comparatively. 
slowly; more precisely it is assumed that, when f(«) changes by 27, $(«) 
changes by only a small fraction of itself. Under these conditions the various 
elements of the integral will for the most part cancel by annulling interference, 
except in the neighbourhood of those values of x, if any, for which f(a) is 
stationary. If we write c=a+ &, where a@ is a value of a, within the range 
of integration, such that f’ (a) =0, we have, for small values of &, 


5 RCS we 3 oe ct i es (2) 


approximately. The important part of the integral, corresponding to values 
of # in the neighbourhood of a, is therefore equal to 


$ (a) ef i “ae ‘Sf Pl a ig SR (3) 


approximately, since, on account of the fluctuation of the integrand, the 
extension of the limits to + «© causes no appreciable error. Now by a known 
formula (Art. 238 (24)) we have 
| = eet dé = ail } net VT gat, Dery eee ee (4) 

Hence (3) becomes 

NTPC) pityayscte) 

Veh" (@)| ; 
where the upper or lower sign is to be taken in the exponential according as 
J’ (@) is positive or negative. 

If a coincides with one of the limits of integration in (1), the limits in (3) 

will be replaced by 0 and ©, or —oo and 0, and the result (5) is to be halved. 


If the approximation in (2) were continued, the next term would be 
437’ (a); the foregoing method is therefore only valid under the condition 


* Sir W. Thomson, ‘‘On the Waves produced by a Single Impulse in Water of any Depth, 
or in a Dispersive Medium,”’ Proc. R. S. xlii. 80 (1887) [Papers, iv. 303]. The method of treating 
integrals of the type (1) had however been suggested by Stokes in his paper ‘‘On the Numerical 
Calculation of a Class of Definite Integrals and Infinite Series,’? Camb. Trans, ix. (1850) [Papers, 


ii. 341, footnote]. 
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that Ef’ (a)/f” («) must be small even when £/” (a) is a moderate multiple 
of 27. This requires that the quotient 
fU ORF” i 
should be small. 
Suppose now that, in a medium of any kind, an initial disturbance, whether 
of the nature of impulse or displacement, of amount- coska per unit length, 
gives rise to an oscillation of the type 


=m (ie) .cos lex 88) eave setechaaeckenes ameter: (6) 


where o is a function of & determined by the theory of free waves. The effect 
of a concentrated unit initial disturbance is then given by the Fourier ex- 
pression 


yeh : iz (ot—kx) ma ti (ot+ka) 
== | (hye dh + i] p(kyeeten dk... (7) 


It is understood that in the eud only the real par. of the expressions is to be 
retained. 


The two terms in (7) represent the result of superposing trains of simple- 
harmonic waves of all possible lengths, travelling in the positive and negative 
directions of x, respectively. If, taking advantage of the symmetry, we confine 
our attention to the region lying to the right of the origin, the exponential in 
the first integral will alone, as a rule*, admit of a stationary value or values, 
viz. when 


This determines k, and therefore also o, as a function of x and ft, and we then 
find, in accordance with (5), 


(k) 
7= ee - COS (ot —kax aE ia), alelaielciekelsicislelerearersteye (9) 
where the ambiguous sign follows that of d?c/dk*. The xpproximation postu- 
lates the smallness of the ratio 


dta/ dk? = s/{t| da /@k2| 3. ....0..21. ae. eo (10) 
Since ; 
Q ak 
= (ot —) = («SF a ce 
ae etn (11) 


so kn) = (0 ie *)e =e 


by (8), it appears that the wave-length and the period in the neighbourhood 
of the point # at time ¢ are 2m/k and 2z/c, respectively. The relation (8) 
shews that the wave-length is such that the corresponding group-velocity 
(Art. 236) is a/t. 


* If the group-velocity were negative, as in some of the artificial cases referred to in Art, 237, 
the second integral would be the important one. 
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The above process, and the result, may be illustrated by various graphical constructions*. 
The simplest, in some respects, is based on a slight modification of the diagram of Art. 236. 
We construct a curve with \ as abscissa and ct as ordinate, where ¢ denotes the time that 
has elapsed since the beginning of the disturbance. To ascertain the nature of the wave- 
system in the neighbourhood of any point z, we measure off a length OQ, equal to x, along 
the axis of ordinates. If PV be the ordinate corresponding to any given abscissa A, the 
phase of the disturbance at «, due to the elementary wave-train whose wave-length is J, 
will be given by the gradient of the line QP; for if we draw QR parallel to OW, we have 


OR ON x Dy i eeettesereeereeeeeeees 


Hence the phase will be stationary if @P be a tangent to the curve; and the predominant 
wave-lengths at the point « are accordingly given by the abscissae of the points of contact 
of the several tangents which can be drawn from Q. These are characterized by the property 
that the group-velocity has a given value 2/t. 

If we imagine the point @ to travel along the straight line on which it lies, we get an 
indication of the distribution of wave-lengths at the instant ¢ for which the curve has 
been constructed. If we wish to follow the changes which take place in time at a given 
point z, we may either imagine the ordinates to be altered in the ratio of the respective 
times, or we may imagine the point @ to approach O in such a way that O@ varies inversely 
as ¢. 


oF ot=kx 


Oo k 


* Proc. of the 5th Intern. Congress of Mathematicians, Cambridge, 1912, p. 281. 
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The foregoing construction has the defect that it gives no indication of the relative 
amplitudes in different parts of the wave-system. For this purpose we may construct the 
curve which gives the relation between ot as ordinate and & as abscissa. If we draw a 
line through the origin whose gradient is x, the phase due to a particular elementary wave- 
train, viz. ot - kx, will be represented by the difference of the ordinates of the curve and 
the straight line. This difference will be stationary when the tangent to the curve is 
parallel to the straight line, i.e. when ¢do/dk=., as already found. It is further evident 
that the phase-difference, for elementary trains of slightly different wave-lengths, will 
vary ultimately as the square of the increment of &. Also that the range of values of & for 
which the phase is sensibly the same will be greater, and consequently the resulting dis- 
turbance will be more intense, the greater the vertical chord of curvature of the curve. This 
explains the occurrence of the quantity ¢d*o/dk? in the denominator of the formula (9). 


In the hydrodynamical problem of Art. 238 we have* 
$(k)=1, Cry SRGIG, "sacecp eine sesea vs oe es ogencuns (13) 
do/dk=4gtk, da/dk®@=—ioth¥, d3c/dk®=Sgth-*. ...(14) 
Hence, from (8), 


whence 


k = gt?/422, Come bl LL aver ddeandeecenes dete (15) 
and therefore 


_ git 
n= ——_— et (g#/4a—dn) | 


/(2rr) af 
or, on rejecting the imaginary part, 
3 2 
git os ( i. 
= —— 008 | F— — Fr). .cccecessececsssnscevons 1 
P= Ste $7 (16) 


The quotient in (10) is found to be comparable with (2z/gt?)#, so that the 
approximation holds only for times and places such that $g¢? is large com- 
pared with a. 

These results are in agreement with the more complete investigation of 
Art. 238. The case of Art. 239 can be treated in a similar manner. 


It appears from (16), or from the above geometrical construction (the 
curve being now a parabola as in Art. 236), that in the procession of waves 
at any instant the wave-length diminishes continually from front to rear; 
and that the waves which pass any assigned point will have their wave-lengths 
continually diminishing f. 


242. We may next calculate the effect of an arbitrary, but steady, 
application of pressure to the surface of a stream. We shall consider only 
the state of steady motion which, under the influence of dissipative forces, 


* The difficulty as to convergence in this case is met by the remark that the formula (9) 
of Art. 238 gives 


g ot 


where y is negative before the limit. 
+ For further applications reference may be made to Havelock, ‘‘The Propagation of Waves 
in Dispersive Media...,’’ Proc. Roy. Soc. lxxxi. 398 (1908). 
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however small, will ultimately establish itself*. The question is in the first 
instance treated directly ; a briefer method of obtaining the principal result 
is explained in Art. 248. 


It is to be noted that in the absence of dissipative forces, the problem is to 
a certain extent indeterminate, for we can always superpose an endless train 
of free waves of arbitrary amplitude, and of wave-length such that their 
velocity relative to the water is equal and opposite to that of the stream, in 
which case they will maintain a fixed position in space. 


To avoid this indeterminateness, we may avail ourselves of an artifice 
due to Rayleigh, and assume that the deviation of any particle of the fluid 
from the state of uniform flow is resisted by a force proportional to the 
relative velocity. 


This law of friction does not profess to be altogether a natural one, 
but it serves to represent in a rough way the effect of small dissipative forces ; 
and it has the great mathematical convenience that it does not interfere with 
the irrotational character of the motion. For if we write, in the equations of 
Art. 6, 

=—p(u—c), Y=-g-—m, Z = — LW, vovrvenee (1) 
where c denotes the velocity of the stream in the direction of «-positive, the 
method of Art. 33, when applied to a closed circuit, gives 


D 
(F, +4) Jude + vdy + wdz)=0, eatines psutton (2) 
whence f(uda t+ vdy + wz) = Ce-#?, 0... .cccecerecoseeenete (3) 


Hence the circulation in a circuit moving with the fluid, if once zero, is always 
zero. We now have 


= const, — 97 + j6(Ca'+ hb) —FQ*, ..-secseserevessetnes (4) 


may SS 


- this being, in fact, the form assumed by Art. 21 (2) when we write 


DP (CUED) vcrccssscennsctsicneses eerste (5) 


in accordance with (1) above. 
To calculate, in the first place, the effect of a simple-harmonic distribution 
of pressure we assume 


P_ _ 9+ Belvsin ke, Y= —y + Bel cos ke. Paki wiye tees (6) 
c 


* The first steps of the following investigation are adapted from a paper by Rayleigh, ‘‘The 
Form of Standing Waves on the Surface of Running Water,’’ Proc. Lond. Math, Soc, xv. 69 
(1883) [Papers, ii. 258], being simplified by the omission, for the present, of all reference to 
Capillarity. The definite integrals involved are treated, however, in a somewhat more general 
manner, and the discussion ofthe results necessarily follows a different course. 

The problem had been treated by Popoff, ‘‘ Solution d’un probleme sur les ondes permanentes,”’ 
Liouville (2), iii. 251 (1858); his analysis is correct, but regard is not had to the indeterminate 
character of the problem (in the absence of friction), and the results are consequently not pushed 
to a practical interpretation. 
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The equation (4) becomes, on neglecting the square of kB, 
Bm gy + Bel (ec cos kee + pe sin ke). siintion sea. aoa (7) 


This gives for the variable part of the pressure at the upper surface (y =0) 
po = pB {(ke* —g) cos ka + uc sin bar}, .......scncereeees (8) 
which is equal to the real part of 
pA (ko? — 9 — ie) et 
If we equate the coefficient of e** to C, we may say that to the pressure 


corresponds the surface-form 
K 
Jpy = heatiest 4 
where we have written « for g/c*, so that 27/« is the wave-length of the free 
waves which could maintain their position against the flow of the stream. 
We have also put u/c = wy, for shortness. 


(pike | ine Oe et eee (10) 


Hence, taking the real parts, we find that the surface-pressure 
Dy == COS Kal eos ae nealin owes top ea neaen arenes (11) 


produces the wave-form 
F: (k — x) cos kx — py sin kx 
DO ee ae nae cee ceiaasecnee (12) 


This shews that if ~ be small the wave-crests will coincide in position 
with the maxima, and the troughs with the minima, of the applied pressure, - 
when the wave-length is less than 27/«; whilst the reverse holds in the 
opposite case. This is in accordance with a general principle. If we impress 
on everything a velocity —c parallel to a, the result obtained by putting 
#1 = 0 in (12) is seen to be a special case of Art. 168 (14). 


In the critical case of k =x, we have 
KGa Se. 
Se =; GIN KOS ig cs eccae eet ee 
gpy rf sin (13) 


shewing that the excess of pressure is now on the slopes which face down the 
stream. This explains roughly how a system of progressive waves may be 
maintained against our assumed dissipative forces by a properly adjusted 
distribution of pressure over their slopes. 


243. The solution expressed by (12) may be generalized, in the first 
place by the addition of an arbitrary constant to x, and secondly by a sum- 
mation with respect to &. In this way we may construct the effect of any 
arbitrary distribution of pressure, say 


Po= ih (a), sie sleicielsle/eisisle eve e siecle d\elelefeis eel sinisle'e (14) 
with the help of Fourier’s Theorem (Art. 238 (4)). 
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We will suppose, in the first instance, that f(#) vanishes for all but 
infinitely small values of a, for which it becomes infinite in such a way that 


|" f@)de=P; ry Brack A (15) 


this will give us the effect of an integral pressure P concentrated on an 
infinitely narrow band of the surface at the origin. Replacing C in (12) by 
P/r . dk, and integrating with respect to k between the limits 0 and 0, we 
obtain 


KP [(° (k—«) cos ka — wy, sinkex 
sey ==. | eh |e (16) 
0 (e— kK) + pa 
If we put (=k+7m, where k, m ave taken to be the rectangular co-ordinates of a variable 
point in a plane, the properties of the expression (16) are contained in those of the complex 
integral 


It is known that the value of this integral, taken round the boundary of any area 
which does not include the singular point (¢=c), is zero. In the present case we have 
c=x+7p,, where x and y, are both positive. 


Let us first suppose that x is positive, and let us apply the above theorem to the region 
which is bounded externally by the line m=0 and by an infinite semicircle, described with 
the origin as centre on the side of this line for which m is positive, and internally by a 
small circle surrounding the point (x, 4). The part of the integral due to the infinite 
semicircle obviously vanishes, and it is easily seen, putting (—c=re*, that the part due to 
the small circle is 

—Qriet(et iu) %, 


if the direction of integration be chosen in accordance with the rule of Art. 32. We thus 


obtain 
0 oikz: 
[ cy TPM v+ |e Rise dk —Qriei(e+m,)x =O, 
which is equivalent to 
o ike 
(h srrapen eet aE ears 


On the other hand, when z is negative we may take the integral (17) round the contour 
made up of the line m=0 and an infinite semicircle lying on the side for which m is 
negative. This gives the same result as before, with the omission of the term due to the 
singular point, which is now external to the contour. Thus, for x negative, 


gy SAE el oe eae 9 19) 
econ =P RD eee eee eee eee ee eee eee ee) ( 


An alternative form of the last term in (18) may be obtained by integrating round the 
contour made up of the negative portion of the axis of 4, and the positive portion of the 
axis of m, together with an infinite quadrant. We thus find 


— ike : 
Pe ae iat (18) 


0 etka pe (os) e7m nied 0 
once a caecinies 
which is equivalent to 


ae eee 20) 
Say a eS = Sy FeSO ee ™. Pree e eee eeereeeeeeenes 
0 A+(k+7%1) ib ™ — py +0K ‘ 


LH 
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This is for x positive. In the case of x negative, we must take as our contour the 
negative portions of the axes of 4, m, and an infinite quadrant. This leads to 


fe) e7 tka a ce) emx d (21) 
ib EPH) =I, m+ pa —tK My aencceccvecccsccccececcecs 


as the transformation of the second member of (19). 
In the foregoing argument p, is positive. The corresponding results for the integral 


ees 
lees d¢ alate/a olerslcialeteretotataleisioisieis’a\eu sieveia)eierelate'sleleinie\e (22) 


are not required for our immediate purpose, but it will be convenient to state them for 
future reference. For « positive, we find 


(oo) etka ak co ea tke ak oO e-mx d 23 
0 k=(x—%) al ae - [Poe TN 3 wesccccceees ( ) 
whilst, for 7 negative, 
femeiew  e erac tig ees ee. 
7 = —Qarret(e— My) % : 

if k— (x —%py) he nt Jo BE HH) 
Qariet(e— tM) % > ie ad 94 
=-—- a7 1 +f° im — py — tk MMs weccccscrcevoes ( ) 


The verification is left to the reader*. 


If we take the real parts of the formulae (18), (20), and (19), (21), respectively, we 
obtain the results which follow. 


The formula (16) is equivalent, for 2 positive, to 


BOP pak Reign Sct © (k+«) cos ka — py, sin kx 
me Y= 2Qare mein we + | oN ea ee 
= — 2rres* sin Ka + [" Se GE pickias a osamebeons (25) 
0 (i pal x*- 
and, for x negative, to 
mp _ (P(m+m)e*dm 
Ba), ee ere (26) 


The interpretation of these results is simple. The first term of (25) 
represeuts a train of simple-harmonic waves, on the down-stream side of the 
origin, of wave-length 27c?/g, with amplitudes gradually diminishing according 
to the law es”. The remaining part of the deformation of the free surface, 
expressed by the definite integrals in (25) and (26), though very great for 
small values of x, diminishes very rapidly as « increases in absolute value, 
however small the value of the frictional coefficient py. 


When y; is infinitesimal, our results take the simpler forms 


1p sete : ” cos ka 
ae 2 sin xa + | ken 
ee kOnct cas 
7 sin xo+ | for re 1 (27) 


; * For another treatment of these integrals, see Dirichlet, Vorlesungen ueber d. Lehre v. d. 
einfachen u. mehrfachen bestimmten Integralen (ed. Arendt); Braunschweig, 1904, p. 170. 
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for « positive, and 
Tgp © cos ka Sarre: 
me y= |. gti =|" ma ae™ See eer (28) 
for negative. The part of the disturbance of level which is represented 
by the definite integrals in these expressions is now symmetrical with respect 
to the origin, and diminishes constantly as the distance from the origin 
increases. When «zx is moderately large we find, by usual methods, the 
semi-convergent expansion 
Ie ee Antec eo er Bt = 
ene a eight cage ot tte 
It appears that at a distance of about half a wave-length from the origin, on 
the down-stream side, the simple-harmonic wave-profile is fully established. 
The definite integrals in (27) and (28) can be reduced to known functions as follows. 
If we put (4+«) z=wu, we have, for x positive, 
©cos kr 1 ip cos a fi 


0 k +k Kx 
= —Ci ke cos cat (hr —Si kx) SIN Kv, cececccsecsssenees (30) 
where, in conformity with the usual notation, 
#3 : 
Ciw= -| pacadled = sium [°E* au. RopoantE conor catmedanr (31) 
u U 0 wu 


The functions Ciw and Siz have been tabulated by Glaisher*. It appears that as wu 
increases from zero they tend very rapidly to their asymptotic values 0 and $7, respectively. 
For small values of u we have 


é Uw us 
Gy u=y+tlog Wego aa veey 
b Do tassseeetisasseennnnanee (32) 
Sk ba ie ae gene 


where y is Euler’s constant °5772.... 
It is easily found from (25) and (26) that when sy is infinitesimal, the 
integral depression of the surface is 


-|" yde= =, B cltol cade salaiuledteaersjais (33) 


exactly as if the fluid were at rest. 


244. The expressions (25), (26) and (27), (28) alike make the elevation 
infinite at the origin, but this difficulty disappears when the pressure, which 
we have supposed concentrated on a mathematical line of the surface, is 
diffused over a band of finite breadth. 


* «Tables of the Numerical Values of the Sine-Integral, Cosine-Integral, and Exponential 
Integral,’’ Phil. Trans. 1870; abridgments are given by Dale and by Jahnke and Emde. The 


expression of the last integral in (27) in terms of the sine- and cosine-integrals was obtained, in a 
a ie 

different manner from the above, by Schlémilch, ‘‘Sur l’intégrale définie | z ae ,»” Crelle, 

0 


xxxiii, (1846); see also De Morgan, Differential and Integral Calculus, London, 1842, p. 654, 


and Dirichlet, Vorleswngen, p. 208. 
26-2 
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To calculate the effect of a distributed pressure 


Dots FET oe ee Ree ies ih (34) 


it is only necessary to write «—a for # in (27) and (28), to replace P by 
f(a) Sa, and to integrate the resulting value of y with respect to a between 
the proper limits. It follow8 from known principles of the Integral Calculus 
that if po be finite the integrals will be finite for all values of a. 


In the case of a uniform pressure po, applied to the part of the surface 
extending from —cc to the origin, we easily find by integration of (25), for 
xa>0, 

CO p—Mz 
IPY = — 2po COS KX + “Po BLL 
where p; has been put =0. Again, if the pressure pp be applied to the part 
of the surface extending from 9 to + «, we find, for «<0, 


ph ia Ee Bey (36) 


© em®* dm 
gey = “Po a 


7 0 m2 + Ke 
_ From these results we can easily deduce the requisite formulae for the case 
of a uniform pressure acting on a band of finite breadth. The definite 
integral in (85) and (36) can be evaluated in terms of the functions Ci u, 
Si w; thus in (35) 
ir e~™ dim sin ke 
Ps = 


9 m+n ly k+K 


dk = (47 — Sixx) cos xv + Ci xx sin xx. ...(87) 


In this way the diagram on p. 405 was constructed; it represents the case 
where the band (AB) has a breadth «1, or 159 of the length of a standing 


wave. 


The circumstances in any such case might be realized approximately by 
dipping the edge of a slightly inclined board into the surface of a stream, 
except that the pressure on the wetted area of the board would not be uniform, 
but would diminish from the central parts towards the edges. To secure 
a uniform pressure, the board would have to be curved towards the edges, to 


the shape of the portion of the wave-profile included between the points 
A, B in the figure. 


Tt will be noticed that if the breadth of the band be an exact multiple 
of the wave-length (2zr/«), we have zero elevation of the surface at a distance, 


on the down-stream as well as on the up-stream side of the source of 
disturbance. 


The diagram shews certain peculiarities at the points A, B due to the 
discontinuity in the applied pressure. A more natural representation of a 
local pressure is obtained if we assume 


Qe) 
fa eens 9 FREE IES Ck i i i a iy (38) 


Wave-Projfile 405 


244 | 
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We may write this in the form 


at Oa =|" ween, Pree bee 3 (39) 


Po b—iw wo 

provided it is understood that, in the end, only the real part-is to be retained. 

On reference to Art. 242 (9), (10), we see that the corresponding elevation of 

the free surface is given by ; 
KP [% e—kbttke 

gpy =" | k—-K—ty 


By the method of Art. 248, we find that this is equivalent, for « >0, to 


KP ; : foe) e—imb—ma 
ain a (K-+tpLy) (tv—) cE tee rs 
Py ae |2arie 1 se I. ieee pieswesges (41) 
and, for «<0, to 
KP (oe) eimb+mx 
gpy eet al We Se te SOO OUCOMDU SHUN SC0O0 (42) 


Hence, taking real parts, and putting 4,=0, we find 


KP [2 mcos mb — ¢sin mb 


gpy = — 2«Pe— sin xa + oe e™dm, [x>O}, 


0 m2 + x? 
Rocce (43) 
cP (® mcosmb—xsinmb 
hed eam I. See it Wig Peta he dm, [a< 0}. 
ee (44) 


The factor e-*? in the first term of (43) shews the effect of diffusing the 
pressure. It is easily proved that the values of y and dy/d« given by these 
formulae agree when «= 0*, 


245. Ifin the proble.n of Art. 242 we suppose the depth to be finite and 
equal to h, there will be, in the absence of dissipation, indeterminateness or 
not, according as the velocity c of the stream is less or greater than (gh), the 
maximum wave-velocity for the given depth; see Art. 229. The difficulty 
presented by the former case can be evaded by the introduction of small 
frictional forces; but it may be anticipated from the preceding investigation 
that the main effect of these will be to annul the elevation of the surface 
at a distance on the up-stream side of the region of disturbed pressure, 
and if we assume this at the outset we need not complicate our equations by 
retaining the frictional termsf. 


For the case of a simple-harmonic distribution of pressure we assume 


= -—2+8 cosh k (y+h) sin ka, 


St sh 
: 
° 
: 
—~ 
— 
VY 


=-—y+ 6 sinh k (y+) cos ka, 


* A different treatment of the problem of Arts. 243, 244 is given in a paper by Kelvin, ‘‘ Deep 
Water Ship-Waves,’”’ Proc. R. S. Edin. xxv. 562 (1905) [Papers, iv. 368]. 


+ There is no difficulty in so modifying the investigation as to take the frictional forces into 
account, when these are very small. 
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as in Art, 233 (3). Hence, at the surface 


Pa SID AUC COS CU ROcta ae ee ney canecrsecececbescoecsssth (2) 
we have a — gy —$ (9? - 0) =B (ke? cosh kh —g sinh kh) cos hit, ...ccccsseeceeees (3) 
so that to the eee pressure 
; LAP W PD Peeled 3 | Re een eee (4) 
will correspond the surface-form 
a sinh kh k 5 
a p . Etec cosh kh—g sinh kh COR GC taMesie sels siis wiseiviecisins cctiee cies ( ) 


As in Art. 242, the pressure is greatest over the troughs, and least over the crests, of the 
waves, or vice versd, according as the wave-length is greater or less than that corresponding 
to the velocity c, in accordance with general theory. 
The generalization of (5) by Peak method gives 
sinh kh cos ka 
meg eT cosh kh —g sinh kh 


as the representation of the os of a pressure of integral amount P applied to a narrow 
band of the surface at the origin. This may be written 


= __ cos (xulh) _ 
y= i omkea ahi CL Pacey toy gah ele Ae (7) 


Now consider the complex Jaan 


eixsih 
{ccc cara Panama eae aa 


where (=u+7. The function under the integral sign has a singular point at (= #iw, 
according as x is positive or negative, and the remaining singular points are given by the 
roots of 


Since (6) is an even function of x, it will be sufficient to take the case of x positive. 


Let us first suppose that c? > gh. The roots of (9) are then all pure imaginaries; viz. 
they are of the form +7, where § is a root of 


tanB c? 
B AICP LED oie ci era Sir (10) 

The smallest positive root of this lies between 0 and 47, and the higher roots approximate 
with increasing closeness to the values (s +4) 7, where s is integral. We will denote these 
roots in order by fp, B1, Bos .... Let us now take the integral (8) round the contour made 
up of the axis of u, an infinite semicircle on the positive side of this axis, and a series of 
small circles surrounding the singular points (=7B), 78, 78,, .... The part due to the 
infinite semicircle obviously vanishes. Again, it is known that if a be a simple root of 
f (¢)=0 the value of the integral 


F(¢) 
= di 
rata he 
taken in the positive direction round a small circle enclosing the point ¢=a is equal to 
. F(a) 
Gi dodébsontieNecEanennADD ddoctinedegoussnEduse 11 
214 F(a) (11) 
Now in the case of (8) we have 
1 (gh (, gh 3 
Ff (a)=coth a—a (coth?a—1)=— 2 aed a ee (12) 


whence, putting a=78,, the expression (11) takes the form 
OP RIO S ME ha ieasceedeterersvaoststtessoastacstcct (18) 
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where [Bie —— © cece eee eetencccscesessscssesvesesees (14) 
B2- gh (, _ 9 
Sy aire a 
The theorem in question then gives 
0 eizujh co giau/he ob ean 
———5 ————_5 du— == Og as des 15 
eee au | ucoth u—gh/c* Mg AE 2% Ae ce), 


If in the former integral we write —w for w, this becomes 


2 cos (wu/h) = © B o-Bsx/h 16 
iC uw coth w— gh] du= Tv x5 3 8 eee ence were ae eenesecssscees ( ) 


The surface-form is then given by 


ya a Bo Bip teat eT eee as (17) 


It appears that the surface-elevation (which is symmetrical with respect to the origin) 
is insensible beyond a certain distance from the seat of disturbance. 


When, on the other hand, c? < gh, the equation (9) has a pair of real roots (+a, say), the 
lowest roots (+5) of (10) having now disappeared. The integral (7) is then indeterminate, 
owing to the function under the integral sign becoming infinite within the range of 
integration. One of its values, viz. the ‘principal value, in Cauchy’s sense, can however 
be found by the same method as before, provided we exclude the points (= +a from the 
contour by drawing semicircles of small radius e« round them, on the side for which v is 
positive. The parts of the complex integral (8) due to these semicircles will be 


exiax/h 
moh ela) 
where /’ (a) is given by (12); and their sum is therefore equal to 
2A sin +) dalahiahe scaled culo secnonece desire caeateeree (18) 
where cece ce erstsctenecetnees 19 
2-B(E5) He 
E\E 
The equation corresponding to (16) now takes the form 
a—e 0 cos (2u/h) ie ae, re) 
{f, i ee wu coth u—gh/c daria AS ten 2, Gane aoe so) 


so that, if we take the principal value of the integral in (7), the surface-form on the side 

of x positive is 

a1? 

h 
Hence at a distance from the origin the deformation of the surface consists of the 

simple-harmonic train of waves indicated by the first term, the wave-length 2rh/a being 

that corresponding to a velocity of propagation c relative to still water. 


Pesce Pico 
Bee aie sin + am Bren Par. SPiccr ras bare Riernn cece (21) 


Since the function (7) is symmetrical with respect to the origin, the corresponding 
result for negative values of x is 


CW IP =e 
"7 5 ae pe x, B,e8s2lh, ain eslaels sicisieisotelv eisiecesn meno (22) 


Pete 
y= oa A sin 
The general solution of our indeterminate problem is completed by adding to (21) and 
(22) terms of the form 
ax 


h 


ax 


aL aren eet apa ee cs (23) 


C cos 
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The practical solution, including the effect of infinitely small dissipative forces, is obtained 
by so adjusting these terms as to make the deformation of the surface insensible at 
a distance on the up-stream side. We thus get, finally, for positive values of «, 


OEE BN CI NI E8 
Y= eke sin Ft Shy Bue eel, lolejpislulolalelarole(sielolelatetels’siavain (24) 
and, for negative values of x, 
(PERC 
y= 0 x FERAL <r BA Ne Ree eat a (25) 


For a different method of reducing the definite integral in this problem we must refer 
to the paper by Kelvin cited below. 
246. The same method can be employed to investigate the effect on a 
uniform stream of slight inequalities in the bed*. 
Thus, in the case of a simple-harmonic corrugation given by 
aT COS CE Ma ee cne ne cae cee eosor cee oeaenb een settee Ne (1) 
the origin being as usual in the undisturbed surface, we assume 


ot z+(acosh ky+f sinh ky) sin kz, 


c 
0M ye el aed eee te: (2) 
Ae —y+(asinhky+8 cosh ky) cos kx. 
The condition that (1) should be a stream-line is 
Y= SINWLP-tSICOSN iste acsaeecesscacssweceenseseneyeeees (3) 
The pressure-formula is 
= const. —gy+ke? (a cosh ky+B sin ky) COS kX, .eccssceeccssceeceeee (4) 
approximately, and therefore along the stream-line y=0 
: = const. + (ke?a — gf) cos ka, 
so that the condition for a free surface gives 
ROA OE wll, Mode Gt dake ohan nabs nngiinn tr Sedsesaimphadas (5) 
The equations (3) and (5) determine a and 8. The profile of the free surface is given by 
COD NL: costs rccpbignase Sasepae (6) 


_— ee ee 
¥=B 008 dia coals kh — g/ke? . sinh kh 


If the velocity of the stream be less than that of waves in still water of uniform depth 4, 
of the same length as the corrugations, as determined by Art. 229 (4), the denominator is 
negative, so that the undulations of the free surface are inverted relatively to those of the 
bed. In the opposite case, the undulations of the surface follow those of the bed, but with 
a different vertical scale. When c has precisely the value given by Art. 229 (4), the solution 
fails, as we should expect, through the vanishing of the denominator. To obtain an 
intelligible result in this case we should be compelled to take special account of dissipative 
forces. 

The above solution may be generalized, by Fourier’s Theorem, so as to apply to the 
case where the inequalities of the bed follow any arbitrary law. Thus, if the profile of the 
bed be given by 2 

wo 
y=—-h+f(2)= -1+2 ak woe 6) 008 bw —€) aE, es cetee (7) 


* Sir W. Thomson, ‘‘On Stationary Waves in Flowing Water,’’ Phil. Mag. (5) xxii. 353, 
445, 517 (1886), and xxiii. 52 (1887) [Papers, iv. 270]. The effect of an abrupt change of level in 
the bed is discussed by Wien, Hydrodynamik, p. 201. 
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that of the free surface will be obtained by superposition of terms of the type (6) due to 
the various elements of the Fourier-integral; thus 


LN ef ie CONN A 6) ee ae ee 8 
y=i [ at |” oi gaan Pee (8) 


In the case of a single isolated inequality at the point of the bed vertically beneath 
the origin, this reduces to 


_e@f cos ka 
ye) cach ee Gibco a 
Q [2 u cos (au/h) 


a (eases meray 950 RReR pL, REECE 9 
th}o ucoshu—gh/c*.sinh u s (9) 


where @ represents the area included by the profile of the inequality above the general 
level of the bed. For a depression Q will of course be negative. 
The discussion of the integral 
cei de 
¢ cosh (—gh/c?. sinh ¢ POOH EEE EEE SEH HEHE EOE HEHEHE HEHE 


can be conducted exactly as in Art. 245. The function to be integrated differs only by the 
factor ¢/(sinh ¢); the singular points therefore are the same as before, and we can at once 
write down the results. 


Thus when c? > gh we find, for the aes ae 
= 7,8 ee ET ig Ee ee (11) 
aia 


the upper or the lower sign being taken <i as £ is positive or negative. 


When c? < gh, the ‘practical’ solution is, for x positive, 


eee’ ei asi den —— Bex /h 
y=-7 4a, 80 45 +72) B, nae 8 IPS We cclecdoesnteoceeees 


and, for x negative, y= 2° B wet, Gea E TR tes casnneceestareee ke aasacn ha) 


The symbols a, 8;, A, B, have here exactly the same meanings as in Art. 245*, 


247. We may calculate, in a somewhat similar manner, the disturbance 
produced in the flow of a uniform stream by a submerged cylindrical obstacle 
whose radius b is small compared with the depth f of its axist. The cylinder 
is supposed placed horizontally athwart the stream. 


We write 


b2 
p=—ce(1 +5) +x igs eas oe sistem aia irae (1) 


where c denotes as before the general velocity of the stream, and r denotes 
distance from the axis of the cylinder, viz. 


SSAC try ae et eae ee ee (2) 


* A very interesting drawing of the wave-profile produced by an isolated inequality in the bed 
is given in Kelvin’s paper, Phil. Mag. (5) xxii. 517 (1886) [Papers, iv. 295]. 

+ The investigation is taken from a paper ‘‘On some cases of Wave-Motion on Deep Waiter,’’ 
Ann, di matematica (3), xxi. 237 (1913). I find that the problem had been suggested by Kelvin, 
Phil. Mag. (6) ix. 733 (1905) [Papers, iv. 369]. 
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the origin being in the undisturbed level of the surface, vertically above the 
axis. This makes 0¢/ér =0 for r=6, provided y be negligible in the neigh- 
bourhood of the cylinder. 


We assume 


y= | a(k) eM sin kedk, anus hee Rbciessseit, (3) 


where a (k) is a function of k, to be determined. For the equation of the free 
surface, assumed to be steady, we put 


* | RON GRCN 1 lasetey Rae adhe aaa (4) 
0 
The geometrical condition to be satisfied at the free surface is 
0d dn 
= dy =C AE a ieiialeliet atofotaato els aloha via\leteletn elele etelalevee/s (sila (5) 


wherein we may put y=0. Since (1) is equivalent to 
ao vee Abie | * erhWth sin had + yy vececssssssveveees (6) 
0 


for positive values of y+/f, this condition is satisfied if 
Ce Eee e110) MeO LIC). aru testes. ce tonnes Seen Cees (7) 
Again, the variable part of the pressure at the free surface is given by 
B_ gy—3 (5) 
pie ae 2 (= 
‘yt eter ox 
=—gn—t—-bc ‘ é ‘cos kakdk + c= 


=—gn—42-Be? fe et cos kakdk + ef a(k)coskukdk, ...... (8) 


where terms of the second order in the disturbance have been omitted. This 
expression will be independent of « provided 


GB (kh) + heb? Bef — kee (ke) =O. ccc esec essen econ eees (9) 

Combined with (7), this gives 
a(k)=*** toeW,  B(k)= Le SET fem (el) 
where KE OiGet otal arccinsstals ontayie ts decks: (11) 


as in Art. 242. Hence 
© ke-f cos kadk 


n= 2b] k—k 


2b? f 4 Qube ie ef cos kadk 
pn Dg a Nahe stb 


pee EEE (12) 
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The integral is indeterminate, but if # be positive its principal value is equal 
to the real part of the expression 


© p—imf—max 
dre Wit tna + t) [ —— dm. aieteiel alsletajeretstalelstelsleleceiaie (18) 
Adopting this we have 
2b a 
foe 4 ft — YrKxb 2e-V sin Kx 
(oe) 1 a — Ma 
— Qn? | Ca? Sag Ue ae ee (14) 
0 , 


For large values of x the second term is alone sensible. 


Since the value of 7 in (12) is an even function of we must have, for 
x negative, 


o, + QarK«b2e- sin « w— 2x? ie CLEGa at oe Te Se dn 
+f 0 m? + kK 
On the disturbances represented by these formulae we can superpose any 
system of stationary waves of length 27/k, since these could maintain their 
position in space, in spite of the motion of the stream ; and if we choose as 
our additional system 


(15) 


m= QarKbies SI ee Veatch ceria ae ee ee (16) 
we shall annul the disturbance at a distance on the up-stream side (2 <0), as 
is required for a physica! solution. The result is 

2b2f Oks 
n= Bayle 4orxb?e-S sinkx+ &e. [xa >0], 


2b? 
n= ara + &e. [a <0]. 


smh i oes (17) 


It appears that there is a local disturbance immediately above the obstacle, 
followed by a train of waves of length 27rc?/g on the down-stream side™*. 


The investigation is easily adapted to the case where the section of the cylinder has any 
arbitrary form. The assumption really made above is that, to a first approximation, the 
effect of the cylinder at a distance is that of a suitably adjusted double source. In the more 
general case, referring to Art. 72a, we may write 


P= CLA DIX, cerceveesceee ee epeisenenrecneinacreeseese (18) 
—_(A+@)e+A(yt+f) 
where qi = On 2 +(y+fy Co wee vcctisneseeusvecacis Sleesccnes (19) 
It is convenient to work with complex quantities, and to write 
=O] ° e-tvrnsie a Aas ee eee (20) 
with (eS aaa eee (21) 
Qa 


* If we investigate the asymptotic expansion of the definite integral in (13), when «f is large, 
we find on substitution in (12) that the most important term gives — 2b2f/(x?+f%), and so cancels 
the first term in the above values of 7. The approximation has been carried further, for moderate 
values of xf, by Havelock, Proc. Roy. Soc. A, cxv. 274 (1927). 


247-248 | Effect of a Travelling. Disturbance 413 


The real part of (20) is of course alone to be retained in the end. The steps of the calcu- 
lation may be supplied by the reader. The final result is, for large values of | x|, 


1 I - (A+Q) «sin ka+2«H cosxate“*+&e. [a >0], 
= At Of He a [#<o}} 


The local disturbance near the origin is not symmetrical unless H=0. 


For an elliptic section whose major axis makes an angle a with the direction of the stream, 
we have 


A=rn (a? sin?a+b?cos?a), Q=aab, H=n(a?—62)sinacosa. ......... (23) 
The square of the amplitude of the waves is then 
4x? (A+ Q)?+ 4x? H?2= 47? x? (a+ 6)? (a? sin?2a+ 6? cosa). ...... RBabontiNE (24) 


248. If in the problems of Arts. 243, 245 we impress on everything a 
velocity —c parallel to , we get the case of a pressure-disturbance advancing 
with constant velocity c over the surface of otherwise still water. In this form 
of the question it is not difficult to understand, in a general way, the origin 
of the train of waves following the disturbance. 


If, for example, equal infinitesimal impulses be applied in succession to 
a series of infinitely close equidistant parallel lines of the surface, at equal 
intervals of time, each impulse will produce on its own account a system of 
waves of the character investigated in Art. 239. The systems due to the 
different impulses will be superposed, with the result that the only parts 
which reinforce one another will be those whose wave-velocity is equal to the 
velocity c with which the disturbing influence advances over the surface, and 
which are (moreover) travelling in the direction of this advance. And the 
investigations of Arts. 236, 237 shew that in the present problem the groups 
of waves of this particular length which are produced are continually being 
left behind. When capillary waves come to be considered, the latter statement 
will need to be modified. 

The question can be investigated from a general standpoint, independent 
of the particular kind of waves considered, as follows*. 

We take the origin at the instantaneous position of the disturbing influence, 
which is supposed to travel with velocity cin the direction of #-negative. The 
effect of an impulse é¢ delivered at an antecedent time ¢ is given by Art. 241 (7) 
if we replace x by ct —# and multiply by ot. Introducing the hypothesis of a 
small frictional force varying as the velocity, and integrating from ¢=0 to 
t=o, we get 

n= ay is if i) (k) ettt—tk (ct—«) dp +]°o (ih) efzatre (ct—2) aK} ea dut dt. i (1) 

Qar 0 0 0 
The integration with respect to ¢ gives 
1 [° p(k) e dk 1 (2 dhe dk (2) 
N7=5- or —— oS Er BZ ado 
QrJo 4u—t(o—ke) 2rJo g4—1(c+ ke) 
* Phil. Mag. (6) xxxi. 386 (1916). 
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The quantity ~ is by hypothesis small, and will in the limit be made to vanish. 
The most important part of the result will therefore be due to values of & in 
the first integral which make 


TPO de saasinn Saat: sont oo Re ee (3) 
approximately. Writing k=« +4’, where « is a root of this equation, we have 
do 
=(—= - f= (U6) Wis anesa Gastar. te 4 
wakes (% c) k (U—c) K, (4) 


nearly, where U denotes the group-velocity corresponding to the wave-length 
2c/«. The important part of (2) for large values of « is therefore 
1 i fo) ek qh’ 
n=5- b(k)e reese fg iviavalalale wisicloyelelerstarete (5) 
since the extension of the range of integration to k’ = +00 makes no serious 
difference. Now if a be positive we have * 


{ witetnt dat 10 (leis? Unies 0) (6) 
ys a + wm =, 0, [x < 0] eeeeeerer eee eee eeeeeeee 

: bad ncaa eed Alls [~¢>0] 
whilst ie (hp — am im ae [x < 0] alnleleletatelelete atemialstetclareiere (7) 


Hence if U<c 
aK: 
SOE e-tuzl(e—U) or Q, 


LORI Aa IA Ba (8) 
according as #20; whilst if ae c 
= (4) Om 0 auel(U-0) 
R= 0, or wir Ce SES ON BEN SOME aioral tb lelareeivyaetetassistevee,e (9) 
in the respective cases. If we now make «4 ->0 we have the simple expression 
_ p(x) em ( Kk) etkx (10) 
“lost ce. eee 


for the wave-train generated by the travelling disturbance. This train follows 
or precedes the disturbing agent acccording as U <c. Examples of the two 
cases are furnished by gravity waves on water, and capillary waves, respectively 
(Arts. 236, 266). 


The approximation in (4) is valid only if the quotient 


LO) AUR eter OC) oxen eNotes neee ss eae CLL} 
is small even when k’« is a moderate multiple of 27. This requires that 
i A ait ASAT) See eee (12) 


should be small. Unless U=c, exactly, the condition is always fulfilled if 
x be sufficiently great. It may be added that the results (8), (9) are accurate, 
in the sense that they give the leading term in the evaluation of (2) by 
Cauchy’s method of residues. Cf. Art. 242. 


* The results quoted are equivalent to the familiar formulae 
“© cos ma dm  msin ma dm 
ae Seeie elideeasehe Fax 
af a*+m? {x atm" 
(where the upper or lower sign is to be chosen according as 2 is» positive or negative), but can be 
obtained directly by contour integration. 
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In the case of waves on deep water, due to a concentrated pressure of 
integral amount P, we put 
h (hk) = to P/ap, ......cccsecevee nets Sac ee (13) 
to conform to Art. 239 (28). Since U=4c, we obtain, on taking the real part, 


n= = SLUNG eee ee tan reer es (14) 


in agreement with (27) of Art. 243*, 


If there is more than one value of & satisfying (8), there will be a term of 
the type (10) for each such value. This happens in the case of water-waves 
due to gravity and capillarity combined (Art. 269), and in the case of super- 
posed fluids, to be referred to presently. 


249. The preceding results have a bearing on the theory of ‘wave-resistance.’ 
Taking the two-dimensional form of the question, let us imagine two fixed 
vertical planes to be drawn, one in front, and the other in the rear, of the 
disturbing body. If U<c the region between the planes gains energy at the 
rate cH, where H is the mean energy per unit area of the free surface. This is 
due partly to the work done at the rear plane, at the rate UF (Art. 237), and 
partly to the reaction of the disturbing body. Hence if R be the resistance 
experienced by the latter, so far as it is due to the formation of waves, we have 


Ae Wanna tie os Hoke Sake 1, (1) 


On the other hand, if U >c, so that the wave-train precedes the body, the 
space between the planes loses energy at the rate cH. Since the loss at the 
first plane is UH, we have 


Re-—-UE=-cE, or R= 


U-c 

dR teres eve rat Se (2) 

C 
Thus, in the case of a disturbance advancing with velocity ¢[< /¥(gh)] over 
still water of depth h, we find, on reference Art. 237, 
2Kh 

i= a? (1 ay pete teat ete ee ene eneenes 3 

+9? sinh Sah) (3) 
where a is the amplitude of the waves. As c increases from 0 to (gh), «kh 
diminishes from « to 0, so that R diminishes from }gpa? to 0. When 
c>A(gh), the effect is merely local, and R=O+. It must be remarked, 
however, that the amplitude a due to a disturbance of given type will also 
vary with c. For instance, in the case of the submerged cylinder, Art. 244 (43), 
a@ varies as xe~*, where x =g/c*, the depth being infinite. Hence R# varies as 
owt e72go/e, 

* It is not difficult to derive from (2) the complete formula referred to. 

+ Cf. Sir W. Thomson, ‘‘On Ship Waves,’’ Proc. Inst. Mech. Eng. Aug. 3, 1887 [Popular 
Lectures and Addresses, London, 1889-94, iii. 450]. A formula equivalent to (3) was given in a 
paper by the same author, Phil. Mag. (5) xxii. 451 [Papers, iv. 279]. ? 

+ The vertical force on the cylinder is calculated by Havelock, Proc. Roy. Soc. A, exxii. 387 
(1928). 
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An interesting variation of the general question is presented when we have a layer of 
one fluid on the top of another of somewhat greater density. If p, p’ be the densities of 
the lower and upper fluids, respectively, and if the depth of the upper layer be /’, whilst 
that of the lower fluid is practically infinite, the results of Stokes quoted in Art. 231 shew 
that two wave-systems may be generated, whose lengths (27/k) are related to the velocity ¢ 
of the disturbance by the formulge 


gh Tad LE a 5 

C=, c OLE ee (5) 

It is easily proved that the value of x determined by the second equation is real only if 
< mee QU ee Se teh, POET a a eaeael (6) 


If c exceeds the critical value thus indicated, only one type of waves will be generated, 
and if the difference of densities be slight the resistance will be practically the same as in 
the case of a single fluid. But if ¢ fall below the critical value, a second type of waves 
may be produced, in which the amplitude at the common boundary greatly exceeds that 
at the upper surface; and it is to these waves that the ‘dead-water resistance’ referred to 
in Art. 231 is attributed *. 

The problem of the submerged cylinder (Art. 247) furnishes an instance where the 
wave-resistance to the motion of a solid can be calculated. The mean energy, per unit 
area of the water surface, of the waves represented by the second term in equation (14) of 


that Art. is 
E=4 9p (4rxb?e-*/)2, 
Since U=4e, we have from (1) 


i= Arr 2G DOLKC mow Sateen eee eae a atee pncnoceccoot (7) 
For a given depth (7) of immersion, this is greatest when «f=1, or 
OMNI COP )P civ disesssssaus rose sdachocdesearvesvavseceae® 8 
In terms of the velocity ¢ we have “ Me 
Lem der gp pbs sa 4 WPI Sot. axsaudvanns startin tennseons (9) 
The graph of # as a function of ¢ is appended t. 


R 


VgF) 


* Ekman, l.c. ante p. 371. See also the paper by the author, there quoted. 
+ Ann. di mat., l.c. 
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Waves of Finite Amplitude. 


250. The restriction to ‘infinitely small’ motions, in the investigations of 
Arts. 227, ..., implies that the ratio (a/X) of the maximum elevation to the 
wave-length must be small. The determination of the wave-forms which 
satisfy the conditions of uniform propagation without change of type, when 
this restriction is abandoned, forms the subject of a classical research by 
Stokes* and of many subsequent investigations. 

The problem is most conveniently treated as one of steady motion. It was 
pointed out by Rayleighf that if we neglect small quantities of the order 
a’/X%, the solution in the case of infinite depth is contained in the formulae 

#2 + Belvsin ke, Y= — y + Bebv 00s ken etna (1) 

The equation of the wave-profile (4 =0) is found by successive approxima- 

tions to be 
y = Be coska=B (1 +ky+ 4k? y+...) cos ka 

=$k6? + B(1+ 2h?8?) coskx +48? cos kx + $k? 3 cos 8ka+...; ...(2) 
or, if we put 8 (1 +36?) =a, 

y —4ka? = acoskax + $ka* cos 2kha + 3k*a' cos 8kat.... 0... (3) 
So far as we have developed it, this coincides with the equation of a trochoid, 
in which the circumference of the rolling circle is 27/k, or X, and the length 
of the arm of the tracing point is a. 


We have still to shew that the condition of uniform pressure along this 
stream-line can be satisfied by a suitably chosen value of c. We have, from 
(1), without approximation, 


: = const. — gy — $c? {1 — 2kBe cos kat kh? Be}, 00... (4) 
and therefore, at points of the line y= Be’ cos ka, 
= const. + (ke? — g) y — $ k?c? 8% ery 


= const. + (ke? — g — hc? B*) yt... ec ec ee eeee eens (5) 
Hence the condition for a free surface is satisfied, to the present order of 
approximation, provided 


eJ4+Mog=F(1 a3 tyne yetls, taal h (6) 


* <¢Qn the theory of Oscillatory Waves,’ Camb, Trans. viii. (1847) [Papers, i. 197]. The 
method was one of successive approximation based on the exact equations of Arts. 9 and 20 ante. 
In a supplement of date 1880 the space-co-ordinates a, y are regarded as functions of the inde- 


pendent variables ¢, y [Papers, i. 314]. 
+ l.c. ante p. 260. The method was subsequently extended so as to include all Stokes’ results, 


Phil. Mag. (6) xxi. 183 [Papers, vi. 11]. 
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This determines the velocity of progressive waves of permanent type, and 
shews that it increases somewhat with the amplitude a. 


The figure shews the wave-profile, as given by (8), in the case of ka= 4, 
or a/v = ‘0796*. 


The approximately trochoidal form gives an outline which is sharper near 
the crests, and flatter in the troughs, than in the case of the simple-harmonic 
waves of infinitely small amplitude investigated in Art. 229, and these 
features become accentuated as the amplitude is increased. If the trochoidal 
form were exact, instead of merely approximate, the limiting form would 
have cusps at the crests, as in the case of Gerstner’s waves to be considered 
presently. 


In the actual problem, which is one of irrotational motion, the extreme 
form has been shewn by Stokesf, in a very simple manner, to have sharp 
angles of 120°. The question being still treated as one of steady motion, 
the motion near the angle will be given by the formulae of Art. 63; viz. if 
we introduce polar co-ordinates r, @ with the crest as origin, and the initial 
line of @ drawn vertically downwards, we have 


arias CH cos. 910, Te. Sages beret neat le ete (7) 


with the condition that ~=0 when 6=+4a (say), so that ma=47. This 
formula leads to 

g sim Ory wai. lathaicha. 4b than eee (8) 
where q is the resultant fluid-velocity. But since the velocity vanishes at the 
crest, its value at a neighbouring point of the free surface will be given by 


(7 2OY COS Uj vas cece en en eee (9) 


as in Art. 24 (2). Comparing (8) and (9), we see that we must have m=8, 
and therefore a= 47rf. 


In the case of progressive waves advancing over still water, the particles 
at the crests, when these have their extreme forms, are moving forwards with 
exactly the velocity of the wave. 


Another point of interest in connection with these waves of permanent 
type is that they possess, relatively to the undisturbed water, a certain 


* The approximation in (3) is hardly adequate for so large a value of ka; see equation (17) 
below. The figure serves however to indicate the general form of the wave-profile. 

+ Papers, i. 227 (1880). 

{ The wave-profile has been investigated and traced by Michell, ‘‘The Highest Waves in 
Water,’’ Phil. Mag. (5) xxxvi. 430 (1893). He finds that the extreme height is -142 , and that 
the wave-velocity is greater than in the case of infinitely small height in the ratio of 1-2 to 1. See 
also Wilton, Phil. Mag. (6) xxvi. 1053 (1913). 
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momentum in the direction of wave-propagation. The momentum, per wave- 
length, of the fluid contained between the free surface and a depth h (beneath 
the level of the origin), which we will suppose to be great compared with X, is 


on | | a cin nassl Sena uet eeeeeennned (10) 


since y= 0, by hypothesis, at the surface, and =ch, by (1), at the great depth 
h. In the absence of waves, the equation to the upper surface would be 
y=tka*, by (8), and the corresponding value of the momentum would 
therefore be 


PORREE Soa? )iA Shhh ns Beuhone..e zeae Akay (11) 
The difference of these results is equal to 
Td at a Cae eRe ae reg (12) 


which gives therefore the momentum, per wave-length, of a system of 
progressive waves of permanent type, moving over water which is at rest at 
a great depth. 

To find the vertical distribution of this momentum, we remark that the 
equation of a stream-line y=ch’ is found from (2) by writing y+h’ for y 
and Be-*" for B. The mean-level of this stream-line is therefore given by 


DD Ca sre, tie a ED (13) 


Hence the momentum, in the case of undisturbed flow, of the stratum of 
fluid included between the surface and the stream-line in question would 
be, per wave-length, 


Poe Nhe freed | Meo \ Sieg Py CT rey Pee (14) 
The actual momentum being pch’), we have, for the momentum of the same 
stratum in the case of waves advancing over still water, a 
Fi ys lati hed ons enc neer nensiin reiterate (15) 


It appears therefore that the motion of the individual particles, in these 
progressive waves of permanent type, is not purely oscillatory, and that there 
is, on the whole, a slow but continued advance in the direction of wave- 
propagation*. The rate of this flow at a depth h’ is found approximately by 
differentiating (15) with respect to h’, and dividing by pa, viz. it is 

We ACE eer Er, cise sages ject oom a xeaeets (16) 
This diminishes rapidly from the surface downwards. 


The further approximation by Stokes, confirmed by the independent cal- 
culations of Rayleigh and others, gives as the equation of the wave-profile 
y = const. + a cos kx — (tha? + $5k8a*) cos 2ha + $k? a? cos dha 
— that cos 4han+..., 0.0... (17) 


* Stokes, l.c. ante p. 417. Another very simple proof of this statement has been given by 
Rayleigh, J.c. ante p. 260. 
27-2 
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with, for the wave-velocity, 


a2 (14 Matt gat oo), ec sessssee eee (18) 


A question as to the convergence, both of the series which form the coefii- 
cients of the successive cosines when the approximation is continued, and of 
the resulting series of cosines, was raised by Burnside*, who even expressed 
a doubt as to the possibility of waves of rigorously permanent type. This led 
Rayleigh to undertake an extended investigation+, which shewed that the 
condition of uniformity of pressure at the surface could be satisfied, for 
sufficiently small values of ka, to a very high degree of accuracy. He inferred 
that the existence of permanent types up to the highest wave of Michell was 
practically, if not demonstrably, certain. The existence has at length been 
definitely established by an investigation of Prof. Levi Civita}, which puts an 
end to an historic controversy. 


There are one or two simple properties of these permanent waves which come easily 
from first principles§. The problem being reduced to one of steady motion, let the origin 
be taken in the mean level, beneath (say) a crest, and let X be the wave-length. Denoting 
by n surface-elevation above the mean level, we have, then, 


i ‘ MOG = One cestscncac estas rouse cenatacerscaeteee (19) 
Also, if g be the surface velocity, and go its value at the mean level, we have 

Y= qo" — 290, 
and therefore / : GAL = Oot A. seccststaesc coo ceeeaedeeete entree (20) 


Again, consider the mass of fluid contained between vertical planes through two successive 
crests, and bounded below by a plane y= —4/, at which the velocity is sensibly horizontal 
and equal to c.*It is easily seen that the total vertical mass-acceleration is zero, since there 
is no flux of vertical momentum across the boundaries. Hence if p be the surface-pressure, 
and p, that at the depth /,, 


i (pi-Pp) ae=gp | COREG ESC TUES pounenacunarnooasdosas: (21) 
But, comparing pressures in the same vertical we have 
Pi- P=9p (+n) +3 (P-), 
and thence [ CEOS oobi SaaS MP gee ee SR eh oe (22) 


We may express this by saying that the mean square of the surface velocity, per equal 
increments of v, is equal to c*. It follows also from (20) that g)=c, ae. the velocity at the 
points where the wave-profile meets the mean level is equal to ¢. 


* Proc. Lond, Math. Soc. (2) xv. 26 (1916). 

+ Phil. Mag. (6) xxxiii. 381 (1917) (Papers, vi. 478]. 

{ ‘‘Détermination rigoureuse des ondes permanentes d’ampleur finie,’’ Math. Ann. xciii. 264 
(1925). The extension to waves in a canal of finite depth has been made by Struik, Math. Ann. xev. 
595 (1926). 

§ Levi Civita, J.c. 
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251. A system of exact equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, was given so long ago as 1802 
by Gerstner*, and at a later period independently by Rankine}. The circum- 
stance, however, that the motion in these waves is not irrotational detracts 
somewhat from the physical interest of the results. 

If the axis of x be horizontal, and that of y be drawn vertically upwards, 
the formulae in question may be written 

Sere 
k 
where the specification is on the Lagrangian plan (Art. 16), viz. a, b are two 
parameters serving to identify a particle, and a, y are the co-ordinates of this 
particle at time ¢. The constant k determines the wave-length, and c is the 
velocity of the waves which are travelling in the direction of x-negative. 

To verify this solution, and to determine the value of c, we remark, in the 
first place, that 


e sin k (a +ct), y =b— = el cosk(a +ct), Lear (1) 


0(@, y) _ 2xb 

Sie bh mais a: 
so that the Lagrangian equation of continuity (Art. 16 (2)) is satisfied. Again, 
substituting from (1) in the equations of motion (Art. 13), we find 


i 5 + gy) = kc? e sin k (a + ct), 


ss e + vy) = — kc? e cos k (a + ct) + kc? e*; 
whence 
P — const. -9\b _ ze cos k (a + ct) } — cet cos k (a+ ct) + $07 e%, ...(4) 
P 


For a particle on the free surface the pressure must be constant; this requires 


CN ars Met ee eg i ising sain dea (5) 
as in Art. 229. This makes 


i COMBE, — OP BC Be! onc cc ins apse sep sriae nes (6) 


It is obvious from (1) that the path of any particle (a, b) is a circle ot 
radius ke. 

It has already been stated that the motion of the fluid in these waves is 
rotational. To prove this we remark that 


an 0 ax 8 
ubs + vby = (ex +952) da + (é a + 9st) 6b 
= 75 (# sin k (a + ct)} + co*Sa, .escecseeeeeees (7 


which is not an exact differential. 


* Professor of Mathematics at Prague, 1789-1823. His paper, ‘‘Theorie der Wellen,”’ was 
published in the Abh. d. k. bohm. Ges. d. Wiss. 1802 [Gilbert’s Annalen d. Physik, xxxii. (1809)]. 
+ “On the Exact Form of Waves near the Surface of Deep Water,’’ Phil. Trans. 1863 


[ Papers, p. 481]. 
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The circulation in the boundary of the parallelogram whose vertices 
coincide with the particles 
(a, b), (a + 8a, 6), (a, b+ 8b), (a + da, b+ 8b) 
is, therefore, - £ (cet 5a) 6b, 


and the area of the circuit is 


9 (& 9) sa5h = (1 — 6) 508d. 


0 (a, b) 
Hence the vorticity (w) of the element (a, 6) is 
2kce?® 
o=-— 1 — eh © teem ccc ecw cetcecvocceseesecens (8) 


This is greatest at the surface, and diminishes rapidly with increasing depth. 
Its sense is opposite to that of the revolution of the particles in their circular 
orbits. 

A system of waves of the present type cannot therefore be originated 
from rest, or destroyed, by the action of forces of the kind contemplated in 
the general theorem of Arts. 17, 33. We may however suppose that by 
properly adjusted pressures applied to the surface of the waves the liquid is 
gradually reduced to a state of flow in horizontal lines, in which the velocity 
(u’) is a function of the ordinate (y’) only*. In this state we shall have 
ox’ /da = 1, while y’ is a function of b determined by the condition 

O(a’, y') _O(@, y) (9) 
5 (a, BSA OG, 5) ane 


or a yD GO Pa es ee (10) 
i du! == du" oy’ ee oy’ = 2Kb 

This makes Mm A 2@ Ah nit BICONE, 0. das nice aticat aes (11) 

and therefore , Rb CO oan) vaso hese (12) 


Hence, for the genesis of the waves’ by ordinary forces, we require as a 
foundation an initial horizontal motion, in the direction opposite to that of 
propagation of the waves ultimately set up, which diminishes rapidly from 
the surface downwards, according to the law (12), where 6 is a function of x’ 


determined by ; Bae 
Of ae OE ane co teiventes tate ene meee (18) 


It is to be noted that these rotational waves, when established, have zero 
momentum. 

The figure shews the forms of the lines of equal pressure b=const., for 
a series of equidistant values of b+. These curves are trochoids, obtained by 

* For a fuller statement of the argument see Stokes’ Papers, i. 222. 

+ The diagram is very similar to the one given originally by Gerstner, and copied more or less 


closely by subsequent writers. A version of Gerstner’s investigation, including in one respect a 
correction, was given in the second edition of this work, Art. 233. 
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rolling circles of radii k-? on the under sides of the lines y=b+k-1, the 
distances of the tracing points from the respective centres being ke, Any 
one of these lines may be taken as representing the free surface, the extreme 
admissible form being that of the cycloid. The dotted lines represent the 
successive forms taken by « line of particles which is vertical when it passes 
through a crest or a trough. 
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H 


panels, yet 


252. Scott Russell, in his interesting experimental investigations*, was 
led to pay great attention to a particular type which he called the ‘solitary 
wave. This is a wave consisting of a single elevation, of height not necessarily 
small compared with the depth of the fluid, which, if properly started, may 
travel for a considerable distance along a uniform canal, with little or no 
change of type. Waves of depression, of similar relative amplitude, were 
found not to possess the same character of permanence, but to break up into 
series of shorter waves. 

Russell’s ‘solitary’ type may be regarded as an extreme case of Stokes’ 
oscillatory waves of permanent type, the wave-length being great compared 
with the depth of the canal, so that the widely separated elevations are 
practically independent of one another. The methods of approximation 
employed by Stokes become, however, unsuitable when the wave-length 
much exceeds the depth; and subsequent investigations of solitary waves 
of permanent type have proceeded on different lines. 


The first of these was given independently by Boussinesq ft and Rayleigh}. The latter 
writer, treating the problem as one of steady motion, starts virtually from the formula 


spall 
pai HOH ae FF (i), ssvcsvilacssisiceaite ceiterdle (1) 


* «* Report on Waves,’’ Brit. Ass. Rep. 1844. 
+ Comptes Rendus, June 19, 1871. t Lc. ante p, 260. 
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where F(z) is real. This is especially appropriate to cases, such as the present, where 
one of the family of stream-lines is straight. We derive from (1) 


E j Ul e tt £ 
gaF-E rr sY Pie..,, p=yF -iF +O Fra... pret Dh (2) 


where the accents denote differentiations with respect to 2. The stream-line y=O0 here 
forms the bed of the canal, whilst at the free surface we have y= -—ch, where c is the 
uniform velocity, and 4 the depth, in the parts of the fluid at a distance from the wave, 
whether in front or behind. 


The condition of uniform pressure along the free surface gives 


Ut yr = Cl— Bq (y—h),  ..ccescrserecccaccesseerseanscaceece (3) 
or, substituting from (2), 
F2 YAH" FY pyr PI+ SHAG (Y—A).  orccrseeesccrssseneesees (4) 
But, from (2) we have, along the same surface, 
3 
yF- 2 F"+...=— ch pe ee ee (5) 


It remains to eliminate / between (4) and (5); the result will be a differential equation 
to determine the ordinate y of the free surface. If (as we will suppose) the function F” (x) 
and its differential coefficients vary so slowly with x that they change only by a small 
fraction of their values when x increases by an amount comparable with the depth A, the 
terms in (4) and (5) will be of gradually diminishing magnitude, and the elimination in 
question can be carried out by a process of successive approximation. 


Thus, from (5), 
1 ch. 1 mn 1 1 2 1 # _ 
f’= ——4—y'f tin= chy tay G) el oat ane aaa Gr 


and if we retain only terms up to the order last written, the equation (4) becomes 
yA roy Beer Ce) 
pe TA (ax rH (eth ge Jace, at Ai 
y 3° (;) ~ (5) ales ial 


or, on reduction, 
Wh, Boe Ly? _1 _ 2g (y—h) (7) 


If we multiply by y’, and integrate, determining the arbitrary constant so as to make 


¥ =0 for y=h, we obtain 
Lp tg@s Y) yeh yah) 
Vw Getuue hh mabe Oo 


’ —h} 
or yaa LE (1-9). song ssa A RAE AO (8) 


; Hence y’ vanishes only for y= and y=c?/g, and since the last factor must be positive, 
it appears that c?/g is a maaimum value of y. Hence the wave is necessarily one of eleva- 
tion only, and, denoting by a the maximum height above the undisturbed level, we have 

Chaeg (ARG), Die . RG... la eeeCeN Rens PRO E (9) 
which is exactly the empirical formula for the wave-velocity adopted by Russell. 

The extreme form of the wave must, as in Art. 250, have a sharp crest of 120°; and 
since the fluid is there at rest we shall have c?=2ga, If the formula (9) were applicable to 
such an extreme case, it would follow that a=h. 

If we put, for shortness, 


h2 (ht 
ei ee deal By be (10) 


we find, from (8), 
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the integral of which is 
n=asech?}—, Recta eer Coma sntaorcaacgents Tikeseaes (12) 


if the origin of # be taken beneath the summit. 


There is no definite ‘length’ of the wave, but we may note, as a rough indication of its 
extent, that the elevation has one-tenth of its maximum value when 2/b=3°636. 


y¥ 


The annexed drawing of the curve 
y=1+4sech? 4x 
represents the wave-profile in the case a=$h. For lower waves the scale of y must be 
contracted, and that of # enlarged, as indicated by the annexed table giving the ratio b/A, 
which determines the horizontal scale, for various values of a/h. 
It will be found, on reviewing the above investigation, that the approximations consist 
in neglecting the fourth power of the ratio (h+a)/2b*. 


If we impress on the fluid a velocity —c parallel to x we get the case 
of a progressive wave on still water. It is not difficult to shew that, if the 
ratio a/h be small, the path of each particle is then an arc of a parabola 
having its axis vertical and apex upwards+. 


It might appear, at first sight, that the above theory is inconsistent 
with the results of Art. 187, where it was argued that a wave of finite 
height whose length is great compared with the depth must inevitably 
suffer a continual change of form as it advances, the changes being the 
more rapid the greater the elevation above the undisturbed level. The 
investigation referred to postulates, however, a length so great that the 
vertical acceleration may be neglected, with the result that the horizontal _————— 
velocity is sensibly uniform from top to bottom (Art. 169). The numerical table above 
given shews, on the other hand, that the longer the ‘solitary wave’ is, the lower it is. In 
other words, the more nearly it approaches to the character of a ‘long’ wave, in the sense 
of Art. 169, the more easily is the change of type averted by a slight adjustment of the 
particle-velocitiest. 

The motion at the outskirts of the solitary wave can be represented by a very simple 
formula. Considering a progressive wave travelling in the direction of «x-positive, and 
taking the origin in the bottom of the canal, at a point in the front part of the wave, we 
assume 


SOOIAAK OH 


— 


ae Aa ET COR UY Mae cobat saiecesoensereusnetansseeeses (13) 
This satisfies V2p=0, and the surface-condition 
Pp, 
PP re a Mastered see teeth esercpeg tan tcaestcnntad 14 


* The theory of the solitary wave has been treated by Weinstein, Lincei (6) iii. 463 (1926), by 
the method of Levi Civita referred to in Art. 250. He finds that the formula (9) is a very close 
approximation. 

+ Boussinesq, J.c. 

t Stokes, ‘‘On the Highest Wave of Uniform Propagation,’’ Proc. Camb. Phil. Soc. iv. 361 


(1883) [Papers, v. 140]. 
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will also be satisfied for y=h, provided 


This will be found to agree approximately with Rayleigh’s investigation if we put m=6~'. 


The above remark, which was communicated to the author by the late Sir George 
Stokes*, was suggested by an investigation by McCowant, who shewed that the formula 


ory —(w+ty)patanh $10 (HUY) ceeccssccecereereeneeees (16) 
satisfies the conditions very approximately, provided 
= tan TU, cacoudaeaciasings soeeeseCnee eee te (17) 
m 
and ma=% sin? m (h+ 4a), a=atan $1 (AAG), qcovecsconssescssoere (18) 


where a denotes the maximum elevation above the mean level, and a is a subsidiary 
constant. In a subsequent papert the extreme form of the wave when the crest has a 
sharp angle of 120° was examined. The limiting value of the ratio a/h was found to be °78, 
in which case the wave-velocity is given by c?=1-56gh. 


253. By a slight modification the investigation of Rayleigh and Boussinesq 
can be made to give the theory of a system of oscillatory waves of finite height 
in a canal of limited depth§. 


In the steady-motion form of the problem the momentum per wave-length (A) is repre- 


sented by 
a 
| fouatedy — -o {| dle daysct = psd hee Leeeeeee agen (19) 


where w, corresponds to the free surface. If h be the mean depth, this momentum may be 
equated to pchd, where c denotes (in a sense) the mean velocity of the stream. On this 


understanding we have, at the surface, ,= —ch, as before. The arbitrary constant in (3), 
on the other hand, must be left for the moment undetermined, so that we write 
UP+ V2 m= C— WY. ...o0e0es ee ee ener ee ie (20) 
We then find, in place of (8), 
Gera es 
y= me lu Daa o-hay snsdlad oes aes (21) 
where /, Ag are the upper and lower limits of y, and 
Ch? 
~ ghyhe hate meen renee cere es nce esses eeseccsssens (22) 
It is implied that / cannot be greater than ho. 
If we now write af ashy Oat y+ Ag BIE, Urea cee ecateeorane tances meee (23) 
dx : 
we find B a Saath AMIN y), | wan nceninamnceeteceneceens eae (24) 


* Cf. Papers, v. 62. 

+ ‘On the Solitary Wave,’ Phil. Mag. (5) xxxii. 45 (1891). 

t ‘‘On the Highest Wave of Permanent Type,’ Phil. Mag. (5) xxxviii. 351 (1894). 

§ Korteweg and De Vries, ‘‘On the Change of Form of Long Waves advancing in a Rect- 
angular Canal, and on a New Type of Long Stationary Waves,”’ Phil. Mag. (5) xxxix. 422 (1895). 
The method adopted by these writers is somewhat different. Moreover, as the title indicates, the 
paper includes an examination of the manner in which the wave-profile is changing at any instani, 
if the conditions for permanency of type are not satisfied. 


For other modifications of Rayleigh’s method reference may be made to Gwyther, Phil. Mag. 
(5) 1. 213, 308, 349 (1900). 
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4hyhgl hi—-h 
h 1g gee tiimilg 
where B= Jaa} k En EE (25) 
Hence, if the origin of « be taken at a crest, we have 
&x 
t= B 5 WOES =BF' (x, ID) See eee nee merase career svoes (26) 
and Y=het(hy— he) en? 4 FINO GLP c ereietusls teaueccaice (27) 


The wave-length is given by 
dx 
ad 0 wat k? sin? y) 
Again, from (23) and (24), 
3” hy cos? y + hy sin? 
i ydz= 2p JO — Bsin?® ene dy =28 {LF (4) +(h,—0) Ey (zy... (29) 
Since this must be equal to 4A, we have 
i= AG yale 0) LAU). Bcd ccc thtnsecadcuacevnecesscaces (30) 
In equations (25), (28), (30) we have four relations connecting the six quantities h,, he, 
1, k, X, 8, 80 that if two of these be assigned the rest are analytically determinate. The 
wave-velocity ¢ is then given by (22)+. For example, the form of the waves, and their 
velocity, are determined by the length \, and the height h, of the crests above the bottom. 
The solitary wave of Art. 252 is included as a particular case. If we put J=h,, we 
have £=1, and the formulae (28) and (30) then shew that A=o, ho=h. 


ROOF) At. wannaets wl! (28) 


254. The theory of waves of permanent type has been brought into rela- 
tion with general dynamical principles by Helmholtzt. 


If in the equations of motion of a ‘gyrostatic’ system, Art. 141 (23), we 


pe av av av 
wer SR SEG | oc een ne ee 1 
Or 0q1 Qs 0ge Q A) (1) 


where V is the potential energy, it appears that the conditions for steady 
motion, with q1, gz, .-- Gn constant, are 


a a a 
id ee a ey, een ee Ne (yen (2 
ag (VtD-% 30+ iq, + ®) (2) 


where K is the energy of the motion corresponding to any given values of 
the co-ordinates 91, gz, --. Yn When these are prevented from varying by the 
application of suitable extraneous forces. 

This energy is here supposed expressed in terms of the constant momenta 


corresponding to the ignored co-ordinates y, x’, ..., and of the palpable 
co-ordinates 41, gz, --- gn» It may however also be expressed in terms of the 


* The waves represented by (27) are called ‘cnoidal waves’ by the authors cited. For the 
method of proceeding to a higher approximation we must refer to the original paper. 

+ When the depth is finite, a question arises as to what is meant exactly by the ‘ velocity of 
propagation.’ The velocity adopted i in the text is that of the wave-profile relative to the centre of 
inertia of the mass of fluid included between two vertical planes at a distance apart equal to the 


wave-length. Cf. Stokes, Papers, i. 202. 
t “Die Energie der Wogen und des Windes,’”’ Berl. Monatsber, July 17, 1890 (Wiss, Abh. 


iii, 333). 
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velocities ¥, x’, ... and the co-ordinates q1, Y2, --- Yn; in this form we denote 
it by Zp. It may be shewn, exactly as in Art. 142, that 07)/dq, = —0K/09,, so 
that the conditions (2) are equivalent: to 


a a F) 
ane — = — — — aielety —— = 9 =0. nol 
nae Ty) = 0, ae Ty) = 0, aq 0) (3) 


Hence the condition for free steady motion with any assigned constant 
values of q1, Ye, --» Jn 18 that the corresponding value of V + K, or of V—T, 
should be stationary. Cf. Art. 203 (7). 


Further, if in the equations of Art. 141 we write —dV/dq,+Q, for Q,, so 
that Q, now denotes a component of extraneous force, we find, on multiplying 
by qi, ga, --- Yn in order, and adding, 


£ (G+ V + K)= Qigua + Qage t+ --» + QnGny --cereeeeres (4) 


where @ is the part of the energy which involves the velocities g1, Gz, --- Gn+ 
It follows, by the same argument as in Art. 205, that the condition for 
‘secular’ stability, when there are dissipative forces affecting the co-ordinates 
Q1, 92) --» Yn, but not the ignored co-ordinates x, y’, ...,is that V + K should 
be a minimum. 


In the application to the problem of stationary waves, it will tend to clearness if we 
eliminate all infinities from the question by imagining that the fluid circulates in a ring- 
shaped canal of uniform rectangular section (the sides being horizontal and vertical), of 
very large radius. The generalized velocity x corresponding to the ignored co-ordinate 
may be taken to be the flux per unit breadth of the channel, and the constant momentum 
of the circulation may be replaced by the cyclic constant x. The co-ordinates g;, 92, ... Qn 
of the general theory are now represented by the value of the surface-elevation (7) 
considered as a function of the longitudinal space-co-ordinate 2 The corresponding 
components of extraneous force are represented by arbitrary pressures applied to the 
surface. 


If 7 denote the whole length of the circuit, then considering unit breadth of the canal 
we have 


where 7 is subject to the condition 


lt 
iE ndess00l Rumen ae Sieh te aeniae (6) 


If we could with the same ease obtain a general expression for the kinetic energy of 
the steady motion corresponding to any prescribed form of the surface, the condition in 
either of the forms above given would, by the usual processes of the Calculus of Varia- 
tions, lead to a determination of the possible forms, if any, of stationary waves*. 


* For some general considerations bearing on the problem of stationary waves on the common 
surface of two currents reference may be made to Helmholtz’ paper. This also contains, at the 
end, some speculations, based on calculations of energy and momentum, as to the length of the 
waves which would be excited in the first instance by a wind of given velocity. These appear to 
involve the assumption that the waves will necessarily be of permanent type, since it is only on 


some such hypothesis that we get a determinate value for the momentum of a train of waves of 
small amplitude. 
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Practically, this is not feasible, except by methods of successive approximation, but 
we may illustrate the question by reproducing, on the basis of the present theory, the 
results already obtained for ‘long’ waves of infinitely small amplitude. 

If h be the depth of the canal, the velocity in any section when the surface is maintained 


at rest, with arbitrary elevation 7, is x/(k+7), where x is the flux. Hence, for the cyclic 
constant, 


eit a ly litte 
emi +n) dv= F(a fn dc), iieesdccsearteer ce (7) 


approximately, where the term of the first order in 7 has been omitted, in virtue of (6). 


The kinetic energy, $pxx, may be expressed in terms of either ¥ or x. We thus obtain 
the forms 


Ly? el Th eos 
7)=3 2X (+a/, ALE Ce em ner (8) 
‘ hx? 1 ff? 
K=3FE (1-5 f ede). ie mies Pol og (9) 
The variable part of V— 7, is 
“2 1 
dp (g- x) ik SEPT peti cn Dene tale xn ae (10) 
and that of V+ £ is 
«2 U 
tp (9- im) {7 OARS AEP OCRACORTE HBB ABE SS BONG 8 OBE RENG (11) 


It is obvious that these are both stationary for 7=0; and that they will be stationary 
for any infinitely small values of y, provided x?=gh?, or x?=ghil?. If we put x=ch, or 
x =cl, this condition gives 


in agreement with Art. 175. 


It appears, moreover, that 7=0 makes V+ XK a maximum or a minimum according as 
c? is greater or, less than gh. In other words, the plane form of the surface is secularly 
stable if, and only if, c<,/(gh). It is to be remarked, however, that the dissipative forces 
here contemplated are of a special character, viz. they affect the vertical motion of the 
surface, but. not (directly) the flow of the liquid. It is otherwise evident from Art. 175 
that if pressures be applied to maintain any given constant form of the surface, then if 
c? > gh these pressures must be greatest over the elevations and least over the depressions. 
Hence if the pressures be removed, the inequalities of the surface will tend to increase. 


Wave-Propagation in Two Dimensions. 


255. We may next consider some cases of wave-propagation in two 
horizontal dimensions 2, y. The axis of z being drawn vertically upwards, we 
have, on the hypothesis of infinitely small motions, 


PIS 
aa OS ALI 4) pape eds Seething seh (1) 
where ¢ satisfies Vidi Oe toes. Gertie Misia awaenean ogy es (2) 


The arbitrary function F(t) may be supposed merged in the value of d¢/dt. 


If the origin be taken in the undisturbed surface, and if € denote the 
elevation at time t above this level, the pressure-condition to be satisfied at 


the surface is : 
1 
t= ; Ein Pee Tice Hi ete PAcea hv dn onset (3) 
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and the kinematical surface-condition is 


oe 0b 
= = |b a BO iuscecnbunnoconcccrpie naotoucd 4 
ot E i J g ) 
ef. Art. 227. Hence, for z=0, we must have 
Od Op _ 
oa sumd] nae Ohe Hae ed Basis hae see ene (5) 
or, in the case of simple-harmonic motion, 
_ 2h 
oh=g | (6) 


if the time-factor be e* 7+, 


The fluid being supposed to extend to infinity, horizontally and down- 
wards, we may briefly examine, in the first place, the effect of a local initial 
disturbance of the surface, in the case of symmetry about the origin. 


The typical solution for the case of initial rest is easily seen, on reference 
to Art. 100, to be 


sinot . 
Po ascent Cri ne las EN pee (7) 
€= cos of Jo (ka), 
provided OP MUO,. scccecsaassccugsegeness sus eect (8) 


as in Art. 228. 


To generalize this, subject to the condition of symmetry, we have recourse 
to the theorem 


FAB) = [Jo (kar) kdk [4@ Jy (ee OO Tica (9) 

of Art. 100 (12). Thus, corresponding to the initial conditions, 
f=f(o), a Oe aa tas cone orecce es oe (10) 
we have $ =9|- ang e Jy (ka) kdk [Fe Jo (ka) ada, | an 


c= | “cos ot Ja(ker) kk il f(@) To(ka) ade. 


If the initial elevation be concentrated in the immediate neighbourhood 
of the origin, then, assuming 


[7@ Dried md. eau Rage (12) 

0 

we have ye Z- ae ht, Sa(ioor) 16 eae acre Greuen aeh3) 
0 


Expanding, and making use of (8), we get 


t (re) {? ¢2)2 
, -2£f° {b- Gee Se... e& Jy (low) dle. ....0.(14) 
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If we put z=-—rcos 6, Shs GSI OB Gl. cieth 3h. ste (15) 
we have | SEACH ae ators (16) 
0 
by Art. 102 (9), and thence* 
af n 0 i 1 ! lee (“) 
[2 Joa) at = (=) eee aU (17) 


where « = cos @ (cf. Art. 85). Hence 


t (P. B2UP, oie wt 
ree etree OEY SUE as) 


From this the value of € is to be obtained by (3). It appears from 
Arts. 84, 85 that 


UcPicas (PH 1 
Pansa(0)= 0, Pan (0) =(-yp 5D. 19) 
whence 
7. 1 12 gt 12, 32 gt? 3 42 92-52 ot 
— Qare* \ne = 6! 4) ears 10! (<) =f. » (20) 


It follows that any particular phase of the motion is associated with 
a particular value of gt*/a, and thence that the various phases travel radially 
outwards from the origin, each with a constant acceleration. 


No exact equivalent for (20), analogous to the formula (21) of Art. 238 
which was obtained in the two-dimensional form of the problem, and accord- 
ingly suitable for discussion in the case where gt?/a is large, has been dis- 
covered, An approximate value may however be obtained by Kelvin’s method 
(Art. 241). Since Jo(z) is a fluctuating function which tends as z increases 
to have the same period 277 as sin z, the elements of the integral in (18) will 
for the most part cancel one another with the exception of those for which 


tdo/dk=o, or Kkar=gl*/dar,  ...cccsccscvevoees (21) 
nearly. Now when ka is large we have 
DoNk) 
Tht (=) hind Ae ae ee ee (22) 
approximately, by Art. 194 ae and we may therefore replace (13) by 
“ie ae iE pe ono = ea in eed een (23) 


Comparing with (7) and (9) of Art. 241, and putting now z=0, we find as 
the surface value of ¢ 
3 
pe ee air (ot a MO)» adaacae ate ¢ Gis 24 
? Qarast a/ | td? o-/dk? | G =); ee) 


* Hobson, Proc. Lond. Math. Soc. xxv. 72, 73 (1893). This formula may, however, be dispensed 
with; see the first footnote on p. 385 ante. 
+ This result was given by Cauchy and Poisson. 
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where & and o are to be expressed in terms of w and t¢ by means of (8) and 
(21). Note has here been taken of the fact that d?a/dk? is negative. Since 


ot =(gkt?)t =2ke, — td?o /dk® = —4gtth-# = — 2u°/gt?, ...(25) 


2 
we have go = GO in ee ee (26) 


~ 9 To" Ao 


The surface elevation is then given by (8). Keeping, for consistency, only the 
most important term, we find 


which agrees with the result obtained, in other ways, by Cauchy and Poisson. 


It is not necessary to dwell on the interpretation, which will be readily 
understood from what has been said in Art. 240 with respect to the two- 
dimensional case. The consequences were worked out in some detail by 
Poisson on the hypothesis of an initial paraboloidal depression. 


When the initial data are of impulse, the typical solution is 


pb =cos ate” Jy (ka), 
oo kins need AA RE Oe 8 A (28) 
which, being generalized, gives, for the initial conditions 
pto= F (a), Caw 0, Peotrelte: 2h ae (29) 
the solution 
ge ; | “cos ate! Jy (her) ed | DW (ce) J (ane 
Aye ae (30) 
=e = | Printers (ler) kdke | OBA COLLE: 
Ips o 0 
In particular, for a concentrated impulse at the origin, such that 
| iFiw\drade ei ee ae eee (31) 
0 
1 oo 
Any b-55 | 008 ct To (bear) kdl. esssssscecssesen (32) 
Since this may be written 
are! Cy) (i sin ot a 
bamigns ay | lire = Felice) edhe, (Vs. ae tee (33) 


we find, performing 1/gp .d/dt on the results contained in (18) and (20), 
ae 1 [Fs (uw) _ gl 2'Pa(u) , (gt®)P3! Ps (um) _ 


r 2! rs 4! rt 


tel 12) 3? (gt7\ tame oars \ 
Bo pe a 5! (s ae Sy (5) =. h, 


(34) 


Yo 
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Again, when }9¢?/a is large, we have, in place of (27), 


a at g? _ gt * 
c= Snpet Se (35) 
256. We proceed to consider the effect of a local disturbance of pressure 
advancing with constant velocity over the surface}. This will give us, at all 
events as to the main features, an explanation of the peculiar system of waves 
which is seen to accompany a ship moving through sufficiently deep water. 


A complete investigation, after the manner of Arts. 242, 243, would be 
somewhat difficult; but the general characteristics can readily be made out. 
with the help of preceding results, the procedure being similar to that of 
Art 249. 

Let us suppose that we have a pressure-point moving with velocity ¢ 
along the axis of a, in the negative direction, and that at the instant under 
consideration it has reached the point 0. The elevation {at any point P may 


be regarded as due to a series of infinitely small impulses applied at equal 
infinitely short intervals at points of the axis of # to the right of O. Of the 
annular wave-systems thus successfvely generated, those only will combine 
to produce a sensible effect at P which had their origin in the neighbourhood 
of certain points Q, which are determined by the consideration that the phase 
at P is ‘stationary’ for variations in the position of Q. Now if ¢ is the time 
which the source of disturbance has taken to travel from Q to O, the phase of 
the waves at P, originated at Q, is 


t? 
- ELA TTE lee Otay eters ae Maset' ca acnus edt 2 (1) 
where a =QP (Art. 255 (35)). Hence the condition for stationary phase is 
a= ae SRE poe at (2) 


* The waves due to various types uf explosive action beneath the surface have been studied 
by Terazawa, Proc. Roy. Soc. A, xcii. 57 (1915), and by the author of this work, l.c. ante p. 410, 
and Proc. Lond. Math. Soc. (2) xxi. 359 (1922). 

+ For a more general treatment of such questions reference may be made to @ paper by the 
author, “On Wave-Patterns due to a Travelling Disturbance,” Phil. Mag. (6) xxxi. 539 (1916). 


oe 28 
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Since, in this differentiation, O and P are regarded as fixed, we have 
@ =c cos 8, 
where = OQP; hence 
OQ = cl = Dar SECO. eres sco rtaemee nee cette: (3) 

It is further evident that the points in the immediate neighbourhood 
of P, for which the resultant phase is the same as at P, will lie in a line 
perpendicular to QP. A glance at the figure on p. 433 then shews that a curve 
of uniform phase is characterized by the property that the tangent bisects 
the interval between the origin and the foot of the normal. If p denote the 
perpendicular from the origin to the tangent, and @ the angle which p makes 
with the axis of 2, we have, by a known formula, 


eee op 
PZ=— qa: 
whence 2p =— 2 O06 On sc smuchsssace «Vie rsaais mui owens (4) 


The forms of the curves defined by (5) are shewn in the annexed figure*, 
which is traced from the equations 


z= pcos @— SP sin 9 = + a(5 cos 6 — cos 36), 


y=psin 6+ DP cos @ = }a(sin 6 + sin 30) 

* Cf. Sir W. Thomson, ‘‘On Ship Waves,” Proc. Inst. Mech. Eng. Aug. 3, 1887 [Popular 
Lectures, iii. 482], where a similar drawing is given. The investigation there referred to, based 
apparently on the theory of ‘group-velocity,’ was not published. See also R. EB. Froude, ‘‘On 
Ship Resistance,” Papers of the Greenock Phil. Soc. Jan. 19, 1894. It is shewn immediately that 
there is a difference of phase between the two branches meeting at a cusp, so that the drawing 
does not represent quite accurately the configuration of the wave-ridges. 
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The phase-difference from one curve to the corresponding portion of the next 
is 27. This implies a difference 2zc?/g in the parameter a. 


Since two curves of the above kind pass through any assigned point P 
within the boundaries of the wave-system, it is evident that there are éwo 
corresponding effective positions of Q in the foregoirg discussion. These are 
determined by a very simple construction. If the line OP be bisected in C, 
and a circle be drawn on CP as diameter, meeting the axis of w in Ry, Re, 
the perpendiculars PQ,, PQ2 to PR:, PRs, respectively, will meet the axis in 
the required points, Q1, Y2. For CR, is parallel to PQ, and equal to $PQ,; the 
perpendicular from O on PR, produced is therefore equal to PQ,. Similarly, 
the perpendicular from 0 on PRz produced is equal to PQs. 


Gm Ro R, Q Q, 


The points Q1, 2 coincide when OP makes an angle sin}, or 19° 28’, with 
the axis of symmetry. For greater inclinations of OP they are imaginary. It 
appears also from (6) that the values of a, y are stationary when sin?@=4; 
this gives a series of cusps lying on the straight, lines 


Doce p dais ° , e 
a tO gre Eh yh WON 10 Salle per lela perk An rh HPs (7) 


To obtain an approximate estimate of the actual height of the waves, 
in the different parts of the system, we have recourse to the formula (35) of 
Art. 255. If Py denote the total disturbing pressure, the elevation at P due 
to the annular wave-system started at a point @ to the right of O may be 
written 


where a= PQ, t=O0Q/c. 


This is to be integrated with respect to ¢, but (as already explained) the only 
parts of the integral which contribute appreciably to the final result will be 
those for which ¢ has very nearly the values (71, 72) corresponding to the 
special points Q1, 2 above mentioned. 


As regards the phase, we have, writing ¢=7 +1’, 


g? _ {9 | (2) Es ae) sen aire et 9 
Mave +8 | Gi\4o)|*1.2 Late) ) 7” ®) 


where, in the terms in [ ], t is to be put equal to 7 or 72 as the case may be. 


28-2 


- 
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The second term vanishes by hypothesis, since the phase at P for waves 
started near Q, or Q; is ‘stationary. Again, we find 
ia (fe) “doo +4 (asa) 


d@\4a) I ot” | 4\a% ow)” 


a BD 
2 72 
Since @ =ccos 6, hate = YW cwatks dt eta eens (10) 
this gives, with the help of (2), 
Cot 
E (€)| = Za — ban" 0) a9 <cieais om tasanases (11) 


Owing to the fluctuations of the trigonometrical term no great error 
will be committed if we neglect the variation of the first factor in (8), or if, 
further, we take the limits of integration with respect to t’ to be +0. We 
have then, approximately, 


— g7°Po i : (2 a4f2) ay 
oe SV2mpot} ream ) ae 
oo gta Po i i gre 2 2) , 
Si Saoeit ot oe ab iiatt = |e smeecaee cane (12) 
where m= me (4 —tan?6,), m?= oo (tan?@3—4), ......0.. (13) 
and the suffixes refer to the points Q1, Qe of the last figure. 
Since i cos mt’? dt’ = i sin mt'2dt’ = /($2r)/M, .......0006- (14) 
where the positive value of m is understood, we find 
8 2 8 2 
pa OEP ain (GE an) — OEP gin (YEP). 
8/20? paytm, wy 8 /2art pasting dare 
oe (15) 


The two terms give the parts due to the transverse and lateral waves 
respectively. Since a = PQ, =$c71 cos 61, a2 = PQ2 = }cr2c0s Og, it appears 
that if we consider either term by itself, the phase is constant along the 
corresponding part of the curve 

p= a =acos’d, 
whilst the elevation varies as 
V2g* Po sec? @ 
mpcat /|1—8sin26| ” 

At the cusps, where the two systems combine, there is a phase-difference 

of a quarter-period between them. 


The formulae make € infinite at a cusp, where sin?@=}4, but this is 
merely an indication of the failure of our approximation. That the elevation 
at a point P in the neighbourhood of a cusp would be relatively great might 
have been foreseen, since, as appears from (9) and (11), the range of points on 
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the axis of « which have sent waves to P in sensibly the same phase is then 
abnormally extended. The infinity which occurs when @=477 is of a some- 
what different character, being due to the artificial nature of the assumption 
we have made, of a pressure concentrated at a point. With a diffused pressure 
this difficulty would disappear *. 

It is to be noticed, moreover, that the whole of this investigation applies 
only to points for which gt?/4a is large; cf. Arts. 240, 255. It will be found 
on examination that this restriction is equivalent to an assumption that the 
parameter a is large compared with 27c?/g. The argument therefore does not 
apply without reserve to the parts of the wave-pattern near the origin. 


256 a. As already indicated, wave-systems of the above type are generated 
by other forms of travelling disturbance. Some of these cases are amenable to 
calculation. The translation of a submerged sphere, for instance, has been dealt 
with by Havelock+, and the wave-resistance determined. The writert has 
discussed by another method the translation of a submerged solid, without 
restriction as to its precise form or orientation. The results are naturally 
simplest when the direction of motion coincides with one of the three directions 
of ‘permanent translation’ considered in Art. 124. The resistance is then 


given by the formula 
2 
Fa ah eames Weaelinles Aiantorist (17) 


mpc® 
Here A denotes the appropriate inertia-coefficient from Art. 121, @ is the 
volume of the solid, c its velocity, and 


bn 
i= i OY Sd eg Aerie ELL DRS PORTER REE ee (18) 
0 


where f is the depth of immersion. Another form of this integral (due to 
Havelock) is 


T=he- {Ko(@) “ (1 ” x) K, (} f aeeraiy Yo 92 (19) 


in the accepted notation of Bessel Functions§, with a=g//c?. For a sphere 
we have A = 37pa®, Q = $7ra°, where a is the radius. Hence if JM’ be the mass 


of fluid displaced, 
; a 3 of 3 
R=3M’g. (5) (4) 5 oorbead foe, dan te (20)| 


in agreement with Havelock’s result. As an example, if c= /(gf), 
R=365 Mg (aff). 


* More elaborate investigations have been carried out by Hopf in a dissertation of date Munich, 
1909, and Hogner, Arkiv for Matem. xvii. (1923). The latter writer examines in particular the 
shape of the waves near the ‘cusps,’ where the two systems cross. 

+ Proc. Roy. Soc. A, xciii. 520 (1917); xev. 354 (1918). See also Green, Phil. Mag. (6) xxxvi. 
48 (1918). 

t Proc. Roy. Soc. A, exi. 14 (1926). 

§ Watson, p. 172. 

| This formula was given incorrectly in the author’s paper. 
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A graph of R as a function of c is given by Havelock; it has a general 
resemblance to the curve on p. 416. 


In a subsequent paper* the same method is applied by Havelock to a 
travelling disturbance consisting of various arrangements of (double) sources, 
with important applications to the wave-resistance of ships. 


Some further reference to the theoretical literature of wave-resistance may be in place 
here. Although the mode of disturbance is different, the action of the bows of a ship may 
be compared to that of a pressure-point. The diagram on p. 434 accounts for the two 
systems of transverse and lateral waves which are observed, and for the especially con- 
spicuous ‘echelon’ waves near the cusps, where the two systems cross. If in addition we 
imagine a negative pressure-point at the stern we get a rough representation of the action 
of the ship as a whole. With varying speeds the stern waves may tend partially to annul, 
or to reinforce, the effect of the bow waves, with the result that the resistance may be 
expected to fluctuate up and down as the length of the ship is increased, or the speed 
varied+. It is found in fact that the curve of resistance as a function of the speed exhibits 
several maxima (or ‘humps’) with the corresponding minima, as well as a general increase. 


To obtain an improved representation of what happens in the immediate neighbourhood 
of a ship and to calculate the consequent resistance is of course a difficult matter, but 
attempts have been made with considerable success. A beginning was made by J. H. 
Michell+t with an idealized ship form, which differs mainly from that of a real ship in that 
the inclination of the surface to the medial plane is everywhere small. This plan has 
recently been followed up by Wigley §, who has discussed a variety of forms (subject to the 
same limitation), calculated their resistance, and compared it with the results of model 
experiments, with a considerable measure of qualitative agreement. Havelock, in a long 
series of papers|| has discussed the effect of various features in the design of a ship, such as 
length of ‘parallel middle body,’ mean draught, and so on. His method consists (in part) 
in the choice of a suitable arrangement of travelling sources, and is accordingly free from 
the special restriction above mentioned 7. 


A general formula for the wave-resistance of geometrically similar bodies, 
similarly immersed (wholly or partially), was given long ago by Froude. Since 
the resistance can only depend on the speed, the density of the fluid, the 
intensity of gravity, and on some linear magnitude which fixes the scale, 
considerations of dimensions shew that it must satisfy a relation of the form 


R= phos (), pm hott Saectol ea (21) 


where c is the speed, and / the characteristic linear magnitude. It will be 


* Proc. Roy. Soc, A, exviii. 24 (1927). 

_+ W. Froude, ‘‘On the Effect on the Wave-Making Resistance of Ships of Length of Parallel 
Middle Body,”’ Trans. Inst. Nav. Arch, xvii. (1877). Also R. E. Froude, ‘‘ On the Leading Phenomena 
of the Wave-Making Resistance of Ships,’ Trans. Inst. Nav. Arch. xxii. (1881), where drawings of 
actual wave-patterns under varied conditions of speed are given, which are, as to their main features, 
in striking agreement with the results of the above theory. Some of these drawings are reproduced 
in Kelvin’s paper in the Proc. Inst. Mech. Eng. above cited. 

t Phil. Mag. (5) xlv. 106 (1898). 

§ Trans. Inst. Nav. Arch, lxviii. 124 (1926); Ixix. 27 (1927); lxxii. (1930). 

|| ‘In the Proc. Roy. Soc. from 1909 onwards. 

{| Excellent accounts of the development of the subject are given by Hogner, Proc. Congress. 
App. Math. Delft, 1924, p. 146, and Wigley, Congress for techn. Mechanics, Stockolm, 1930. 
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noticed that (17) is a particular case of this. It follows from (21) that the 
wave-resistance of a ship can be inferred from a model experiment provided 
the value of J/c? is the same on the model as on the full scale. 


256 b. To examine the modification produced in the wave-pattern when the 
depth of the water has to be taken into account, the argument on p. 433 
must be put in a more general form. If, as before, t is the time the pressure- 
point has taken to travel from Q to O, it may be shewn that the phase of the 
disturbance at P, due to the impulse delivered at Q, will differ only by a 
constant from 

VS es A es eS (22) 
where 27/k is the predominant wave-length in the neighbourhood of P, 
and V the corresponding wave-velocity*. This predominant wave-length is 
determined by the condition that the phase is stationary for variations of the 
wave-length only, 1. 


4 .k(Vt-s)=0, DY EO) Oa ae a eee (23) 


where U, =d(kV)/dk, is the group-velocity (Art. 236). 

For the effective part of the disturbance at P, the phase (22) must 
further be stationary as regards variations in the position of Q; hence, 
differentiating partially with respect to t, we have 


LY ee Ota) APR COB) O tn cont. Nene tencarnetes. 3 (24) 
since a =ccos 6. Now, referring to the figure on p. 433, we have 
DCL COB HAF OV GO, orate ts secnsscinssanssne (25) 


Hence for a given wave-ridge p will bear a constant ratio to the wave- 
length 2, and in passing from one wave-ridge to the next this ratio will 
increase (or decrease) by unity. Since X is determined as a function of @ by 
(24), this gives the relation between p and 0. 


Thus in the case of infinite depth, the formula (24) gives 


oot =VI=e, ty eee Ty (26) 


and the required relation is of the form 
MD SL CORSO mea reMi Fees jeanne = 0) satan: (27) 


as above. 
When the depth (h) is finite, we have 


and the relation is 


* The symbol c, which was previously employed in this sense, now denotes the velocity of 
the pressure-point over the water. 
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where the values of a for successive wave-ridges are in arithmetic progression. 
Since the expression on the left-hand side cannot exceed unity, it appears 
that if c?> gh there will be an inferior limit to the value of 0, determined by 


Gos? = ghict) lism ae sseeraecen eres aan (30) 
the curve then extending to infinity. 


It follows that when the speed of the disturbing influence exceeds /(gh) 
the transverse waves disappear, and we have only the lateral waves. This 
tends to diminish the wave-making resistance (cf. Art. 249)*. 


The changes in the configuration of the wave-pattern as the ratio c*/gh 
increases from zero to infinity are traced by Havelock t. 


Standing Waves in Limited Masses of Water. 


257. The problem of free oscillations in two horizontal dimensions (2, y), 
in the case where the depth is uniform and the fluid is bounded laterally by 
vertical walls, can be reduced to the same analytical form as in Art. 190. 


If the origin be taken in the undisturbed surface, and if € denote the 
elevation at time ¢ above this level, the conditions to be satisfied at the free 
surface are as in Art. 255 (8), (4). 


The equation of continuity, V7¢ =0, and the condition of zero vertical 
motion at the depth z= — A, are both satisfied by 


pmidy CORE (ea Pc acneaa cian assess eens (1) 
where @y is a function of a, y, such that 

o oh 

Ge eae logy = 0.0. Wee eee (2) 


The form of ¢; and the admissible values of k are determined by this equation, 
and by the condition that 


at the vertical walls. The corresponding values of the ‘speed’ (c) of the 
oscillations are then given by the surface-condition (6), of Art. 255; viz. we 
have 

o* = gk tanh kh. 


This makes c= 2 SID deli G12 was cae ecu thet AOE (5) 


* It is found that the power required to propel a torpedo-boat in relatively shallow water 
increases with the speed up to a certain critical velocity, dependent on the depth, then decreases, 
and finally increases again. See papers by Rasmussen, Trans. Inst. Nav. Arch. xli. 12 (1899) ; 
Rota, ibid. xlii. 239 (1900); Yarrow and Marriner, ibid. xlvii. 339, 344 (1905). 

t Proc. Roy. Soc. lxxxi. 426 (1908). See also Ekman, l.c. ante p. 371. 
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The conditions (2) and (3) are of the same form as in the case of small 
depth, and we could therefore at once write down the results for a rect- 
angular or a circular* tank. The values of k, and the forms of the free surface, 
in the various fundamental modes, are the same as in Arts. 190, 191 t, but 
the amplitude of the oscillation now diminishes with increasing depth below 
the surface, according to the law (1); whilst the speed of any particular mode 
is given by (4). 

When kh is small, we have o? = k*gh, as in the Arts. referred to. 


We may also notice in this connection the case of a long and narrow rectangular tank 
having near its centre one or more cylindrical obstacles, whose generating lines are vertical. 


The origin being taken at the centre of the free surface, and the axis of x parallel to 
the length Z, we imagine two planes x= +2” to be drawn, such that z’ is moderately large 
compared with the horizontal dimensions of the obstacles, whilst still small in comparison 
with the length (7). Beyond these planes we shall have 


a2 
Ae: i pteiete De MNO Ale) LONE BEG abe (6) 
approximately, and therefore, for # > 2’, 
Dp ASI VEL COS MUNIN. ciconspiensciices tes aula ceesmuesen (7) 
whilst, for z<—2’, 
Pi A SINLE — 3 COMM Me tnd asennenceonieassesseeraetnents (8) 


since in the gravest mode, which is alone here considered, ¢ must be an odd function of «. 


In the region between the planes x= +w# the configuration of the lines ¢;=const. is, 
for a reason to be explained in Art. 290 in connection with other questions, sensibly the 
same as if in (2) we were to put £=0. So far as this region is concerned, the problem is 
in fact the same as that of conduction of electricity along a bar of metal which has the 
same form as the actual mass of water, and has accordingly one or more cylindrical 
perforations occupying the place of the obstacles. The electrical resistance between the 
two planes is then equivalent to that of a certain length 2z’+a of an unperforated bar of 
the same section. The difference of potential between the planes may be taken to be 
2(kAs’ +B), by (7), since kx’ is small; and the current per unit sectional area is 4A, 
approximately. Thus 


OL AG + Bi mel Ouk gh Art de din. ache baldat i 0) 
whence BLA met Leite state soa es aoe beetle sina nnsskwcaedinns (10) 
and Dip A SIVET ELA COB LL), casccassieesisesanossssonsarsennrs (11) 


for >2’. 


* For references to the original investigations by Poisson and Rayleigh of waves in a circular 
tank see p. 287. The problem was also treated by Merian, Ueber die Bewegung tropfbarer Fliis- 
sigkeiten in Gefissen, Basel, 1828 [see VonderMiihll, Math. Ann. xxvii. 575], and by Ostrogradsky, 
‘‘Mémoire sur la propagation des ondes dans un bassin cylindrique,’? Mém. des Sav. Ktrang. 
iii. (1862). 

: It ae be remarked that either of the two modes figured on p, 288 may easily be excited by 
properly timed horizontal agitation of a tumbler containing water. 
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The condition é¢/d%=0, to be satisfied for r=4$/, gives 
COSHH —Shasin kl, ..e.cecsesccssseceneeeceeeeeeeecenes (12) 


COS FH (Ta) =O. crcccerecrsecsccnseceseceeseeeeeeeees (13) 


-The introduction of the obstacles has therefore the effect of virtually increasing the length 
of the tank by a. The period of the gravest mode is accordingly 


alia a/(F-coth 5), Ke andien sce ngsoueabeben cases (14) 
o g L 
where /’/=/+a. 


The value of a is known for one or two cases. In the case of a circular column of radius 
b, in the centre of the tank, the formulae (11) and (13) of Art. 64 shew that q, varies as 
2+, or x+76*/a, practically, when x is large compared with the breadth a of the tank. 
Comparing with (11) above we see that 
C= Dir. B2 | dae sins eogasenestostarenetocmaceseos oases see (15) 


subject to the condition that the ratio 6/a must not exceed about 7*. 


or, since 4a is a small quantity, 


When the plane x=0 is occupied by a thin rigid diaphragm of breadth a, having a 
central vertical slit of breadth c, the formula is 


20m Ohi ols 6d RUN eae (16) 


re eth log see 
a=— log 
258. The number of cases of motion with a variable depth, of which the 
solution has been obtained, is very small. 
le. We may notice, first, the two-dimensional oscillations of water across a channel 
whose section consists of two straight lines inclined at 45° fo the vertical f. 


The axes of y, z being respectively horizontal and vertical, in the plane of a cross-section, 


we assume 
pt+iw=A {cosh k (y+2z) + cos k (y¥+22)}, c.cceeeeceececcecnececeenes (1) 


the time-factor cos (ot+e) being understood. This gives 
p= A (cosh ky cos kz + cos ky cosh kz), =A (sinh ky sin kz — sin ky sinh kz). ...(2) 


The latter formula shews at once that the lines y= +z constitute the stream-line y~=0, 
and may therefore be taken as fixed boundaries. 


The condition to be satisfied at the free surface is, as in Art. 227, 


@ 
TRAE aed tauke-ccp-pastagee ees ee (3) 


Substituting from (2) we find, if 4 denote the height of the surface above the origin, 
o* (cosh ky cos kh+ cos ky cosh kh) =gk (—cosh ky sin kh+cos ky sinh kA). 
This will be satisfied for all values of y, provided 
o* coskh= —gk sin kh, @ COs RR= OK SILEA, .c.ccssaneccencenesth (4) 
whence tanh bh we tatty MR 4 aks. «sauna doantecaeconcosechinestees (5) 


This determines the admissible values of & ; the corresponding values of ¢ are then given 
by either of the equations (4). 


* The formula (14) was in this case found to be in good agreement with experiment (Lamb 
and Cooke, Phil. Mag. (6) xx. 303 (1910)). The experiments were made chiefly with a view to 
test the above method of approximation, which has other more important applications; see 
Arts. 306, 307. 

+ Kirchhoff, ‘‘ Ueber stehende Schwingungen einer schweren Flissigkeit,” Berl. Monatsber. 
May 15, 1879 [Ges. Abh. p. 428]; Greenhill, l.c. ante p, 372. 


257-258 | Effect of Limited Depth 443 


Since (2) makes @ an even function of y, the oscillations which it represents are sym- 
metrical with respect to the medial plane y=0. 


The asymmetrical oscillations are given by 
pt+ip=tA {cosh k (y+%z)—cosk(y+%z)},  sccssecocscesecccseeees (6) 
or o=-—A(sinh ky sin kz+sin ky sinh kz), w= A (cosh ky cos kz —cos ky cosh kz). ...(7) 


The stream-line y=0 consists, as before, of the lines y= +z; and the surface-condition (3) 
gives 
o? (sinh ky sin kh+sin ky sinh kh) = gk (sinh ky cos kh+sin ky cosh kh). 


This requires 
o* sin kh=gk cos kh, o* sinh kh=gk cosh bh, ........cs00eceseenes (8) 


whence banhVC— Cal kA. ae teh ee es Nocatee (9) 


The equations (5) and (9) present themselves in the theory of the lateral vibrations of 
a bar free at both ends; viz. they are both included in the equation 


COSI COST — | samnns eects ese iasce cas ecececcees races (10)* 
where m= 2kh. 


The root 4h=0, of (9), which is extraneous in the theory referred to, is now important ; 
it corresponds in fact to the slowest mode of oscillation in the present problem. Putting 
Ak?=B, and making & infinitesimal, the formulae (7) become, on restoring the time-factor, 
and taking the real parts, 


b= — 2Byz.cos (ct+e), W=B(y?—2).cos(ct+e), ..cccccseeeseee (11) 

whilst from (8) = Z seecaeronae SSE sar ei Ge Rc ice Gar (12) 
The corresponding form of the free surface is 

ak eas me DRY SIN OL 4.8 Vie iencons son iauntvisisxen cite (13) 


The surface in this mode is therefore always plane. The annexed figure shews the lines of 
motion (¥=const.) for a series of equidistant values of y. 


The next gravest mode is symmetrical, and is given by the lowest finite root of (5), 
which. is 4h=2°3650, whence o=1°5244 ( g/hyt. The profile of the surface has now two 


* Cf. Rayleigh, Theory of Sound, i. 277, where the numerical solution of the equation is 
fully discussed. 
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nodes, whose positions are determined by putting p=0, z=A, in (2); whence it is found 
that 


Les cr 5 * 
ees 5516*. 
The next mode corresponds to the lowest finite root of (9), and so ont. 


2°, Greenhill, in the paper already cited, has investigated the symmetrical oscillations 
of the water across a channel whose section consists of two straight lines inclined at 60° 
to the vertical. In the (analytically) simplest mode of this kind we have, omitting the 
time-factor, 
P+W=tA (YHA DB, .cccoseoceseceresaconesssoseessenas (14) 


or b= Az (2 —3y?) + B, AG (G2 BE) Pas ce cxtensnsieatamentas (15) 


the latter formula making =O along the boundary y= +V3.z. The surface-condition (3) 
is satisfied for z=h, provided 
=g/h, B= DALE. <ossseteoncisetestocsessnosceeestes (16) 


The corresponding form of the free oa viz. 


orks: an 34 (Wy?) sin (ot +0) Pe eee (17) 


is a parabolic cylinder, with two nodes at Poros of ‘5774 of the half-breadth from the 
centre. The slowest mode, which must evidently be of asymmetrical type, has not yet been 
determined. 


3°. If in any of the above cases we transfer the origin to either edge of the canal, and 
chen make the breadth infinite, we get a system of standing waves on a sea bounded by a 
sloping bank. This may be regarded as made up of an incident and a reflected system. 
The reflection is complete, but there is in general a change of phase. 


When the inclination of the bank is 45° the solution is 
o=AZ {e (cos ky — sin ky) +e-* (cos kz+sin kz)} cos (ct +e). ...ececeeeee (18) 
For an inclination of 30° to the horizontal we have 
b= HF fe sin ky+e7 * W59+2) sin 4b (y —N32) 
—V3e7t~3Y-2) cog $k (yY+N3z2)} cos (atte). ...cceeee (19) 
In each case o?=gh, as in the case of waves on an unlimited sheet of deep water. 
These results, which may easily be verified ab initio, were given by Kirchhoff (/.c.). 


259. An interesting problem which presents itself in this connection is 
that of the transversal oscillations of water contained in a canal of circular 
section. This has not yet been solved, but it may be worth while to point 
out that an approximate determination of the frequency of the slowest mode, 
in the case where the free surface is at the level of the axis, can be effected 
by Rayleigh’s method, explained near the end of Art. 168. 

If we assume as an ‘approximate type’ that in which the free surface remains always 


plane, making a small angle 6 (say) with the horizontal, it appears, from Art. 72 (17), that 
the kinetic energy 7' is given by 


* Rayleigh, Theory of Sound, Art. 178. 
+ An experimental verification of the frequencies, and of the positions of the loops (places of 
maximum vertical amplitude), in various fundamental modes, was made by Kirchhoff and 


Hansemann, ‘‘ Ueber stehende Schwingungen des Wassers,’’ Wied. Ann. x. (1880) [Kirchhoff, 
Ges. Abh. p. 442]. 
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where a is the radius, whilst for the potential energy V we have 


PP me 8) RO meta cae tees acctiene Ueeoeveeee mt hoeeseses (2): 
If we assume that 6 varies as cos (ct+e), this gives 
8r 9g 

el Ny spe Op) TINIE tettenseeeeenseeeseneeeenes (3) 


whence c=1°169 (g/a)t*. 


In the case of a rectangular section of breadth 2a, and depth a, the speed is given by 
Art. 257 (4), where we must put /=7/2a from Art. 178, and A=a. This gives 


o?=47 tanh}. Z, gnosescosnaancuonnnadesadnubunuoooaddo’ (4) 


or o=1:200 ( g/a)t. The frequency in the actual problem is less, since the kinetic energy 
due to a given motion of the surface is greater, whilst the potential energy for a given 
deformation is the same. Cf. Art. 45. 


260. We may next consider the free oscillations of the water included 
between two transverse partitions in a uniform horizontal canal. Before 
proceeding to particular cases, we may examine for a moment the nature 
of the analytical problem. 


If the axis of « be parallel to the length, and the origin be taken in one 
of the ends, the velocity-potential in any one of the fundamental modes 
referred to may, by Fourier’s Theorem, be supposed expressed in the form 


b = (Po + Pi cos ka + Py cos 2ka +... + P,cosska+...)cos(ot+e), ...(1) 


where k =7/l, if | denote the length of the compartment. The coefficients P, 
are here functions of y, z. If the axis of z be drawn vertically upwards, and 
that of y be therefore horizontal and transverse to the canal, the forms of 
these functions, and the admissible values of oc, are to be determined from 
the equation of continuity 


EEA Mee Fe ee Rene (2) 
: 2 ap 
with the conditions that se (OE aco pert nice ote alli Meret 9 1) (3) 
: ; op 
at the sides, and o*p = 9 a (4) 


at the free surface. Since 0¢/dx must vanish for c=0 andxv=l, it follows 
from known principlest+ that each term in (1) must satisfy the conditions (2), 
(3), (4) independently; viz. we must have 


Ratt eat = AEP, SO eee lesccetecsteseneet (5) 

oP 
i BCLIeR (VW Fey SHUT), Metts Bh ese 6 
with an 0 (6) 


* Hydrodynamics, 2nd ed. (1895). Rayleigh finds, as a closer approximation, o=1-1644 (g/a)*; 
see Phil. Mag. (5) xlvii. 566 (1899) [Papers, iv. 407]. z 

+ See Stokes, ‘‘On the Critical Values of the Sums of Periodic Series,’? Camb. Trans. vill. 
(1847) [Papers, i. 236]. 
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at the lateral boundary, and 


at the free surface. 


The term Po gives purely transverse oscillations such as have been dis- 
cussed in Art. 258. Any other term P, cos skx gives a series of fundamental 
modes with s nodal lines transverse to the canal, and 0, 1, 2, 3, ... nodal lines 
parallel to the length. 


It will be sufficient for our purpose to consider the term P; cos kz. It is 
evident that the assumption 


@ = PT COs hm. COS( OF -+ €), coer sets sescer se sees (8) 


with a proper form of P; and the corresponding value of o determined as 
above, gives the velocity-potential of a possible system of standing waves, 
of arbitrary wave-length 2z7/k, in an unlimited canal of the given form of 
section. Now, as explained in Art. 229, by superposition of two properly 
adjusted systems of standing waves of this type we can build up a system 
of progressive waves 


hm Py C08 (lew:F- at )rrycr as ccstownesinchs «om ferns aee (9) 


We infer that progressive waves of simple-harmonic profile, of any assigned 
wave-length, are possible in an infinitely long canal of any uniform section. 


We might go further, and assert the possibility of an infinite number of 
types, of any given wave-length, with wave-velocities ranging from a certain 
lowest value to infinity. The types, however, in which there are longitudinal 
nodes at a distance from the sides are from the present point of view of 
subordinate interest. 


Two extreme cases call for special notice, viz. where the wave-length is 
very great or very small compared with the dimensions of the transverse 
section. 


The most interesting types of the former class have no longitudinal nodes, 
and are covered by the general theory of ‘long’ waves given in Arts. 169, 170. 
The only additional information we can look for is as to the shapes of the 
wave-ridges in the direction transverse to the canal. 


In the case of relatively short waves, the most important type is one in 
which the ridges extend across the canal with gradually varying height, and 
the wave-velocity is that of free waves on deep water as given by Art. 229 (6). 


There is another type of short waves which may present itself when the 
banks are inclined, and which we may distinguish by the name of ‘edge- 
waves, since the amplitude diminishes exponentially as the distance from the 
bank increases. In fact, if the amplitude at the edges be within the limits 
imposed by our approximations, it will become altogether insensible at a 
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distance whose projection on the slope exceeds a wave-length. The wave- 
velocity is less than that of waves of the same length on deep water. It does 
not appear that the type of motion here referred to is very important. 

A general formula for these edge-waves has been given by Stokes*. 
Taking the origin in one edge, the axis of z vertically upwards, and that of y 
transverse to the canal, and treating the breadth as relatively infinite, the 
formula in question is 


en ha Ee ea R eS ose dt © Ch) Bea: os vies boo ae (10) 
where 8 is the slope of the bank to the horizontal, and 
Jee\t 
c= (2 sin B) Re ar ite 3 Seine sae ee are (11) 


The reader will have no difficulty in verifying this result. 


261. We proceed to the consideration of some special cases. We shall 
treat the question as one of standing waves in an infinitely long canal, or in a 
compartment bounded by two transverse partitions whose distance apart is a 
multiple of half the arbitrary wave-length (27/k), but the investigations can 
easily be modified as above so as to apply to progressive waves, and we shall 
occasionally state results in terms of the wave-velocity. 

1°. The solution for the case of a rectangular section, with horizontal bed and vertical 
sides, could be written down at once from the results of Arts. 190, 257. The nodal lines 
are transverse and longitudinal, except in the case of a coincidence in period between two 
distinct modes, when more complex forms are possible. This will happen, for instance, in 
the case of a square tank. 


2°, In the case of a canal whose section consists of two straight lines inclined at 45° 
to the vertical we have, first, a type discovered by Kelland, viz. if the axis of 2 coincide 
with the bottom line of the canal, 


ky kz 
p=A Ae, pp COSET COS (Cit) cap aenssbsshcocban ey sie (1) 
This evidently satisfies Vp=0, and makes 
Op _ of 
as + ed rentettesssaeseesesseneesesessecessesenees (2) 
for y= +2, respectively. The surface-condition (Art. 260 (4)) then gives 
ke kh 
pyle ae 
eee, tanh GS Satan 7: (3) 


where / is the height of the free surface above the bottom line. If we put o=kc, the 
wave-velocity c is given by 


PRR O ee eee meee sree seen ese tesssererseas 


where 4=2r/A, if X be the wave-length. 


When //) is small, this reduces to 
c=(4gh)3, CDE PIME doen tet tesa dah tae Vaan anee (5) 


in agreement with Art. 170 (13), since the mean depth is now denoted by $/t: 


* «Report on Recent Researches in Hydrodynamics,” Brit, Ass. Rep. 1846 [Papers, i. 167]. 
+ Kelland, ‘‘On Waves,’ Trans. R. S. Edin. xiv (1839). 
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When, on the other hand, /) is moderately large, we have 
Pe ot Ah Cathet Peete eth Dash ots yo (6) 


The formula (1) indicates now a rapid increase of- amplitude towards the sides. We have 
here, in fact, an instance of ‘edge-waves, and the wave-velocity agrees with that obtained 
by putting 6 =45° in Stokes’ formula. 


The remaining types of oscillation which are symmetrical with respect to the medial 
plane y=0 are given by the formula 


o=C (cosh ay cos 8z+cos By cosh az) COShL.COS(TE+E),  ceeeesecereeeee (7) 


provided a, 8, o are properly determined. This evidently satisfies (2), and the equation of 
continuity gives 


Sa) 8? me LAM weresoatcse ast soasedemascareecadsees® (8) 
The surface-condition, Art. 260 (4), to be satisfied for z=, requires 
o* cosh ah=ga sinh ah, COO MeH OS SOP ET soussouadonscccooacos (9) 
Hence ah tanhiah == Gh ban SiO mses aeease are ee eeneeeeeeeaeee (10) 


The values of a, 8 are determined by (8) and (10), and the corresponding values of o are 
then given by either of the equations (9). If, for a moment, we write 


COs Y= Bliseeencessese et eeoeen cee serene (11) 
the roots are given by the intersections of the curve 
CAEN AA RO RIED FAON, Ao ag gnoobosenonacnodonacobpsocue0bae (12) 


whose general form can be easily traced, with the hyperbola 
a BARE NG ESS ude sas es ate CRN (13) 


There are an infinite number of real solutions, with values of BA lying in the second, 
fourth, sixth, ... quadrants. These give respectively 2, 4, 6, ... longitudinal nodes of the 
free surface. When //A is moderately large, we have tanh ah=1, nearly, and Bh is (in the 
simplest mode of this class) a little greater than 47. The two longitudinal nodes in this 
case approach very closely to the edges as ) is diminished, whilst the wave-velocity becomes 
practically equal to that of waves of length A on deep water. As a numerical example, 
assuming Bh=1'1 x $7, we find 


ah=10'910, &khk=10°772, c=1-0064 (2). 


The distance of either nodal line from the nearest edge is then '12/. 


We may next consider the asymmetrical modes. The solution of this type which is 
analogous to Kelland’s was noticed A Greenhill (/.c.). It is 


p=A sae Ss J sinh s @08 be. C08, (Gb + €)y. <sivasuscevencsavsenses: (14) 
: kh 
with ee: bn IQ. Tttetttteceeesesetesteteceresenents (15) 


When A is small, this makes o?=g/h, so that the ‘speed’ is very great compared with 
that given by the theory of ‘long’ waves. The oscillation is in fact mainly transversal, 
with a very gradual variation of phase as we pass along the canal. The middle line of 


the surface is of course nodal. When on the other hand 4A is great, we get ‘edge-waves,’ as 
in the case of Kelland’s solution. 


The remaining asymmetrical oscillations are given by 


=A (sinh ay sin Bz +sin By sinh az) cos ka ,cos(ot+e). veeccceceeceeee (16) 
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This leads in the same manner as before to 


aot CS) Se net con enh AN een ee Sete (17) 
and o* sinh ah=ga cosh ah, 07 51 BA= 9B COS! Blige onts- 00g o5<¢ 204008 (18) 
whence BCOLIA = ie COUGRSE sesctaatea tesco nent tae ee (19) 


There are an infinite number of solutions, with values of BA in the third, fifth, seventh, ... 
quadrants, giving 3, 5, 7, ... longitudinal nodes, one of which is central. 


3°. The case of a canal with plane sides inclined at 60° to the vertical has been treated 
by Macdonald*. He has discovered a very comprehensive type, which may be verified as 
follows. 


The assumption im LECOSIE COS! Glrtne) Meee eeeteann toe teercee se eerie (20) 
: ky J3 kz thts 
where P=A cosh kz+8 sinh kz+cosh aaa C cosh a D sinh Pe ee (21) 
evidently satisfies the equation of continuity ; and it is easily shewn that it makes 
an 2 yet 
. for y = +,/3z, provided C= st iD DEIN, aes tron a, Seteaeat LEAT (22) 


The surface-condition, Art. 260 (4), is then satisfied, provided 


2 
EE (A cosh kh + B sinh kh)= A sinh kh +B cosh kh, 


certian ec (23) 
F (4 cosh = — B sinh 5) A sinh x — B cosh ue 
The former of these is equivalent to 
2 
ear (cosh ie © sinh in) ee 7, 6 cosh kh — sinh zy) Len ay (24) 
and the latter then leads to 

o?\2 kh 

2 (5) -3 = coth 3 Cs ees FIOM, Pinas teach eer oannccates ies (25) 
gk] * gk 


Also, substituting from (22) and (24) in (21), we find 


2 
IP=J 51 {eosh keh + sinh k(e—1)} 


ky /3 z Oe 6 z E 
+2H cosh 5 {cosh & (3+) - sinh k (5+2)h ...(26) 


The equations (25) and (26) were arrived at by Macdonald, by a different process. 
The surface-value of P is 
2 
P= H {1-42 60h "#2" (co sh Ss inn 3h. eres (27) 


The equation (25) is a quadratic in o?/gk. In the case of a wave whose length (2m/h) 
is great compared with h, we have 


skh 2 
Coro am ark 
nearly, and the roots of (25) are then 
o o? 
rpms and gk 1/kh, BSSOOOOOOO OOOO OOOO UCOUCUUOUCOGTOG (28) 


* «Waves in Canals,’’ Proc. Lond. Math. Soc. xxv. 101 (1894). 
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approximately. If we put o=ke, the former result gives c?=$gh, in accordance with the 
usual theory of ‘long’ waves (Arts. 169, 170). The formula (27) now makes P=3H, 
approximately; this is independent of y, so that the wave-ridges are nearly straight. The 
second of the roots (28) makes c?=g/kh, giving a much greater ‘phase-velocity’; but there 
is nothing paradoxical in this. The group-velocity is in fact relatively small. It will be found 
on examination that the cross-sections of the waves are parabolic in form, and that there 
are two nodal lines parallel to the length of the canal. The period is almost exactly that 
of the symmetrical transverse oscillation discussed in Art. 258. 

When, on the other hand, the wave-length is short compared with the transverse 
dimensions of the canal, 4A is large, and coth 34h=1, nearly. The roots of (25) are then 


o o 

aba and GE oe: TRIPE 2 ee Soe a sace eels (29) 
approximately. The former result makes P=H, nearly, so that the wave-ridges are 
straight, experiencing only a. slight change of altitude towards the sides. The speed, 
o=(gk)2, is exactly what we should expect from the general theory of waves on relatively 
deep water. 


If in this case we transfer the origin to one edge of the water-surface, writing z+h for z, 
and y—./3h for y, and then make & infinite, we get the case of a system of waves travelling 
parallel to a shore which slopes downwards at an angle of 30° to the horizon. The result is 

b =H {eh 4. eh 89+ 2) _ 36 4hN3Y-2)} cos kar. cos (atte), sesccesteee (30) 
where c=(g/k)?. This admits of immediate verification. At a distance of a wave-length 
or so from the shore, the value of ¢, near the surface, reduces to 

CNS CAHOON Bn CON (HUE EG),, coc ouninacoddauauobesudadsanepaoce (31) 


practically, in conformity with Art. 228. Near the edge the elevation changes sign, there 
being a longitudinal node for which 


3 
2 by léy. 22, Cees ee a eee (32) 
or y/A= "127. 


The second of the two roots (29) gives a system of edge-waves, the results being equi- 
valent to those obtained by making 8=30° in Stokes’ formula*. 


Oscillations of a Spherical Mass of Liquid. 


262. The theory of the gravitational oscillations of a mass of liquid about 
the spherical form is due to Kelvin t. 


Taking the origin at the centre, and denoting the radius vector at any 
point of the surface by a + ¢, where a is the radius in the undisturbed state 
we assume 


where ¢, is a surface-harmonic of integral order n. The equation of con- 
tinuity V?¢ =0 is satisfied by 


* For extensions to other angles of inclination of the shore see Hanson, Proc. Roy. Soc. A 
exi. 491 (1926). 

+ Sir W. Thomson, ‘Dynamical Problems regarding Elastic Spheroidal Shells and Spheroids 
of Incompressible Liquid,” Phil. Trans. 1863 [Papers, iii. 384]. 
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where S,, is a surface-harmonic, and the kinematical condition 


og _ og 
at = on SMD) celivialulela®, vele/e1s\le\elelareie alte) ale alesis susisis s (3) 
to be satisfied when r =a, gives 
Gon ot 
ry => a yy © ale 01 exe Sie viaje sip.eie.nie7es. vie 0 si0:0 ¢i8i0.9.6 6100 (4) 


The gravitation-potential at the free surface is (see Art. 200) 


4nypa® = 4arypa 
ores Fe > ant 6S ber ten ey eee (5) 


where ¥ is the gravitation-constant. Putting 


O= 


g=47ypa, P= 0+ 2. 


we find OQ = const.+ 9 5 Bibel) eg ae Sak Hae are (6) 


1 2n+1 
Substituting from (2) and (6) in the pressure-equation 


eae 

ss age COMBE. fare nt ais cep ovens «Korba 3 (7) 
we find, since p must be constant over the surface, 

oS, _2(n—1) 

fae Sey OGG eR RE (8) 


Eliminating S, between (4) and (8), we obtain 
070, 2n(n—1)g 


AB es TE aA apr eine Nearer 3d (9) 
This shews that €,« cos (o,t+e), where 
2n(n—1)g 
a 7 
Siar, ores a ee (10) 


For the same density of liquid, ga a, and the frequency is therefore 
independent of the dimensions of the globe. 


The formula makes o; = 0, as we should expect, since in a small deformation 
expressed by a surface-harmonic of the first order the surface remains spherical, 
and the period is therefore infinitely long. 


“For the case n=2, or an ellipsoidal deformation, the length of the 
isochronous simple pendulum becomes #a, or one and a quarter times the 
earth’s radius, for a homogeneous liquid globe of the same mass and diameter 
as the earth; and therefore for this case, or for any homogeneous liquid globe 
of about 54 times the density of water, the half-period is 47 m. 12 s.” 


“A steel globe of the same dimensions, without mutual gravitation of its 
parts, could scarcely oscillate so rapidly, since the velocity of plane waves 


29-2 
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of distortion in steel is only about 10,140 feet per second, at which rate 
a space equal to the earth’s diameter would not be travelled in less than 
Phas m.40 8.0 


When the surface oscillates in the form of a zonal harmonic spheroid of the second 
order, the equation of the lines of motion is w?=const., where w denotes the distance of 
any point from the axis of symmetry, which is taken as axis of x (see Art. 95 (11)). The 
forms of these lines, for a series of equidistant values of the constant, are shewn in the 
figure. 


263. This problem may also be treated very compactly by the method 
of ‘normal co-ordinates ’ (Art. 168). 


The kinetic energy is given by the formula 


T=4p|| co as, ie ed etre (11) 


where 58 is an element of the surface r=a. Hence, when the surface 
oscillates in the form 7=a+€,, we find, on substitution from (2) and (4), 


7-400 | | bras, mr ValteYE R (12) 


To find the potential energy, we may suppose that the external surface 
is constrained to assume in succession the forms r=a+ 6£,, where 6 varies 


* Sir W. Thomson, J.c. The exact theory of the vibrations of an elastic sphere gives, for the 
slowest oscillation of a steel globe of the dimensions of the earth, a period of 1h. 18min. Seea 
paper ‘‘On the Vibrations of an Elastic Sphere,’”? Proc. Lond. Math, Soc. xiii, 212 (1882). The 
vibrations of a sphere of incompressible substance, under the joint influence of gravity and 
elasticity, have been discussed by Bromwich, Proc. Lond. Math, Soc. xxx. 98 (1898). The in- 
fluence of compressibility is examined by Love, Some Problems of Geodynamics (Adams Prize 
Essay), Cambridge, 1911, p. 126. 
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from 0 to 1. At any stage of this process, the gravitation potential at the 
surface is, by (6), 
2(n—1) 


Q = const. + Seal TY Cee, ile Seeoo oy vc AOE (18) 
Hence the work required to add a film of thickness £,,80 is 
2(n—1) 
688. m7 1s 9p Sf en2d8. SOOO ISOS cr icici nici (14) 
Integrating this from @=0 to 6 =1, we find 
mL 
Jas Intl OU Cn OS eee cor gas cary saa (15) 


The results corresponding to the general deformation (1) are obtained by 
prefixing the sign = of summation with respect to n, in (12) and (15); since 
the terms involving products of surface-harmonics of different orders vanish, 
by Art. 87. 

The fact that the general expressions for 7’ and V thus reduce to sums 
of squares shews that any spherical-harmonic deformation is of a ‘normal 
type. Also, assuming that €, 0 cos (ont +e), the consideration that the total 
energy 7'+ V must be constant leads us again to the result (10). 

In the case of the forced oscillations due to a disturbing potential 
/ cos (ot +e) which satisfies the equation V?’=0 at all points of the 
fluid, we must suppose 2’ to be expanded in a series of solid harmonics. 
If £, be the equilibrium-elevation corresponding to the term of order n, 
we have, by Art. 168 (14), for the forced oscillation, 

on= am BEES ay tpt My he spnhaecgle (16) 
where a is the imposed speed, and oc, that of the free oscillations of the same 
type, as given by (10). 

The numerical result given above for the case n= 2 shews that, in a non- 
rotating liquid globe of the same dimensions and mean density as the earth, 
forced oscillations having the characters and periods of the actual lunar and 
solar tides would practically have the amplitudes assigned by the equilibrium- 
theory. 


264. The investigation is easily extended to the case of an ocean of any 
uniform depth, covering a symmetrical spherical nucleus. 


Let 6 be the radius of the nucleus, a that of the external surface. The surface-form 
being 


we assume, for the velocity-potential, 
nm §n+1 
gafintl) Gen aif Sm € cisiicee caiscieaisivie vieccaee ss slccieisies (2) 


where the coefficients have been adjusted so as to make dg/ér=0 for r=b. 
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re og _ _ op 3 

The condition that 5p ye teeteeteeeeseereeesesesseeneeseseseseeenes (3) 
: 6 @\O 51s ONSET, 

for r=a, gives So n(n +1) \(6) - (5) \>. Maatanereessoanorenceer sees (4) 
For the gravitation-potential at the free surface (1) we have 

_ _Arypo® _yao4rypa 5 

Ee Cys 2, on™ Saas hve ee esuhetecceussnes (5) 

where pp is the mean density of the whole mass. Hence, putting g=4zypoa, we find 
iz re) 3 p 6 
2=const. +92, ( ar 2) Cain aepecotwarsasmsacsocesionts (6) 


The pressure-condition at the free surface then gives 


{n+ 1) (5) +” ("} os wm ( z me i zi) rt tana id ana asp (7) 


The elimination of S,, between (4) and (7) leads to 


0 
ao to CaO a elotaneis cneccnistees eecdtesoacamacumenncdes (8) 
n nt+1 
ee 1(5) a (:) 3 p\g 
Gene SNS / ae N/a ee P\? 
where Oi ae Aaa (1 rear a) é. shadeat eae t hates nn (9) 
(n+1) 6) +n (2) 


The case n=1 is exceptional, since the calculation assumes that the nucleus is fixed. It 
suggests, however, that o, vanishes when p=po, and is imaginary when p > po, as we should 
expect. The correction is hardly important, but it may be shewn that when the nucleus 
is free the result given by (9), viz. 


1—63/a3 p\g 
Php ate ay — 4 
= Tad (1 od Pee (10) 
must be increased in the ratio 
1 con bs om 
a) a3" LG 908 oa mM? 


where J is the total mass, and m Hk of the ocean alone. The conclusions as to stability 
are unaffected. 

If in (9) we put b=0, we reproduce the result of the preceding Art. If, on the other 
hand, the depth of the ocean be small compared with the radius, we find, putting b=a—A, 
and neglecting the square of h/a, 


of 3 p\gh 
=n (n-+1) 0-3, ae) oot Sieve he (11) 


provided be small compared with a/h, This agrees with Laplace’s result, obtained in a 
more direct manner in Art, 200. 


But if n be comparable with a/h, we have, putting n=ka, 


a\n A\ —ka 
a = oe = h 
(5) lig) aes 
so that (9) reduces to om gh tanh ER, Mgiwtcnstide in taaces sone Oe (12) 


as in Art. 228. Moreover, the expression (2) for the velocity-potential becomes, if we 
write r=a+z, 

DEED COMB ELSA VO) oS onvedsaaccnwe vars cesecuetr ttt (13) 
where ¢, is a function of the co-ordinates in the surface, which may now be treated as plane, 
Cf. Art. 257. 
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The formulae for the kinetic and potential energies, in the general case, are easily found 
by the same method as in the preceding Art. to be 


(n+1) (Fy) +2 (2) 


ae nenley Cy} (eho ne eee (14) 
ae V=h9pm, Q-3) 2 eR a ee (15) 


The latter result shews, again, that the equilibrium configuration is one of minimum 
potential energy, and therefore thoroughly stable, provided p< po. 


In the case where the depth is relatively small, whilst » is finite, we obtain, putting 
b=a-A, 


POUR? 2 BaP a eae: (16) 


1 n(n+1) 
whilst the expression for V is of course unaltered. 


If the amplitudes of the harmonics ¢, be regarded as generalized co-ordinates, the 
formula (16) shews that for relatively small depths the ‘inertia-coefficients’ vary inversely 
as the depth. We have had other illustrations of the effect of constraint in our discussions 
of tidal waves. 


Capillarity. 
265. The part played by Cohesion in certain cases of fluid motion has 
long been recognized in a general way, but it is only within comparatively 
recent years that the question has been subjected to exact mathematical 


treatment. We proceed to give some account of the remarkable investigations 
of Kelvin and Rayleigh in this field. 


It is beyond our province to discuss the physical theory of the matter*. 
It is sufficient, for our purpose, to know that the free surface of a liquid, or, 
more generally, the common surface of two fluids which do not mix, behaves 
as if it were in a state of uniform tension, the stress between two adjacent 
portions of the surface, estimated at per unit length of the common boundary- 
line, depending only on the nature of the two fluids and on the temperature. 
We shall denote this ‘surface-tension, as it is called, by the symbol 7;. The 
‘dimensions’ of 7; are MT~-? on the absolute system of measurement. Its 
value in C.G.S. units (dynes per linear centimetre) appears to be about 74 for 
a water-air surface at 20°C.+; it diminishes somewhat with rise of tem- 
perature. The corresponding value for a mercury-air surface is about 540. 


An equivalent statement is that the ‘free’ energy of any system, of which 
the surface in question forms part, contains a term proportional to the area 
of the surface, the amount of this ‘superficial energy’ (as it is usually termed) 


* For this, see Maxwell, Encyc. Britann. Art. ‘‘Capillary Action” [Papers, Cambridge, 1890, 
ii. 541], where references to the older writers are given. Also, Rayleigh, ‘‘On the Theory of 
Surface Forces,’’ Phil. Mag. (5) xxx. 285, 456 (1890) [Papers, iii. 397]. 

+ Rayleigh, ‘‘On the Tension of Water-Surfaces, Clean and Contaminated, investigated by 
the method of Ripples,’’ Phil. Mag. (5) xxx. 386 (1890) [Papers, iii. 394]; Pedersen, Phil. 
Trans. A, ecyii. 341 (1907); Bohr, Phil. Trans. A, ccix. 281 (1909). 
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per unit area being equal to 7;*. Since the condition of stable equilibrium 
is that the free energy should be a minimum, the surface tends to contract as 
much as is consistent with the other conditions of the problem. 

The chief modification which the consideration of surface-tension will 
introduce into our previous methods is contained in the theorem that the 
fluid pressure is now discontinuous at a surface of separation, viz. we have 

; tT at 

| ae - T(z +z): 
where p, p’ are the pressures close to the surface on the two sides, and Ry, R, 
are the principal radii of curvature of the surface, to be reckoned negative 
when the corresponding centres of curvature lie on the side to which the 
accent refers. This formula is readily obtained by resolving along the normal 
the forces acting on a rectangular element of a superficial film, bounded by 
lines of curvature; but it seems unnecessary to give here the proof, which 
* may be found in most modern treatises on Hydrostatics. 


266. The simplest problem we can take, to begin with, is that of waves 
on a plane surface forming the common boundary of two fluids at rest. 

If the origin be taken in this plane, and the axis of y normal to it, the 
velocity-potentials corresponding to a simple-harmonic deformation of the 
common surface may be assumed to be 

b= Cel cos kw .cos (ot + €), \ sonny 2 tte (1) 
gp’ = Oe cos kx. cos (ot + €), 
where the former equation relates to the side on which y is negative, and 
the latter to that on which y is positive. For these values satisfy V*6 =0, 
V?o' = 0, and make the velocity zero for y= F 0, respectively. 

The corresponding displacement of the surface in the direction of y will 

be of the type 


and the conditions that 


for y=0, give 
CEOS EO Eee ae (3) 
If, for the moment, we ignore gravity, the variable part of the pressure is 
therefore given by 


a 2 
aoe <— eV cos ke. sin (at + €), 
. . fo ne weil ads eae, (4) 
=. = — =— “= eHeos kxe.sin (ot +¢).) 


* The distinction between ‘free’ and ‘intrinsic’ energy depends on thermo-dynamical 
principles. In the case of changes made at constant temperature with free communication of 
heat, it is with the ‘free’ energy that we are concerned. 
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To find the pressure-condition at the common surface, we may calculate 
the forces which act in the direction of y on a strip of breadth 8%. The fluid 
pressures on the two sides have a resultant (p’ —p) 5a, and the difference of 
the tensions parallel to y on the two edges gives 8 (T,0n/ax). We thus get the 
equation 


to be satisfied when y=0 approximately. This might have been written 
down at once as a particular case of the general surface-condition (Art. 265). 
Substituting in (5) from (2) and (4), we find 

Ti? 
Se I I ee ae een) (6) 


which determines the speed of the oscillations of wave-length 27/k. 


oa 


The energy of motion, per wave-length, of the fluid included between two planes 
parallel to xy, at unit distance apart, is 


iS Eas pele OD" 
T= | | os ee AL -" ee eee (7) 
If we assume TE COM LL eruamenes sare tree haere tncer en eene seer eres (8) 
where a depends on ¢ only, and therefore, having regard to the kinematical conditions, 
p= —k-! ae cos ka, Say A TALI OSY Noy AcsGaponnnadienacsans (9) 
we find EAST PONS Me AL) ton oer stay Aciens calescberaacnrser (10) 


Again, the energy of extension of the surface of separation is 


v=T, if fis (aay do—T=47, ip (G2) de. selthocthen (11) 


Substituting from (8), this gives 
Ve LGD Kee eoapeeuanacaseasenponesnsesivnieussoses (12) 


To find the mean energy, of either kind, per unit area of the common surface, we must 
omit the factor i. 

If we assume that a cos (ot+e), where o is determined by (6), we verify that the total 
energy 7'+ V is constant. Conversely, if we assume that 

= (GCOS MAE} BIBI Ar) We pees ncecals sacccepeineitasissicaies (13) 

it is easily seen that the expressions for 7’ and V will reduce to sums of squares of a, B 
and a, 8, respectively, with constant coefficients, so that the quantities a, 8 are ‘normal 
co-ordinates.’ The general theory of Art. 168 then leads independently to the formula (6) 
for the speed. 

By compounding two systems of standing waves, as in Art. 229, we obtain 


a progressive wave-system 


q =O COS MM OU), See tenes sees na dew esis (14) 
travelling with the velocity 
“ Co am Tik 3 
o=F= (5) igeonad, TU senor. (15) 
or, in terms of the wave-length, 
2 
(721) “gay ideeeiepinant eanemeryy (16) 
p+ Pp 


The contrast with Art. 229 is noteworthy; as the wave-length is diminished, 
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the period diminishes in a more rapid ratio, so that the wave-velocity 
imereases. 
Since c varies as \~#, the group-velocity is, by Art. 236 (3), 


dc 
Om Nive EBC cavonerossesadomeriee ss came 17 
The verification of the relation between group-velocity and transmission of energy is of 
pac mioresh 2 alin’ WG. COB (Chime 2) oy as: oman sedi says ok nai toute seaeeeade > (18) 
we find that the total energy per unit area of the surface is 
£(ptp’) ketak +37 kearka=sh (ptp’) kerat, — sceccesccsecceseeeees (19) 


by (10), (12). The mean rate at which work is done by fluid pressure at a plane perpendicular 
to x is found by a calculation similar to that of Art. 237 to be 


F(a Pg ber G,. © Gannexanqicacatiamavee Megan iead ere oss (20) 
The rate at which surface-tension does work at such a plane is 


T, = n= Tk? ca? sin? k (ct — 2), 
the mean value of which is 
SL Rica a4 (p+ p RC at Poca. ete tecaeoasennincinciweermasies (21) 


If we add this to (20), and divide by the second member of (19), the quotient is 3c, in 
agreement with (17). 


The fact that the group-velocity for capillary waves exceeds the wave- 
velocity helps to explain some interesting phenomena to be referred to later 
(Arts. 271, 272). 

For numerical illustration we may take the case of a free water-surface; 
thus, putting p=1, p’=0, 7,=74, we have the following results, the units 
being the centimetre and second *. 


Wave-length Wave-velocity Frequency 


50 30 61 
‘10 68 680 
05 96 1930 


267. When gravity is to be taken into account, the common surface, in 
equilibrium, will of course be horizontal. Taking the positive direction of y 
upwards, the pressure at the disturbed surface will be given by 


2 
Pata ([ -g) aos ke. sin (ot + €), 
’ P dasay kegel (1) 
aah eats --(¢ +g) acos ke.sin (ot +e), 


* Cf. Sir W. Thomson, Papers, iii. 520. 

The above theory gives the explanation of the crispations observed on the surface of water 
contained in a finger-bowl set into vibration by stroking the rim with a wetted finger. It is to be 
observed, however, that the frequency of the capillary waves in this experiment is double that of 
the vibrations of the bowl; see Rayleigh, ‘‘On Maintained Vibrations,’’ Phil. Mag. (5) xv. 229 
(1883) [Papers, ii. 188; Theory of Sound, 2nd ed., c. xx.]. 
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approximately. Substituting in Art. 266 (5), we find 


Putting o = ke, we find, for the velocity of a train of progressive waves, 


oe Pe Stel  Li8 19 ) 
¢ Snore aryure (ean VA eaV actin) (3) 


where we have written 


ass eee LS eR eis (4) 
p pap 
In the particular cases of 7;=0 and g=0, respectively, we fall back on 


the results of Arts. 231 and 266. 


There are several points to be noticed with respect to the formula (3). 
In the first place, although, as the wave-length (27/k) diminishes from 2 to 
0, the speed (c) continually increases, the wave-velocity, after falling to a 
certain minimum, begins to increase again. This minimum value (¢m, say) is 
given by 


l—-s 
TIS 
Tag 2 GLY ee ete ett nett (5) 


Ca = 


and corresponds to a wave-length 


ees ile T’ : 
da= = 2 ,/(Z). ere ee (6) 


In terms of Xm and c, the formula (3) may be written 


Cc? Ae aes 
re BE ere re | esti est sorcvetiangnss yews: 7 
shewing that for any prescribed value of c, greater than cm, there are two 
admissible values (reciprocals) of X/Am. For example, corresponding to 


—= 12 1-4, 16 1°8 2-0 
we have 
rn _ (2476 3646 4917 6322 7873 
Yen =| 4,04 ‘274, 203 158 MOT, 


to which we add, for future reference, 
sin t= = 56°26’ 45°35’ 38°41’ 38°45’ 30°. 


For sufficiently large values of the first term in the formula (3) for c? 
is large compared with the second; the force governing the motion of the 
waves being mainly that of gravity. On the other hand, when 2 is very 
small, the second term preponderates, and the motion is mainly governed 

* The theory of the minimum waye-velocity, together with most of tle substance of Arts. 266, 


267, was given by Sir W. Thomson, ‘‘Hydrokinetic Solutions and Observations,’ Phil. Mag. (4) 
xlii. 374 (1871) [Papers, iv. 76]; see also Nature, vy. 1 (1871). 
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by cohesion, as in Art. 266. As an indication of the actual magnitudes here 
in question, we may note that if A/A, >3, the influence of cohesion on the 
wave-velocity amounts only to about 5 per cent., whilst gravity becomes 
relatively ineffective to a like degree if X/Xy < 4. 


It has been proposed by Kelvin to distinguish by the name of ‘ripples’ 
waves whose length is less than A). 

If we substitute from (7) in the general formula (Art. 236 (3)) for the 
group-velocity, we find 

2 9y-2 
Uac-nS =e(1-$ os). Poaclanigee ne eae (8) 

Hence the group-velocity is greater or less than the wave-velocity, according 
as A <2. For sufficiently long waves the group-velocity is practically equal 
to 4c, whilst for very short waves it tends to the value $c*. 


The relative importance of gravity and cohesion, as depending on the value of A, may 
be traced to the form of the expression for the potential energy of a deformation of the 


type 


ER CKOOY EES, nacooescncnocadancncon oobpUBsocCSEncaSnCCsS: (9) 
The part of this energy due to the extension of the bounding surface is, per unit area, 
w* Ta? 
<7 Me PEROR etc ene ere (10) 
whilst the part due to gravity is 
AG (pix 0’) CP sai eiscrosescennonves socseesvoracsseedes (11) 


As } diminishes, the former becomes more and more important compared with the latter. 

For a water-surface, using the same data as before, with g=981, we find from (5) 
and (6) 

Am=1:73,  cm=23°2, 

the units being the centimetre and the second. That is to say, roughly, the minimum 
wave-velocity is about nine inches per second, or ‘45 sea-mile per hour, with a wave- 
length of two-thirds of an inch, Combined with the numerical results already obtained, 
this gives, 


for c= 27°8 32°5 37:1 41°8 46°4 
43 6°3 8°5 10°9 13°6 
the values r= 70 AT 35 97 99 


in centimetres and centimetres per second, respectively. 


The relations between wave-length and wave-velocity are shewn graphically on the 
next page, where the dotted curves refer to the cases where gravity and capillarity act 
separately, whilst the full curve exhibits the joint effect. As explained in Art. 236, the 
group-velocity is represented by the intercept made by the tangent on the axis of ordinates, 
Since two tangents can be drawn to the curve from any point on this axis (beyond a certain 
distance from 0), there are two values of the wave-length corresponding to any prescribed 
value of the group-velocity U. These two values of \ coincide when U has a certain 
(minimum) value, indicated by the point where the tangent to the curve at the point of 
inflexion cuts Oc; and it may be easily shewn that we then have 


A 
hg NB +2/8)=2'542, U="767cm, 
where cm is the minimum wave-velocity as above. 


* Cf. Rayleigh, ll.cc. ante p. 383. 
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A further consequence of (2) is to be noted. We have hitherto tacitly supposed that 
the lower fluid is the denser (7.c. p >p’),‘as is indeed necessary for stability when 7’, is 
neglected. The formula referred to shews, however, that there is stability even when 


p <p’, provided 
TNS: 
A< 27 es) Si stereteiete lolslerslale elsisictats eiaitietcleimisisisie is s'erels (12) 


z.e. provided be less than the wave-length \m of minimum velocity when the denser fluid 
is below. Hence in the case of water above and air below the maximum wave-length con- 
sistent with stability is 1°73 cm. If the fluids be included between two parallel vertical 
walls, this imposes a superior limit to the admissible wave-length, and we learn that there 
is stability (in the two-dimensional problem) provided the interval between the walls does 
not exceed ‘86 cm. We have here an explanation, in principle, of a familiar experiment in 


which water is retained by atmospheric pressure in an inverted tumbler, or other vessel, 
whose mouth is covered by a gauze with sufficiently fine meshes*. 


268. We next consider the case of waves on a horizontal surface forming 
the common boundary of two parallel currents U, U’t. 


* The case where the fluids are contained in a cylindrical tube was solved by Maxwell, Encyc. 
Britann. Art. ‘‘Capillary Action” [Papers, ii. 585], and compared with some experiments of 
Duprez. The agreement is better than might have been expected when we consider that the 
special condition to be satisfied at the line of contact of the surface with the wall of the tube has 
been left out of account. 

+ Cf. Sir W. Thomson, l.c. ante p. 459. 
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If we apply the method of Art. 234, we find without difficulty that the 
condition for a stationary wave-profile is now 


pU? + p'U*=2 (p—p') + kT, wah oss auc (1) 


the last term being due to the altered form of the pressure-condition which 
has to be satisfied at the surface. This may be wali 
pU + pol \S Sor pi pes 
g P= 8 4 PU 
prip A kip-+ip'acprr p ra 
The relative velocity of the waves, which is superposed on the mean 
velocity of the currents (Art. 232), is + ¢, provided 


Siig oe oe (2) 


oF =o? — Ge p(T Ae ee EE. (3) 


where cy denotes the wave-velocity in the absence of currents. 


The various inferences to be drawn from (3) are much as in the Art. cited, with the 
important qualification that, since cp has now a minimum value, viz. the cm of Art. 267 (5), 
the equilibrium of the surface when plane is stable for disturbances of all wave-lengths so 


long as 


l+s 
|U-U\< oe Pandey acocclvgh ee (4) 


where s=p’/p. 

When the relative velocity of the two currents exceeds this value, ¢ becomes imaginary 
for wave-lengths lying between certain limits. It is evident that in the alternative method 
of Art. 232 the time-factor e’% will now take the form e#‘+##, where 


ae {ton (O- o's, Cr rtd ald ee (5) 


The real part of the exponential indicates the possibility of a disturbance of continually 
increasing amplitude. 

For the case of air over water we have s= ‘00129, cm=238'2 (0. 8.), whence the maximur. 
value of | U—U’| consistent with stability is about 646 centimetres per second, or (roughly) 
12°5 sea-miles per hour*. For slightly greater values the instability will manifest itself by 
the formation, in the first instance, of wavelets of about two-thirds of an inch in length, 
which will continually increase in amplitude until they transcend the limits implied in our 
approximation. 


269. The waves due to a local impulse on the surface of still water may 
be investigated to a certain extent by Kelvin’s method (Art. 241). 


Since 7=—d¢/dy at the surface, the effect of a unit impulse at the 
origin is 


= =< |" cos otet cos kirdk, n=— [” D2 eos be keh, ...(1) 
0 Ores 


™p o 
Hence to conform to (6) of Art. 241 we must put 
ip (ie) ake) powiath,| <tyeseass Bee ak (2) 


* The wind-velocity at which the surface of water actually begins to be ruffled so as to lose 
the power of distinct reflection is much less than this, and is determined by other causes. This 
question is considered later (Chapter x1.), 
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If in Art. 267 (2) we put p’=0 and write, for shortness, 


T,/p = ES BOUSUIGON ICOM UI OOOO RO oCirc (3) 
we have Gries DEE em Anes aoe ss hs Rete esi aede sacs (4) 
Let us first suppose that capillarity alone is operative, so that 
EEE I chm pe cae tr a (5) 
: do ' d*a wee 
Since yee £2, Ain eae LAS Ene ee eee (6) 
a no eared 

we find k=$ pre: T= 37 TTB? tats Paget ee (7) 

The procedure of Art. 241 then gives 

1 : Ag 

7 at pT'tat sin (srr = 17) 0 eee vec cee eneeececccs (8) 


The test-fraction (10) of Art. 241 is now comparable with 7’tt/a?, and the 
approximation therefore cannot claim great accuracy except as regards the 
earlier stages of the disturbance at any point. It appears also from (8) that 
the wave-length and period at any point begin by being infinitesimal, and 
continually increase. These several circumstances are in contrast with what 
holds in the case of gravity waves (Art. 240). 


We have seen (Art. 267) that when gravity is taken into account there are 
two wave-lengths corresponding to any assigned value of the group-velocity U 
which exceeds the minimum Up. The particular wave-lengths corresponding to 
given values of x and t may be found by the geometrical methods of Art. 241. 
Analytically, putting do/dk = U=z/t, they are determined by the real values 
of k satisfying the equation 

7 da\? 

(9 + 37" k2)? = 40° (si) 

The approximate expression for 7 will accordingly consist of two terms of the 

type (9) of Art. 241, so that we have two systems of waves superposed. For 
a < Uot, Kelvin’s method indicates that the disturbance is unimportant*. 


When «/Uot is sufficiently large the real solutions of (9) are 
t? 
b=3%,, od Pe veteee erence iat (10) 


2 2 Ca ee eye (9) 


approximately, as if gravity and capillarity were respectively alone operative. 
The conditions for the validity of Kelvin’s approximation in this case, viz. 
that gt?/ and #/T’t? should both be large, are to some extent opposed, but 
admit of being reconciled if 2 and ¢ are both sufficiently great. The wave- 
length must in each case be small compared with 2. 

The effect of a travelling disturbance can be written down from the general 
formulae of Art. 248. If 27/«1, 27r/x2 be the two wave-lengths corresponding 


* Rayleigh, Phil. Mag. (6) xxi. 180 (1911) [Papers, vi. 9]. 
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to the wave-velocity c, it appears from the figure on p. 461 that if x < x2, we 
shall have Uy<c, Ug>c. The result will be 


n= (41) (x1) v0 [w = 0} 


6] _ 
n= oi ce, [wx a} 


If we put Di(b) me too pe e.Fiee es: cscwer cesses eso (12) 


this will be found to agree, as an approximation, with the result of the more 
complete investigation which follows. 


270. We resume the more formal investigation of the effect of a steady 
pressure-disturbance on the surface of a running stream, by the methods of 
Arts. 242, 243, including now the effect of capillary forces. This will give, in 
addition to the former results, the explanation (in principle) of the fringe of 
ripples which is seen in advance of a solid moving at a moderate speed through 
still water, or on the up-stream side of any disturbance in.a uniform current. 


Beginning with a simple-harmonic distribution of pressure, we assume 


#0 + Bel sin ke, ¥ = y + Bet cos ke, siciarelelelsiateleieie (1) 


the upper surface coinciding with the stream-line y= 0, whose equation is 


4 =8 cos ka Qa SRR ee (2) 


approximately. Ata point just beneath this surface we find, as in Art. 242 (8), 
for the variable part of the pressure, 


po = Bp {(kce? —g) cos ka + posin ka}, .........e eee eees (3) 


where uw is the frictional coefficient. At an adjacent point just above the 
surface we must have 


' a? 
po =pot 7,4 = Bp {(ke® — g —k®T") coskx + pe sin ka}, ...... (4) 


where 7” is written for 7;/p. This is equal to the real part of 
Bp (ke? — g — k® T" — ic) e*, 
We infer that to the imposed pressure 
Do = O CORRE en cues eee eee eee (5) 
will correspond the surface-form 
—k?T"’) cos ka — uc sin kx 
ae go BT P+ ee Wadia s Gath cae (6) 
Let us first suppose that the velocity c of the stream exceeds the minimum 
wave-velocity (c,) investigated in Art. 267. We may then write 
ke? —g — Kk? T’ =T" (kh — key) (ka —hh), vccceccccecceseees (7) 
where #1, x2 are the two values of k corresponding to the wave-velocity c on 
still water ; in other words, 27/1, 27/«s are the lengths of the two systems 


py cg ke 
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of free waves which could maintain a stationary position in space, on the 
surface of the flowing stream. We will suppose that «,> «1. 
In terms of these quantities, the formula (6) may be written 
_C (k= ky) (x, —k) cos ka — p’ sin kx P 

PY = 7 eons br Ste ier (8) 
where w’ =yc/T’. This shews that if u’ be small the pressure is least over 
the crests, and greatest over the troughs of the waves when k is greater 
than «gor less than «;, whilst the reverse is the case when k is intermediate 
to «1, ka. In the case of a progressive disturbance advancing over still water, 
these results are seen to be in accordance with Art. 168 (14). 


271. From (8) we can infer as in Art. 243 the effect of a pressure of 
integral amount P concentrated on a line of the surface at the origin, viz. 
we find 


P [* (k— x) (x2—k) cos ka — p’ sin kr 
= Leeann ene 9 
Y al, (k — «1)? (kK, —k)? + pp? “ @) 
The definite integral is the real part of 
~ etka dh 
(h (B= x1) (xg— 4) — tp’ SRR R em OE OHHH HHH eee EEE wee eeeee (10) 


The dissipation-coefficient y’ has been introduced solely for the purpose of making the 
problem determinate; we may therefore avail ourselves of the slight gain in simplicity 
obtained by supposing p’ to be infinitesimal. In this case the two roots of the denominator 
in (10) are 
k=x,+1y, k=x2-v, 
p’ 
Ky— Ky % 


where v= 
The integral (10) is therefore equivalent to 


1 otk dk ai ett dh < 
Boa ae ac eee (11) 


These integrals are of the forms discussed in Art. 243. Since x, > x1, v is positive, 
and it appears that when ~ is positive the former integral is equal to 


wt = foo e—tkx 
amid + | | PPE: PPO eee cevererecerensnsereseeeeeeees (12) 
oO g—tkx 
and the latter to pyar: Uk aswusrtsaspesse aeldetces desuscseccitvase sss (13) 
On the other hand, when z is negative, the former reduces to 
© etka 
yy eg ce Tae (14) 
* — tke 
and the latter to — Qrie'*2” +. EES ET OT eT) 
0 k+ks 


We have here simplified the formulae by putting v=0 after the transformations. 

If we now discard the imaginary parts of our expressions, we obtain the results which 
immediately follow. 

When wp’ is infinitesimal, the equation (9) gives, for # positive, 


nT, )___2n 


RUUR TO eh) ere ceescseg st act (16) 


Bp Kg— Ky 


LH 30 
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and, for x negative, 


wT Qa : 
joa? jig CSA hse) 
1 © cos ka © cos kx 
ear Fa= at, K+ ky ak | k + ke at. 


This function F’(#) can be expressed in terms of the 
known functions Ci «4, Si «2, Ci xe”, Si «ea, by Art. 
243 (30). The disturbance of level represented by 
it is very small for values of 2, whether positive or 
negative, which exceed, say, half the greater wave- 
length (27/«1). 

Hence, beyond some such distance, the surface is 
covered on the down-stream side by a regular train 
of simple-harmonic waves of length 27/«,, and on 
the up-stream side by a train of the shorter wave- 
‘ength 27r/xa. It appears from the numerical results 
of Art. 267 that when the velocity c of the stream 
much exceeds the minimum wave-velocity (c,,) the 
former system of waves is governed mainly by gravity, 
and the latter by cohesion. 


It is worth notice that, in contrast with the case 
of Art. 234, the elevation is now finite when 2=0, 
viz. we have 


aT 1 pecs 
P ; Kg— Ky Ky ; 
This follows easily from (16) and (18). 


The figure shews the transition between the two 
sets of waves, in the case of Kz — 5x4. 


The general explanation of the effects of an 
isolated pressure-disturbance advancing over still 
water is now modified by the fact that there are 
two wave-lengths corresponding to the given velo- 
city c. For one of these (the shorter) the group- 
velocity is greater, whilst for the other it is less, 
than c, We can thus understand why the waves of 
shorter wave-length should be found ahead, and those 
of longer wave-length in the rear, of the disturbing 
pressure. 


It will be noticed that the formulae (16), (17) make the berebe of the 
up-steam capillary waves the same as that of the down-stream gravity 
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waves; but this result will be greatly modified when the pressure is diffused 
over a band of sensible breadth, instead of being concentrated on a mathe- 
matical line. If, for example, the breadth of the band do not exceed one-fourth 
of the wave-length on the down-stream side, whilst it considerably exceeds 
the wave-length of the up-stream ripples, as may happen with a very 
moderate velocity, the different parts of the breadth will on the whole 
reinforce one another as regards their action on the down-stream side, whilst 
on the up-stream side we shall have ‘interference, with a comparatively 
small residual amplitude. 


This point may be illustrated by assuming that the integral surface-pressure P has 
the distribution 


which is more diffused, the greater the value of b. 


The method of calculation will be understood from Art. 244. The result is that on the 
down-stream side 


2P Bf 
Boe pling ky m1 gin K1y0+..., Peer m eee ccasesetersceeeeees (21) 


and on the up-stream side 


2P és F 
i PP kab sin Kot+..., Cece reccrcccrcavececccccccs (22) 


where the terms which are insensible at a distance of half a wave-length or so from the 
origin are omitted. The exponential factors shew the attenuation due to diffusion; this is 
greater on the side of the capillary waves, since kz > x. 
When the velocity:c of the stream is less than the minimum wave-velocity, 
the factors of 
ke? — g — K?T" 
are imaginary. There is now no indeterminateness caused by putting »=0 
ab initio. The surface-form is aor by 
cos kx k 
rol pent OE ig Stig ER Sag 
The integral might be ee by the previous method, but it is evident 
& priort that its value tends rapidly, with increasing a, to zero, on account 
of the more and more rapid fluctuations in sign of cos ka. The disturbance of 
level is now confined to the neighbourhood of the origin. For «=0 we find 


ated € +2 sin! =) dial oh oN (24) 
(c.4 = ct) p Tv Cm 

Finally we have the critical case where c is exactly equal to the minimum 
wave-velocity, and therefore x,=«,. The first term in (16) or (17) is now 
infinite, whilst the remainder of the expression, when evaluated, is finite. To 
get an intelligible result in this case it is necessary to retain the frictional 
coefficient p’. 

If we put p’=2a7, we have 

(k—n) tip’ ={k—(k+a—1a)} {k—(K-—DH+IUD)},  sesveererereceeees (25) 


L Panty! 
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so that the integral (10) may now be equated to 


Mah na Se eee an ..(26 
Aw if. mee ib k—(x-+m—ia) © eeeeerenseeee® ( ) 


The formulae of Art. 243 shew that when w is small the most important part of this 
expression, for points at a distance from the origin on either side, is 


a BIG, cnoonanannadbencoousssossocescasasencobnon (27) 
It appears that the surface-elevation is now given by 
arly T 
e+ Y= COS (KE — FT). ceeecceereeeereeenees (28) 
iv pt 


272. The investigation by Rayleigh*, from which the foregoing differs 
principally in the manner of treating the definite integrals, was undertaken 


with a view to explaining more fully some phenomena described by Scott 
Russell + and Kelvin}. 


“When a small obstacle, such as a fishing line, is moved forward slowly 
through still water, or (which of course comes to the same thing) is held 
stationary in moving water, the surface is covered with a beautiful. wave- 
pattern, fixed relatively to the obstacle. On the up-stream side the wave-length 
is short, and, as Thomson has shewn, the force governing the vibrations is 
principally cohesion. On the down-stream side the waves are longer, and are 
governed principally by gravity. Both sets of waves move with the same 
velocity relatively to the water; namely, that required in order that they 
may maintain a fixed position relatively to the obstacle. The same condition 
governs the velocity, and therefore the wave-length, of those parts of the 
pattern where the fronts are oblique to the direction of motion. If the angle 
between this direction and the normal to the wave-front be called 6, the 
velocity of propagation of the waves must be equal to wcos8, where v 
represents the velocity of the water relatively to the fixed obstacle. 


“Thomson has shewn that, whatever the wave-length may be, the velocity 
of propagation of waves on the surface of water cannot be less than about 
23 centimetres per second. The water must run somewhat faster than this 
in order that the wave-pattern may be formed. Even then the angle @ is 
subject to a limit defined by v cos 0 = 23, and the curved wave-front has a 
corresponding asymptote. 


“The immersed portion of the obstacle disturbs the flow of the liquid 
independently of the deformation of the surface, and renders the problem in 
its original form one of great difficulty. We may however, without altering 
the essence of the matter, suppose that the disturbance is produced by the 
application to one point of the surface of a slightly abnormal pressure, such 

* Lc. ante p. 399. 


+ ‘‘On Waves,’’ Brit. Ass. Rep. 1844, 
} l.c. ante p. 459. 
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as might be produced by electrical attraction, or by the impact of a small 
jet of air. Indeed, either of these methods—the latter especially—gives very 
beautiful wave-patterns*.” 


The character of the wave-pattern can be made out by the method 
explained near the end of Art. 256. If we take account of capillarity alone, 
the formula (19) of that Art. gives 

QarT" 


c2cos? 6 = V2 = TQ ttre (1) 


by Art. 266, and the form of the wave-ridges is accordingly determined by 
the equation 


Det USOCAU ete cones estou timer ia vsnee seer ee 2 
This leads to oe 
x=a sec 0 (I— 2 tan? @), y =3a sec 0 tan 0, ......:.-.-. (3) 
When gravity and capillarity are both regarded, we have, by Art. 267, 
en sgn oe 
c? cos PE pants pO AG HORNE te rth SP ic (4) 
Hence, if we put 
py 
ne 9 ee = Reeve cate (5) 
cos? 8 XR» 0 
we have maces (F + x) sepae Se nee ae eee (6) 
where SE a Moke Ae SER ae CRO, artes Se (7) 


The relation between p and @ is therefore of the form 


cos*6 ( p a cos* “) (8) 
Goat =i pps D 5 ndcondouonAgUnatabOds : 
or E- COSA OEE A) (COS Om CORO). here vnc oss -heacrnas (9) 


The four straight lines for which 0=+a are asymptotes of the curve thus 
determined. The values of 47 —a for several values of the ratio c/c,, have 
been given in Art. 267. 

When the ratio c/c,, is at all considerable, a is nearly equal to 47, and 
the asymptotes make very acute angles with the axis of x. The upper figure 
on the following page gives the part of the curve which is relevant to the 
physical problem in the case of c= 10c,,{. The ratio between the wave-lengths 
of the ‘waves’ and the ‘ripples’ in the line of symmetry is then, of course, 
very great. The curve should be compared with that which forms the basis 
of the figure on p. 434. 

As the ratio c/c,, is diminished, the asymptotes open out, whilst the two 
cusps on either side of the axis approach one another, coincide, and finally 

* Rayleigh, l.c. 
+ Since U is now >V, it appears from Art. 256 (20) that the constant a must be negative. 


t The necessary calculations were made by Mr H. J. Woodall. The scale of the figure does 
not admit of the asymptotes being shewn distinct from the curve. 
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disappear*. The wave-system has then a configuration of the kind shewn in 
the lower diagram, which is drawn for the case where the ratio of the wave- 
lengths in the line of symmetry is 4:1. This corresponds to a= 26°34’, or 
c¢=1'12c,,t. When ¢ <c,, the wave-pattern disappears. 


273. Another problem of great interest is the determination of the nature 
of the equilibrium of a cylindrical column of liquid, of circular section. This 
contains the theory of the well-known experiments of Bidone, Savart, and 
others, on the behaviour of a jet issuing under pressure from a small orifice 
in the wall of a containing vessel. It is obvious that the uniform velocity in 
the direction of the axis of the jet does not affect the dynamics of the question, 
and may be disregarded in the analytical treatment. 


We will take first the two-dimensional vibrations of the column, the 
motion being supposed to be the same in each section. Using polar co-ordi- 
nates r, @ in the plane of a section, with the origin in the axis, we may write, 
in accordance with Art. 63, 


g=A cos BORCOS (Ct bie)! a tsan saci sontuge as eine (1) 


where a is the mean radius. The equation of the boundary at any instant 
will then be 


PME CT ts aca denote de Ma aae ohn eek Oe (2) 
sA , 
where peace eg 80), BIB LOE wb O) sre. sininsy'v oof omar tase (3) 
the relation between the coefficients being determined by 
0g _ ad 
Bp Dp? ee ttetteneeieeeeeneeieeieenen (4) 


or r=a. For the variable part of the pressure inside the column, close to 
the surface, we have 


eR a A COBRO ASIA OF 8). atts sesa cues es saes (5) 
pot 
The curvature of a curve which differs infinitely little from a circle having 
its centre at the origin is found by elementary methods to be 


11 1d¥ 
on radian 
or, in the notation of (2), 
Viperladele7> Ueki 
Braman St aga) ceeeeseeeeeeeteeeeeeeee (6) 
Hence the surface-condition 
p= = 2 BTL A RS: BINGE Mert (7) 


* A tentative diagram shewed that they were nearly coincident for c=2cm (a=60°). 
+ The figure may be compared with the drawing, from observation, given by Scott Russell, J.c. 
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gives, on substitution from (5), 
o2=s(s?—1) RO fl AS ee ee (8)* 


For s=1, we have o=0; to our order of approximation the section 
remains circular, being merely displaced, so that the equilibrium is neutral. 
For all other integral values of s, c® is positive, so that the equilibrium is 
thoroughly stable for two-dimensional deformations. This is evident @ priort, 
since the circle is the form of least perimeter, and therefore least energy, for 
given sectional area. 

In the case of a jet issuing from an orifice in the shape of an ellipse, an 
equilateral triangle, or a square, prominence is given to the disturbance of 
the type s=2, 3, or 4, respectively. The motion being steady, the jet exhibits 
a system of stationary waves, whose length is equal to the velocity of the jet 
multiplied by the period (27/c)f. 

274. Abandoning now the restriction to two dimensions, we assume that 

hb = hy C08 bZ COS (OF HE), fo .ccsve.cs secre tuetwaes (9) 
where the axis of z coincides with that of the cylinder, and ¢; is a function 
of the remaining co-ordinates a, y. Substituting in the equation of continuity, 
V7 = 0, we get 

Vb br On ia. swede cescegasesonetens (10) 
where V,? =0?/du? + 07/dy*. If we put «=r cos 0,y=r sin 8, this may be written 
Od.  1ddi , 1 Ody 
Ore tr Or + Oe 
This equation is of the form considered in Arts. 101, 191, except for the sign 
of k*; the solutions which are finite for r= 0 are therefore of the type 


sf Tn ieee Ay cere (11) 


¢1 = BI, (kr) a 30; lente wht ath a (12) 
where, as in Art. 210 (11), 


' Zz Zz zg : 
nO rat + 2(@s42)*2.4(Qs4+2)Qs44)~ a (13) 
Hence, writing 
¢ = BI, (kr) cos 86 cos kz. cos (ot +€), ..sescsesscoses (14) 
we have, by (4), 
f=-B ee cos sO cos kz.sin (ot+6€). .......s000- (15) 


To find the sum of the principal curvatures, we remark that, as an obvious 
consequence of Euler’s and Meunier’s theorems on curvature of surfaces, the 


* For the original investigation, by the method of energy, see Rayleigh, ‘‘On the Instability 
of Jets,’”’ Proc. Lond. Math. Soc. x. 4 (1878), and ‘‘On the Capillary Phenomena of Jets,’’ Proc. 
Roy. Soc. xxix. 71 (1879) [Papers, i. 361, 377; Theory of Sound, 2nd ed.c. xx.]. The latter paper 
contains a comparison of the theory with experiment. 

+ It is assumed that this wave-length is large compared with the circumference of the jet. 
Otherwise, the formula (18) must be employed, with s=kc, where c is the velocity of the jet. 


273-275 | Vibrations of a Jet 473 


curvature of any section differing infinitely little from a principal normal 
section is, to the first order of small quantities, the same as that of the 
principal section itself. It is sufficient therefore in the present problem to 
calculate the curvatures of a transverse section of the cylinder, and of a 
section through the axis. These are the principal sections in the undisturbed 
state, and the principal sections of the deformed surface will make infinitely 
small angles with them. For the transverse section the formula (6) applies, 
whilst for the axial section the curvature is —0?f/dz?; so that the required 
sum of the principal curvature is 


Rt ma a(S + be) be 
= --B Fret le (ka* + s*—1) cos sO cos kz .sin (ot +). ...... (16) 
Also, at the surface, 
= oe = — oBI, (ka) cossO coskz.sin(ct+e).  .....600 (17) 
The surface-condition of Art. 265 then gives 
a act A) a PM) hats (18) 


For s >0, o? is positive; but in the case (s=0) of symmetry about the axis 
o* will be negative if ka< 1; that is, the equilibrium is unstable for disturb- 
ances whose wave-length (27/k) exceeds the circumference of the jet. To 
ascertain the type of disturbance for which the instability is greatest, we 
require to know the value of ka which makes 

kal, (ka). 

TG (1 — ka?) 
a maximum. For this Rayleigh finds k’a?=:4858, whence, for the wave- 
length of maximum instability, 

Qa fk = 4508 x 2a. 


There is a tendency therefore to the production of bead-like swellings 
and contractions, of this wave-length, with continually increasing amplitude, 
until finally the jet breaks up into detached drops*. 


275. This leads naturally to the discussion of the small oscillations of 
a drop of liquid about the spherical form+. We will slightly generalize the 


* The argument here is that if we have a series of possible types of disturbance, with time- 
factors e%, e%%, es’, ., where a;>a,>a,>..., and if these be excited simultaneously, the 
amplitude of the first will increase relatively to those of the other components in the ratios 
e(%1— 42) p(ai-43)¢ ~The component with the greatest a will therefore ultimately predominate. 

The instability of a cylindrical jet surrounded by other fluid has been discussed by Rayleigh, 
‘‘On the Instability of Cylindrical Fluid Surfaces,’ Phil. Mag. (5) xxxiv. 177 (1892) [Papers, iii, 
594]. For a jet of air in water the wave-length of maximum instability is found to be 6°48 x 2a. 

+ Rayleigh, l.c.; Webb, Mess. of Math. ix. 177 (1880). 
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question by supposing that we have a sphere of liquid, of density p, surrounded 
by an infinite mass of other liquid of density p’. 


Taking the origin at the centre, let the shape of the common surface at 
any instant be given by 
nee 0 + C= Oyo Si (GLE), he cestarinns coset eneae (1) 


where a is the mean radius, and S, is a surface-harmonic of order n. The 
corresponding values of the velocity-potential will be, at internal points, 


117 
$=-—< = S,.cos (ot +e) Rete ae Se (2) 
and, at external points, 
finde te : 
ro) aT ped Sa con att e), cp ire «So eet (3) 
0g _ ap __— 2g" 


since these make ee 


for r=a. The variable parts of the internal and external pressures at the 
surface are then given by 
2 12 
on poa : 1 _ poe : 
DS ten S,.sin(ot+e), p=... np bn sin (ot + €). ...(4) 
To find the sum of the curvatures we make use of the theorem of Solid 
Geonfetry that if A, w, v be the direction-cosines of the normal at (a, y, 2) to 
that surface of the family 
F(a, y, 2) = const. 
which passes through the point, viz. 
Lf, Fs, U Geos F, 
% hn = RPE PB)’ 
1 1 OA , op , ov 


Rio Ry cae ayer aalake ints sieve svenele’sisieiicioler« sinters (5) 


Since the square of € is to be neglected, the equation (1) of the harmonic 
spheroid may also be written 


then 


Pf Be Cee ee ee ct ata eeee (6) 
where 6 = S,.sin (at =F 6), “cies atasones vente eemenna (7) 
1.€. €, 18 a solid harmonic of degree n. We thus find 
_@ On xr 
Noe iene dial 7a bn 
fn 
pate A hn BUA UWLEA, ast dadsetme sete. (8) 
eels z 
pment Wake 
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whence 


RtE- SE Te 2 pean TCT 2) =H sin (ot+e). ...(9) 


Substituting from (4) and (9) in ee general surface-condition of Art. 265, 
we find 


T. 


are A 1 
o=n(n+1)(n SAC ere prairie sa eehicea (10) 
If we put p’ = 0, this gives 
T; 
ote ACA Are EE OE ES (11) 
The most important mode of vibration is that for which n =2; we then have 
pa 


Hence for a drop of water, putting T,;=74, p=1, we find, for the frequency, 


o /2m = 3'87a-* vibrations per second, 


if a be the radius in centimetres. The radius of the sphere which would 
vibrate seconds is a = 2°47 cm. or a little less than an inch. 


The case of a spherical bubble of air, surrounded by liquid, is obtained by 
putting p=0 in a. (10), viz. we have 


a2? =(n+1)(n—- 1)(n+2) = a “3° fi beciehne atin Wane (12) 


For the same density of the liquid, the rebated of any given mode is 
greater than in the case represented by (11), on account of the diminished 
- inertia: cf. Art. 91 (7), (8). 


CHAPTER X 


WAVES OF EXPANSION 


276. A TREATISE on Hydrodynamics would hardly be complete without 
some reference to this subject, if merely for the reason that all actual fluids 
are more or less compressible, and that it is only when we recognize this 
compressibility that we escape such apparently paradoxical results as that of 
Art. 20, where a change of pressure was found to be propagated instantaneously 
through a liquid mass. 

We shall accordingly investigate in this Chapter the general laws of 
propagation of small disturbances, passing over, however, for the most part, 
such details as belong more properly to the Theory of Sound. 


In most cases which we shall consider, the changes of pressure are small, 
and may be taken to be proportional to the changes in density, thus 


=o? 

Ap=k. oe 
where «(=pdp/dp) is a certain coefficient, called the ‘elasticity of volume.’ 
For a given liquid the value of « varies with the temperature, and (very 
slightly) with the pressure. For water at 15°C., «=2°045 x 10% dynes per 


square centimetre. The case of gases will be considered presently. 


Plane Waves. 
277. We take first the case of plane waves in a uniform medium. 


The motion being in one dimension («), the dynamical equation is, in the 
absence of extraneous forces, 


Ou ou ldp_ l1dpdop 


ae dz pds  pdp da’ Cet ce rr eeceevevescans iy 
whilst the equation of continuity, Art. 7 (5), reduces to 
op. @ 
at + 5, (Pu) = OP “icisra hic Sasees sas eee (2) 
If we put P= ipo (LARS) GS eres a oe ae eee (3) 


where po is the density in the undisturbed state, s may be called the ‘con- 
densation’ in the plane «. Substituting in (1) and (2), we find, on the 
supposition that the motion is infinitely small, 


ou K Os 

Ot po Ox’ Come emcee err erreerasasereeretene (4) 
and ges ely 5 

ay Ay) TI TETTT Sete eeeeeeeeeeeeeeteaees (5) 
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: d. 
if Ke | Al WR rn. Pode wor 6 
Pap P= Po ( ) 
as above. Eliminating s we have 
Ou 0 
ae ADB) ittttresesteteteeseeeeeee (7) 
d 
where == Ee | Eee bedi, & 8 
Po dp }o=o 8) 


The equation (7) is of the form treated in Art. 170, and the complete 
solution is 


te PACE ae) (CLM a) ie Metovence des WO. ee, (9) 
representing two systems of waves travelling with the constant velocity o, 
one in the positive and the other in the negative direction of «. It appears 
from (5) that the corresponding value of s is given by 
CS J(Ce— 0) = PL ar DB). Soeccsccenrestesstececes (10) 
For a single wave we have OL ETARCS Di Sones Woes na chee tee wae eee E89) 


since one or other of the functions f, F is zero. The upper or the lower sign 
is to be taken according as the wave is travelling in the positive or the 
negative direction. It is easily shewn in this case that the approximations 
involved in (4) and (5) are valid provided u is everywhere small compared 
with c. 


There is an exact correspondence between the above approximate theory and that of 
‘long’ gravity-waves on water. If we write n/h for s, and gh for x/po, the equations (4) and 
(5), above, become identical with Art. 169 (3), (5). 


278. With the value of « given in Art. 276, we find for water at 15°C. 
c=1430 metres per second. 
The number obtained directly by Colladon and Sturm * in their experiments 
on the lake of Geneva was 1437, at a temperature of 8° C.+ 
In the case of a gas, if we assume that the temperature is constant, the 
value of x is determined by Boyle’s Law 


DDE OI DGT Mascristseiesgees gests pcos tact rs (1) 
viz. Re Ey Mets tls AAT An SON Laitels lanl oa oiase (2) 
so that Ge N/Cp/ Op) sclibe ra: sebsiaasicts «in sativa (3) 


This is known as the ‘Newtonian’ velocity of sound}. If we denote by 
H the height of a ‘homogeneous atmosphere’ of the gas, we have po=gpoH, 
and therefore 


CH(GH YE, ooerseseesessssseetseseeteres (4) 


* Ann. de Chim. et de Phys. xxxvi. (1827). It may be mentioned that the velocity of sound in 
water contained in a tube is liable to be appreciably diminished by the yielding of the wall. See 
Helmholtz, Fortschritte d. Physik, iv. 119 (1848) [Wiss. Abh. i. 242]; Korteweg, Wied. Ann. v. 
526 (1878); Lamb, Manch. Mem. xlii. No. 1 (1898). 

+ Recent experiments in sea-water give a velocity of 4956 ft. per sec. at a temperature of 
17° C., with an increment of about 11 ft. per sec. for each degree centigrade (Wood and others, 
Proc, Roy: Soc. A, ciii, 284 (1923)). 

t Principia, Lib. ii. Sect. viii. Prop. 48. 
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which may be compared with the formula (13) of Art. 170 for the velocity of 
‘long’ gravity-waves in liquids. For air at 0° C. we have as corresponding values 
po=76 x 13°60 x 981, po = ‘00129, 
in absolute C.G.s. units; whence 
c= 280 metres per second. 
This is considerably below the value found by direct observation. 

The reconciliation of theory and fact is due to Laplace*. When a gas is 
suddenly compressed, its temperature rises, so that the pressure is increased 
more than in proportion to the diminution of volume; and a similar state- 
ment applies of course to the case of a sudden expansion. The formula (1) is 
appropriate only to the case where the expansions and rarefactions are so 
gradual that there is ample time for equalization of temperature by thermal 
conduction and radiation. In most cases of interest, the alternations of density 
are exceedingly rapid; the flow of heat from one element to another has 
hardly set in before its direction is reversed, so that practically each element 
behaves as if it neither gained nor lost heat. 


On this view we have, in place of (1), the ‘adiabatic’ law 


p|po= (p/po)”, in elepafetale tei sieie! stexerejal® ofeie, ers) aiuieis\evae’s (5) 

where ¥ is the ratio of the two specific heats of the gas. This makes 
EDTA PAULI a tee (6) 
and therefore 6 =f (y/o) = (GH). .--oneesencvevces Ads (7) 


If we put y=1-402+, the former result is to be multiplied by 1:184, whence 
c =332 metres per second, 
which agrees very closely with the best direct determinations. 


The confidence felt by physicists in the soundness of Laplace’s view is so complete that 
it is now usual to apply the formula (7) in the inverse manner, and to infer the values of y 
for various gases and vapours from observation of wave-velocities in them. 


In strictness, a similar distinction should be made between the ‘adiabatic’ and 
‘isothermal’ coefficients of elasticity of a liquid or a solid, but practically the difference 
is unimportant. Thus in the case of water the ratio of the two volume-elasticities is 
calculated to be 1:0012t. 


The effects of thermal radiation and conduction on air-waves have been studied 
theoretically by Stokes§ and Rayleigh||. When the oscillations are too rapid for complete 


* The usual reference is to a paper ‘‘ Sur la vitesse du son dans l’air et dans l’eau,’’? Ann. de 
Chim, et de Phys. iii. 238 (1816) [Mécanique Céleste, Livre 12™®, c, iii. (1823)]. But Poisson in 
a memoir of date 1807 (quoted below on p. 484) refers to this explanation as having been already 
given by Laplace. 

+ The value found by the most recent direct experiments. 

ft Everett, Units and Physical Constants. 

§ ‘‘An Examination of the possible effect of the Radiation of Heat on the Propagation of 
Sound,” Phil. Mag. (4) i. 805 (1851) [Papers, iii. 142]. 

|| Theory of Sound, Art. 247, See infra Art. 360. In a paper ‘On the Cooling of Air by 
Radiation and Conduction, and on the Propagation of Sound,” Phil. Mag. (5) xlvii. 308 (1899) 
[Papers, iv. 376], Rayleigh concludes on experimental grounds that conduction is much more 
effective in this respect than radiation. 
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equalization of temperature, but not so rapid as to exclude communication of heat between 
adjacent elements, the waves diminish in amplitude as they advance, owing to the dissipa- 
tion of energy which takes place in the thermal processes. The effect of conduction will 
be noticed, along with that of viscosity, in the next Chapter. 


According to the law of Charles and Dalton 


DT PO meet et nec iclenen cee bs nse (8) 
where @ is the absolute temperature, and R is a constant depending on the 
nature of the gas. The velocity of sound will therefore vary as the square 
root of 6. For several of the more permanent gases, which have sensibly the 
same value of y, the formula (7) shews that the velocity varies inversely as 
the square root of the density, provided the relative densities be determined 
under the same conditions of pressure and temperature. 


279. The theory of plane waves can also be treated very simply by the 
Lagrangian method (Arts. 13, 14). 

If & denote the displacement at time ¢ of the particles whose undisturbed 
abscissa is x, the stratum of matter originally included between the planes a 
and «+ 6z is at the time ¢ + dt bounded by the planes 


e2+é& and o+€+(145) de, 


so that the equation of continuity is 


p(1 +22) = py CR toraretiniaias te: (1) 


where po is the density in the undisturbed state. Hence if s denote the 
‘condensation’ (p — po)/po, we have 


The dynamical equation, obtained by considering the forces acting on unit 
area of the above stratum, 1s 


PEE Op 

ae ae ete GY | eahalensas pas Gana 3 

Po 542 Ox” (3) 

These equations are exact, but in the case of small motions we may write 
De POT IB) mice Paves tants osnsi'e ta om-anie bald ya tate (4) 
0€ 
and lala (5) 
Substituting in (3) we find 
‘ io noe ght Bein idais Maan vsPar stone (6) 

ap age? cree 


where c2=«/po. The solution of (6) is the same as in Arts. 170, 277. 


280. The kinetic energy of a system of plane waves is given by 
T=$pof[furdadydz, ...cceescscerscesseere yr as tL) 


where w is the velocity at the point (a, y, z) at time @. 
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The calculation of the intrinsic energy requires a little care. The work 
done by unit mass in expanding through a small 
range, from the actual volume v to the standard 
volume %, is given to the second order of small 
quantities by the expression 
3 (p + po) (Yo — »); 
as.is obvious on inspection from Watt’s diagram. 


Putting P) 1% 
P=PotKs, Vo—V=SUp, v.erse-e (2) 
we have 
4 (p + po) (% — 2) = po (Yo — v) + $ (p — po) (%— 2) Je 
=p (Vo— V) + EHS. .0 ee (3) id 


If we take the sum of the corresponding expressions for all the mass-elements 
of the system, the term po(v%—v) will disappear whenever the conditions are 
such that the total change of volume is zero. This being assumed, we have, 
for the work done by the gas contained in any given region, in passing from 
its actual state to the normal state, the expression 


Woo 4 we [ff92 dae dai diz tives tess .ccccsncdeces sere cses (4) 


So far, no assumption has been made ag to the precise manner in which the 
transition takes place; this will affect the value of «. It is only in the case 
of adiabatic expansion that the expression (4) can be identified with the 
‘intrinsic energy’ in the strict sense of the term. When the expansion is 
isothermal, the expression gives what is known in Thermodynamics as the 
‘free energy. 

In a progressive plane wave we have cs=+u, and therefore 7= W. The 
equality of the two kinds of energy, in this case, may also be inferred from 
the more general line of argument given in Art. 174. 

In the Theory of Sound special interest attaches, of course, to the case of 
simple-harmonic vibrations. If a be the amplitude of a progressive wave of 
period 27/o, we may assume, in conformity with Art. 279 (6), 

F=¢ c0s (ha ot €) i. Socnene gan dusecne begin ee (5) 
where k=a/c, and the wave-length is accordingly \=2z/k. The formulae 
(1) and (4) then give, for the energy contained in a prismatic space of 
sectional area unity and length A (in the direction 2), 

T+ W =p 907a?A, 
the same as the kinetic energy of the whole mass when animated with the 
maximum velocity oa. 

The rate of transmission of energy across unit area of a plane moving with the particles 

situate in it is 


0g : 
pt =poasin (Cpa Cie i ee ee ECE (7) 
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The work done by the constant part of the pressure in a complete period is zero. For the 
variable part we have 
0g 


Ap=Ks= —x =~ =«kasin (ka— ot +e). Beer eeten don esi cates (8) 


Substituting in (7), we find, for the mean rate of transmission of energy, 
Ee KRORGT ER Dg Crete os eee cas vallocnseeke Re (9) 


Hence the energy transmitted in any number of complete periods is exactly that corre- 
sponding to the waves which pass the plane in the same time, as we should expect, since, ¢ 
being independent of A, the group-velocity is identical with the wave-velocity (cf. Art. 237). 


Waves of Finite Amplitude. 


281. Ifp be a function of p only, the equations (1) and (8) of Art. 279 
give, without approximation, 
OE = p dp og ‘ (1) 
ot? as por dp . Oa? SP Cee eee eee meee eeereeeeeaeeeeee 
On the ‘isothermal’ hypothesis that 


‘pling = p] pg itssieecs a) BBE ASS (2) 
OE 

aE - Po Ou? 
ot? po (1 Hy 
Ox 

In the same way, the ‘adiabatic’ relation 


WD Dig 0A Pe), Acesucte desi vie vsss et stnconsces ee (4) 
OF 


2 
leads to iat pemtthcat Se oa (5) 


eae aa 
ot Po ( 1. 0k jy 
0x 
These exact equations (3) and (5) may be compared with the similar equation for ‘long’ 
waves in a uniform canal, Art. 173 (3). 
It appears from (1) that the equation (6) of Art. 279 could be regarded as exact if the 
relation between p and p were such that 


this becomes 


pe pte. PLLA OR TET oy (6) 
Hence plane waves of finite amplitude can be propagated without change of type if, and 
only if, 
P—Po=pot (1-8). Sn oc bog Hanonce badpposogoobnaBcncoscs (7) 


A relation of this form does not hold for any known substance, whether at constant 
temperature or when free from gain or loss of heat by conduction and radiation*. Hence 
sound-waves of finite amplitude must inevitably undergo a change of type as they proceed. 

282. The laws of propagation of waves of finite amplitude, on the above 
assumption that p is a definite function of p, have been investigated inde- 
pendently by Earnshaw and Riemann. It is proposed to give here a brief 


* The relation would make p negative when p falls below a certain value. 


LH 31 
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account of the results, referring for further details to the original papers, 
and to the very full discussion of the matter by Rayleigh *. 
The Eulerian equations (1) and (2) of Art. 277 may be written 
ou, Ou ds da Om ou 


— a se ey, ee eek aks acid 1 

ot ae ox’ «at “On y 0x’ 
a 

where a= poP C= (#). Be SIRO I, 8 AE: (2) 
Po P p 


The quantity ¢ is the wave-velocity for small amplitudes; it is in general a 
function of p, and therefore variable. If we now write 


2 
da=cdw, or w= "() ap Or ee ee (3) 
Po c P 
the equations (1) become 
Ep ays het ean can eg og (4) 
pre ee on SORT Ot ae aan eeeerevccoccecs 
Hence by addition and subtraction 
0 0 
= — mai) iocvcreswtateae teats’ 5 
lat (ut og bot) 0,.. (5) 
and £ +(u-0) 2 (@—u)=0. Bie stiegn sass raeeah as (6) 
ot Ox 
Hence w + u is constant for a geometrical point moving with the velocity 
3 
64) FONT a rea, A eee (7) 
p 
whilst w — w is constant for a point whose velocity is 
2 
E ($) This honed heteline Tae (8) 
p 


Hence, any given value of » + u moves forward, and any value of w — u moves 
backward, with the velocity given by (7) or (8), as the case may be. 


These are Riemann’s resultst. They enable us to understand, in a general 
way, the nature of the motion in any given case. Thus if the initial disturb- 
ance be confined to the space between the two planes e=a, c=), we may 
suppose that and uw both vanish for «<a and for #>b. The region within 
which » + wu is variable will advance, and that within which w —w is variable 
will recede, until after a time these regions separate and leave between them 
a space for which » = 0, u = 0, and in which the fluid is therefore at rest and 
of the normal density po. The original disturbance has thus been split up into 
two progressive waves travelling in opposite directions. In the advancing 
wave we have w=u, so that both the density and the particle-velocity are 


* Aerial Plane Waves of Finite Amplitude,’’ Proc. Roy. Soc. A, lxxxiv. 247 (1910) [Papers, 
v. 573]. See also Theory of Sound, c. xi. 


t ‘Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite,”’ Gtt, Abh. 
viii. 43 (1858-9) [Werke, 2'° Aufl., Leipzig, 1892, p. 157]. 
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propagated forwards at the rate given by (7). Whether we adopt the isothermal 
or the adiabatic law of expansion, this velocity of propagation will be greater, 
the greater the value of p. The law of progress of the wave may be illustrated 
by drawing a curve with as abscissa and p as ordinate, and making each 
point of this curve move forward with the appropriate velocity, as given by 
(7). Since those parts move faster which have the greater ordinates, the 
curve will eventually become at some point perpendicular to z. The quantities 
du/dz, dp/ox are then infinite; and the preceding method fails to yield any 
information as to the subsequent course of the motion. Cf. Art. 187. 


283. Similar results can be deduced from Earnshaw’s investigation *, 
which is, however, somewhat less general in that it applies only to a pro- 
gressive wave supposed already established. 

Assuming for definiteness the adiabatic relation between p and p, and writing y=7+&, 


so that y denotes the absolute co-ordinate at time ¢ of the particle whose undisturbed 
position was x, we have from Art. 281 (5) 


By dy | /dyyy*? , 
Ot? =% One On J HAR meee reer ceeecerercereeensereees ( ) 
where ¢)?=~yppo/po. This is satisfied by 
é é 
“ =f (2), sn ee ee es (2) 
: 3 yas 
provided ta (2) =a co/ (3) ST new ARE ape eee Seog (3) 
5 aye 
Hence a first integral of (1) is z=C ze (2) ie ett erie as tie Ge eae (4) 
Determining C so that dy/dt=0 at the confines of the wave, where dy/dz=1, we have, since 
oy/Ox = po/p, 
oy 2¢ p is 
y= = F — aad on/ill rave Mala cfs ole sie nie'aty nies stclete Wale a'eistero 5 
ee y= () i} ©) 


To find the rate at which any particular value of u is propagated, we note that the 
value of « which holds for the particle x at time ¢ will be transmitted to the particle 
z+6x at time t+6t, provided 


ay lg Me 
aye Ob bana, éz7=0, Gictctaleiace ln aisisiaie aidlatovelelsieisiecatslovel@sisiere store ats (6) 
pt 
whence, from (2) and (3), 62 +c (2) TPP AT Sele eet aN RIO (7) 


The values of u and p are therefore propagated from particle to particle at the rate 
y4t1 


= 2 
+ () . 
0 


To deduce the rate of propagation im space we have 


* ‘<On the Mathematical Theory of Sound,’”’ Phil. Trans, cl. 133 (1858). 
31-2 
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The lower sign relates to waves travelling in the direction of x positive; the upper to that 
of x negative. The speed of propagation is greater the greater the value of p, as was found 
also from Riemann’s investigation. It follows from (8) that in a positive wave the relation 
between w and y is of the form 


u=F{y-(q+?% u) i, Rede peis atin aasanedcodsvomoo cuoassns (9) 


which is Rayleigh’s generalization of a formula obtained by Poisson* in 1807 on the 
isothermal hypothesis (y=1). That Poisson’s formula involves a change in the type of a 
wave as it proceeds was pointed out by Stokes+. It is to be noted that if we make y>1 
in (5) we get 


u= tc log (), Of) BE Open on eee error (10)t 


284. The conditions for a wave of permanent type have been investigated 
in a very simple manner by Rankine§. 


Let A, B be two points of an ideal tube of unit section drawn in the 
direction of propagation, which is (say) that of « positive, and let the values 
of the pressure, density, and particle-velocity at A and B be denoted by 
Pi, P1» U1 and po, po, Yo, respectively. 

If, as in Art. 175, we impress on everything a velocity c equal and opposite 
to that of the wave, we reduce the problem to one of steady motion. Since 
the same amount of matter now crosses in unit time each section of the 
tube, we have 

pr(C— Uy) = po (6 — Up) HM, oo. cccelecseesscanesees (1) 
say, where m denotes the mass swept past in unit time by a plane moving 
with the wave, in the original form of the problem. This quantity m is called 
by Rankine the ‘mass-velocity’ of the wave. 


Again, the total force acting on the mass included between A and B at 
any instant 18 po — 1, in the direction BA, and the rate at which this mass 
is gaining momentum in the same direction is 


m (¢ — Uy) — m (Cc — Up). 


Hence Po Pi = We Ug Ug). soe s.cdenetdeteees eeeet oe (2) 
Combined with (1) this gives 
pee Ora en Wess le'e ig ig v clpvalaMieraraaoutatoratee oetates (3) 
P1 Po 


* Mémoire sur la théorie du son,”’ Journ. de I’ Ecole Polytechn. vii. 367. 

+ ‘‘On a Difficulty in the Theory of Sound,”’ Phil, Mag. (3) xxiii. 349 (1848) [Papers, ii. 51). 

{ This result, together with an analogous one for ‘long’ waves in water, seems to have been 
first noticed by De Morgan. See Airy, Phil. Mag. (3) xxxiv. 401 (1849). 


§ ‘‘On the Thermodynamic Theory of Waves of Finite Longitudinal Disturbance,’’ Phil. 
Trans. clx. 277 (1870) [Papers, p. 530]. 
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Hence a wave of finite amplitude could not be propagated unchanged except 


in a medium such that 
mS 
pt “5 =const. or p+m*y=const., ............05- (4) 


if v be the volume of unit mass. This conclusion has already been arrived at, 
in a different manner, in Art. 281. It may be noticed that the relation (4) is 
represented on Watt’s diagram by a straight line. 


If the variation of density be slight, the relation (4) may, however, be 
regarded as holding approximately for actual fluids, provided m have the 
proper value. Putting 


p=po(1 +8), p=Port Ks, I=a10'nCyed...20rsae (5) 
we find Ci) Opec eee ett. ere (6) 
as in Art. 277. 


The fact that in actual fluids a progressive wave of finite amplitude 
continually alters its type, so that the variations of density towards the front 
become more and more abrupt, has led various writers to speculate on the 
possibility of a wave of discontinuity, analogous to a ‘bore’ in water-waves 
(ef. Art. 187). 


It was shewn, first by Stokes*, and afterwards by several other writers, 
that the conditions of constancy of mass and of constancy of momentum can 
both be satisfied for such a wave. The simplest case is when there is no 
variation in the values of p and u except at the plane of discontinuity. If, 
in the preceding argument, the sections A, B be taken, one behind, and the 
other in front of this plane, we have, by (3), 


a 4 
_ (Pix Po ) elbem, o08 se, cele, 7 
m (eae P1iPo} ; (7) 
3 
a py P= P= Po 2) ern tee 8 
o— tg= ees fale (8) 
be, = pa\\t 
and ty — y= — ng (Pt Po) (es m2) ae eras (9) 
po Pi P1Po 


The upper or the lower sign is to be taken according as p, is greater or less 
than po, i.e. according as the wave is one of condensation or of rarefaction. 
The results involve differences of velocity, as we should expect, since any 
uniform velocity of the whole medium may be superposed. 

We may assume, for instance, that the quantities , po, uo, which define 
the condition of the medium ahead of the wave, are given arbitrarily; also 
that the density p: of the air in the advancing wave is prescribed. Further, 
some definite relation between py, p1 and Yo, po, based on physical considera- 
tions, is presupposed. The remaining quantities m, c, % are then determined 


* Lc. ante p. 484. 
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by (7), (8), (9). The formula (8) gives the velocity with which the wave 
invades the region in front of it. 

These results are, however, open to the criticism* that in actual fluids 
the equation of energy cannot be satisfied consistently with (1) and (2). 
Calculating the excess of the work done per unit time on the fluid entering 
the space AB at B over that done by the fluid leaving at A, and subtracting 
the gain of kinetic energy, we obtain 

Po(C — Uo) — pr (co — tm) — $m {(c — m)* — (6 — Uo)"; 
or Pia — Polo — Fm (uy® — Uo"), 
or 4 (pr + Po) (U1 — Uo), -resescecscerccevectresenee (10) 
these forms being equivalent in virtue of the dynamical equation (2). The 
corresponding result per unit mass is obtained by dividing by m. If we 
substitute for uy— up from (1), we obtain 


4 (pr + Po) (Uo — 04), Woes eseccalecaccvicvecerevces (11) 
where v is written as before for 1/p. . 


If the two states of the medium be represented by two points 4, B on 
Watt’s diagram, the expression (11) is equal to the area included between 
the straight line AB, the axis of v, and the ordinates of A, B. If the transi- 
tion from B to A could be affected without gain or loss of heat at any stage 
of the process, the points in question would lie on the same ‘adiabatic curve, 
and the gain of intrinsic energy would be represented by the area included 
between this curve, the axis of v, and the extreme ordinates. For an actual 
gas, the adiabatic is concave upwards; and the latter area is accordingly less 
(in absolute value) than the former. If we have regard to the signs to be 
attributed to the areas, we find that for a wave of condensation (v1 < v%) the 
work done on the medium would do more than is accounted for by the in- 
crease of the kinetic and intrinsic energies; whilst in a wave of rarefaction 
(vy > v) the work given out is more than the equivalent of the apparent loss 
of energy f. 


It follows that the equation of energy cannot be satisfied for discon- 
tinuous waves, except in the case of a hypothetical medium whose adiabatic 


* Rayleigh, Theory of Sound, Art. 253. The comparison with p. 280 ante is interesting. 

+ In some investigations by Hugoniot, which are expounded by Hadamard in his Legons sur 
la propagation des ondes et les Equations de Vv hydrodynamique, Paris, 1903, the argument given in 
the text is inverted. The possibility of a wave of discontinuity being assumed, it is pointed out 
that the equation of energy will be satisfied if we equate the expression (10) to the increment of 
the intrinsic energy (for which see Art. 11 (8)). On this ground the formula 


1 
4 (2 +Po) (Vp — 2) Boal (P1V1 — Po) 


is propounded, as governing the transition from one state to the other: ‘*Telle est la relation 
qu’ Hugoniot a substituée & [pv’ =const.] pour exprimer que la condensation ou dilatation brusque 
se fait sans absorption ni dégagement de chaleur. On lui donne actuellement le nom de loi adia- 
batique dynamique, la relation [pvY =const.], qui convient aux changements lents, étant désignée 
sous le nom de loi adiabatique statique” (Hadamard, p. 192). But no physical evidence is adduced 
in support of the proposed law. 
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lines are straight. This is identical with the condition already obtained for 
permanency of type in continuous waves. 


In the above investigation no account has been taken of dissipative forces, 
such as viscosity and thermal conduction and radiation. Practically, a wave 
of discontinuity would imply a finite difference of temperature between the 
portions of the fluid on the two sides of the plane of discontinuity, so that, 
to say nothing of viscosity, there would necessarily be a dissipation of energy 
due to thermal action at the junction. The fact that a permanent wave of 
rarefaction would involve a supply of energy indicates that a wave of this 
type is impossible. It is easily seen moreover that such a wave, even if once 
established, would be unstable. 


The question whether when dissipation is allowed for the relation between 
the two states can be reconciled with the equation of energy, in a wave of 
condensation, has been discussed by Rankine and (more fully) by Rayleigh *. 
In these investigations the transition from one uniform state to another is 
supposed to be continuous, though possibly very rapid. Since the temperature- 
gradient (d6/dz) is zero in front of and behind the wave, the total gain of heat 
by unit mass in its passage from state B to state A must be zero. The heat 
required to effect infinitesimal changes dp, 6v is given by the thermodynamical 
formula 


aell C eene (12) 
y-l1 
By hypothesis dp = — m?*6v, by (4), and therefore 
6 , 
80.= hat {p+ miu —(y +1) ph. cccesseceeseees (13) 
Hence, expressing that i dQ =0, 
pt mv =F (y+1) (Pot Pi). ccecrcrcerereeeeeeres (14) 
In particular min= HO Darth + Den) (15) 
mv = 4 (y +1) pi + 3 (y— 1) po. 
From (18) and (14) we derive 
Bey Lop 2 
8Q = 3 a1) m2 (Pot: 20) aetna: (16) 
ug 
and thence Q= iqaiyn (P1—P) (PP — Poe veveeresenseves (17) 


This gives the total heat absorbed by unit mass up to the stage to which p 


refers. 
If conduction alone be considered the flux of heat into the region lying 
to the left of a plane situate between A and B is kd@/dz, where k is the 


* Lc. ante p. 482. 
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conductivity, whilst in unit time an amount mQ is carried across the plane 
by convection. Since the region to the left neither gains nor loses heat we 
have 


| ETS alr by reat n nce tcae a (18) 


Eliminating @ by means of the formula pu = RO, Rankine proceeds to find 
the relation between # and p. Combined with (14), this formula gives 


DENG SAD UN Day Vek IE (19) 


mR 


Hence 

da dO /d0_— (y-1)k  (y+1)(po+ Pi) — 4p 
dp dp/ dx  (y+1)mR°  (pi—p)(P— Po) 
by (18). At some point in the wave we must have p= 4(po + 1) in virtue of 
the assumed continuity, and at this point the above value of da/dp is negative. 
Moreover dz/dp cannot change sign, since otherwise we should have two 
different values of p for the same value of #. Hence po< py, and therefore 
Up >%1, ue. the wave must be one of condensation. As « increases, p falls 
steadily from p, to po, and the denominator of the second fraction in (20) is 
accordingly positive. In order that the numerator should be positive we 
must have 


Pits Yetla ih canal Sy Ot sere (21) 
Doe Omacy 
For air this limiting ratio is about 3. 
The integral of (20) is 


k [— a Pg Pes P 9 lop SPs PNB Po 
— po 


°* (y #1) mC, ee 120 Bp (pi — po)” 


if the origin of x be taken at the point where p=4(po+ 1). We have here 
utilized the thermodynamic relation 


R= (y= 1) Ore ee eee (23) 


where C, is the specific heat at constant volume. As p changes from p, to po, 
z increases from —o to +0, but if the ratio p;/po differs appreciably from 
unity the space within which the transition is practically effected is very 
minute, so that the circumstances closely approach those of a discontinuity *. 
In the case of air we may take 
k=5-22%10-5, y=1-40, O,='1715, py=-00129, py=1°013 x 108 
in ¢.G.S. units. Hence, assuming for example p,/p) = 1°4, we find from (15) m=49°6, and thence 
kl(y+1) mC,=2'559 x 10-8, 


* Rayleigh, J.c. Similar conclusions were arrived at independently by G. I. Taylor, ‘The 
Conditions Necessary for Discontinuous Motion in Gases,’’ Proc. Roy. Soc. A, lxxxiv. 371 (1910). 
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From these data we deduce that the pressure changes from 


9 1 9 1 
10 9 pf O10 Pi 
in a space of 2°7 x 10-5 cm. 
The velocity of advance of the disturbance, relatively to quiescent air, is 
mp) = 3°84 x 10* cm./sec. 

When viscosity, as well as conductivity, is taken into account the investiga- 
tion becomes very complicated. It was found by Rayleigh that the general 
character of the results is unaltered, except that the range of admissible values 
of p1/po is greatly extended. His solution for the case where viscosity alone is 
considered will be given later (Art. 360 a). 


Spherical Waves. 


285. The general equations of small motion are 


Ou — Op dv op dw ‘Op 
EET ae Pose ay? po ae ae se eccceccces (1) 
Writing Dime eC KE CEA PO, Ewe scatss isesasaets sake tos (2) 


and integrating with respect to t, we have 

= | dt =— 22 | sdt+o w=-@2 | sdt+w (3) 
u=-—cC ee +U, Vv “ays 0» apa Oy kee 
where Up, %, Wo are the values u, v, w at the point (a, y, z) at the instant 
t=0. If this initial motion is irrotational, with a velocity-potential do, we 


have i aH of 
=—— =— a ae aA oar 4, 
ee nat oe dy’ o7° e) 
t 
where p= | sat Se te CLEP REY TE COREE P OE (5) 


This continued existence of a velocity-potential has been proved more 
generally in Arts. 17 and 33. 


From (5) we have 


We will now suppose that the disturbance is symmetrical about a fixed 
point, which we take as origin. The motion is then necessarily irrotational, 
so that a velocity-potential } exists, which is here a function of r, the distance 
from the origin, and ¢, only. 

To form the equation of continuity we remark that, owing to the difference 
of flux across the inner and outer surfaces, the space included between the 
spheres r and r + r is gaining mass at the rate 


Q A oe) 
ae (407 Pa. or. 
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Since the same rate is also expressed by 0p/0t. 4rr*5r we have 


2 A (prt e). Me catisacancasene sete ra seneee (7) 


This might also have been arrived at by direct transformation of the general 
equation of continuity, Art. 7 (5). In the case of infinitely small motions, 1t 


becomes 
a _1 8 (436), 48) 
aatia Bp Jo ceetsetseesessesseeessaens 
whence, substituting from (6), 
Op _ 2 (Hp , 20¢ * 
ey daa (Stoo): sedcialste:s oeieterelousureloreceis7eler terrors (9) 
This may be put into the more convenient form 
Crh gO TD 
Ee gn ee Oe eee net 1 
(ae ee wo, 
the solution of which is 
TO fr — chy +E Pel) ements eat teens (11) 


Hence the motion is made up of two systems of spherical waves, travelling, 
one outwards, the other inwards, with velocity c. Considering for a moment 
the first system alone, we have by (6) 


1 ,, 
Ct eomae Th (r —ct), 


which shews that a condensation is propagated outwards with velocity c, but 
diminishes as it proceeds, its amount varying inversely as the distance from 
the origin. The velocity in the same train of waves is 
0 
Pat fret) + af (rat, 
As r increases the second term becomes less and less important compared 


with the first, so that ultimately the velocity is propagated according to the 
same law as the condensation. 


We notice that whenever diverging or converging waves are alone present 
we have from (11) 


this corresponds to Art. 277 (11). 


For some purposes the formula for a system of divergent waves 1s more 
conveniently written 


dr = f(t-“). ee (13) 


* If we assume Boyle’s Law the exact equation of symmetrical spherical waves is 


2 2h 2 b 
Op _ 9 % Ho +(%) Chr) ea (Fs 3) 


Ot? Or Groat or \ Or "+ ar) 
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Since this makes 


eee E ane =| Ear T mer A 8 Oe (14) 


the waves in question may be regarded as due to a source of strength f(t) 
at the origin; ef. Art. 196. 

If the source is in action only for a finite time the value of ¢ as given by 
(13) will vanish outside the limits of the wave. Hence from (6) 


| sae=o, ee ee Ba eee (15) 


where the integral extends over the whole time of transit of the disturbance 
past the point considered. The fact that a diverging spherical wave must 
necessarily contain both condensed and rarefied portions was first remarked 
by Stokes*. Cf. Art. 197. 


As in the case of plane progressive waves (Art. 280), the energy of a finite 
system of divergent spherical waves is half kinetic and half potential. 


This follows from the general argument of Art. 174, and may be verified independently 
as follows. We have, identically, 


“(=e Ee 


: pasa 
If we write a? Cs — = Meena cisnieausiswatieer asters senaseree (16) 


this gives, by (12), in the case of a divergent wave-system, 


0 
72g? = chp? g? — = (rp?). 


Hence i $pq?.4ar2dr -{° BDA, etl, ) is. d os svssndsngsiens (17) 
if rf? vanishes at the inner and outer boundaries of the system t. 

286. The determination of the functions f and F in (11), in terms of the 
initial conditions, for an unlimited space, can be effected as follows. 


Let us suppose that the distributions of velocity and condensation at time 
t =0 are determined by the formulae 


0 
baw, e renee (18) 
where w, x are arbitrary functions. Comparing with (11), we have 
F(A) E (AAV (2), rates (19) 


- f'(2) +P (2)=2 [x ©) 


the latter of which gives on integration 
— f(z) + F(z) =" [- cpglt htt Cl tae a Ae (20) 


* «Qn Some Points in the Received Theory of Sound,”’ Phil, Mag, (3) xxxiv. 52 (1849) [Papers, 
ii. 82]. See also Rayleigh, Theory of Sound, Art. 279. 
+ Proc. Lond. Math, Soc, (1) xxxv. 160 (1902). 
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Again, the condition that there is no creation or annihilation of fluid at the 
origin, viz. r20o/dr > 0 for r—> 0 gives 

Tee) EZ) me Oe ae coger seme oeie oie (21) 
The formulae (19) and (20) determine the functions f and F for positive values 
of z; and (21) then determines f for negative values of z*. 


The final result may be written xy 
1 pies e 
rp=t(r—ct)b(r—ct)+$(rt ct) p(rt ct) + x zy (z)dz, ...(22) 


or rh=—$(ct—1r)p(ct—r) +43 (ct+7r) voters |" ex(e) dz, ...(23) 


according as r is greater or less than ct. This may be immediately verified. 


As a very simple example we may suppose that the air is initially at rest, and that the 
initial disturbance consists of a uniform condensation sy extending through a sphere of 
radius a. We have then y(z)=0, whilst y (z)=c?s) or 0 according as za. At a distance 
r (>a) from the origin, the motion will not begin until t=(r-a)/c, and will cease when 
t=(r+a)/c. For intermediate instants we shall have 


eae ey Hel OPIOID, ceancoocos savsdoabosncodeobaanesout: (24) 
s r—ct 
and thence Pit Wu aR ee (25) 


The disturbance is now confined to a spherical shell of thickness 2a; and the con- 
densation s is positive through the outer half, and negative through the inner half, of 
the thickness. 
We shall require, shortly, an expression for the value of ¢ at the origin 
for all values of ¢, in terms of the initial circumstances. We have, by (11) 
and (21), 
; r—ct)+F(r+ct 
[plain as ae) 
F(ct+r)—F(ct— 
0 


Whe 


") _ oF" (ct), 


slimes 


or, by (19) and the consecutive equation, 


[P]-_0= S EME (CL) 1 UV. CL) teen eaten ne eames (26) 


For instance, in the special problem just considered, we have y-=0 for all values of the 
variable, whilst y (r)=¢*sy or 0 according as r Sa. Hence at the origin we have f =c?spt or 0 
according as ct Sa. When ct=a, ¢ changes abruptly from acs, to 0, so that the value of s 
at the centre becomes for an instant negative infinite. The infinity is avoided if we 
imagine the initial value of s to change gradually but rapidly from s) to 0 in the neighbour- 
hood of r=a. 


General Equation of Sound- Waves. 


287. We proceed to the general case of propagation of expansion-waves. 
We neglect, as before, small quantities of the second order, so that the 
dynamical equation is, as in Art. 285, 


CoS ares Ue hacaneett jbuat cean es See (1) 


* Rayleigh, Theory of Sound, Art. 279. 
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Also, writing p=po(1+s) in the general equation of continuity, Art. 7 (5), 
we have, with the same approximation, 


ds_ Pd Ph Hh 


TS Ry ect cr) oh nectar (2) 
The elimination of s between (1) and (2) gives 


ap hare Ch ad ap 
oes Gea COCR A Rae (3) 
or, in our former notation, 
FP _ ayig (4) 
Fee a 


Since this equation is linear, it will be satisfied by the arithmetic mean 
of any number of separate solutions ¢1, ¢s, ds, ..... AS in Art. 38, let us 
imagine an infinite number of systems of rectangular axes to be arranged 
uniformly about any point P as origin, and let ¢1, 2, ds, -.. be the velocity- 
potentials of motions which are the same with respect to these systems as the 
original motion @¢ is with respect to the system a, y, z. In this case the 
arithmetic mean (¢, say) of the functions d1, ¢e, $3, ... will be the velocity- 
potential of a motion symmetrical with respect to the point P, and will 
therefore come under the investigation of Art. 286, provided r denote the 
distance of any point from P. In other words, if ¢ be a function of r and t, 
defined by the equation 


=7-|| dae, fed maths ovaah lt acl (5) 


where ¢ is any solution of (4), and 6a is the solid angle subtended at P by 
an element of the surface of a sphere of radius r having this point as centre, 
then 


a. rd a. rd 
agf aot a MeN sake (6)* 
Hence TP f (ha CYA BAT A Cb). cossvasiornones csovensnn (7) 


The mean value of @ over a sphere having any point P of the medium 
as centre is therefore subject to the same laws as the velocity-potential of 
a symmetrical spherical disturbance. We see at once that the value of ¢ 
at P at the time ¢t depends on the means of the values which ¢ and 0¢/dt 
originally had at points of a sphere of radius ct described about P as centre, 
so that the disturbance is propagated in all directions with uniform velocity c. 
Thus if the original disturbance extend only through a finite portion & of 
space, the disturbance at any point P external to = will begin after a time 
r,/c, will last for a time (r2—71)/c, and will then cease altogether; 71, 72 
denoting the radii of two spheres described with P as centre, the one just 
excluding, the other just including >. 


* This result was obtained, in a different manner, by Poisson, ‘‘Mémoire sur la théorie du 
son,’ Journ. de V Ecole Polytechn. vii. 3834-338 (1807). The remark that it leads at once to the 
complete solution of (4) is due to Liouville, Journ. de Math. i. 1 (1856). 
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To express the solution of (4), already virtually obtained, in an analytical 
form, let the values of ¢ and 0¢/ot, when t= 0, be 


p= (a, ¥, 2), x a CARE ee reer re (8) 


The mean values of these functions over a sphere of radius r described about 
(a, y, 2) aS centre are 


b= 5 |[ yeti yt mr, 2 + nr)da, 
of ||[xe@re yt+mr,z+nr) da, 


where lJ, m, n denote the direction-cosines of any radius of this sphere, and 
5a the corresponding elementary solid angle. If we put 

1 =sin @ cos o, m = sin 6 sin o, n= cos 6, 
we shall have da = sin 0606o. 
Hence, comparing with Art. 286 (26), we see that the value of ¢ at the point 
(x, y, 2), at any subsequent time ¢, is 


b= Ga 5-t [yw etsind cos o, y+ ctsin @sin w, z+ ct cos @) sin 0ddw 


+e | xX(a@+ctsin@cosw, y+ctsin@sinw, z+ctcos@)sin ddéda, 


which is the form given by Poisson*. 


A simple application is to the special problem considered in Art. 286, where the initial 
condition was one of uniform condensation s) through a sphere of radius @ having the 
origin as centre. If a spherical surface of radius PQ=ct described about an external 


Nae 
J 


point P as centre intersects the sphere r=a, the area of the portion included within the 
latter is 27 . PQ?(1—cos O PQ) and the average of the initial values of s over the whole 
spherical surface 47 . P@? is therefore 


bse, —r)\2 
} (1—cos 0 PQ) sae ji deatyie.adt Bo (10) 
where 7=OP. Hence 
C8 5 
bp=z, {a*— (ct—17)%}, eedeenadoete tue nae reer Aen (11) 


as in Art. 286 (24). 


* «Mémoire sur l’intégration de quelques équations linéaires aux différences partielles, et 
particuliérement de l’équation générale du mouvement des fluides élastiques,’? Mém. de l’ Acad. 
des Sciences, iii. 121 (1819). 


For other proofs see Kirchhoff, Mechanik, c. xxiii, and Rayleigh, Theory of Sound, Art. 273. 
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In the case of a transient disturbance in infinite space the mean value 
(with respect to time) of the condensation s at any point is zero. For we 
have from (1) 

ds dd ou 


dx dxdt at’ 
with two similar equations. Hence 


< [sat =— BH = 0, &e., &e., 


if u, v, w= 0 at both limits of the integration with respect to t. The integral 


[sae 


has therefore the same value at all points of space, and considering infinitely 
distant points where the waves are attenuated by divergence we see that this 
value is zero. Cf. Art. 285 (15). 


288. The expression for the kinetic energy of the fluid contained in any 
given region is 


T= too [ff {(52 £)'+( (2) + +(# ze) t dedyds Maes (1) 


aT ab 2b , ag is ad a¢ 
Hence ae = Po [I] (Sat oy dy ah ae =| da dy dz, 


where ¢ stands for d¢/dt. By Green’s Theorem (Art. 43), this may be put in 


the form 
a = po [Ig oF as - po fff $Vigdadyde 
=- po | [$2 Liat jpn | Mneh he 
Hence if ipeks | t | stdedyde = 4% | {| Gdcdyde, ce (2) 
“RE (D+ W)=— pe |[é oT ee ee (3) 


We have seen (Art. 280) that, subject to a certain condition, W represents 
the intrinsic energy. 

The complete interpretation of (3) may be left to the reader. In various 
important cases, eg. when the boundary is fixed (0¢/dn = 0), or free (6 =0), 
the surface-integral vanishes, and we have 

Tae C= COMB wm eF ast sssicsepstnnsdereba nat (4) 

This leads to a proof of the determinateness of the motion consequent on 
a given initial distribution of velocity and condensation. For if ¢1, $2 were 
two distinct forms of the velocity-potential satisfying the prescribed initial 
conditions, then, in the motion for which 6=¢i—¢2, 7+ W would be 
constantly null, since it vanishes initially. Since every element of 7 and W 
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is essentially positive, this requires that the derivatives of @ with respect to 
x, y, 2, t should all vanish; ze. ¢; and 2 can only differ by an absolute 
constant*. The argument applies, of course, to all cases where we can pre- 
dicate the vanishing of the surface-integral in (3). 


Simple-Harmonic Vibrations. 


289. In the case of simple-harmonic motion, the time-factor being e*7%, 
the equation (4) of Art, 287 takes the form 
(Vie )ds O}) ewan. Hedi. On pit.) 


provided [cag oh a reel pepe Rr ace desta (2) 
It appears on comparison with Art. 280 that 27/k is the wave-length of plane 
waves of the assumed period (277/c). 

In the case of symmetry with respect to the origin, we have by Art. 285 (10), 
or by transformation of (1), 


2 
ote rips 0.5t noe tte (3) 
The solution of this may be written + 
sin kr cos kr 
cH) = A es +B Lak ee (4) 
If there is no source at the origin we must have B= 0, and (4) reduces to 
sin kr 
o=A Top EE Etteeteneeeetenaenc ees (5) 


It may be noticed that this solution may be obtained by superposition of 
systems of plane waves, the directions of propagation being distributed 
uniformly. Thus, for a system of plane waves whose direction of propagation 
makes an angle 6 with a given radius vector 7, we have 


EL eca eth cea Ba eos ster eee (6) 
and the mean-value of this for all directions through the origin is 
lg, fo € : sin kr 
ee —ikr cos 6 -_ 
co) den bee . 27 sin 6d0 Top tenttenees (7) 


We can draw from (5) a conclusion applicable to the general case, to 
which the equation (1) refers. It follows from Art. 287 (6) that the mean 
value of @ over a sphere of radius r, described with any point O as centre, 
satisfies an equation of the form (8). Hence in the notation of the Art. 


quoted, we have 
= _sinkr 
aad oom 0 ESSE (8) 
where qo denotes the value of ¢ at O. This assumes that ¢ has no singularities 
within the sphere to which r refers {. Cf. Art. 38. 
* Kirchhoff, Mechanik, c. xxiii. 


+ The time-factor is omitted here and elsewhere for shortness. 
} The theorem was given by H. Weber, Crelle, lxix. (1868). 
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Returning to the case of symmetry, we note that the solution (4) may 
also be written 


eatkr etkr 
Pe et etree ee tteeeeeenee (9) 
It is evident on reference to Art. 285 (13) that the formula 
e—tkr 10 
d aes Aark ee ee ( ) 


represents the system ot diverging waves due to a unit source at the origin. 


To calculate the emission of energy by an isolated source in free space 
we must use an expression in real form, say 


ne CE Da salt, AAs. COLA 1. (11) 
The work done at a spnerical surface of radius r, on the matter outside this 
surface, is 
od og 2 9 
(po lee az) (- =") ee eae (12) 


per unit time. If we substitute from (11), and take the mean values of the 
trigonometrical terms, the result is 
poke 
87 
This may also be deduced from (9) of Art. 280, since the waves tend to become 
ultimately plane*. 


TER ee ree (13) 


The second term in (9) represents in a similar way the case of a sink, 
where energy is absorbed at the rate (13). The conception of a sink of energy 
is however hardly a natural one in Acoustics, and is in fact not employed. 

The velocity-potential of a double source may be derived as in Art. 56, 
Thus if the axis of symmetry be coincident with that of «, we may write 


rt ‘) e7tkr 
Note ee eRe ree (14) 
or, in real form, 
_  dcosk(c—r) 0 cosk(ct—r) 

Te a 2 cote OOS Opt saatane: (15) 
where @ is the inclination of the radius vector r to the axis of x For large 
values of kr we have, approximately, ‘ 

spe ee Aer Os oe (16) 
The méan rate of emission of energy is now 
OLY a apa ea (17) 


24a © . 
This may be calculated as before, or inferred from the theory of plane waves. 


* The a of Art. 280 is now equal to 1/4rcr. Substituting this in the formula referred to, and 
multiplying by 4rr?, we obtain the result (13). 


LH 32 
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These calculations, it may be repeated, refer only to the case of an isolated 
source in free space. The presence of an obstacle may greatly modify the 
results. For instance, in the case of a simple source near an infinite plane 
wall the amplitude of vibration at any point is doubled by reflection as from 
an image of the source, and the power required to maintain the source is 
quadrupled. On the other hand, a source completely surrounded by rigid walls 
does no work on the whole, since the energy of the gas is constant. 


290. The general theory of functions satisfying the equation 
(A= 0 Teo. we aeeere (1) 
has been developed by Helmholtz*, Rayleight, and others{. It has many 
points of analogy with that of Laplace’s equation V?¢ = 0, which is, indeed, 
a particular case, obtained by making either c=, or o =0. 
The typical solution of (1), from which all others can be derived, is that 


which corresponds to a unit source, viz. 
e-tkr 


Sy ae igeiihe Sateen here Ae 
where r denotes distance from the source. 

It appears from Green’s Theorem (Art. 43) that if $, ¢’ be any two 
functions which, together with their first and second derivatives, are finite 
and single-valued throughout any finite region, we have 

ap’, O ' ’ 
[es E aa) dS [if (HMA GuEd )aedede ae (3) 
If, in addition, @ and ¢’ both satisfy (1), the right-hand member vanishes, 


and we have 
[Joe as=||¢" EY mh jade Be (4) 


From this we deduce, by the same ret as in Art. 57, the formula 
i entkr ag guile 
ae r Ate ~ [fos (— ) dS, eeccccnce (5) 


giving the value of ¢ at any peg . of a region in terms of the values of } 
and dd/dn at the boundary. The symbol r here denotes the distances of the 
respective surface-elements from P, and we see that the value of ¢ may be 
regarded as due to certain distributions of simple and double sources over 
the boundary]. 


* «Theorie der Bich vanguneen in Réhren mit offenen Enden,’’ Crelle, lvii. 1 (1859) [Wiss. 
Abh, ii, 303). ° 

+ Theory of Sound, ii. 

¢ For an account of the more recent mathematical theory, see Pockels, ‘Ueber die partielle 
Differentialgleichung Au + k?u=0,’’ Leipzig, 1891, and Sommerfeld, U.c. ante p. 61. 

§ Viz. we put ¢’=e-“"/r, where r denotes distance from a fixed point, and isolate this point 
(when it falls within the region considered), by drawing a small spherical surface about it. 

|| Helmholtz, l.c. 
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Again, if r’ denote distance from a point P’ external to the iegion, we 


have 
= 1 eatkr’ op entkr’ 
0 - 7 |[fas+ allen (7) dS eee (6) 


It is to be noticed that, as in Art. 58, the particular distribution of sources 
over the boundary which is exhibited in (5) is only one out of an infinite 
number which would give exactly the same value of ¢ at points within the 
region. For instance, by addition of (5) and (6) we get another such dis- 
tribution, which may, moreover, be varied indefinitely by varying the position 
SF et 

The theorems (5) and (6) will apply also to the case of an infinite region 
bounded internally by one or more closed surfaces, provided that at an infinite 
distance R from the origin ¢ tends to the form 

eatkR 


Pm mone bereits 4 Hee me Ae (7) 


We may express this by saying that there are no sources of sound at infinity. 


We can, under certain conditions, carry the analogy with the theory of the 
. ordinary potential a step further, and express the value of ¢ at any point of 
a given region in terms of simple sources only, or double sources only, dis- 
tributed over the boundary; thus 


bp=- 5 -||—— ~ (264 of | as, Pe eT ree (8) 


b= | | ($-$) = (>) dS Bethy, SHOT (9) 


where the auxiliary function ¢’ together with its first and second derivatives 
is assumed to be finite and to satisfy (1) throughout the space external to the 
given region, whilst at the boundary 


as the case may be. It is also assumed that ¢’ tends ultimately to the form 
(7) when the region to which it relates extends to infinity. It is unnecessary 
to give the proof, which follows closely the lines of Art. 58. 


It would be wrong, however, to assume that, as in the case of the ordinary 
potential, a function ¢ necessarily exists which satisfies (1) throughout a given 
finite region, and also fulfils the condition that ¢ or 0¢/dn shall assume arbitrarily 
prescribed values over the boundary. The supposed existence-theorem holds, 
it is true, as a rule, but it fails for a series of definite values of k, which 
correspond to the normal modes of vibration of the mass of air occupying the 
region, when the boundary-condition is ¢ = 0, or 0¢/dn = 0, respectively. 


* Larmor, lg. ante p. 60. 
32-2 
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For the same reason, the formulae (8) and (9) cannot be applied without 
reservation to the case of an infinite region, since the determination of the 
auxiliary function g’ may be impossible. 

To illustrate the theory, let us suppose that throughout a sphere of radius a, having 
its centre at the origin 0, we have 


cy Be titre eeneeaeaeeeeeeeseneceenae (11) 
where 2 now denotes distance from 0. If we put 
f As) e-ik(R-a) 
¢ =sinka. ny a (12) 


in the external space, the conditions of validity of the formula (8) are satisfied, and we find 


ikea —tkr 
- /f* Eh iso Sine pte SN tao Hla et (13) 


It is not difficult to verify, @ posteriori, that this is equivalent to (11) for 2 <a and to (12) 
for R>a. 


Again, let us seek a surface-distribution of simple sources which will make 


in the space external to the sphere. The value of ¢’ for the internal space, which coincides 


with this at the boundary, is 


(gist emt sin kR doy 
eatery aay ae ar Serer ee (15) 


conn) 
and we get Bo! Ee (fr Secce te asin ts cet teccnentionencren (16) 


But the determination of @’ fails whenever & is a root of sinka=0. It appears in fact that 
when this condition is satisfied, a uniform distribution of simple sources over a sphere of 
radius a produces zo effect at external points. 


A special case is where the region considered is‘semi-infinite,’ being bounded 
only by a plane. Suppose for instance that it is the space on the positive side 
of the plane « =0. If we assume ¢’ (— a, y, 2) = $ (a, y, 2), then at the boundary 
g’ = >, and d¢’/dn' =d¢/0n, so that (8) reduces to the form 


br=— 5 {[- eit ce (8 Vig te tie (17) 


r on 


On the other hand, if we make ¢’ (— w, y, z)=— $(a,y, 2), we have ¢’ =— 9, 
dp’ /On =0/On at the boundary, and therefore 


br= = ~ |{¢ 2 (Jas. Wana as (1s) 


If all the dimensions of the region referred to are small compared with 


the wave-length, we may put e~*" = 1, approximately, in (5), and the formula 
assumes the shape 


Faye a l[-soas+ [foe (=) as, carries (19) 


as in Art. 57. Hence, within distances small compared with the wave-length, 
the variations of ¢ may be calculated as if it satisfied the equation V?¢ =0. 
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This principle is of great service in the approximate treatment of various 
acoustical questions (cf. Arts. 299, 300). 


Finally, we may remark that, if we restore the time-factor, the formula 
(5) may be written 


¢ --Z|I° a) Dab a5. 11192) a ...(20) 


This may be generalized by Fourier’s double-integral theorem, which may 
be written in the form 


F(t) sof dof” P(r dr. veecescccse (21) 


If we denote by ¢$(¢) the value which ¢ has at a point (a, y, z) of the 
boundary at the instant ¢, and by f(t) the corresponding value of 0¢/dn, we 
obtain as the value of ¢ at an internal point P 


spell ha whe (fats) ag aol (22) 


r on r 


provided that in the last term the space-differentiation applies only to 7 as 
it appears explicitly. This remarkable formula, which gives the value of ¢ 
at any instant, at a point P, in terms of antecedent values of ¢ and 0¢/on at 
points of a closed surface surrounding P, was first obtained by Kirchhoff*, 
in a different manner, from the general equation (4) of Art. 287. It has been 
supposed by various writers to contain the precise mathematical formulation 
of ‘Huygens’ principle’ in Acoustics; but as has been already pointed out, 
in connection with the special case (5), the representation of ¢ in this manner 
is largely arbitrary and indeterminate. 


291. The solution of the equation 
(Saray Sime DEY A oc ade Poe ssdeobsssnns (1) 


where ® is a given fuuction of x, y, z which vanishes outside a finite region =, 
is also treated by the writers referred to on p. 498. 


The solution is indicated by the analogy with the theory of the ordinary 
gravitation potential. The equation is satisfied by 


br=— ze |[[o ar BUCAS Were isis adtas eet (2) 


where ©’ is the value of ® at (a’, y’, 2’), r denotes the distance of this point 
from the point P where the value of ¢ is required, and the integration extends 
over the region 2. When P lies outside = this is obvious, since the second 
member of (2) is the potential of a distribution of simple sources with volume 

* «Zur Theorie der Lichtstrahlen,’’ Berl. Ber. 1882, p. 641 [Ges. Abh, ii. 22]. Various other 
proofs have been given; cf Larmor, l.c. ante p. 60, and Love, Proc. Lond. Math. Soc. (2) i. 37 
(1903). 


502 Waves of Expansion [OHAP. X 


density —® throughout =. To verify the solution when P lies within > we 
divide this region into twe portions 2;, 2, of which 2, encloses P and is 
ultimately taken to be infinitely small (in comparison with &-*) in its linear 
dimensions. Since P is external to 21, we need only consider those elements 
of the infegral in (2) which correspond to the space within 22. As regards 
these we have, developing the exponential, 


prem a | |[F aetay I da! + |[ [order ay’ dg’ + Diseorakt (3) 


As in the case of the ordinary potential, the first term satisfies V?¢ = ®, but 
contributes an ultimately vanishing amount to the value of ¢ itself. The 
second and further terms contribute nothing, ultimately, to the value of ¢ 
or V7. 

It may be shewn that (2) is the only solution of (1) which holds at all 
points of space and vanishes at infinity. In the case of a limited region we 
may add an arbitrary solution of (V?+k?)¢=0; this enables us to satisfy the 
boundary-conditions. 

We may apply the above theory to the determination of the effect of periodic extraneous 
forces (X, Y, Z) acting on the medium. The equations of motion are, by an obvious ex- 
tension of Art. 277 (4), (5), 

ou 08 Ov 08 ows os 


Sh EP pee Cte Woot = 
ar O= +4X, = ¢ ompeart a os Zs Aste (4) 
; 0s Ou dv dw 
with ao -(etayt a): Scag CE CCOCCORCEE AEP S05 (5) 
O28 oX 0 re aZ 
eV ge 
Hence eee V28 (+ as +5): eee seuanenesendonaceconceeene (6) 
or, assuming a time-factor et, ae r, 
a oz 
2 os Ne 
(92-4)2) ¢= a (ze ty +3) Ae Gia eh (7) 
In the case of an unlimited region the solution is 
0X’ +o , 4% Kener, ; 
i= zal [Gr +3) mil yf de oossssssngnontsee (8) 


it being assumed that JX, Y, Z vanish ee a certain finite distance from the origin. 
Since 0/02’. r-1= —d/dx. r-}, &e., ae takes ~ form 


0 B\ em | 
An aes oes aes +2 5) , dade dz’. Sie aistels cis ee Sicle cleo es (9) 


By comparison with (4) wé see that at i outside the region: where the forces act 
the motion is irrotational, with the velocity-potential 
hee 908] BE gto sss coast ade -waeayeneb acca stowetets (10) 
due to a certain distribution of double sources. 
For instance, if we imagine the forces to be concentrated on an infinitely small space 
surrounding the origin, and to be in the direction of x, we have, writing 


Pesp{[[Xdadydd, 008. AO (11) 
iF Lara & 
Do — ha bg pd eeerteeeetesssenennsneeenae (12) 


where 7 now denotes distance from the origin. A concentrated force Fe**t is therefore 
equivalent to a double source of strength ¢F'/kep. 
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From (9) and (11) we have, on restoring the time-factor, 
F 30 o(t-) C 


s= 
4rpe? Ox r 


corresponding to a force Fe'*t, This can obviously be generalized so as to apply to any 
law of force as a function of the time. Denoting this by F(t), we have 


=! oe) RA ee (14) 
4m pe? 0a . 


Applications of Spherical Harmonics. 


292. The solution of the equation 
EVA HOO,” oleh ce EP on Mas ocrecne (1) 
when the boundary-conditions have reference to spherical surfaces, may be 
conducted as follows. 
We may suppose the value of ¢ over any sphere of radius 7, having its 
centre at the origin, to be expanded in a series of spherical surface-harmonics 
whose coefficients are functions of r. We therefore write 


prEREG ak. Lok mwoon..68 (2) 


where ¢, is a solid harmonic of degree n, and R, is a function of r only. 
Now 
ORn Odn , ORn Opn a: ORn Obn 


2 _ 72 baie calc 
V?(Rndn) = V Ry $n 2 (5 7 Oy oy | dz bz 


£2) + RV, 


Z 2 Oh “agli! Monae 
V3Rp. Pn * (a oy ae teat) + RaW bn, (3) 


dr Ox 
And, by the definition of a solid harmonic, we have 
V2 bn =0, 
poe ote ee 
and ” ae +4 Gy oy Pacaray ee 
Hence 


V* (Rad) = (V*Ry ee (7B lee NTE yp ‘% 


If we substitute from (2) in (1), the terms in ¢, must satisfy the equation 
independently, whence 


@R, , 2(n+1) aR, . 12 
FR. 5h Rae oA 3 Fi rit ktes Oe aasth ea sestemeet (5) 
This can be integrated by series. Thus, assuming that 
Ry = ZA (kr)", 


the relation between consecutive coefficients is found to be 
m(2n+1+m) Am + Am—2= 0. 
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This gives two ascending series, one beginning with m=0, and the other 
with m=—2n—1; thus 


kr? kart 
este 1 ~ FQn+8)* 2.4(2n+3)Qn+5)_ =. 
ker? kAr4 
v—2n—1 ee ied eee 
ipa {1 2(1—In) + 2.4(1 — In) (3 — In) I 


where A, B are arbitrary constants. Hence if we put ¢,=7"S,, so that S, 
is a surface-harmonic of order n, the general solution of (1) may be written 


Pie VA (er ee Va Cer at Sige oe eet sn. oe eon (6) 
provided 2 ¢ 
1 4 
0-3 (In +8) F,4(On+3)Qn+5)_ fs | 
IAB io A(2n al) e SS 
45 eke oxen {1 720s on) et eal a ene ee HI " 


The first term of (6) is alone to be retained when the motion is finite at 
the origin. 

The functions y,(f), Yn(¢) can also be expressed in finite terms, as 
follows: 


vn (=(- a) BF. Vn ()=(— se) aie (8) 


These are readily identified by (7) by expanding sin €, cos €, and performing 
the differentiations. As particular cases we have 


sin € sing cosf 3 cos € 


Se Lak. 
oe) » (= oe Ae W2(0) = (a 5a) sin Ce 


The formulae (6) and (8) shew that the general solution of the equation 
ak, es 2(n+1)dR,, 


dt Gg dt 
which is obtained by writing ¢ for kr in (5), is 
n it —t 
a= (5) se Mae! A apegosnassucouooraods 
Ts 4 


* There is a slight deviation here from the notation adopted by Heine, Kugelfunktionen, i. 82. 
It may be noted that the formula (6) gives an immediate proof of the theorem (8) of Art. 289. 
The functions in (7) are related to Bessel’s Functions of fractional order as follows: 


yn =a/ (Fe) Tnag ld 
oe ehea) ae, ; ()- 


Tables of Bessel’s Functions of order +4(2m+1), where m is integral, were computed by Lommel 
for unit intervals of {; they are reprinted by Jahnke and Emde, and in Watson’s treatise. 
Closer tables (at intervals of *2) are given by Dinnick, Archiv d. Math. u. Phys. (3) xx. (1912). 


Pi Dey ot Oe atevc na dee coon (10) 


~ 
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This is easily verified ; for if 2, be any solution of (10) we find that the corresponding 


equation for 2,4, is patished by 
aR, 


cag’ 
and by repeated applications of this result it appears that (10) is satisfied by 


R= (5) Peoup OMEN Bee Dt” 8 (12) 


Rayi= 


where 2 is the solution of 
Aes + Be- = 
¢ 
It will be convenient to have a special notation for that combination of 
the functions y,(¢), V, (£) which is appropriate to the expression of diverging 
waves. We write 


that is R= 


In(Q) = (- a) me =W,(Q—hn(O. ec. (14) 
As :e cases: 
Pes ever 
flO= =e, AO=(tple*, AO=(- ptt p)e* 05) 


The ee formula is 
iat cathe 3 n(n+1) (n—1)n(n+1)(n+42) 
In(= Fnex pea 2.4. (Gg? Z 


lea Aes Wel tr F 
2.4.6 Seeait 
This may be proved by ‘mathematical induction, or by means of the 
differential equation satisfied by f,(f)+. If we equate, separately, real and 
imaginary parts, expressions for W,(f), Vn(f), in terms of cos €, sin ¢, and 
finite algebraical series, can be deduced by (14). 


The functions y,(f), ¥i(f), fr (&) all satisfy recurrence-formulae of the 


types 
areal) seine Cale s (5) SO reaped: Sense eevee - (17) 
Cale ode (eile Lag (C) = Vinna (6s. tes vexeos enc ecens (18) 
these are frequently useful in reductions. 
We have also the relation 


np REE ea loern nad shi. (16) 


DO) a (0) ig LO Cee L vcecencseasese (19) 
or the equivalent formula 
{rami (f) Un (f) — Wn (G) Vana (Of Cpttad. ee. (20) 


* The above analysis, which has a wide application in mathematical physics, has been given, 
in one form or another, by various writers, from Laplace, ‘‘Sur la diminution de la durée du 
jour par le refroidissement de la Terre,” Conn. des Tems pour l’An 1823, p. 245 (1820) [Méc. 
Céleste, Livre 11™°, c. iv.], downwards. For references to the history of the matter, considered as 
a problem in Differential Equations, see Glaisher, ‘‘On Riccati’s Equation and its Transforma- 
tions,’’ Phil. Trans. 1881. 

+ Cf. Stokes, l.c. post p. 508. The notation is different. 
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It follows easily from (17) and (18) that the left-hand member of (19) is un- 
altered in value when n is replaced by n —1, and the proof is completed by 
examining the case of n= 0. The formula may also be derived from Art. 290 (4), 
the region considered being that included between two concentric spherical 
surfaces*, If in the formula quoted we put 


b=V, (kr) r™ Sn, P =k) 1 Sy, oe -eeceeeeeeees (21) 
it appears that the expression 
{rn (kr) Vn (hr) — Wn (hr) Vn’ (kr)} 274? ff S2do,  ...... (22) 


where the integration includes all the elementary solid angles $@ having their 
vertices at the origin, is independent of r. Evaluating for r infinitesimal, we 
are led again to the relation (19). 


293. A simple application of the foregoing analysis is to the vibrations of 
air contained in a spherical envelope. . 
1°, Let us first consider the free vibrations when the envelope is rigid. Since the 
motion is finite at the origin, we have 
Pa Av Chr 7 Si CLG Meare nstecdaactenene cites ate aieces (1) 
with the boundary-condition — kayrp! (Ka) + Muy (EA) =O, ....cceseeceeceeceecceceeeseceeeeees (2) 
a being the radius. This determines the admissible values of & and thence of o (=hc). 
It is evident from Art. 292 (8) that this equation reduces always to the form 
PAD LO =! (MO) owen cctce sone teoe me eaectece se eeee cue acer (3) 
where #' (ka) is a rational algebraic function. The roots can then be calculated without 
difficulty, either by means of a series, or by a method devised by Fourierf. 
In the case of the purely radial vibrations (1=0), we have 


with the boundary-condition tan ka shay li. SRR fe ee ee (5) 


which determines the frequencies of the normal modes. The roots of this equation, which 
presents itself in various physical problems, can be calculated most readily by means of a 
series t. The values obtained by Schwerd § for the first few roots are 


k 
—< =1:4303, 2°4590, 3:4709, 4:4774, 5:4818, 6-4844, 


approximating to the form m+4, where m is integral. These numbers give the ratio 
(2a/X) of the diameter of the sphere to the wave-length. Taking the reciprocals we find 


r 
3g 0992; A067 2CS le zedo LO 24,) LOS 2h ee sehen (7) 


In the case of the second and higher roots of (5) the roots of lower order give the positions 


of the spherical nodes (0/dr=0). Thus in the second mode there is a spherical node 
whose radius is given by 


* Cf. Rayleigh, Theory of Sound, Art. 327. 
+ Théorie analytique de la Chaleur, Paris, 1822, Art. 286. 


{ Euler, Introductio in Analysin Infinitorum, Lausannae, 1748, ii, 319; Rayleigh, Theory of 
Sound, Art. 207. 


§ Quoted by Verdet, Legons d’Optique Physique, Paris, 1869-70, i. 266. 
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In the case n=1, if we take the axis of x coincident with that of the harmonic S,, and 
write r=7 cos 6, we ave 


in k k 5 
g=A Ge ~ “ ") COS GIN GC Ue Aa ccisciscauscorecorearees (8) 
and the equation (2) becomes tan bane, Maseenesmace setae sets 5 A (9) 


The zero root is irrelevant. The next root gives, for the ratio of the diameter to the wave- 
length, 

ka|m = "6625, 
and the higher values of this ratio approximate to the successive integers 2, 3, 4,.... In 
the case of the lowest root, we have, inverting, 


d/2a =1°509. 
In this, the gravest of all the normal modes, the air sways to and fro much in the same 
manner as in a doubly-closed pipe. In the case of any one of the higher roots, the roots of 
lower order give the positions of the spherical nodes (¢¢/dr=0). For the further discussion 
of the problem we must refer to the original investigation by Rayleigh *. 
2°. To find the motion of the enclosed air due to a prescribed normal vibration of the 
boundary, say 


we have pa AW Ea Sah hk cgcteccossetestee atrieecnsomese: (11) 
with the condition A {kawp,’ (ka) +n, (ka)} a®—1=1, 

Vn (hr) 
p= kay,’ (ka) + nr, (ka) a (“ =) ha, Gio acne nr eee bas maces (12) 


This expression becomes infinite, as we should expect, whenever ka is a root of (2); de. 
whenever the period of the imposed vibration coincides with that of one of the natural 
periods, of the same spherical-harmonic type. 

By putting 4a=0 we pass to the case of an incompressible fluid. The formula (12) 
then reduces to 


and therefore 


o=2 Gy Eo EE I a ee (13) 


as in Art. 91. It is important to notice that the same result holds approximately, even in 
the case of a gas, whenever ka is small, z.¢. whenever the wave-length (27/k) corresponding 
to the actual period is large compared with the circumference of the sphere. We have 
here an illustration of a general principle stated in Art. 290, of which considerable use 
will be made presently (Arts. 299, 300). 


3°. To determine the motion of a gas within a space bounded by two concentric 
spheres, we require the complete formula (6) of Art. 292. The only interesting case, how- 
ever, is where the two radii are nearly equal; and this can be solved more easily by an 
independent process t. 

In terms of polar co-ordinates r, 6, w, the equation (V?+4?) 6=0 becomes 


Op 2 Op | op 1 0% ” 
ee ale (0-e 2) 5 se} + pagt at [PP BRO ee (14) 


* <¢On the Vibrations of a Gas contained within a Rigid Spherical Envelope,’’ Proc. Lond, 
Math. Soc. (1) iv. 93 (1872); Theory of Sound, Art. 331. 

+ Rayleigh, Theory of Sound, Art. 333, The direct solution is given by Chree, Mess. of Math. 
xv. 20 (1886); it depends on the formula (19) of Art. 292. 
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where »=cos 6. If, now, 0¢/ér=0 for r=a and r=), where a and 6 are nearly equal, we 
may neglect the radial motion altogether, so that the equation reduces to 

81h, Naepl sy la Co ses = 15 

= {a wath + ia gy tate RN Nie a ee (15) 
It appears, exactly as in Art. 199, that the only solutions which are finite over the whole 
spherical surface are of the type 


hy KS peweseraranselceles Hessonwaawets de aawemedreind (16) 


where S,, is a surface-harmonic of integral order x, and that the corresponding values of & 


are given b 
3 z [PUP (DAP IDE GaeaceornpocapsuncosonnacéoNE eRAACHS (17) 


In the gravest mode (n=1) the gas sways to and fro across the equator of the harmonic 
S,, being, in the extreme phases of the oscillation, condensed at one pole and rarefied at 
the other. Since sa=,/2 in this case, we have for the equivalent wave-length A/2a=2°221. 


In the next mode (n=2) the type of the vibration depends on that of the harmonic Sy. 
If this be zonal, the equator is a node. The frequency is determined by ka=~6, or 
d/2a = 1-283, 


294. We may next consider the propagation of waves outwards from a 
spherical surface in an unlimited medium *. 


If at the surface (r=a) we have a prescribed normal velocity 


CT SINE Chas prea beren Hear tan arch nar ringinnn piiserecaerioe (1) 
the appropriate solution of (v?+4?) @=0 is, in the notation of Art. 292, 
Damen Ie (AT To Na Orie cerhncaceatrngreseecnceeee eee (2) 
The condition - - ES hGl Me, Ceaahisesls asemactedes caceine sostaseee Gace (3) 
which is to be satisfied at the surface of the sphere (r=a), gives 
1 
n= taf aoe ane ATR Td Ae gM (4) 
At distances r which are large compared with the wave-length (27/k), we have 
qr e—tkr 
He (br) = enna? Pere eae ween were eter sees emeseeeeeee (5) 
approximately, so that (2) becomes 
qn Cr etk (ct ~ r) 
P= ari ; Sy ys -sin> guide eebeenen ain «takes cb Be. talgee (6) 
: | C,| cos k (ct —r+e) 
or, in real form, = rast - SG SOUT, A ACs REAR (7) 
The rate of propagation of energy outwards is 
6 
= | fe “eg PAGE IO SIRES Oe ROO Oe (8) 


where $a is an elementary solid angle, and r may conveniently be taken to be very great. 
Since 


op 
P=Pot po ve (9) 
we find, for the mean value of (8), 


Cc 
aCe | | Sidi: scot ee (10) 


< This problem was solved, in a somewhat different manner, by Stokes, ‘‘ On the Communi- 
cation of Vibrations from a Vibrating Body to a surrounding Gas,” Phil. Trans. 1868 [Papers 
iv. 299]. 
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This might have been obtained at once from the result (9) of Art. 280, since the waves 
propagated in any assigned direction tend to become ultimately plane. 


When x>0, the normal velocity is in opposite phases over any two regions of the 
spherical surface r=a which are separated by a nodal line S,=0. The lateral motion of 
the air near the sphere, from places which are moving outwards to others which are moving 
inwards will consequently, if the wave-length be not too small, have the effect of diminish- 
ing the intensity of the disturbance propagated to a distance, as compared with what it 
would have been if the normal velocity had been everywhere in the same phase; and this 
effect will be more marked the higher the order x of the harmonic involved, owing to the 
greater number of compartments into which the surface of the sphere is divided by the 
nodal lines. Moreover, for the same harmonic S,, and for an assigned frequency (¢/27), 
the influence of the lateral motion will increase with great rapidity as the wave-velocity c, 
and (consequently) the wave-length 27/k, is increased. This accounts for the feeble 
character of the sound emitted by a bell in an atmosphere of hydrogen, as compared with 
what is observed in the case of air*. 


To illustrate these statements, we note that if the lateral motion of the air had been 
prevented by a multitude of conical partitions extending indefinitely outwards in the 
directions of the radii of the sphere, the expression (10) would have been replaced by , 


tL psck colt. | iia Sea dene (11) 


The ratio (J,, say) which this bears to (19) is equal to the ‘absolute value’ of the ex- 
pression 


(ka) {haf,' (ka) + 1fp (ka)}? 


ee ok DIS SSS ps, A en ae 12 
(aj (ka)? ie 
From the values of fo, fi, fe given in Art. 292 (15), we easily obtain 
4 1+ 9a? — 2ktat + k6a6 
jie 4+ha Tea + 9a, kat + ka (13) 


1 a? (1+ Ma?) ’ 


The following numerical examples are given (with others) by Stokes: 


Khas al at k2q?) + fete 


ka Ig I; Io 
4 1 0°95588 0°87523 
2 1 r 1°8625 
1 1 2°5 44°5 
0 1 13 1064°2 

1 19650 


5 
0°25 60°294 


Again, to compare the rates of communication of energy under similar circumstances 
to two different gases, we have, for the ratio of these rates, the absolute value of the 
expression 

(ka)*"—1 {haf,! (ka) +nf, (ka)}? 

(kay) thafy! (ka) + 1fn (ha)}? P Peer eer ee eters aseareseraeoeres 
where the accent attached to & refers to the second gas. This is easily deduced from (10) 
and (4), with the help of the relations 


* Stokes, l.c. 


510 Waves of Expansion [OHAP. X 


the frequency being taken to be the same in the two cases*. For n=2, the ratio comes 
t lt 
Se aie (ka)? (81 + 9k 2a? — 2h'4a4 + 88) 
(Ka)" (81 + 9h2a? = 2hAat + ka®) ° 
Thus, supposing the two gases to be oxygen and hydrogen, and taking ka=°5, Ha ="125, 
we find that the rates of propagation of energy outwards are as 16000 : 1, nearly t. 


See We arerdt (15) 


295. The case n=1 of the preceding Art. is specially interesting from 
the point of view of the theory of the pendulum, since it corresponds to an 
oscillation of the sphere, as rigid, to and fro in a straight line. It should be 
noticed, however, that the neglect of the terms of the second order in the 
dynamical equations involves the assumption that the amplitude of vibration 
of the sphere is small compared with the radius. 

For this problem we hardly need to have recourse to the general theory, the motion of 
the fluid being that due to a double source (Art. 289) at the centre of the sphere. 


Assuming that the centre oscillates in the axis of x, with a velocity U=ae'*, say, we 
write 


0 e~tr a ee 
=O — ——=C = —— .COBG,  ..crcsssssessseccsceesceees 16 
p=Cz ——=C 7 0088, (16) 
if z=rcos 6. The condition that —0p/or= U cos 6, for r=a, gives 
ad? en 
dat PTT Ty ccccccccccccnccnvesccccnseesevereverece (17) 
2 — ka? — 2th 3 gika 
whence C= a ee by aig cadegcuss one cwcseseins seencectes (18) 
The resultant force on the sphere is 
bes | ‘ pcos O. Qmratsin Od, ....cccccccecseccecceceeseeee (19) 
where p denotes the pressure at the surface, viz. 
: : d et : 
P= Pot poP=Po + rapo0 F aT 008 8. oe ea eeeecesccesceseececs (20) 
Performing the integration, and substituting the value of C from (18), we find 
2+ ka? —rka3 . 
foie Shep ee tat 
X=—4rpoa. 7 Tay 7 a dE (21) 
This may be written in the form 
2+ka? dU Kas 
X= — $m pod). aaa: ap ~ APO ta 72 Reteeteeeomewee (22)f 


If we reverse the sign of X, we get the extraneous force which must be applied to the 
sphere in order to maintain the assumed simple-harmonic vibration. 


* It is also assumed that the ratio y of the specific heats is the same for the two gases. 

t The distribution of energy in the space surrounding a vibrating sphere has been studied by 
Lennard-Jones, Proc. Lond. Math. Soc. (2) xx. 847 (1921). The energy in a region immediately 
surrounding the sphere is mainly kinetic, the fluid moving almost as if it were incompressible; 
ef. Art. 290. This region is more extensive the lower the frequency, and the higher the order of 
the harmonic involved. Considering the whole wave-system it is found that there is a finite 
excess of kinetic over potential energy. 

t This formula is given by Rayleigh, Theory of Sound, Art. 325. For another treatment of 
the problem of the vibrating sphere, see Poisson, ‘‘Sur les mouvements simultanés d’un pendule 


et de l’air environnant,’’ Mém. de l’Acad. des Sciences, xi. 521 (1832), and Kirchhoff, Mechanik, 
c. xxiii. 
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The first term of the expression in (22) is the same as if the inertia of the sphere were 


increased by the amount 
2+ ka? 
Ta Has * $ P05 Coco cee rer oreceecceccseeecceseecesececs (23) 


whilst the second is the same as if the sphere were-subject to a frictional force varying as 
the velocity, the coefticient being 
a3 
44 Bat x 3 T Po DETAR Sse Geos MONEE SS 8 Seo ta (24) 

In the case of an incompressible fluid, and, more generally, whenever the wave-length 
2r/k is large compared with the circumference of the sphere, we may put ka=0. The 
addition to the inertia is then half that of the fluid displaced; whilst the frictional 
coefficient vanishes*. Cf. Art. 92. 


The frictional coefficient is in any case of high order in ka, so that the vibrations of a 
sphere whose circumference is moderately small compared with the wave-length are only 
slightly affected in this way. To find the energy expended per unit time in generating 
waves in the surrounding medium, we must multiply the frictional term in (22), now 
regarded as an equation in real quantities, by U, and take the mean value; this is found 
to be 


ka 
Rrpya. 14 Fat: CAs eae ees tr etiommeustssccssen stuns (25) 


In other words, if p, be the mean density of the sphere, the fraetion of its energy which is 


expended in one period is 
po _ *a8 


aie Ree eae sicsciagesacecsisigssdessiee see's cxisiees 6 
ao 4+ sat @ ) 


296. The analysis of Art. 292 can be applied to calculate the scattering 
of waves by a spherical obstacle. In particular we shall consider the case of 
an incident system of plane waves, travelling in the direction of «#-negative, 
and represented, apart from the time-factor, by 


i LW phdiad RB aR (1) 


Since this satisfies (V? +k?) @=0, and has no singularities in the neigh- 
bourhood of the origin, and is (further) symmetrical about the axis of a, it 
must admit of being expanded in a series of terms of the type 


Wg MT) ae a COW D)tiigiaeers rears xen res doarusien (2) 
provided z=rcos6=rp, say. We assume, then, 


eke = Agro (kr) + Arta (her) ker Pi (uw) +... + Ann (kr) (kr)" Pn (Mm) + --- 


If we differentiate this n times with respect to yw, the first n terms will dis- 
appear, since P, () is algebraic of degree s. Dividing the result by (kr)", and 
noting that 


d” 
=— at le ie. eed 0 ne ee ere 4 
gx Pa(H) = 1.2.5... 2n—1) (4) 
by Art. 85 (1), we have 
an etre = 1.3... (2N—1) An Wn (kr) + eee ceceeeeeee eens (5) 


* Poisson, l.c. 
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Hence, putting r=0, 
Ag (QR 41) 1%, siecenssecdsetdndan Oto alee «nies (6) 
by Art. 292(7). Hence 


otk = (Sin +1) Ven (er (tler)® Pe (8) gpcereeterezeecee (7)* 


This gives in spherical harmonics the velocity-potential of a source at an infinite 
distance. A similar expansion for the case of a source at a finite distance from the origin 
O is obtained as follows. Let P’ be the position of the source, and P the point at which 
the velocity-potential is required. We write 


OP=r, OP'=r, Pret — Dr! pe -PT, ocecocesenescertnonsenes (8) 
where p=cos POP’. Ifr<r’ we may assume 
to Ppa Aan Wer (pe Ln (it) se moceeoersacseetaaceerasae ses (9) 
If we vary p and p only, we have pdp= —77'dy, and therefore 
as ‘Lae, 
— Ep Tp) BB dp or seecieee (10) 
Performing this operation 7 times on (9), we have by Art. 292 (14) 
1.3...(2n—-1 
CRs a Ac et war  ae (11) 
Now putting r=0 we have 
Ap (AMt iL) (EI) ifeg (Kin) sy eteece sucka seaeecaccaseenasenest (12) 
and therefore 
To (kp) =2 (Qn 1) (eryrier ye fn lr’) Wn Fer) Be (we) osenscocenssonemee (13) 


If r>7' we have merely to interchange r and 7’ in the formula, since p is symmetrical 
with. respect to these variables. Thus 


to (kp) =2 (2+-1)(hr)* (hr) You) Sy (er) Pp se vevenenssceescsees (14)+ 
We may utilize the formula (7) to shew how the typical solution of 
(Vath) Dae O,” sa.vaqoustsesseneescenscnentenecaednee (15) 


which is finite at the origin, viz. 

be Wa (ry 1S gy [eek odestcoot > desashomises tecoee. does (16) 
may be obtained by superposition of plane waves, The case of n=0 has already been 
considered (Art. 289). 


We have, by the conjugate property of surface-harmonics (Art. 87), 
i i eit §, dex =(2n-+1) (iler)* oq (Er) i i PARC Ey Sadat x (17) 


if d@ denote an element of area of a spherical surface of unit radius described about the 
origin. The symbol p» is here taken to denote the cosine of the angular distance of da from 
the point @ where the surface is met by an arbitrary radius-vector r. Now, by a known 
formula of Laplace f, 


4 ' 
[ [Pr (ie) Sad a Se eee (18) 
where S,,’ denotes the value of S, at @. Hence 
; pal ; 
Gibry Yu (br) Sy =z | [etre Syd, obieg s Keneic tea ee aeiseaeont (19) 


* Rayleigh, Proc. Lond, Math, Soc. (1) iv. 253 (1873). See also Heine, Kugelfunktionen, i. 82 
(1878). The above proof is adapted from Heine’s proof of (13) below. 

+ The formula (13) (except for the notation) was proved in the above manner by Heine, i. 346. 
Equivalent results had been obtained by Clebsch (1863) in the paper quoted ante p. 110. 

} Ferrers, Spherical Harmonics, p. 89. 
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The typical solution is thus expressed as the mean of a series of plane waves of unit 
amplitude whose normals are distributed about the origin with a variable density expressed 
by the harmonic S,. 


It follows that the motion in any region free from sources can be resolved into super- 
posed trains of plane waves. 


_ 297. We proceed to the special problem of the incidence of air-waves on 
a spherical obstacle. 


Consider a constituent 
Hea PRS Saf 0 A teh ce So eRe (1) 


of an incident wave-system, and let the corresponding constituent of the scattered 
waves be 


Dem aif ALI) TUS wetnceeee sec aceneccsssnsestetetacnenesert: (2) 
If the spherical obstacle be fixed, the condition 
0 : 
5p (PtH) =O, SelsaGoUNB-ASHSS OARS HENOREHABEE HOS BU ONBSL (3) 
to be satisfied for r=a, gives 
Be _ _kanry! (ka) + yy (ka) f 
ten) (4) 


This result can only be interpreted with facility when the wave-length is large com- 
pared with the perimeter of the sphere, z.e. when #a is small. Now for small values of ¢ 
we have, by Art. 292 (7), (16), 


(0=1-3—Garn’ f=), sada caea seises (5) 


approximately, whence, for n > 0, 
Be n (ka)n*1 


Bi ani 1.65 naire skrenNr nuke (6) 
The case n=O is exceptional; we find 
By _ ‘ 
fF img Med AMEE Si pissed ce diis cea oGiaes antteciad alt sie sisels 05 (7) 


approximately, 
If the incident waves be plane, and represented by e*, we have S,=P,, and by 


Art. 296 (7), 
By eet eo LN AMMO, Lanes crcecdabs sis iescconibontet (8) 


whenv 2 Bo = EEG Bem BULA), vrescrscaseosonsee sens carsasae (9) 
The most important part of the scattered waves, at a distance 7 which is large com- 
pared with the wave-length, is accordingly represented by 


p' =Bofo (kr) + Br f (kr) r cos 6 = — (ka)' (£-+4c08 6) penne (10) 


by Art. 292 (15). The physical origin of the two terms is explained near the end of Art. 300. 
As in Art. 294, the rate at which energy is propagated outwards in the scattered 


waves is 
EO | Be p. | [Patan need te itn Te (11) 


The proper standard of comparison here is the energy-flux across unit area of a wave-front 
in the incident system. On the present scale, this is $p,k’c, by Art. 280, and the ratio of 
(11) to this is 


4r . 
2 Gn $1) emt? hBo? |; Sib os eels dlelaibidisisiblaivieiciedieie co.cc bbiasiaie, (12) 


514 Waves of Expansion [OHAP. X 


by Art. 87 (5). The terms of lowest order, when a is small, are those for which n=0, n=1. 
Substituting from (9), and taking the sum, we obtain 

Fah, OE spend asasensenancns oreeetaeenseerenneas (13) 
The rate at which energy is scattered varies therefore inversely as the fourth power of the 
wave-length*. 

As a numerical example, a spherule zgy9 of an inch in diameter scatters only 1:43 x 10-” 
of the incident energy, if the wave-length be four feet. There is therefore no difficulty in 
understanding how a fog which is quite opaque optically may transmit ordinary sounds 
with great freedom. 

298. We take next the case of plane waves incident on a moveable sphere. 


Its equation of motion will be of the form 


Mé= -| fe GOS 6 G2 ADALA GY css asennscoteadecssasedeea code (1) 


where XY denotes the extraneous force, if any. 
If the time-factor be et we have 


fy . 4 ‘ 
P=Potpos, (P+P)=Pot the po (PtP). adaaesiwtecemcecweuietene (2) 
Again, the kinematic surface-condition is 
~2 (6+) =Ec08 OR=VhOFICOS Ob, Sen cece ete ntaeet acres: (3) 


le. Let us first suppose the sphere to be perfectly free to move under the impact of the 
air-waves, so that Y=0. Writing M=47p,a%, and substituting from (2) in (1), we find 
keep, é= a {By (ka) + By, (ka)} (0d cereeeceeseceeeesenececreceees (4) 
since the products of harmonics of different orders disappear when integrated over the 
sphere. Again, from (3), 
— the & = B, {haypy' (ka) + (ka)} + By {hafy’ (ka) +f, (ha)}, cece ae (5) 
whilst Art. 297 (4) holds for m>1. Eliminating é between (4) and (5) we have 


By _ __ thay’ (ka) +n (ka)} py — i (ka) po (6) 
B, Uof{ Gat AGe\ moh aie 
If ka be small the approximate values of yy; (4a) and f, (ka) make 
By _ _pi-po 
Ra bacon KGa. Ocoasin. Aa Radt ameid at whan u can ycunacaee (7) 
The scattered waves of type n=1 disappear as we should expect, to this degree of 
approximation, when p}=py. The sphere merely drifts to and fro with the air. 
If £) be the displacement of the air at the origin when the sphere is absent we have, on 
our present scale, 


BO Eg salon (Lee os canna oscacttasncteen mentee (8) 
Hence, substituting from (7) in (5), and recalling that B,=3:k, we find 

€ — __3Po 

Bik Sct (ee (9) 


As we should expect, this ratio is less or greater than unity according as Pi = Po- 


* The above problem was investigated, by a somewhat different analysis, by Rayleigh, Proc. 
Lond. Math. Soc. (1) iv. 253 (1872); see also Theory of Sound, Arts. 296, 334, 335. The result 
(13) is given by him in a paper ‘‘On the Transmission of Light through an Atmosphere containing 
Small Particles in Suspension,’’ Phil. Mag. (5) xlvii. 375 (1899) [Papers, iv. 397]. 
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2°, Asan illustration of the theory of resonance we may also consider the case where the 
sphere is urged towards a fixed position by a force varying as the displacement. If 2z/c, 
be the natural period of vibration of the sphere when the influence of the air is neglected, 
we write in (1) 


Shas toe WA Gh raion cae cteeee Rees tiawaee sire teceverr (10) 
We have then in place of (4) 
(a9? — Kc?) py E= — the po {By (ha) + BL fy (ha). ee eeeceeececceeeeees (11) 
Hence, and from (5), 
oo? — Bc? By (ka) + By fy (ka) 


Be ?\=— Bikar! (ka) ty (ba)} + By haf’ (bay +f, (bay P0* «7 22) 
When there are no extraneous sources, B,=0, and 
oo — Ke? fa (ka) 
os ae Pr ~ haf’ (hea) +f; (ea) + POs cree eceeeeeerereeeeeeens 
This is an equation to determine 4, and thence the character of the ‘free’ motion of the 
Sphere, as influenced by the surrounding medium. When reduced to an algebraical form 
by Art. 292 (15), it is a biquadratic* in &, viz. 

(ke? — a9?) (ka? — Qika —2) + 2BK2c? (1hO+1)=0, 2.0... ceecceceeseeeee (14) 
where B=4p,/p1. The two smaller roots are alone important from the present point of 
view. These are given approximately by ; 
heCe— Orne] (tS) peresaacecasaec teeta cesses seneaee eee (15) 
We recognize that the main effect of the presence of the fluid is to increase the inertia of 
the sphere by half that of the fluid displaced ; cf. Arts. 92, 295. To find the rate of decay 
of the oscillation it would be necessary to carry the approximations further. It will be 
found, in agreement with the investigation of Art. 295, that the ‘free’ oscillations are of 
the type 


P= COPECOS C104 ©) iar eacecceotent <csescedact teers (16) 
where, if we retain only the most important parts, 
do B o 4a 
‘=—__ Baw secesececteeccescoevenesese 17 
""Ja+e) "“<a +A) we 
In the forced oscillations, where the value of & is prescribed, we have from (12) 
By _ _ thay (ka) +n (ha)} (079? — hc?) + 280%, (ka) (18) 
By, ~~ (haf (ka) +f, (ka)} (oy?) + 26R Of, (ka) 
If ka be small, the approximate values of y, (ka) and f, (ka) make 
‘ on 262 
Be WAH GRO 475, Mole Vistas Oi4 Weise (19) 


Bi oo? - (1+) Pc? 
but the approximation is plainly illusory when kc is nearly equal to op/(1 +2), 7.é. when 
the frequency of the incident waves is nearly coincident with that of the free vibration. 

To examine more closely the case of approximate synchronism, we write, in the exact 
formula (18), 


ee ee eee (20) 
: eB, g, (ka) 
and obtain B. = Gina ey Sees cieccrerevecrsrecevccescecocss (21) 
272 
where gs (in) —{harpy (ka) + (kay ("eee — Mat) + 28040 (ka), “ad 
2 
G, (ka) = {hav' (ka) +¥, (ha)} (= “ ia?) +28h%a, (ka), 


* An equivalent result is obtained by putting 
aetst—igé, X=M (¢,?- 0°) é, 
in Art. 295 (21). 
33-2 


516 Waves of Expansion [ CHAP. X 


The modulus of the right-hand member of (21) is never greater than unity, but it attains 
the value unity, and the amplitude of the scattered waves is therefore a maximum, when 


Gi(LG) S20, ah ga scaesconatbea tes Mamie eee awe speek (23) 
in which case B= — UB pete ocheessnnse meena coousteee sateen (24) 
In the case of the plane system of waves represented by Art. 296 (1) we have then 
7 EE Dac aAraame a coAconeaonge codbuobonnocchsoesoUaST (25) 
and the velocity-potential of the scattered waves at a distance is, in real form, 
gp=-3 pats ils COS Op eriec ths tee caee tc omee eee sees salts (26) 
corresponding to the incident waves 


P= COS (Cha) ry ose dsetercdsstonsne secslecsweeeeacrae (27) 
This result, it may be noted, is independent of the magnitude of ka. 


When ka is small we substitute for ¥, (4a) from Art. 292 (7). The equation (23) takes 
the form 


2772 
~(24+3Mat+...) (SF % ia?) Lageat + dBakt =O, career (28) 


and it is easily ascertained that when aga/c is small this is satisfied by a real value of ka 
which is a very little less than that corresponding to the free vibrations, viz. 


Toa 


ROP Ts Vise sone lesa csswnweapetendendde insonsaaee 29 
(1+B)%e sae 
Again, on reference to (3), we find 
Cee 
é= Baie 22 BOE ia tea-eetiar sc attite code ae cae ee (30) 


approximately. The amplitude of vibration of the air-particles in the original wave is 
l/e on the present scale. The amplitude of the sphere exceeds this in the ratio 6/ka’. 
Moreover it appears from (10) that the dissipation of energy in the scattered waves, when 
a maximum, is 6zpo¢e, or, in terms of the energy-flux in the primary waves, 


Shia, AU ae Os ae ey = eer (31) 


where A is the wave-length. The ratio of this to the dissipation produced by a fixed sphere 
is 198 (ka) 6, 

On the other hand, it is to be noticed that the wave-length of maximum dissipation is 
very sharply defined. It may be shewn without much difficulty that the dissipation sinks 
to one-half the maximum when the wave-length of the incident vibration deviates from 
the critical value by the fraction 

Beas 

4(1+8) 
of itself. In any acoustical application this will be an exceedingly minute fraction. In 
practice, massive bodies are not usually set into vigorous sympathetic vibration by the 


direct impact of air-waves, but rather through the intermediary of resonance-boxes and 
sounding-boards. 


The occurrence of the factor 3 in (31) calls for some remark. The result is independent 
of the direction of the incident waves, owing to the three degrees of freedom which the 
sphere possesses. If the sphere were restricted to vibration in a definite straight line, the 
amount of scattering would depend on the direction of incidence, and the mean for all 
such directions would be \2/r*, 


* The investigations of this Art. are taken from a paper entitled ‘‘A Problem in Resonance 
illustrative of the Theory of Selective Absorption of Light,’ Proc. Lond. Math. Soc. xxxii, 11 
(1900). The concluding remark is due to Rayleigh, ‘‘Some General Theorems concerning Forced 
Vibrations and Resonance,’’ Phil. Mag. (6) iii. 97 (1902) [Papers, v. 8}. 
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299. The diffraction of plane waves of sound by a lamina, or by an 
aperture in a plane screen, can be treated by approximate methods provided 
the dimensions of the obstacle or of the aperture be small compared with the 
wave-length*. This relation is of course the exact opposite of that which 
usually prevails in Optics, and the results are accordingly quite different in 
character. In particular we meet with nothing of the nature of sound-shadows 
or sound-rays under the present condition. 


-1°, Let us first take the case where a train of waves, travelling in the direction of 
x-negative, impinges on a flat disk in the plane r=0. If the disk were absent the motion 
would be represented by 


(EACH. Meats Saeteann ar atloe Bo ae ni eros ncRe a Se ooncery (1) 
everywhere. This gives a normal velocity —7zk at the surface of the disk; and the complete 
solution is therefore 

EY nr ESS 2. ne oo RE BN non uaniceae actiicecearancoues (2) 


where x represents the motion which would be produced in the surrounding air by the 
oscillation of the disk normal to its plane with the velocity 74. The formula (18) of 


P ear = ( as soo) 
xX => ox ) Pee e were eee enenenenseseeeeee 


where the integration is taken over the positive side only of the disk. If x, y, z be the co- 
ordinates of P relative to an origin in the disk, we may write 0/dn=—d/d”; and if the 
distance of P from any point of the disk be large compared with the linear dimensions of 


the latter, we have further 
eee ds 8 (—) (4) 
Xp = on x . an , J Renee teen eee e rene eee eeeennee 


where 7 may now be taken to denote distance from the origin. The scattered waves are 
therefore such as would be produced by a double-source of suitable strength. 


Under the fundamental condition above stated, the variation of y in the immediate 
néighbourhood of the disk is very approximately the same as if the fluid were incom- 
pressible (Art. 290). In the latter case, if the density of the fluid, and the velocity of the 
disk normal to its plane, were each taken equal to unity, the expression 2{{ydS would be 
equal to the ‘inertia-coefficient’ of the disk (Art. 121 (3)). Denoting this coefficient, which 
is determined solely by the size and shape of the disk, by M, we have, in the present case, 


fl liS me AAEM pattern cs 3p AG o oe 2h» a2? o> es. aaa ok ge (5) 

and therefore 
akM 0 [e-**r h2M e-tkr 4 6 
=a ( Fi \ = - FF os JD eee ree errr eeereeeeenuee (6) 


approximately, where 6 is the angle which OP makes with Oz. 
For a circular disk of radius a, we have, by Arts. 102, 108, 


LE ie GAR POT Ee Mt ory eT Dee (7) 
3 -ikr 
and therefore Xp=~-% as ~— COS O Meer neces snssins eocnceecrvatenses (8) 


2°, When plane waves are incident directly upon a screen in the plane =0, we should 
have, if the screen were complete, , 
hp =e pe FH, Or =O, ..eeeesecerssecerereeeeeseseeerees (9) 


* Rayleigh, ‘“‘On the Passage of Waves through Apertures in Plane Screens, and Allied 
Problems,’ Phil. Mag. (5) xliii. 259 (1897) (Papers, iv. 283]. 
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according as «20, the term e~** representing the reflected waves. When there is an 


Spero we aseurie pm po-Me pyr and Pay /ON NA (10) 
for the two sides, respectively. The continuity of pressure and velocity requires 
; Oy dy’ 
2+x=y’, ak, POL AL RED Oni! (11) 


over the aperture, whilst 


over the rest of the plane x=0. 
These conditions are all fulfilled if we take y and x’ to be the potentials of the distri- 
butions of simple sources over the area of the aperture which will make 


x=-1, AL) Wlomilalelcn icieten selavatots neice swerocitelreelta (13) 
respectively, over this area. 


Now from (17) of Art. 290 we have 


E | | REX U5 | ee eee (14) 


Xp On r on 
In the present case the integration may be confined to the area of the aperture, in virtue 
of (12). On this understanding we have, at distances 7 which are great compared with the 


dimensions of the area, 
1 ox eter 
x=] | Bs: Ne ec (15) 


If & were =O, the determination of xy in accordance with (13) would be identical with 
the problem of finding the flow of an incompressible fluid through the aperture; and for 
points in the immediate neighbourhood the flow will in the actual problem have sensibly 
the same configuration. Hence we may write 


ox 
| i eiaS = SOM. <Realat ol 1k  ea (16) 
where C is the conductivity of the aperture*. Thus (15) becomes 
en tkr 
XS el J Pee eee e er eeeee Ceo e nee eee eet eteeeeeceee (17) 


approximately. From this the value of y’ follows by the obvious relation 


x 2k, yy Bea ly ye lod ORT Sed. (18) 


It appears that the transmitted waves are such as would be produced by a simple source of 
suitable strength. 


The value of C for an elliptic aperture has been given in Art. 118 (8). For the circular 
form 


Ee x DAL Loiwesidcs uacoonas ipiaaiticnicton srameam ens aes (19) 
q Qa e— kr 
an Xp => = ¥e 6 gia BATS in )00) 5 japere'es 0 wiave S¥e) «(acetcieimuibiere bis feteiatavererel aiat (20) 


. Comparison with (8) shews that, under the assumed condition, the amplitude of the 
waves scattered by a disk is, at like distances, much less than that of the waves trans- 
mitted by an aperture of the same size and shape. It is readily seen that the total energy 
transmitted per second through a circular aperture bears to the energy-flux in the primary 
waves the ratio 

Sc Alar. OTe | Oar l 5s 67.4 eins anc aenate reent (21) 
The ratio of the amplitude of the scattered waves, at any distant point, to that of the 
primary waves, is independent of the wave-length, so long as this is large compared with 
the greatest breadth of the aperture. 


* Cf. Arts. 102, 3°; 108, 1°; and 113. 
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300. A similar calculation can be applied to the scattering of sound- 
waves by an obstacle of any form, under the same fundamental condition that 
the dimensions of the obstacle are all small compared with the wave-length *. 


The origin being taken in or near the obstacle, we assume 


Oe iy Fase eae Wi EN eda caarwcnnate (1) 


where the first term represents the incident, and the second the scattered waves. At the 
surface of the obstacle, supposed rigid and fixed, we must have 


x =— = ERR acer es ath siesiooseaes cvsae et (2) 


provided /, m, n be the direction-cosines of the normal, drawn outwards. 
The formula (5) of Art. 290 gives 


X,=- z/f* = fasts [lx (’ <—) as ly ee ch cae (3) 


where the integrations extend over the surface of the obstacle. We proceed to obtain an 
approximate value of the expressioa on the right-hand side when the distances r are large 
compared with the dimensions of the obstacle. The co-ordinates of any point on the surface 
will be denoted by z, y, z, whilst those of the point P are distinguished as x7, y,, 4. 


Taking the first term, we write 
Caen Cees QD Ge O) Ge UE iceal 
r (>),+° (5 sary (5 moa Ste 
where the zero-suffix implies that z, y, z are to be put =O in the expressions to which it is 
attached. This may also be written 


ev a) 0 () e~*o 
paca =(1- —Zz On, ~Y oy a+) y Sowa Sonobauonddandosoacds (4) 

where 7» denotes the distance P from the origin. Again, from (2), 
Xe i+ alt... rons eee (5) 


Taking the product of (4) and vl and ikon over the surface, we obtain 
_ nse 6) 
el), RE ne 
approximately, where @ is the eset: of the OA = have here made use of the 
obvious relations 


f[fdS=0, ffeldS=Q, ffyldS=0, ffeldS=0. ..........ccccccceens (7) 
The terms retained on the right-hand side of (6) are of the same order of magnitude, whilst 
those which are omitted are small in comparison. 


As regards the second term in (3), we have 


Pt ete 0 0 o\ 6~f e 0 CE ahaid 
i caper (Caatm +n) - =~ (0g+m fet" Ge,) santas (8) 
We may, consistently with our former approximation, write 7) for 7, and remove the space- 
derivatives of e~ 7o/ry outside the signs of integration. The result then involves the surface- 
integrals 
Ey a Srou l(a ass) YiawdS. G52, evatewderssecetes saves esse (9) 

It appears from (2) or (5), and from a general principle stated in Art. 290, that the function 
x is, in the immediate neighbourhood of the obstacle, sensibly identical with the velocity- 
potential of the motion of a liquid produced by a translation of the obstacle through it with 


* Rayleigh, ‘‘On the Incidence of Aerial and Electric Waves upon Small Obstacles in the 
Form of Ellipsoids or Elliptic Cylinders...,’” Phil. Mag. (5) xliv. 28 (1897) [Papers, iv. 305]. 
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the velocity 7k parallel to x. Hence the integrals (9) are recognized as components of 
‘impulse’ under the imagined circumstances; and we may write, in comformity with 
Art. 121, 


fflydS=tkA, [fmydS=tkO’, finydS=tkB’,  ........ceeeeerees (10) 
provided the density of the hypothetical liquid be taken to be unity. Hence 

Cin Cm : Cd) 0 a) emule 

=— |— =— — ‘— +B — EN anagesneeosc 11 
I on ( . ) as e (a 02, ac Oy 04) 1 oe 

The final approximate formula is therefore 
h2Q e~* tk é 49.0 » OY Gre 

xo Gt SF arog +e saya at sale siaeiclele (12)* 


where the zero-suffix attached to r has been omitted, as no longer necessary. When &r is 
large, this may be written 
#2Q e-er 2 : , eT er 
(a= FES Soe — 7 (A+Q@)Mt+Cn1+ By —_, eee teen eee ecene (13) 


Pp 4n 4n 
where Aj, #41, v; are the direction-cosines of r. 
For a sphere of radius a, A=32a3, Q=47a°, B’=0, C’=0, leading again to the result 
(10) of Art. 297. 


The scattered waves may be regarded as due to the combination of a simple and a 
double source. The axis of the latter is not in general coincident with the direction of the 
incident waves. 


A more symmetrical formula is obtained if we suppose the primary waves to come from 
any arbitrary direction (A, u, v), so that (1) is replaced by 


one SD, ny oe ee ee (14) 
On reviewing the steps of the preceding investigation, we find without difficulty 
#2Q e- tr = 2Q enter =e 
X pie _ r= a = a OAy + py +vv}) ey = Ae {Ary +Bup; +Cvr, 
, ’ } e~itkr 
+A (uy; tyr) +B (vA, +v1A)+C pit AiH#)} —— » seistcieweitiosiesincte (15) 


in place of (13). As in Art. 124, the directions of the co-ordinate axes can be chosen so that 
A’, B’, C’=0, and the formula then reduces ‘to 


H2Q e-ter fe eget 
Xp Ge pe gg VA + @) Mit (B+ @) po + (C+ @) vy} ——. o0 (16) 
In the case of an ellipsoid of semi-axes a, b, c, we have, by Art. 121 (4), 
2 2 2 
Bib Orrg- aga BARS ore Q, ia teat Fra @ielelelale afelerereis (17) 


where a, 8, yo are defined by Art. 114 (6). In the case of the circular disk (a=b, c=0), 
we have 9=0, A=$a3, B=0, C=0; and (16) reduces to 
Ms k3 @3 e—tkr 
Xp= et ea igi OE aa TE OG Os DO IO (18) 


The effect of obliquity of the disk to the incident waves is to diminish the amplitude of the 
scattered waves in the ratio of the cosine (A) of the obliquity. 


The explanation of the two types of disturbance in (13) or (16) may easily be given in 
general terms. In the first place, if the obstacle were absent, the space which it occupies 
would be the seat of alternate condensations and rarefactions. By its resistance to these, 
the obstacle exerts a certain reaction on the medium; the waves at a great distance, thus 


* If we divide by k and then make k-»0 we reproduce the result obtained in Art. 121a for the 
case of incompressibility. 
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produced, are in fact such as would be caused in an otherwise quiescent medium by a 
periodic variation in the volume of the obstacle, just sufficient fo compensate the variations 
of density referred to. The result is equivalent to a ‘simple source’ of sound. Superposed 
on this disturbance, we have a second wave-system due to the immobility of the obstacle. 
If the latter were freely moveable, and had (moreover) the same inertia as the air which it 
displaces, it would sway backwards and forwards in the sound-vibrations, and this second 
wave-system would be absent. This system is, in fact, that which would be produced if the 
obstacle were to vibrate to and fro in a straight line, with a motion equal and opposite to 
that of the air-particles in the undisturbed waves. This is equivalent to a ‘double source.’ 


The problem of Diffraction, when the wave-length is smadl (instead of large) compared 
with the dimensions of the obstacle, presents as a rule great analytical difficulties. The 
only case which can be regarded as completely solved is that of the semi-infinite plane 
screen, where nothing depends on the magnitude of the wave-length. This is considered in 
Art. 308 below. In the case of plane waves incident on a fixed sphere, which at first sight 
appears promising, the complete expression for the disturbance due to the incident and 
scattered waves is given by the formulae of Art. 297; thus 


] kaw,’ (k nh 
pt p= (2n+1) (chr) \Vn > eae 


At points on the surface of the sphere this reduces to 


: (2n+1) 7 P,, (p) 

P+P =~ > Gomi ikaf! (ka) + nf, (kay) 
Unfortunately, when the wave-length is small compared with the circumference 27a of the 
sphere, ka is large, and the series in (20) is found to converge very slowly, so that a large 
number of terms have to be taken in order to secure a satisfactory approximation. The 
process has been carried out by Rayleigh* in the case of 4a=10, which suffices to shew the 
incipient formation of a sound-shadow in the rear of the sphere (7.e. in the neighbourhood 
of —— 1) te 


Jn ) Pool g\isiont (19) 


eNO ONS ek (20) 


301. If, no longer restricting ourselves to simple-harmonic vibrations, we 
seek to integrate the equation 


in a series of spherical harmonics, say 


Game Laas grantees te a aap lendapyo i 0d tee (2) 
where ¢, is a solid harmonic of order n, we have by Art. 292 (4) 


Clg (Cn oT 1) “ae 
at? a= 0, | are iP ae o ween cc cececeereseescs (3) 
If R,, be a solution of this, it is easily verified that the corresponding equation 
for R,,,1 is satisfied by 10k 
aaa — r oe pA eee een r weer rereeresesores (4) 


* «On the Acoustic Shadow of a Sphere,” Phil. Trans. A, cciii. 87 (1904) [Papers, v. 149]. 

+ The cognate optical and electrical problems, which are of importance in relation to such 
widely diverse questions as the theory of the rainbow and the influence of the curvature of the 
earth in wireless telegraphy, have been discussed by Debye, L. Lorenz, Macdonald, Nicholson, 
Poincaré, and others, not without controversy as to the legitimacy of the mathematical processes 
employed. Full references are given by Love, ‘‘On the Transmission of Electric Waves over the 
Surface of the Earth,” Phil. Trans. A, ecxv. 105 (1914). See also Watson, Proc. Roy. Soc. xcv. 83 


(1918). 
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and hence that (3) is satisfied by 


AON SS f(r —ct) + P(r +et) Bye 
ie (| ) ie (<y". Fe) ete (5) 
In the case n = 1, we have the solution 
ye i LSEE DEANE OTE 6h wlodtn yee et (6) 


r 


This has been employed i Kirchhoff, and more fully by Love, to examine 
the rather interesting question how the front of a system of waves, started 
by the motion of a sphere, is propagated through the surrounding medium. 


In Kirchhoff’s investigation t the motion of the sphere is prescribed, its velocity being 
a given function of the time, and the solution is comparatively simple. 


Love discusses ¢ the waves started by an instantaneous impulse given to a ball-pendulum. 
The equation of motion of the pendulum being 


u(Sitoe é)=- ae eR rete a teeot en aeaeetes (7) 
as in Art. 298, we assume " 
o=5, ee) — dy seusidisdeeabecic eaeeeuuscestsstcapn: (8) 
the term in (6) which corresponds to waves travelling inwards being omitted. This leads to 
d? wt 1 , 
oe atg= arf (ct — ye (ct—a)} Dai dectegasdensaueonatese (9) 
where (BSS or po G/U cas. ssnnesate cqnenecesoa veces (10) 
The kinematical condition to be satisfied at the surface of the sphere (r=a) gives 
d ; 2 
ae = (ct — a)—5f" (et — a) — Ff (et— a). Se tants btatoniics (11) 
To solve the simultaneous equations (9), (11), we assume 
flct—r)=a de O- AD) Oh aa Boron Letiaey, We, BANE (12) 
whence (22+ a9?) B= "A (Mat 1) AA, AcB= — = (a?-+2da-+2) AD ce auletomretse® (13) 


Eliminating the ratio A/B, we obtain the biquadratic§ in \: 
(A202 + 92) (A2a2+4+ Da +.2) + WBCP2AZ (AGH) HO. ceeeeccecescesevseecs (14) 


Distinguishing the several roots by suffixes, we have 


satis Fat + 2X, a+2 senet 


= — Sh rt 1) Ste -7*% 08 8, 


* Cf. Clebsch, 1.c., ante p. 110; C. Niven, Solutions of the Senate House Problems.. for 
1878, p. 158. 


+ lc. ante p. 510. 


t ‘‘Some Illustrations of Modes of Decay of Vibratory Motions,’’ Proc. Lond. Math. Soc. (2) 
ii. 88 (1904). 


§ If we put A=7tk this becomes identical with Art. 298 (14). 
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If we start with arbitrary values of ¢ and d&/dt, the medium being previously at rest, 
this solution presupposes that ¢>0 and r<ct+a, The initial circumstances supply two 
conditions to be satisfied by the four constants A,. Thus, assuming that for <=0 


d 
£=0, = [iis Oo adi wed Pach ci 5s Laer, bs (17) 
we have s+ 10. G+ Dee a) A —O Sf APa?+2,a-+2) A= — Upa’. eee tee (18) 


The remaining conditions result from a consideration of the discontinuity at the 
spherical boundary of the advancing wave. Let 8S be an element of this boundary, and 
through the contour of &S draw normals outwards to meet a parallel surface at a distance 
cét; we thus mark out an element of volume 8S. cé¢. In time 8¢ the fluid contained in this 
element has its normal velocity changed from 0 to —0¢/ér, the normal velocity just within 
the boundary, by the action of the excess of pressure c?p)s, where s is the condensation, 
on the inner face. Hence 


- 2 - po dS. cdt=c? pos. OS. dt, 
or, since c?s=0¢/dt, ete arr OR mean cota t aciet oteiseectnloreheimecareesoeet = (19) 


which is to be satisfied for r=ct+a*. Substituting from (16) we find 
> (A,r +2) A,=0. 
This equation cannot hold generally unless 
AO, ASA Sees occ ssnazcnaoaneanasiacnse sleeassens (20) 


which (it will be noticed) at the same time secure the continuity of ¢, and thence of the 
velocity-components tangential to the wave-front. 


The four conditions (18), (20) may now be written 


Br2A,= — Ups, 2r,4,=0, 3A4,=00, 2 Ato, aR AIRY (21) 
8 
Ay 
whence A ei ee Oya. ACT. dOtt\) OS00. OODRONCORSDORTOOS 9) 
SOG OCS PELD FOES Vaan ey 


The motion of the air is accordingly given by 


0044 
par By et t-7 49) cos. [r<ct+a], 


Se Onmeecoen essen tape (23) 
p=0 [r>ct+a]. 
In practice 8 is a very minute fraction, and the roots of (14) are, to a first approxi- 
mation, 
io to —1+7 -1-7 
M=> =, Ns=—— ta ae eee (24) 


If the distance travelled by a sound-wave in the period of vibration be a considerable 
multiple of the circumference of the sphere, As, dq will be large compared with Aj, Ag. 
Hence, substituting in (22) and (23), we find, for r<ct+a, 


0 (ya r—a J20 a? _ e dt+a—r 
o=- {oe oo a(t ittta 8 (ct+a riecos (A #E=7 _4)} 08 6 


* The theory of discontinuities at wave-fronts has been treated systematically by Christoffel, 
‘Untersuchungen iiber die mit dem Fortbestehen linearer partieller Differential-Gleichungen 
vertraglichen Unstetigkeiten,’? Ann. di Matemat. viii. 81 (1876); and by Love, ‘‘ Wave-Motions 
with Discontinuities at Wave-Fronts,’’ Proc, Lond. Math. Soc. (2) i. 37 (1903). 
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The first part of this expression is the same as if the sphere had been executing simple- 
harmonic vibrations of period 27/o) and amplitude U/c» for an indefinite time. The second 
part is insensible at a distance of several diameters of the sphere from the inner side of 
the boundary of the advancing wave; but near this boundary it becomes comparable with 
the first part. To trace the decay of the oscillations, it would be necessary to proceed toa 
second approximation; but this part of the question has been already dealt with in Arts. 
295, 298. It will be sufficient to remark that the most important part of the disturbance, 
well within the advancing wave, will be given by an expression of the form 


pacenmen COS a (¢-Z +e) .cos 0: el Se (26) 


The factor e~™t exhibits the decay of the vibration at any place as the original energy of 
the pendulum is gradually spent in the generation of waves. To account for the factor e™’, 
we note that within the region occupied by the waves the amplitude of any point @ will 
(except for spherical divergence) be greater than that at a point P, nearer to the centre on 
the same radius vector, in the ratio e”-?®, for the reason that it represents a disturbance 
which started earlier by an interval PQ/c, during which the vibration of the pendulum has 
been decaying according to the law e-™ *, 


Sound- Waves in Two Dimensions. 


302. When ¢ is independent of z, we have 


Ot = CVs" 6, Sis cA ia sleab tee wide ohare wonte etometds (1) 
02 o2 
2 
where Vit= Saat gyh coor eeeeeeeneetae (2) 


In the case of symmetry about the origin this becomes 


Op ./(P¢ , lad 
oe ° CS +7 =) 
where r = /(a?+y"). The general solution has been obtained in Art. 196, in 
the form 
2nd = | f(t—Foosh w) du+ [°F (¢+7 cosh u) du; einen (4) 
/0 / 0 
and it was further shewn that the solution 
Qarh = ly ie (t- ” cosh u) Ota... Sie eee (5) 
J 0 Cc 


represents the system of diverging waves produced by a source f(t) at the 
origin. 

We are now able to give another derivation of these results. It appears 
from Art. 285 (13) that if a point-source f (t) 8z be situate at the point (0, 0, z) 
its effect at a point in the plane ay at a distance r from the origin is repre- 


sented by 
i V(r? + 22) 
Aor (72 + 22) A (¢ INV AT ET, a ) 82. 


* Cf. a paper “ On a Peculiarity of the Wave-System due to the Free Vibrations of a Nucieus 
in an Extended Medium,” Proc. Lond. Math. Soc. (1) xxxii. 208 (1900) 
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If we integrate this with respect to z between the limits Fo, we get the 
effect of a system of point-sources distributed over the axis of z with uniform 
line-density 7 (¢); thus 
erie ‘/ (r? +2?) dz ie IS r 
=— aa - _-- ( 
d rel boe| ) Jota 2) xi, if (e ‘ cosh u)du, ...(6) 


Cc 


The same method can of course be applied to obtain the second term in (4). 


The equations of sound-motion in one, two, or three dimensions, subject to the restric- 
tion of symmetry, are all included in the form 


ou 2 m—-1¢ 
Paa(St+ : et). Re Oe MA ens ee (7) 


ot? 


The complicated and somewhat intractable form in’ which the solution for the case 
m=2 has been obtained is in striking contrast to the analytical simplicity, and outward 
formal resemblance, of the solutions for the cases m=1, m=3; but this circumstance must 
not mislead us as to the true physical relations. For the sake of a definite comparison 
between the three cases, we may examine the effect (A) of a plane-source, (B) of a line- 
source, and (C) of a point-source, whose ‘strength’ is in each case 


rT 
SO=ayp: ee eee eee et eee err) (8) 


This gives a convenient representation of a source of a more or less transient character, 
since the time during which it is sensible can be made as short as we please by diminishing 
t, whilst the time-integral is unaffected. 


The results may be conveniently expressed in terms of the condensation s. 
(A) In the case m=1, we find, for >0, 
5 1 


ag rr eres mame seen eee e eee eereseenceseesarseere sence (9) 
Cie 


c 


(B) When m=2, the analytical work is similar to that of Art. 197. The result is, for 
the most important part of the wave, 


1 Cr\ Ae 3 
ee a =a ; 
3= 2-8 rv ) sin (t7 3) COS” T]y esvcerccsccescccccoesecs (10) 


where 7 is determined by 


r 
t= A +7 tan 7. 
(C) In three dimensions we have 
r 
fad St ee, (11) 


pans 2 yo 
ane 7 {(-2) a a 


The three cases are represented, with s as ordinate and ¢ as abscissa, on the next page. The 
scale of ¢ is the same in each case, but there is, of course, no relation between the vertical 
scales. In (A) we have a wave of pure condensation; in (B) the primary condensation is 
followed by a rarefaction of less amount, but lasting for a longer time; whilst in (C) the 
condensation and rarefaction are anti-symmetrical. In (B) and (C) alike we necessarily 
have, at any point, 


cf. Art. 288. If the source had been strictly limited in duration, the medium, in the case 
of three dimensions, would have remained absolutely at rest after the passage of the wave, 


[CHAP. X 
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as in the case of one dimension, although for a different reason. In the intermediate case 
of two dimensions, the wave has an indefinitely extended ‘tail,’ and there is only an 
asymptotic approach to rest. 


It appears that from a physical standpoint the cases m=1, m=2, m=3 form a sequence 
with a regular gradation of properties due to the increasing mobility of the medium. 
When we abandon the restriction to symmetry, the general solution of (1) 
1s, in polar co-ordinates, 


b= 2 (Q.7r* cos 50+ Rr? sin 80), .....cececceeeeees (13) 
where Q,, R, are functions of r and ¢ satisfying 
OQ, rs HQ,  28+10Q, 
= = 0 (53+ : 3): Fee a ae (14) 
and the corresponding equation in R,. The solution of (14) is 
a \8 
Qs (=) Oi aechctnee. 3. nade meen we be: (15) 
a On I. Q (« —* cosh u) du i ‘ F(t +7 cosh u) 6) 
0 


The proof is similar to that of Art. 301 (5)*. 


303. In the case of simple-harmonic motion (e*), we have, in polar 
co-ordinates, 


or ror oe oe" 
where kK=a/c. The solution of this equation subject to the condition of 
finiteness at the origin is, as in Art. 191, 
b => (A, cos sO + B,sin 80) SJ, (kr), ...cscecceseeeeeeeees (2) 
where s may have all integral values from 0 to 0. 
From this we derive at once the theorem that the mean value () of ¢, 
over a circle of radius r described witk the origin as centre, is 
D milekkty Pot tx cients dgewsetn- tered ycarur* + (3) 
where qo is the value at the origint. This theorem (which is subject, of 
course, to the condition above stated) is analogous to that of Art. 289 (8), 
and might have been proved in a similar manner. 


In the transverse oscillations of the air contained in a circular cylinder, the normal 
modes are given by the several terms of (2), where. the admissible values of 4, and thence 
of c, are determined by 


Fe OO ONT a a. mee ome fu! enek (1) 


gi Mayme Oy or ce:n tase tee bcodeo arte gba escc gestae: (4) 

a being the radius. The interpretation of the results will be understood from Art. 191, 
where the mathematical problem is identical. The figures on p. 288 shew the forms of the 
lines of equal pressure, to which the motions of the particles are orthogonal, in two of the 
more important modes f. 


* This Art. is taken, with slight alterations, from a paper cited on p. 298 ante. 
+ H. Weber, Math. Ann. i. (1868). 
¢ The problem is fully discussed by Rayleigh, Theory of Sound, Art. 339. 
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The Bessel’s Functions J, (£) are subject to the recurrence-formula 


KIS. Webel) : 

de ts ee ee (5) 
which corresponds to Art. 292 (17). This easily follows from the series- 
expression for J,(£), given in Art. 101. From (5), and from the differential 
equation of J;(¢), viz. 


4 Aes ie ae 
fF ()tgS (+ (a - 5a) F(6)=0, ees or, (6) 

various other recurrence-formulae may be derived, e.g. 
Goh pel Cys dg ee Ged on GN esa ene ant arene (7) 


corresponding to Art. 298 (18). 


By successive applications of (5) we obtain 


Ig) = (- : om) IA eae ee le ee (8) 


It is easily verified, by the method of ‘mathematical induction, that the 
expression on the right-hand side of (8) is in fact a solution of the differential 
equation (6) provided Jo(£) is a solution of the same equation with s put = 0. 
This suggests a convenient choice, for our present purpose, of the Bessel’s 
Functions ‘of the second kind.’ We write 


D(O=e (= me) Det ee (9) 
where Do(&) is the function introduced in Art. 194*, viz. 
Dele =|" PLATT eae a (10) 


It is evident without further proof that D,(¢) will satisfy the differential 
equation (6), and will have the same system of recurrence-formulae as J, (¢). 
As an important special case of (9), we have 


DICY = — Dol). Et Pe. SO ORY, oe (11) 
The following approximations are useful. When ¢ is small, we have, by 
Arts. 100, 194, 
H 2 , 
TAGE ee Do (6) === (og b+ thir +...) 22.5 «-(12) 


and thence, by (8) and (9), for s >0, 


Ti)= se... Dio= ot oitawedearr (13) 


* It may be shewn, by the method of Art. 302, that D, (kr) is the potential of a uniform 
distribution of simple-harmonic point-sources along the axis of z. See Rayleigh, ‘On Point-, 
Line-, and Plane-Sources of Sound,’’ Proc. Lond. Math. Soc. xix. 504 (1888) (Papers. iii. 44; 
Theory of Sound, Art. 342]. 
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Again, for large values of £, we have 


T= (2) sinE+de—dor)+.., Dil= (2) vecerin +. 


we T 


unless the order s of the functions be itself comparable with or greater than 
the variable €. 


The formulae may be used to investigate the communication of vibrations from an 
oscillating cylinder (e.g. a piano string) to the surrounding air. The velocity of translation 
of the cylinder being 


EP ei A es ea tenement hari patella HT (15) 
the radial velocity at the surface r=a will be 
= OD — geitt LCOS IO Maaco th et assvecneesccerancncece tenes (16) 
The corresponding value of ¢ is 
ha AD dH) COBO EL, Gi. wk isacbeete BRE. 8 Cs (17) 
with the condition ML) WL) FeAl Op, «Ra sesencsaten taede Meee eect han ones (18) 


If, as we will suppose, the circumference of the cylinder is very small compared with 
the wave-length of the sound, ka will be a small fraction, and we find from (13) 
a 4 wka*a. 
Hence at distances 7 which are large compared with £1, we have, by (14), 


2 


a 


ikt 

$=Van)- | 

If the velocity at the boundary r=a had been everywhere radial, with the amplitude a, 
the value of ¢ at a distance would have been 


a i “=. 
asd} i(ot—kr—jin) 
p= Gr) 35 ae Race rend case nrereatpcstseecaece (20) 


wp SE 7 a DAL ER (19) 


In the actual case the intensity, as measured by the square of the amplitude, is less in the 
ratio k?a?, which is by hypothesis very small. This illustrates the effect of lateral motion 
near the surface of the cylinder, in reducing the amplitude of the waves propagated to a 
distance; cf. Art. 294. For example, by far the greater part of the sound due to a piano 
string comes, not directly from the wire, but from the sounding-board, which is set into 
forced vibration by the alternating pressures at the supports. 


The reaction of the air on the vibrating cylinder is 
‘23 2 
-| pcos6.adé= po | : & cos 8= — mpd. ta AD, (ka) et 
0 0 
= 2 Dlka) dU 
—=PO% + ta Dy (ka)" dt’ 
by (18). When ka is small, this reduces to 
, aU 
—T poe. "ap? eer eee eee eee (22) 


approximately. The most important part of the effect is that the inertia of the cylinder is 
increased by an amount equal to that of the air displaced ; cf. Art, 68*. 


304. We may also investigate the scattering of a system of plane waves 
by a fixed cylindrical obstacle whose axis is parallel to the wave-fronts. 
Assuming, for the potential of the incident waves, 
Dire aerate tceecirar aon acmutrae % (1) 
* A fuller investigation is given by Stokes, l.c. ante p. 508. 
LU 34 
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as in Art. 296, we require in the first place to expand this in a series of the 
type (2) of Art. 303. The requisite formula is 

| etke = Jy (kr) + QJ; (kr) cos 0 +... + 2089S, (kr) cos 8A+ .... wees (2) 


This may be proved directly*, by expanding e**°*, making use of the 
formula 


1 n n(n—1) * 
cos" 0 = sr feos nd + Feos (n—2)0 +95 cos (n 4A) O+ 07, 


and picking out the coefficient of cos s in the result. 


The expansion (2) involves the equality 
= | relinot Biared GPSErT. Chr ae (4) 
0 


which is a known formula in Bessel’s Functions+. Conversely if we assume 
this, as otherwise established, we may derive another proof of (2). 


The scattered, waves being represented by 


b= 5 BD, he) C08 80 isaaioces..ugessedoresceen usetee teas (5) 

the surface-condition x (D-D )eO Ee SO ioseesa teat tec vader ceenterecedoenee (6) 
: _ _ 28 J,’ (ka) 

gives B= = Dy (ka) J Pewee ree nevererenceeaceteeseesseseeees (7) 


except in the case s=0, when the factor 2 is to be omitted. 


If £a be small, we have, approximately, 


’ ’ 2 
Jy (ka) = — tka, Dy (ka) = - Tha eres (8) 
; etka 4 p it 28s! 
and, for s> 0, J, (ka) =5(¢—1)! ’ D, (ka) = F (kayert Vecccccvccccsccccvecs (9) 
wit (Ika) 
Hence By == + wk? a2, B, => 4-15! (s—1)! [s>0]. eccceceececcecs (10) 


The most important terms correspond to s=0, s=1. Neglecting the rest, we have, for 
the scattered waves, 
p= —f wk? a? {Dp (kr) — 2D, (hr) COS Oh... ceececesccceessceen ees (11) 


For large values of kr this becomes, on restoring the time-factor, 
, 5 2 : 
¢= -VGn)H2 (14-8 008.6) OPO RT Ne) ost cape ens (12)t 
r 


The rate (per unit length of the cylinder) at which energy is carried outwards by the 


scattered waves is 
Qr og “ 23 Clay op 
I, by ap ram — por | 28 Or 2 


* Heine, Kugelfunktionen, i. 82. The method employed in the proof of Art. 296 (7) is also 
available. 

+ Watson, p. 21. The case s=0 has already been met with in Art. 100; it may be interpreted 
as shewing how the potential J, (kr) can be obtained by superposition of systems of plane waves 
travelling in directions uniformly distributed about the origin in the plane zy; cf: Art. 289 (7). 

t Cf. Rayleigh, Theory of Sound, Art. 343. 
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where 7 may conveniently be taken very great. If we substitute the real part of ¢‘ from 


(12), the mean value is found to be 
Bikar aiid CODES concootseb oot roceh enemy ate Pern eter (13) 


The energy-flux in the primary waves is, as in Art. 297, $pok2c. The ratio of (13) to this 
is (since ¢=kc) 
Meco Oe) RAC om acca Sie a ar Aye (14) 


Thus a wire 34 of an inch in diameter scatters only 6-63 x 10-8 of the incident energy, 
when the wave-length is four feet. 

305. The approximate methods of Arts. 299, 300 can be applied to the 
corresponding problems in two dimensions*. The formula (5) of Art. 290 is 
now replaced by 


bp=—4[ Do(kr) SP do+3 [6 2 Dy (hr) ds, essen (1) 


which is established in an analogous manner. In the case of a region 
extending to infinity the line-integrals can be restricted to the internal 
boundary, provided that at a great distance R from the origin ¢ tends to the 
form D,(kR) or e~#2/R3, 


0=-4} [D (kr ef ds+t |b Dy (ka ) ds, Wate pet sel) 


where 7’ denotes distance from a point P’ external to the region considered. 
Within a region whose dimensions in the plane wy are small compared 


with the wave-length kr will be small, and the formula (1) reduces to 


ml 0d «| r) 
b= 5-[logr s® ds— 5 [b= log rds, Ott or eee (3) 


n 
where a constant term has been omitted. This satisfies the equation 
Witches... Mes ole a aloo Gon (4) 


appropriate to the case of an incompressible fluid. 


1°. Taking first the direct impact of waves on a plane lamina, we write 
ONES OTE a) aantieg pqo0nb coco eR Se. COUBREbOnOO sasuu Lic (5) 
where y is the potential of the scattered waves. If the lamina be supposed to occupy that 
portion of the plane =O which lies between the lines y= +6, the condition to be satisfied 


by > ¢ is 
Men the pe Oibeny cB) lastrseorscerscesttrecse (6) 


If we apply the formulae (1), (2) to the region lying to the right of the axis of y, and 
take P’ at the image of P with respect to this boundary, we find by subtraction 


poe 
xeu3 |, Fe DR ite ayer igre (7) 


where the values of x and 6D)/@n on the positive face of the lamina are to be understood. 
If x, y refer to the position of P we may write 0/dn=—4/éx; and at a distance r from the 
origin, large compared with 2b, we have 


x=}, ely 2 Dy (kr); AEE nn eA ea omer (8) 


* Rayleigh, ll.cc. ante pp. 517, 519. 
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cf. Art. 299 (4). The definite integral is one-half the ‘impulse’ of the lamina (per unit 
length) when moving broadside-on with velocity 74 in an incompressible fluid of unit 
density; hence by comparison with Art. 71 (11) 


> 
\ XA H Pb, BD ccervernsencenser ceiver (9) 
and therefore Xp=—pinkb? x Do (kr) = fim k?B2D, (kr). 008 8. ..esceeeeees et iat (10) 
When fr is large this reduces to 
cae eee eat EET) con A sascha caravanr eigen ees ray 
3 


by Art. 303 (14). 


The ratio of the energy scattered per second to the energy-flux in the primary waves is 
easily found to be 
Pa (kOe 2D, vesceosnvnecansunsvinnosiian sees arenas (12) 


which is exactly one-sixth of the corresponding ratio in the case of a circular cylinder of 
radius 0. 


2°, In the case of an aperture bounded by parallel straight edges (y= +0) in a plane 
screen (c=0), we assume as in Art. 299, 2° 


oH for py, and” Gay) ic .ccdennsetosseensncoseuenes (13) 
for the two sides respectively, and seek to determine x, x’ so that 
Yih FV SE cashcnetasdescoseacescneecenecleceatnce (14) 
over the aperture, whilst ini Seas (15) 
: mee gO settereseeseeneteeeneeneeeeeeeeneetaey 


over the screen. Now if. we apply (1) and (2) to the part of the plane lying to the right of 
the axis of y, and if we further take P’ at the image of P, we have by addition 


6 ox 
xp=—4] Do Uo at ee Soe Seek ca (16) 


where én is drawn from the positive face. At distances 7 from the origin which are large 
compared with 26, this becomes 


D9 
xp=— hf Ady. Doli) Rol. cae (17) 


In the immediate neighbourhood of the aperture the motion represented by the 
functions x, x’ must resemble the flow of a liquid through the same aperture, and an 
approximate value of the definite integral in (17) is accordingly obtained by comparison 
with the results of Art. 66, 1°. It appears that corresponding to a flux unity through the 
aperture the increment of x in passing from the aperture itself to a distance r which is 
large compared with 20 is 

1 
= log a 


We may still suppose r to be small compared with the wave-length, and the formulae (14) 
and (17) then shew that the corresponding increment of x in the actual problem is 


th (Pe Gh ; 
1+ = pan log dkrt+y+hin), sola nate ices Se (18) 
by Art. 303 (12). Equating this to 
iL fe ox 2r 
=| hay tog TD Steet cece c ecm eereenesceneecccseeenss (19) 
’ 9 


we find A a 
[2 ry logjkb+y+4in* Cece rere ee eeresseresesesecs ...(20) 
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Hence when fr is large, we have from (17) 


- bu = : ey eeepc 
XP log tkb+y+4ir Dy (tn) = res ycyie (a) e Abie dietes (21) 


The value of x’ at any point P on the negative side of the plane x=0 is equal and 
opposite to the value of y at the image of P with respect to the plane. 


The ratio of the energy transmitted through the aperture’to the energy-flux in the 
primary waves is found to be 
gn 


kb {(log kb +)? +327} ° ae 


If the wave-length be 10, or 100, or 1000 times the breadth of the aperture, the factor 
of 2b comes out equal to 1-240, or 3°795, or 17-20, respectively. 


Pee ee ae (22) 


3°. The two-dimensional problem of the diffraction of plane waves by a cylindrical 
obstacle of any form of cross-section can be treated by the method of Art. 300*, the 
formula (1) above taking the place of Art. 290 (5) in the investigation. As no new point 
arises, it will be sufficient to state the chief result. The waves are supposed to be incident 
from the direction (A, p, 0), and we write, accordingly, 


ey eh ado apse a mies sale. 8. fale mative (23) 
where x is to represent the scattered waves. We assume also that the axes of 2, y have 
special directions in the plane of the cross-section, such that the kinetic energy (per unit 
length parallel to z) of an incompressible fluid of unit density, when the cylinder moves 
through it with velocity (u, v, 0), would be given by an expression of the form 


BCAUE A: BU res aacarce ss acnancs ccs metas cn nese (24) 


the term in wv being absent. The dimensions of the section being supposed small compared 
with the wave-length, the waves scattered in the direction (A,, 4, 0) are given by 


BS -itertiny yi (kr+dm) 
=— Tae) — A+S))\\,+(B+S nod As 
Xp (8x kr) (an kn +8) dA, +(B+S) pi} e » ++(25) 


where S is the area of the cross-section. 


For an elliptic section whose semi-axes in the directfons of a, y are a, b, we have 


(see Art. 71 (11)) 
Sarai ds re Eee. Fe sannobsedcconpane nncsones (26) 


In the cases of a circular cylinder (a=5), and of a flat lamina (a=0), we reproduce results 
already obtained. 


306. We may also investigate the disturbance produced in a train of 
plane waves by a thin screen which is interrupted by a series of parallel, 
equal, and equidistant slits. As before, the treatment is approximate, and 
involves the assumption that the wave-length is large compared with the 
distance between the centres of successive apertures. 

As a preliminary question, we require to determine the flow of an incompressible 
fluid through a fixed rigid grating of the above kind. This can be solved by Schwarz’ 
method (Art. 73); but for the present purpose it will be sufficient to state, and verify, 


the result. The axis of x being taken normal to the plane of the grating, and that of y in 
this plane, at right angles to the lengths of the apertures, we write 


COSY th COS iC eaee tes sea riots stedselseren ose iss reesei (1) 
where, for the moment, 
w=p+y, BEAST, senonenionseqontoon dadudeegcdosubonr (2) 


* Cf. Rayleigh, l.c. ante p. 519. 
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and the constant » is supposed greater than unity. This makes w a cyclic function; but 
we avoid all indeterminateness if in the first instance we confine ourselves to that half of 
the plane zy for which r>0, and if further we fix the value of w at some one point. We 
will assume that at the origin y-=0, whilst ¢ is equal to the real positive value of cosh! p. 


The formula (1) gives 
cosh ¢ cos =p cosh & cos y, sinh fd siny=psinhrsiny. .........00 (3) 
The locus ¢=0 consists of those portions of the axis of y for which 
1>pcosy>-—1; 
these represent the apertures, so that on the scale of our formulae the half-breadth of an 
aperture is sin~1(1/u). For other portions of the region >0, ¢ will be positive. Again, 
the lines P=0, P=+7, P= +27, ... will consist partly of the lines y=0, y=+7, 
y= +2n, ..., respectively, and partly of those portions of the axis of y for which 
|pcosy|>1; 

these latter correspond to the parts of the screen between the apertures. 

The curves ¢=const., y=const. are traced, for a particular case, on the opposite page, 
the value of » adopted for convenience of calculation being 

p=cosh $7 =1:2040, 


whence sin~! 5a 32m, cos! — 1887. 
B 


The latter numbers give the relative breadths of the apertures and of the intervening 
portions of the screen. 


The formulae (3), and the diagram*, admit of a variety of interpretations in Electro- 
statics and other mathematically cognate subjects. In the present application we must 
suppose that at points symmetrically situated on opposite sides of the axis of y the values 
of y are identical, whilst those of @ are equal in magnitude but of opposite signs. 


It appears from (3), or by inspection of the figure, that the function @ in (8) is a 
periodic even function of y, the period being 7. It can therefore be expanded by Fourier’s 
Theorem in a series of cosines of multiples of 2y, the coefficients being functions of x 
whose general form is to be determined by substitution in the equation 


V3 Gin Oe De sik coca lasts tee ns ee (4) 


Thus, for «-positive we find, having regard to the condition to be satisfied for large values 
of x, 


p= log p+o+S Cle—3 cog B80 Aaa csk thesethece (5)t 
1 


If we introduce a more general linear unit, and denote the breadth of each aperture 
by a, and that of each intervening strip by 6, we may write 


wr. Tv 


sinh } sin. yep ainhs ray ..(6) 


Ee we Ty 
cosh ¢ cos p=p cosh 7, oe ari 


where pe=sec =cosec 


wb wa 
ave 18) CES.) (7) 


* Taken from a paper cited on p. 538 below. A formula equivalent to (1) was given by Larmor 


in the Mathematical Tripos, Part II, 1895. 
+ The precise values of the coefficients C, aré not required for our purpose. It may be shown 


that 
(290 ie Lave 1 
=‘ F(s, a 1 3)= : (:- a) B (148, 1-81, 4), 


in the hypergeometric notation. See the paper cited. 
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Waves incident on a Grating 
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The expansion (5) is now replaced by 


ne QWsry 8 

p= log n+ 2 +3 C,e7 “8 cos peu e ee e  e (8) 

where Peay et Mirae tes eee ore te re ot ty ee (9) 
a+b 


We turn now to the acoustical problem. Corresponding to a train of incident waves 
whose potential is e#*, we assume * 


Sa etke pe He py, Or BDH’, cccerecccecceseereeeeesrees sent O) 
according as 720. As in Arts. 299, 2°, and 305, 2°, we must have 
x=-], X 1  vcscevscwcneneassnernannsssesessss>" (lily 
over the apertures, and ex 0, x Wmanenidcsine sep cedsnceravameceecacsasonte: (12) 
a Ox 
over the rest of the plane «=0. Since y must satisfy 
(0.224?) = OS ona pete nsasnsscvaememonenmnernestonaiaes (13) 


and must further be periodic with respect to y, with the period a+0, it must admit of 
being expanded in a lourier’s series of the form 


2Qsrry 


y= Bye #43 B,e—*s* cos DAB? eereeeeetesesesenees (14) 
A= t 
provided d= tora & sqonoeiethosebodecandn bose Seacsasod (15) 


Since, by hypothesis, a+ 0 is small compared with the wave-length 27/k, the quantities A, 
are real, and, moreover, differ respectively very little from x«,. Terms involving e*s* are 
excluded by the condition of finiteness for =, so that the waves represented by y are 
ultimately plane. The fact that they must travel away from the grating justifies the 
omission of the term in e, 


If & were zero, the conditions determining y would be the same as if the fluid were 
incompressible, and we should have 
YS al ct C Diiedesacasateisecedacstooute nore crcceseroscocs (16) 


where ¢ is the function determined (in the manner above explained) by (6), and C is some 
constant; and we may anticipate that the same expression will hold approximately in the 
actual case for the immediate neighbourhood of the grating. Again, for small values of hx, 
the expansion (14) takes the form 

ee ~ the) +3 Bye cos S7Y 
where the substitution of «, for A, in the exponential involves an error of the order 
k? (a+b)?/4mr°, Hence, substituting from (8) in (16), we find that (16) and (17) are in fact 
identical, provided 


; C 
By= —1+ Clog p, —thBy= PRE A irae ee (18) 
and, for s>0, a EOC eo aes cattn aniseiee eee toon ee (19) 
i} 
H SS —_ ——— 
ence By THGb]? creer Raecucweee +0e(20) 
her ,_ a+b 
where l ay PB) einer eriteetere tes eeceneeees (21) 


* The symbol ® is here used for the acoustic velocity-potential, as ¢ is at present used in a 
different sense. 
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As regards x’, all the conditions are satisfied if we suppose that its value at any point 
P’ on the negative side of the grating is equal in absolute magnitude, but opposite in sign, 
to that of y at the image P of P’ on the positive side. Hence 
x = — Boe — 3 B,es* cos ay EA AR Ser rc anc tnG (22) 
At a distance of several wave-lengths ee the grating the last terms in (14) and (22) 
may be neglected, and the waves are sensibly plane. On reference to (10) we see that the 
coefficients of the reflected and transmitted waves are 1+ By) and — Bo, or 
tkl Bas. bat 
1+7kl 1+7kl’ 
respectively, that of the primary waves being taken as unit. Hence the intensities J, I’ of 
the waves are given by 
ee Fie 1 
1+ R72? 142212" 
For sufficiently great wave-lengths there is very little reflection, even when the aper- 
tures occupy only a small fraction of the area of the screen. As corresponding numerical 
values we have 


Zab= 2 590, “374, 251, 169, “110, “067, 037, 016, -004, 0. 


Let us suppose, for example, that the wave-length is ten times the interval a+, and that 
the apertures occupy one-tenth of the area of the grating. It will be found that the 
reflected and transmitted intensities are 

peal 2A en oio, 
respectively. Notwithstanding the comparative narrowness of the openings, 88 per cent. 
of the sound gets through. 


307. A similar method applies to the case of a grating composed of 


parallel equidistant wires. 


It was shewn in Art. 64 that the potential- and stream-functions for a liquid flowing 
through a grating of parallel cylindrical bars of radius b are given approximately by 


TZ 
é (1) 


where a is the interval between the axes of Pectrcr bars, provided b<}a. 


If the real part of z be positive, we have 


w= +7 (14230), CA) RIN I MB AN (2) 
aimee Oy 
whence paot@ (14230 a cos aH), haapeenucaiteseniesennsres (3) 
1 


Similarly, if z be negative, we find 
oo 2sTe 
p= oT (14230 © 4 cos ot, sBoodboccoansra8 aan apbadaont (4) 


In the acoustical problem the velocity-potential will be of the form 


b=cikt + Ae te +5 C,e- As” cos oe ietramogansecaee camasieee (5) 
1 


: eS 2s 
or d= Beikx — & C,e—48* cos ae SP tae Mi cvaceaaubneteeds (6) 
7 


538 Waves of Expansion (CHAP. X 


according as #20, where X, is the positive quantity defined by 
2,78 
BGS IF iN et ENNIS A? Pe es (7) 
a 
For values of x which are small compared with the wave-length we may ignore the 
difference between , and 2sm/a, provided the wave-length be large compared with a. 
Under these circumstances the formulae (5), (6) reduce to 


co Zoe 2Qs8rr, 
@=14+A+7k(1—-A)v+2C,e 9% cos Hib Aten Ga some (8) 
* 1 
Pgs ape Qsr7 
and @= B+ikBr— dC,e 4 COS Ty craseeeseeeecesesseeessseneeses (9) 
1 ; 


respectively. The function & accordingly assumes the form 


Pe ah AA seis csiadehenssebescnneeeseneaeney (10) 
where ¢ is determined by (3) and (4), and a, 8 are constants, provided 


2 2 2 
1+ daa 48, B=-a at +8, tk(1-A)=a, tkB=a, C,=20%, Eatth) 
kl u 
These make Toca’ mean 7 cs re ec (12) 
where Uae D3 tine sttnc te Seen eras saligaceanes scenes (13) 
The intensities of the reflected and transmitted waves are therefore 
hl2 p 1 
I= 1+h2 9 = 1+F2 © eocccrccer cee severe seveccceesone (14) 


If the half-wave-length be large compared with 6?/a, we have free transmission, with 
hardly any reflection. This further illustrates the “extreme smallness of the obstruction 
offered by fine wires or fibres to the passage of sound*.” 


308. The diffraction of plane waves of sound by the edge of a semi-infinite 
screen, and the formation of a sound-shadow, have been investigated by 
Sommerfeld+ and, with some extensions, by Carslaw}. It is to be remarked 
that the data, in this problem, involve no special linear magnitude except 
the wave-length, and that the general character of the results is accordingly 
independent of the latter. The case of normal incidence can be treated very 
simply as follows§. 

We will suppose that the screen occupies that half of the plane xz for which # is 


positive. It is convenient to introduce the ‘ parabolic’ co-ordinates of Hankel and others. 
We write 


betray ae (EA UH), as vtconscneieien esas Saba vee detoue gomed (1) 
or UN SS tis wel WSN Ad ase aise SRE ORDA SOSUENB ODA seo SEGRE (2) 
and therefore Boar a BAA 5. vrai todederee Detar sete esceea Me teed oaks (3) 


* Rayleigh, Theory of Sound, Art, 343. 

The investigations of Arts. 306, 307 are adapted from a paper ‘‘On the Reflection and Trans- 
mission of Electric Waves by a Metallic Grating,” Proc. Lond. Math. Soc. (1) xxix. 523 (1898). 

+ ‘‘Mathematische Theorie der Diffraktion,’’ Math. Ann. xlvii. 317 ( 1895). 

t ‘Some Multiform Solutions of the Partial Differential Kquations of Physies...,” Proc. Lond. 
Math. Soc. xxx. 121 (1899). 

§ The method is taken from a paper ‘‘On Sommerfeld’s Diffraction Problem, and on Reflec- 
tion by a Parabolic Mirror,” Proc. Lond, Math. Soc. (2) iv. 190 (1906). 


307-308 | Semi-injinite Screen 539 


if * denote distance from the origin. The curves 
€=const., 7=const. 


form a system of confocal parabolas, the common focus being at the origin. 


é 


The co-ordinate 7 may be taken to be everywhere positive, except at the two surfaces of 
the screen, where it vanishes. The co-ordinate € will then have opposite signs on the two 
sides of the axis of x, and will vanish over the free portion of this axis. We easily find 


ben at Ea oe GS 


on 2r? Oe dd 4) 
eebelby ABS WAT Bemoscc se Soak ( 
De ea 
The velocity-potential @ must satisfy the equation 
Op Re 
an? F dye t AP = OWN seaianie cin caisienlag able sieasasigiele sae ances (5) 
the time-factor being e**¢t as usual. 
The primary waves being represented by 
(aa Re AE ABORT My EGROR ee i diicisciion (6) 
we seek for solutions of the types 
ey y, EMU ODE we emadeatenstncssas; tease see nce tees (7) 
Taking the first of these, we have 
Ou cu Ou 
Fgh + Fat 2th 5 HO. coveeeeeceeersstetttttesseneseseee (8) 
In virtue of the relations (4) this takes the form 
Ou Ou 
cat aatd i(nge+é =) =0, sigs priceiewnntedeeratoviasesnrane (9) 
which is satisfied by 
bi Mf Ee Ay mT (ON fees oink tee ie ee Le (10) 
say, provide 
al jal aay 
de OM ren ee recarsicadscnrs Janncmecer set ys 
z.e. provided 
+ j 
ps 4+Bf) [EPL Chip ith oe POON ae (12) 


Now when a is large and positive we have the asymptotic formula 


it, oO dem h fre oy. en eiuee secstae eee ee (13) 
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Hence at a great distance from the origin, on the side of tied Ae we have 


iky — 1 ky Pls Rory OLA OSCOOUE 14 
we ¥=(A+4/rBe- SANE +ser 5 (14) 


approximately. The last term represents waves diverging from the origin. 


In a similar manner we could obtain a solution 
a7 
Pace CEM f | MAGE? «eet eee (15) 
0 
but as this would include waves converging towards the origin, it is unsuitable for the 


present purpose. 


Again, starting from the second form in (7), we obtain the solution 


f— 
PGT J hpi ie ae AAG Te eee ee (16) 
0 


together with another which is disregarded for the reason given. 


We proceed to shew that the combination 
e+ PY Sa 
p= Aety + Co~ity + Bes "e~tde + De~ [ OFAC Seon omar ded (17) 
0 0 


can be made to satisfy all the conditions of the question. 
In the first place, when » is large and negative, whilst y=0, @ must reduce to the 
form (6). Hence, putting £=0, n=, we find, having regard to (13), 
AL red CoB alg dO lee od) Ona ates (18) 


Again, when y=0 and x>0, we must have 0f/dy=0. Making use of (4), and putting 
7=0, we find that this condition is satisfied if 


A=C, 2 Stat D), RE HPO Ae eye A psc REN (19) 
Hence 


Ronee ie Oey ge Seo me 
p= (ev + e— thy) 4 —_ {ew [ ete ey | e-ag a daee edie (20) 
Nes 0 ty) 
This is equivalent to the form which Sommerfeld’s result assumes in the case of normal 
incidence*, 
When &+7, €—7 are both large and positive, the formula reduces to 
pb = ety + ety, 


This refers to the region in front of the screen, at a distance to the right, the second term 
indicating complete reflection. 


- When +7 is large and positive, whilst €—7 is large and negative, we have 


Cbs GH, Bs sk Meo ic. sha ee @ eee: (22) 


approximately. This refers to the region lying well to the left of the axis of y, where the 
primary waves predominate. 


When +n, €—7n are both large and negative, we have 


hacOis PRM ded tian eee tie Ce ee (23) 


this refers to the sound-shadow behind the screen. 


On each side of the plane y=0 there is an intermediate region in which the transition 
takes place from the state of things represented approximately by (22) to that represented 
by (21) or (23) respectively. To foe a criterion for the validity of our approximations, 


* For the case of oblique incidence reference may be made to papers cited on p. 538. 
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we choose a quantity o such that w./m may be regarded as large*. The results (21) and (22) 
were obtained on the supposition that |é—7|, as well as |é+7]|, is large. The boundary of 
the region in question, on the side of y-positive, is therefore found by putting |&—n|=o. 
This leads, by (2), to the parabola 
k 2 
Va55 a = Mer cscs sos telistncn beck cee ame tasianvaneern (24) 


whose latus-rectum is proportional to the wave-length. The corresponding region on the 
side of y-negative is bounded by the parabola 


These intermediate regions are the seat of the diffraction phenomena which are im- 
portant in the optical analogy, but must here be passed over. It is not difficult to shew 
that at points near the boundary of the geometrical shadow, whose distances from the 
edge of the screen are large compared with the wave-length, the results will be in practical 
agreement with those obtained by Fresnel’s methodst. 


Atmospheric Waves. 


309. The theory of waves travelling vertically in the atmosphere is of 
some interest as an example of wave-propagation in a variable medium}. 


Let the axis of x be drawn vertically upwards, and let & denote the vertical 
displacement at time ¢ of the plane of particles whose undisturbed position 
is a. Let p and p be the corresponding values of the pressure and density, 
the equilibrium values being denoted by po and po. These latter quantities 
are subject to the statical relation 


0 
be Site panned wiqenia to sae add (1) 
The dynamical equation is 
: Dilys OP 0 
Po =a =— 5, — 9Ppo=— = (P — po); lalolsioleiele) sie * elem shales (2) 


and the equation of continuity is 


: (1 es zE) Se (3) 


If we ignore conduction and radiation of heat, the values of p and p at any 
point are connected by the ‘adiabatic’ relation 


p/Po = (p/po)”, coe e rece eee es ee er soctiosseereee (4) 
where y denotes the ratio of the two specific heats. Hence, to the first order, 
7) 
p—po=—"1po 2. Bes bapeetandas ahs. cdaa hanes (5) 


* The value of w need not be more than moderately large. If, for instance, we put w=6, the 
error in the approximation does not amount to more than 10 per cent. 

+ See the paper quoted. The diffraction of a ‘solitary wave’ is discussed by the author in Proc. 
Lond. Math. Soc. (2) viii. 422 (1910). . 

+ The question has been treated by Poisson, l.c. ante p. 493 and Rayleigh, ‘On Vibrations 
of an Atmosphere,” Phil. Mag. (4) xxix. 173 (1890) [Papers, iii. 335]. The investigation in the 
text appeared in the Proc. Lond. Math. Soc. (2) vii, 122 (1908). 
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Substituting in (2), we find 


2 2 
Tet ng reatheeioaehocs digndtatins (6) 
provided Gt "yal Doh a acea<eedteas vesiea nena daeew ay (7) 


ie. c denotes the (usually variable) velocity of sound corresponding to the 
properties of the medium at the plane a If H denote the height of the 
‘homogeneous atmosphere’ corresponding to the temperature at this plane 
we have 
CF ay Eh Oe ee a eae eee cee (8) 
Let us first suppose that the equilibrium temperature is uniform, so that 
Hand ¢ are constants, and 
po = (le Pieters ee eee (9) 
It is convenient then to take 2H as unit of length, and to adjust the unit of 
time so that c=1. On this convention we have 


TOL cate A SIRE AEE Mer OSB (10) 
ote ake, Gio Or 
and ai = ape an Weeiccececcccectvca cos theese ( 11) 
If we write EU ae ssare 5. ales eocesas ote (12) 
: Ou d®u 
this becomes aye Aga cetttrerttseeteteeeeeeeeseee (13) 


In the case of simple-harmonic vibrations, the time-factor being e*7*, we 
have, if o?>1, 
be =e A MET oh Ne 1B tat en (on EW eee ener? (14) 
the first and second terms representing wave-systems which are propagated 
downwards and upwards respectively. 


When o? <1, we have 
apex | Aes he ere Bend ot)a) tet. Tis, aye eee nae (15) 


Each term represents a standing vibration such as would ultimately be 
established in consequence of the continued action of a simple-harmonic 
plane source, the two terms applying respectively to the regions below and 
above the source. 


Hence the disturbance due to a prescribed vibration 


Sie dirt cc ae ee (16) 

maintained at the plane «=0 will be given by 
be er eee te tor Leet ee (17) 
or Ete gl TN (hr ot) Be gtot eS [ig keel) diem, ald onpiieennys (18) 


where the upper or lower sign is to be taken according as « = 0. 
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Again, the disturbance due to a periodic force et concentrated on an 
infinitely thin stratum at «=0 is found to be 


a 


a Ae eg (19) 
ee f= aa SA OLY ae Cal eee (20) 


provided the density at 2 =0 be taken as the unit of density. To verify this 
we remark that, in terms of our present units, the formula (5) becomes 
0 
p—po=—e-™* ae pedis ee ean trado ghey (21) 

The formulae (19) and (20) accordingly give, for the difference of pressure 
on the two sides of the plane x=0, the value e*’4. It will be noticed that 
the amplitudes given by (19) and (20) increase indefinitely as o approaches 
the critical value unity. In general units the critical value of o is c/2H and 
the corresponding period is 477rH/c. For air at ordinary temperatures this is 
(very roughly) about 5 minutes. 


It appears from (14), on restoring the general units and taking the real 
part, that in a progressive train of waves of length 27/k we have 


Fa ae4 cos(at ther), Oe Aiiisesiese ste .tees (22) 
with Fpl ah ara iy at fs At Me I REESE (23) 
The wave-velocity is therefore 
o 1 
V=Z=cy/(1+ qm): Peer errr err eseerene (24) 


This varies with the frequency, but so long as the wave-length is small com- 
pared with 4H, it is approximately constant, differing from c¢ by a small 
quantity of the second order. The main effect of the variation of density is 
on the amplitude, which increases as the waves travel upwards into the rarer 
regions, according to the law indicated by the exponential factor in (22). 
This increase might have been foreseen without calculation; for when the 
variation of density within the space of a wave-length is small, there is no 
sensible reflection, and the mean energy per unit volume, which varies as apo 
(a being the amplitude), must therefore remain unaltered as the waves 


proceed. Since po « e-*/Z, this shews that a « e/%, 


It is easily verified that the mean energy per unit volume in either of the 
trains represented by (22) is 


and that the rate of propagation of energy is equal to the kinematical group- 
velocity 


da Cc 
Sa et ee ee SSS) NaI a! ceernee 26 
hor Sr V(1 + 1/442?) 39) 
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The atmosphere has been supposed unlimited, upwards and downwards, 
but the effect of rigid horizontal boundaries is easily ascertained. For instance, 
in the case of an atmosphere resting on a plane s=—h, if a prescribed 
vibration 

& =acosot [o >c/2H | 
is maintained at the plane =0, we have 
£ = aet#/# cos (ot — ka), [vz >c] 
sink (# +h) 
~ sinkh 
where the relation between & and a is as in (23). 


and & = aet/E cos at, [a<c], 


To find the free motion consequent on arbitrary initial conditions we start with the 
typical solution * 


in /(k?+1)2) . = 
u={a (k) cos V(2+1) t+ BH) EA FMT ee ne (27) 
of the equation (13). This makes : 
u=A (bh), == 8 (BT 0], Ole ee ence (28) 
Generalizing by Fourier’s Theorem, we have 
ce} i) 7 2 
v= | A (4) cos (+1) t,o a+ [ B(k) cated TR ADRES 
= 1 : — ika ey is — tka 
where A ®=x [7 Fe eda, B CD inal [Fe CEMANI TB, esenc6baRes (30) 
This satisfies (13) and makes ; 
u=f (2), a B(x). [iO et ee (31) 


As an example, let us suppose that there is no initial displacement, but that an initial 
momentum is concentrated in the neighbourhood of the plane «=0, We have then 
J (#)=0, whilst (x) is sensible only for infinitesimal values of 2, for which it becomes 
infinite in such a way that 


ie Ov Ret Lee (32) 


say. If the density at the plane v=0 be taken as the unit of density, this makes 
the impressed momentum to be unity (per unit area of the plane). Hence x (4)=0, 


B(k)=1/27; and 
Bs sap (fe pike SD VR TV t oy 


Rist JUBHL) th vests eesteseeeesteateane (33) 
The integral can be evaluated. We have, by a change of variable, 
uaz fo sin (¢ cosh o-+asimh @) do. 

If 2> 2%, we write y 

t=,/(?— 2") coshB, x=,/(2-2%)sinhB, o+B=o’, 
and obtain 

1 - = , , , 
u= =|. sin {./(t?—2*) cosh a} do’ =$)py {/(t2—4)}, .occceseseseeee (34) 


by Mehler’s formula (Art. 194 (7)). 


‘ The method is similar to that adopted by Poincaré in the case of the ‘équation des 
télégraphistes’; see his Théorie analytique de la propagation de la chaleur, Paris, 1895, c. viii. 
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On the other hand, if 2 <2, we write 
t=,/(2?—2) sinhB, «= +,/(22-#2)coshB, w+B=o’, 


and obtain u= = = ” sin RA) (hte-d8) SINE 0) Poe ON... srcces-ceundeivannes (35) 


The disturbance does not reach the position x until after the lapse of a time t= +4, 
and the subsequent displacement is given by 


a Od Cre oS ee eee (36) 
or, in (orme of general units, 
1 se) 
ST OF a Ee fig dete siecionsclseslegaceeueteares 3 
é 2 /(popo') of 2H ae 


where py is the density at the position x, and po’ the density at the place (x=0) where the 
unit impulse was applied. The structure of this formula is in accordance with a well-known 
law of reciprocity*. It will be observed that the displacement & at any point does not 
remain constant after the wave has passed it, as it would in the case of a uniform medium, 
but fluctuates in sign with a continually decreasing amplitude. There is, moreover, a 
tendency to a definite periodicity in these fluctuations; viz. the period tends to the limit 
27, or 44 H/c in general units. 


The verification of the conservation of momentum in this problem may be noticed. 
Consider the linear moment (mz), with respect to the plane «=0, of the mass of air 
included between the upper and lower boundaries of the wave-system. As compared with 
the equilibrium state, this has been increased by 


| E potde=} | - FIG eh dee | c cosh a Jy {a/(f2— 2%} da. ......(38) 


It may be shewn that this definite integral is equal to ¢+. Differentiating, we verify that 
the total momentum is unity. 


310. Let us next suppose that the equilibrium temperature, instead of 
being uniform, diminishes upwards with a uniform gradient. This implies an 
upper boundary to the atmosphere, and it is therefore convenient to take the 
origin in this boundary and to measure w downwards. Accordingly, if @ be 
the equilibrium temperature (absolute), We write 


A = Re, Cee e eee rere error erereereeeeeeresenes (1) 
where # is the uniform temperature gradient. Since po, po, are connected 
by the relation 


Po= Repo, ooo eee er env eeseeercesvene eeeeee (2) 
h 1 dpo _ 1 dpo _1 dO _gpo_ 8B _m 
ht ide po da - pode Ode py 8 x’ 
provided i= Re ON PN PEN cies cigesad oat entde (3) 
Hence por x”, DADs fics Pracabsessegay tas (4) 


* See Proc, Lond. Math, Soc. (1) xix. 144. 
+ By direct multiplication of series we find 


cosh (t cos 6) Jy (t sin 9) =1+ 5 P, (008 4) + a P, (cos 6)+...; 
whence i cosh (t cos @) J, (t sin 6) sin 9@d6=1, 
by Art. 87 (3). The expansion is due to Hobson, Proc. Lond. Math. Soc. (1) xxy. 66 (1893), 


LH 35 
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In the case of an atmosphere in ‘ convective equilibrium*,’ where po X po’; 

we have my=m +1, or 
L at (y= lye a 5 

ail? pis yR = 84; say. elgfetels' dra) on cteteayane ( ) 

If 8=g9/R we have m=O, and the density is uniform. This condition, 
however, like all others in which m has a smaller value than that given 
by (5), would become unstable if the restriction to vertical motion were 
abandoned. 

For the equation of motion we have, spr the sign of w in Art. 309 (6), 


m= 


OE nore 
Bien “appa wo, saya Gat Bhagaenap eee a Charette dcscalaaca adie (6) 
where OF = Wel Po S Vie Stik. -c eeee stu amass (7) 
Now let us write 
_ ("de _ Aa sagt 2 
r= [= 4/ (a): Ol Gi ay LUSTER, cn wombaenes (8) 


so that + denotes the time which a point moving always with the local velocity 
of sound would take to travel from the top of the atmosphere to the position a. 
If in (6) we replace « as independent variable by 7, we get 


Ge GF 2m+1 = 


ape = Bak ae ee (9) 
where m is given by (8). 
In the case of simple-harmonic vibrations (e’**), we have 
Of 2m +1 of 4. ote 
= ee P= Osre nda weet (10) 
the solution of which is 
Ean PA ALOT) ld can Ot). ae ean ee ocstee ees (11) 
It follows from Art. 309 (5) that 
0 0 
P— Pox pose cc nama cesiias wie algae REED (12) 


and in order that this may tend to the limit 0 for > 0 we must have B=0. 


The solution corresponding to a vibration 


Slee | ic MN Oren Coe tine Ste N ba st (13) 
maintained at the plane for which 7 = 7}, is accordingly 
4 hes Jim (oT) Ca: 
g=(2)"5 Renta (14) 


Kor large values of or we have, from Art. 303 (14), 
Ea —. ae sin (or + }r—4mm) CER el ans singun a aeeen (15) 


* Sir W. Thomson, Manch. Memoirs (8) ii. 125 (1862) [Fapers, iii. 255). 
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Hence (14) represents a standing oscillation due to superposition of two wave- 
trains of equal amplitude, travelling upwards and downwards respectively. If 
Az, Ar be the changes in w and 7 corresponding to a wave-length (A), we have 
A (cr) = 27, and therefore ultimately, when z is large, 
A= Az =$yRBr. At =my RBt/o = 2re/o, ....ceccsaes (16) 
as we should expect. 
The expression (14) becomes infinite when 


TES| ona MONO Ra ge oe eae (17) 


This determines the periods 27r/c of free oscillation of the air lying above a 
fixed rigid horizontal plane for which 7 = 7,*. 


311. Proceeding to the consideration of disturbances propagated hori- 
zontally, we take the axes of x and y horizontal, and that of z vertical, 
with the positive direction downwards. The equations of small motion are 
then, in the ‘Eulerian’ notation, 


Ou op dv op ow Op 


a noua Pos ~~ ay’ eee eomalaome peta gif aie Saas eles (1) 
Di + Pox OR eer tre we Na aitne es Sunes (2) 
0 
where X= = aE y Be, PPR Weve tas so e0n tones inne (3) 


We assume again, for the most part, that the variations of pressure and 
density from the equilibrium values are connected by the adiabatic relation 


D D 
a =¢ at RAY SO my Oe! oth (4) 
where Pea! Oy PTL gy ies siiee tenes ths Clvenes tay (5) 


i.e. c denotes the velocity of sound corresponding to the equilibrium tempera- 
ture at the level z. 

Writing Dlg DG lp Pa apes eeeee eons cise het ee (6) 
and continuing to neglect small quantities of the second order, we have 


BE ee Ew Rn Dn Ps, 
Peers a Game foe = by aint ag TPP eens (7) 


Op’ 0 
and = + w= — pox. wee ay rea (8) 
Also, from (4) and (2), \ 

= + YfyW = —YPoX: ceerereceercrecncessceseees (9) 


* For an investigation of the effect of arbitrary initial conditions see the paper by the author 
cited in the last footnote on p. 541, 
35-2 


548 Waves of Expansion [CHAP. X 


Eliminating p’ and p’, we find 


CO, Ga NG ave 
Baal XT IV) Ge Hy eX FU) 
sack Oud al a tadet je teas ae ae ae (10) 


w oO ane. 
SA wap ce ~(y-1g}x 
Hence, if &, 7, € are the components of vorticity, 
oe? d. ox =A Qe 
{EGS B= {SS —gl B.A) 


and at [ott = 0. So far, the equations are general; they shew that irrotational 
motion is impossible, except under one of two conditions. We must either 


have G=CONSh, “Y=, acess tenn manos ecemase eee (12) 


which is the case of uniform equilibrium temperature with (moreover) 1so- 
thermal expansions, or else 


d.c? 
re Gad as Sea reed since ran (18) 
dy (y-l)g 
or a Py ad ae eer se (14) 


which is the case of convective equilibrium. These inferences are in accord- 
ance with Art. 17. In either of these special cases the equations (10) are 
satisfied by 


__ _op | __ op 
u Fe iy” lee Pa (15) 
rovided 
2 ap ae 
En a (Px + gw)=FV*d +957 tours Case seaomeine (16) 


There is also the possibility of steady rotational Bet as we might expect, 
since either of the two physical states contemplated is, under the relative 
condition, one of neutral equilibrium *. 


311 a. We proceed to consider various assumptions as to the vertical 
distribution of temperature. In the case of an isothermal atmosphere, where c 
is constant, the appropriate solution is 


thee en Sea (Chew) er a= O01) as) eee ees (1) 
or more generally 


u = en (Y—hgz le a » veel aia Me atti), Pence toe eeeet (2) 
if P is a function of the horizontal co-ordinates x, y, and the time satisfying 
oP 
rE eta AMIEL a eere ranean (3) 
where V1? = 0?/dx? + 0?/dy?. 


* For further details as to this, reference may be made to a paper ‘‘On Atmospheric Oscilla- 
tions,’’? Proc. Roy. Soc. A, lxxxiv. 551 (1890), from which most of Arts. 311, 3lla, 312 is 
derived. 


311-311 a] Theory of Long Waves in Atmosphere 549 


These equations represent systems of waves spreading horizontally with the 
constant velocity c, or /(ygH), where H is the height of the ‘homogeneous 
atmosphere.’ Since on the present hypothesis p, varies as e/#, or e¥%/*, it 
follows from (4) and (2) of Art. 311 that Dp/Dt will vary as e”/, The condition 
of zero variation of pressure in the upper regions, where z-» — 0, is therefore 
fulfilled. The velocity increases with altitude, but the momentum per unit 
volume diminishes, The expansions have been assumed to be adiabatic. If 


they are isothermal, we must put y=1; the particle-velocity is then inde- 
pendent of altitude. 


In the case of convective equilibrium we take the origin in the upper 
boundary of the atmosphere, and write 


Be sao) Te Ss SRI, CP (4) 
in accordance with Art 310 (5). 


To examine the propagation of waves horizontally we assume that 4, 
in Art. 311 (16), varies as e*#-*), or more generally that, as regards its 
dependence on the horizontal co-ordinates, it satisfies 


Vg gg) Deeg eye ena bes sian sain see? (5) 

the time-factor being e*7*. In either case the equation becomes 

ad Op , (ma? 2 
egg t mag + (Ue — ke) kp =0, Lecce eroroorersee (6) 
This is simplified if we put 
Pie CPTAP GMT. ties Mi sece ess reeissteseseess (7) 
a ad ( e =) v 
thus aa +(m— 2kz) 3, 1 a Bigs 0, crete, seeewie (8) 
at 

If we put m @ mae Bets sie Tavneteaih oars « cde Seite (9) 


the solution which is finite for z—> 0 is 


Pe a a(a+1) A } 10 
nA {142 Qhe) + See ML wade che Seats (Ee ait (10) 
or ary == Ag By (@; 1; ZHZ), ocesererversososrcrsscnes (11) 
in an accepted notation*. The remaining solution is of the form 
2 eike dz 
= ee ge tapes adda nee s¢eet hn 12 
Yan Ba [Gaya (12) 


This makes 0v2/dz vary as 2” for z—0, whilst pp varies as 2. Now from 
Art. 311 (2), (4), 


= = — Cy = fy (P+ YW), verrseserscreesecvere (13) 
and it follows that Dp/Dt will not vanish for z-»0 unless B= 0. 


* See for example Barnes, Camb. Trans. xx. 253 (1906), where references to other papers are 
given. 
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The condition that 06/dz=0 for z=h, the depth of the atmosphere, now 
gives 


2a a+1 (a+ 1)(@ +4 2) 
=a VG aN, (2th) + yet OTS 5g (nn +} 
a(a+1) 
= 1+ 5 (ahh) + SE (kb + a aie (14) 
or 2 Aa +l; m+1; 2kh)=.F(@; m; 2kh). ......00. (15) 


This determines @ in terms of the wave-length 27/k. The corresponding 
value of o, and thence the wave-velocity, follows from (9). 


The chief interest is in waves which are long in comparison with h. When 
kh is small, a first pag to a root of (14) is 2¢/m=1, and a second is 


m+2 kh 
=(1+kh) / 1+" “ +5 kh) =1 a pee eens (16) 
2 
whence = = ns Ways veca viet dr-eeausecotecstetes (17) 


Now if we denote by Ay the ‘reduced height’ of the atmosphere, ze. the 
height to which it would extend if it had a uniform density equal to that of 
the lowest stratum, we have 

h 
jaf t= h [. d= nek TVS | . 
The velocity of propagation of long waves therefore tends to the value 


Vieloikwe VGHis uh ee (19) 


This may be compared with the isothermal case to which the formula (7) of 
Art. 278 relates. At 15°C. the value of Ay is about 27640 ft., whence 
V = 9483 ft./sec. 


From (7) and (10) we find, as regards dependence on z, 


oui {i + os at ha)} Reta CAT (20) 


approximately. For simplicity suppose the remaining factor to be e*(7#*a), 


Then 


u=1kA, v=, w= =o he 2) RRR (21) 


the same factor being implied. Since the ratio w/u is of the order kh, the 
oscillations are mainly horizontal. The horizontal amplitude, again, is sensibly 
uniform from top to bottom. It will appear, presently, that this feature is 
peculiar to the present hypothesis of oscillations about convective equilibrium, 
and to that of an isothermal atmosphere with isothermal expansions. 
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We notice also that the formula (20), with the implied factor, makes 


2 sa 
c (s+ ay +52) + qu= 2" AeSaos a eee ee (22) 


approximately, and therefore independent of altitude. 


The remaining relevant solutions of (14), when kh is small, involve finite as 
distinguished from small values of akh. The corresponding modes of oscillation 
approximate to the type of waves propagated vertically, as in Art. 310, but 
with a gradual variation of phase in the horizontal sense. 


312. In the more general case where the vertical distribution of tem- 
perature is arbitrary, we have recourse to the equations (10) of Art. 311. We 
derive by differentiation 


OX _ ava d.c ox 0& on 
a2 = AVAy + (SE tug) +9 (5 — a) be ay (1) 
: a 0E& On 
2 SS nese 
since V2w = peer cme ee ee (2) 


identically. Hence from Art. 311 a 
of 0 d. a8 d 
DX = 2Y2—A4 x + (SS c - 19) eee {G5 _ (y — 9} Vey. ececee (3) 


ott ot dz ot?dz 
If we assume that y varies as e**-*«), or more generally that x satisfies 
(V3? + k?) x = 0, eee e mere re ee sesreccessesccvees (4) 


with a time-factor e74, where k is a constant (to be determined if necessary 
by lateral boundary-conditions), we find 


o? te ts) hed, 
ak + (GE +) 2+ [rea - BIE (yr) xm, 


oz? Oz 
ee re (5) 
which is the differential equation to be satisfied by y. 
Again, from the first two of equations (10) of Art. 311, we find 
ae + ghey = (08 BH) YX, vesceeeessssnennsee (6) 
and from the third equation 
0 
g 2 + otw=— PX — (y— I) gy, Serer io neaaitsg ety (7) 


Hence, by elimination of dw/dz, 
(a4 — g*k?) w = — oc? ox Sg (ot Cty, isscncsrene (8)* 
which will be needed presently. 
We will only attempt to carry this further in the case where the equili- 
brium temperature gradient is uniform, say 


NN re ec ret ye 28 BND (9) 


* The complete elimination of w between (6) and (7) leads again to (5). 
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if the origin is at the level of zero temperature. As in Art. 310 the values of 
po and jo will vary as 2” and z™*, respectively, where 


mes =. 
re Te acyep ce teaut east cerencses (10) 
and consequently 
Zz 
c= yRpe= ieee Md. daar es (11) 
Hence aan Dee) oF Sots te one iog (12) 


where ;, as in Art. 310 (5), denotes the temperature gradient in convective 
equilibrium. 


The ser (5) now reduces to the form 


ie ik 8 7 
etsee (13) 
or, if we write O0 SOFIA a sews, santas aaean carn naseeeeeee (14) 
poe Ying 2kz) OY 2a = Oy shesctiee Serene (15) 
) i oe By 
where Sa G = iG Lary e Se eee el) My, (16) 
The solution of oe which is finite for z > 0 is 
z pineal aah a(a—1) ; 
SATA Te pH he) + OO 

meg, (— Oy iste 2) DRS) caus hss oth dou cgay yous << Pap sas ee ao (17) 


Then, substituting from (14) and (17) in (8), 


(ot — 9?k?) w =— tee: E an ey +(m +1) v}- @ + =) key | or 


We may anticipate that for long waves (kh->0) the wave-velocity will be 

comparable with (gh). Hence 

Clee Fue 

gk I? gh 
may be assumed provisionally to be a small quantity. The ‘convective’ case 
of 8 = f; has already been discussed, and we may expect that if the ratio 8/A, 
falls only slightly below unity the results will not be very different. But when 
this ratio differs appreciably from unity, the middle term in the expression (16) 
for 2a will preponderate, and @ may be large, whilst akh is finite. We have 
then, approximately, 


Qakz (2akz)* 


VAST Gedy Teo OMS et ea 
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and thence 
ov 2akz (2akz)* 
Bet A \ es ten ol f- pe ae (ee tg = nh 
i ORES ek ioe 8) T(m+1)' 1.241) (m+2) = 
=(m+1)oFi(m41; —2akz). ......... (20) 
These series can be expressed in terms of the Bessel Functions. If we put 
1? = 8akz, ESS OTN he cha ag Rae OS (21) 
we have a Le er ES ee (i), seachvc cies noi as (22) 
0 
2 4 (m +1) y= 2" Tl (m +1) 9 inv eetare (23) 
gk B 
Since te 20/ (2 = ) he ea ERA en eae abe (24) 
approximately, from (16), the condition w=0 for 7 =m reduces to 
(2 = ) SEAS aC OE eee (25) 
This determines w, and thence a. For the wave-velocity we have 
2 
nett (81) Sh. (81) 4m 4 Doth 
Vas ie 1) = (F-1 A aera (26) 


where, as in Art.311a, H, is the height of a homogeneous atmosphere having 
the temperature of the lowest stratum. The formula makes V imaginary 
when 8 <j, the atmosphere being then unstable. 

As a numerical example, suppose the temperature-gradient to have half 
the convective value. Putting y=1'40, we have m=6, and the equation (25) 


becomes 
APC Te OAR CO) eee er (27) 
The lowest root of this is » = 4:96, approximately, whence 
Veh OTA CO Tig). sontes tonsttee teiats 5 sstes (28) 


The result must in any case lie between /(gH) and /(ygHq), or 1°18 /(g A). 
If we assume the value of Hy at 15°C. to be 27640 ft., (28) makes 


V =1010 ft./sec. * 


To compare the horizontal and vertical velocities in a simple case, assume 
that w varies as e*”*-™), and v =0. Going back to the equations (10) of Art. 311 


we have 
o*u —igkw = tke" x, 
Fe Se (29) 
igku + o?w=—c? ang Xx: 


* Prof. G. I. Taylor has calculated the velocity of long waves on assumptions more nearly 
representative of the actual atmosphere. Assuming that the temperature falls uniformly from 
283° (absolute) at the ground to 220° at a height of 3 km., and is uniform above this height, he 
finds V=1024 ft./sec., which differs little from the speed of the air-waves caused by the great 
Krakatoa explosion of 1883 (Proc. Roy. Soc. exxvi. 169, 728 (1929)). 
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Hence 


Ct gtyun a gt sgt tery) 


_ _ tygPk {ox oe 
= — ET eX + (mt 1) x Paras 


oe Oe -(1 ak \ enw, 
= OES eet mt Dy + ok AE 
Elimination of wu in (29) would reproduce (13). If we compare with (18) we 
see that for z=0 the ratio of the vertical to the horizontal motion is o*/gk, 
and since w=0 for z=h, we infer that the vertical velocity is everywhere 
relatively small. 


If we express our results in terms of Bessel Functions, omitting all 
common factors, and keeping only the most important terms, we find 


Ab Tie YN eet Ale eee OO ee ee (31) 
w=3 (3 = 1) Jn (n) = b9Jnt Oo) / wie erOran (32) 


The horizontal velocity now varies with the altitude; the ratio of the velocity 
at the top to that at the bottom being 
@™ 
2™ TI (m) Jm(@) a ey 
In the case above considered where 8=41, m=6, o = 4°96 this works out 
as 2°55. 


As an example of forced oscillations we might introduce a disturbing potential of tidal 

type, sa, 
iis! VEOH Cae SUSE EN re aneeten eamncacon sere cette (34) 

cf, Art. 181. The leading features of the result may however be inferred at once from the 
Theory of Vibrations outlined in Chap. vir. If the prescribed period 2:/o differs but 
little from the free period proper to the wave-length 27/k, the motion will have the general 
character of the corresponding free oscillation, with the vertical distribution of velocity just 
referred to. But with a wider divergence from the free period the horizontal velocity may 
be practically uniform from top to bottom. 


813. The general equations of small motion of a gas about a state of 
equilibrium in any constant field of force (X, Y, Z) are obtained by a slight 
generalization of the procedure of Art. 311. 


In the undisturbed condition 


0 0 0 
a. = poX, ay 7 POP Ee = pol. melene Wath « Melaneee (1) 
Hence, with previous notation, 
GU OD as CUMEE Clie, a op on 
pom=—a tp X, por= buf Y, pox=—a +e 4, 
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; D 

with Dy =~ Poxs Be ete oe (3) 
Ou dv dw 

he art of tei 

Lees me baie an os 


We assume as before that the variations of pressure and density are con- 
nected by the relation 


where c? = ypo/po= yR6p, 2.2. ¢ is the velocity of sound corresponding to the 
equilibrium temperature at the point (a, y, z). 
Hence 


F + po (Xu + Yu t Zw) = = pod*y,,  swrseseceresns. (5) 
Eliminating p’ and p’ between (2), (3), and (5), we obtain 
{poc?x + po(Xu + Yu + Zw)} 


d(p ae 0 (pov) + (pow) 
-x{ aa a eee : eee (6) 


u_@ 
poo ~ Oa 


with two similar equations. 
We will now suppose that the forces X, Y, Z have a potential, in which 
case the equilibrium pressure po will be a function of po, say 


Po = i. (po). Coe eeeoeervcceoasseescrercvesres ( 
Hence, from (1), 
Las ee 1 Opo 
Xm I PES (po VIPS (po Bae PES (po) on) 
and therefore 
~ 20 (Xu + Yu + Zw) = x(2 ceo 4 2 Spo, 2 pe) ache (9) 


po 0@ po dY — po 2 
The equation (6) may therefore be written 

Cu 0 2 1 po , 

yin —— {?- seperti. 10 

ot? a ls A J’ (po)} x ( ) 
An equivalent form is 

Pi. OM, 0.¢ 

=a =a —-i— -(y-1 re V1, 

ot = 2 (ty + Xu + Pot Zu) (x Cia ned ey meeretias) 

The disturbed motion is therefore not in general irrotational. If however 
the distribution of temperature in the undisturbed state is such that the gas 
is in convective equilibrium, so that po varies as po’, we have 
J” (po) = ¥Po/po = c*, 

and the second part of (10) disappears. The three equations of the type (10) are 
then satisfied by 


eee 
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Pp _ ave ( 0b | py @ <) 13 
provided ap = V2b + Sapp op ha ee Bre Lees ueese ese (13) 

The same conclusion holds if the equilibrium state be one of uniform 
temperature, provided the expansions are also isothermal. The wave-velocity 
c is then a constant. 


These results are more readily obtained if we introduce the special 
hypothesis from the outset. If we assume that the pressure and density 
remain connected by the same law (7) as in the equilibrium state, we have 
in place of (5) 


iD =p J. (Po) =e Pes scntescn nse eceamer cate es (14) 
The equations (2) may therefore be written 
du_ op’ | p' Opo 
00 an nat Pepe oe ela Be Bane (15) 
Hence 
wae (2), #2 (Ee), Ee) (16) 
Ot de \oe)? Ot Oy \po Gis) P02 Apy)s he 
These have the irrotational solution (11) with 
A 0 
tims pact 1 Saker te Sl (17) 


Eliminating p’ and p’ between (5), (11), and (16), we obtain the equation (12). 


So far, the motions contemplated have been ‘free,’ in the sense that no forces 
are operative except those of the constant field (X, Y, Z). In the case of a 
small disturbing force whose potential is a term —po0?Q/dx0t is to be 
added to the right-hand side of (10). The equation (12) is then replaced by 


; 0 
p = po(oe— ), 5 eee (18) 
and we have 
Pd _ avaga (x obs poh, 7% 
Wa TAVIS + (XS ae +28) 42 ene Ee (19) 
314. The theory of such questions as the large-scale oscillations of the 


earth’s atmosphere is still imperfect. One difficulty is that of taking account 
of the physical conditions which prevail in the upper regions. 


The results of Arts. 311 a, 312 indicate that in the slower modes of oscilla- 
tion the motion of the air will be mainly horizontal. Taking first the case 
of an isothermal atmosphere surrounding a non-rotating globe, and subject to 
an isothermal law of expansion, the equation (18) of Art. 313 becomes, in terms 


of polar co-ordinates 7, 0, ¢, 


GE ao 2 0b be oP 1 oP 
a ~° tort ty or * rasin 8 00 (sin 4 30) + iainke apt 9 oe 
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the velocity potential being now denoted by ®. Tf, guided by the result of 
Art. 311 a (with y=1), we neglect the radial motion, and put r=a (the 
radius of the globe), we have, in the case of simple-harmonic vibrations, 

Ce | ita ( ) dee 


— ——_—_—_ — j —_ ———_. ——— 2 = 
a lain 030 sin 8 Peagael 2 Die Ore iio (2) 


00 


As in the problem of Art. 199, ® will, in any normal mode, vary as a surface- 
harmonic of integral order n, whence 


eC MEAT tL Vo onde pensngame eruier age: (3) 


The interpretation follows the same lines as in the Art. referred to. The 
condensation (s = c~*0¢/dt) corresponds to the ¢/h of that Art., whilst c? takes 
the place of gh. Since we now have c?=gH, where H is the height of the 
homogeneous atmosphere, it appears that the free oscillations follow the same 
laws as those of a liquid ocean of uniform depth H covering the globe*. 


For numerical illustration we may put 
c=2°80 x 10*cm./sec., 2ra=4x109 cm. 
In the cases n=1, n=2 this gives, by (3), free periods of 28°1 and 16:2 hours, respectively, 


for a temperature of 0°C. For a temperature of 15° C. the periods would be 27°4 hours 
and 15°8 hours. 


315. The hypothesis of convective equilibrium, with (for consistency) 
adiabatic expansion, lends itself with equal ease to calculation. Mathematically, 
it has the advantage of the definite condition at the upper boundary. 


The equation (1) of the preceding Art. will still apply, provided it be 
remembered that c* now varies with the depth below the upper boundary of 
the atmosphere. Assuming that the velocity potential varies as a spherical 
harmonic of order n, we have, in a free oscillation, 

2 
on 2 0 ed ea Seneiee s (1) 
The depth h of the atmosphere is assumed to be small in comparison with 
the earth’s radius. Hence, putting r=a—z, where a refers to the outer 


boundary, and writing 
RNA De ape ge TE OEE Dee ec (2) 


in conformity with Art. 310 (5), we find 


or? or Or r? 


oD ab = (ma? nats 
=G a eee a ad | 3 
a a? y 2 
since c?/a may be neglected in comparison with g. If we write 
ARUN) Do iaes sors onosr sede eaa as iz +6: (4) 


* Rayleigh, l.c. ante p. 541. 
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this becomes identical with the equation (6) of Art. 311 a, and it follows that 
tan (n +1) Ly. pesseecade, kaabebsnasdde tap a (5) 


The free oscillations about convective equilibrium are therefore analogous 
to those of a liquid ocean whose depth is equal to the reduced depth Hy of the 
atmosphere. 


316. This analogy still holds when we proceed to the case of a rotating 
globe. If, for a moment, we suppose the axis of z to coincide with the axis 
of rotation, whilst the axes of a, y revolve with the angular velocity of the 
globe, the equations (2) of Art. 313 are replaced by 


ou CD Vera, 7 

po( 5 —20v )=— +p X—poa 
ou ay Meanie 00, 

Po (5 +20) =— Oya ¥ Po dy sag ansonbodobe* (6) 
ow sd a te, Xe) 

Po OE Eiasoraas she oe 


provided the centrifugal force be supposed included in (X, Y, Z). The 
symbols wu, v, w here denote apparent velocities, t.e. velocities relative to the 
rotating globe. For the sake of generality, terms have been introduced to 
represent the effect of disturbing forces, whose potential is QO. The equation 
of continuity is unaltered in form. 


Proceeding as in the Art. referred to, we have 


Mt 4 OP tv gu OP hw _ OP (7) 
Oo FEO aL MNOS" BE Oye: eo ane 
ke) 


where P=H=yv+Xu+ Yvo+ ZF TOBpt ceetrreesseeesees (8) 


If we now change the meaning of our symbols, taking u to be the velocity 
along the meridian, v that along a parallel, and w that along the vertical, we 
have, in analogy with Art. 213 (5), 


Fu ov oP dv du ow. oP 

ape — 20 a C089 = =, Efi Nalgmae | peas (a dT Sere ay re 
5,28 ng BP i 
Ot) Ob a Ore 


where @, ¢ denote co-latitude and longitude, respectively. 


In the application to tidal motions various simplifications can be intro- 
duced, as in the discussion of the oceanic problem (Art. 213). In particular, 
neglecting the vertical acceleration, we infer from the last equation that P 
may be regarded as approximately independent of r, and consequently that 
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the horizontal velocities u, » are sensibly the same for all particles in the 
same vertical*. Now putting r =a — z, we have, in polar co-ordinates, 
ow 00, 
= sina {ip (usin 8) + sat — eae 90 ae ee (10) 
If we put c?=gz/m, multiply by z”-4, and integrate with respect to 2 between 
the limits 0 and h, we find 
gy 


dv) 00 
= | gp (usin n6)+ at Dp cee (11) 
on the supposition that zw vanishes at both limits. 
The equations, as simplified, now stand as follows: 
ou dv oP o7u Ou oP 
oe 239 cid ae oat ee nae 
ap @ cos 0 = a8’ ap t 2w cos =, (i BEATERS Oe (12) 
where P is given by (11). If we put 
Pag, ee ad Oi ES PES, (13) 


the equations (11) and (12) resemble those found in Art. 214 for the case of 
an aqueous ocean of uniform depth H;. The theory of the oceanic tides on a 
rotating globe, discussed in Chap. vil, can therefore be at once applied to 
the gravitational tides of an atmosphere of the type here considered. 


The results apply also to the case of an isothermal atmosphere (with iso- 
thermal expansion) if in (10) we put c? = gH. 


Some calculations of free periods of an isothermal atmosphere have been 
made by Margules+. He assumes a temperature of 0°C., and (virtually) 
c =2°84 x 104 cm./sec. for the velocity of sound. His results may also be 
interpreted as the periods of an aqueous ocean whose depth is 7980 metres, 
or 26,240 ft., provided we neglect the mutual gravitation of the water. 


For the first three oscillations of zonal type (s= 0 in the notation of Art. 
223) which are symmetrical with respect to the equator he finds periods of 


12°28, 7:88, 6:37 
sidereal hours; and for the first three asymmetrical modes 
20°44, 9°59, 6°67. 


* On a more general view as to the constitution of the atmosphere the approximate assumption 
@P/ér=0 would be replaced by 
+(¥= 1)9} Xs 


and the resemblance with the oceanic tides becomes less exact. 

+ Wiener Sitzber., Math. nat. wiss. Classe, ci. 597 (1892) and.cii. 11 (1895). The author ig 
indebted for these references to Prof. 8. Chapman. In the second paper quoted free periods are 
calculated for a series of values of 27/w other othan 24 hours; these include examples of the type 
referred to at the end of Art. 206. Both papers include a discussion of the modification introduced 


by frictional forces varying as the velocity. 


la 
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The results for symmetrical oscillations of sectorial type (s = 1) are given 
in pairs, corresponding to waves travelling E. and W., respectively, relatively 
to the rotating globe; thus 

13°87 9:22 6°63 
36°57 > 10°22 OTT ‘ 


L194 
For the tesseral type (s = 2) he gives pea : 


These results may be compared with those obtained by Hough (see 
pp. 349, 350), for an ocean of depth 29,040 feet, except that they do not allow 
for mutual attraction. Cf. also Arts. 210, 212. 


Having regard to possible exaggeration by ‘resonance,’ it is a matter of some interest to in- 
quire whether the atmosphere may have a free period nearly equal to 12 lunar or solar hours. 
We notice that Margules finds, for the most important free oscillation having the same general 
character as a semi-diurnal tide-wave, a period of 11:94 sidereal hours, on the assumption 
of a uniform teraperature of 0°C. Again, Hough*, in his researches on tidal theory, finds 
that the depth A of an ocean for which the period is exactly 12 sidereal hours is given by 


gh/4o2a? =0°10049. 


This is evaluated at 29,182 feet. It is to be remarked however that in the calculation the 
mutual attraction of the disturbed fluid was taken into account, whereas in the aerial 
ocean this influence must be quite insensible. Allowing for this, and calculating for a 
period ‘of 12 mean solar hours, it appears that 


gh/4o*a? =0:08911, 


or h=25,710 feet+. The mean temperature of the air near the earth’s surface is usually 
estimated at 15°C., which gives H,=27,640 feet. Without pressing too far conclusions 
based on the hypothesis of an atmosphere uniform over the earth, and approximately 
in convective equilibrium, we may assert with some probability the existence of a free 
oscillation of the atmosphere, of semi-diurnal type, with a period not very different 
from, but somewhat less than, 12 mean solar hours. 


As a matter of observation the most regular oscillations of the barometer have solar 
diurnal and semi-diurnal periods, whilst the corresponding lunar tides are almost insensi- 
ble{. The amplitude of the solar semi-diurnal oscillation at places on the equator is about 
‘937 mm. or ‘0375 in., whilst the amplitude given by the ‘equilibrium’ theory of the tides 
is only 00043 in. Some numerical results given by Hough in illustration of the kinetic 
theory of oceanic tides would indicate that in order that this amplitude should be increased 
by dynamical action some eighty- or ninety-fold, the free period must differ from the 
imposed period by not more than 2 or 3 minutes. Since the difference between the lunar 
and solar semi-diurnal periods amounts to 26 minutes, it is quite conceivable that the solar 
influence might in this way be rendered much more effective than the lunar. There remains 
however the difficulty that the phase of the observed semi-diurnal inequality is accelerated 
instead of retarded (as it would be by tidal friction) relatively to the sun’s transit. 


The observed oscillations have been ascribed by Kelvin to a different cause, viz. to the 
daily variation in temperature, which, when analysed into simple-harmonic constituents, will 
have components whose periods are respectively 1, $, 4, }, ... of a solar day. It is very 
remarkable that the second (viz. the semi-diurnal) barometric oscillation has a considerably 


* Lc. ante p. 347. + See the paper cited on p. 548. 
{ Thus Chapman finds an amplitude of -00036 in. of mercury for the lunar semi-diurnal 
atmospheric tide at Greenwich (Q.J.R. Met. Soc. xliv. 271 (1918)). 
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greater amplitude than the first. It was suggested by Kelvin that tne explanation of this 
peculiarity is to be sought for in a much closer agreement of the period of the semi-diurnal 
component with a free period of the earth’s atmosphere than is the case with the diurnal 
component*. 


On either hypothesis it is necessary to postulate a free period of almost exactly 12 solar 
hours in order to account for the requisite degree of selective resonance. The most recent 
estimatet, based on a comparison of the speed of atmospheric waves with tidal theory, 
points to a free period definitely too short. 


* Kelvin, ‘‘On the Thermodynamic Acceleration of the Earth’s Rotation,’’ Proc. R. S. Edin. 
xi. (1882) [Papers, iii. 341]. For a full discussion see Chapman, Q.J.R. Met. Soc. 1. 165 (1923). 
The forced tides due to variation of temperature were discussed by Margules, Wiener Ber. xcix. 
204 (1890). 

+ G.I. Taylor, Proc. Roy. Soc. exxvi. 169, 728 (1929-30). 
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CHAPTER XI 
VISCOSITY 


317. THE main theme of this Chapter is the resistance to distortion, 
known as ‘viscosity’ or ‘internal friction,’ which is exhibited more or less by 
all real fluids, but which we have hitherto neglected. 

It will be convenient, following a plan already adopted on several occasions, 
to recall briefly the outlines of the general theory of a dynamical system 
subject to dissipative forces which are linear functions of the generalized 
velocities*, This will not only be useful as tending to bring under one point 
of view most of the special investigations which follow; it will sometimes 
indicate the general character of the results to be expected in cases which are 
beyond our powers of calculation. 

We begin with the case of one degree of freedom. The equation of motion 


is of the type ‘i 
Cy + be -Feg = QED. Soscuteccete cs antae nen (1) 


Here q is a generalized co-ordinate specifying the deviation from a position 
of equilibrium; a is the coefficient of inertia, and is necessarily positive; ¢ is 
the coefficient of stability, and is positive in the applications which we shall 
consider; 6 is a coefficient of friction, and is positive. Since the terms on 
the left-hand side of (1) are differently affected by changing the sign of ¢, the 
motion of a system subject to an equation of this type is not reversible. 


If we put Ds hag’, Vie hog", (P= Ags, acces spser ts eee (2) 
the equation may be written 
eas Wye 2G (3) 


This shews that the energy 7'+ V is increasing at a rate less than that at 
which the extraneous force is doing work on the system. The difference 2F 
represents the rate at which energy is being dissipated; this is always 
positive. 
In free motion we have 
OG +09 00 = waleitangek dice he ote: toe ane (4) 

If we assume that q « e*, the solution takes different forms according to the 
relative importance of the frictional term. If b? < 4ac, we have 


b b2\ 
nag 74s (2-45) Aint ty deh ee en (5) 
or, say, Be PSSA LO INS, SlE eet Cae (6) 


* For a fuller account of the theory reference may be made to Rayleigh, Theory of Sound, 
ec. iv., v.; Thomson and Tait, Natural Philosophy (2nd ed.), Arts. 340-345; Routh, Advanced 
Rigid Dynamics, ce. vi., Vii. 
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Hence the full solution, expressed in real form, is 

Gra Ge LCORIGT AE) vis; -ssscshinvesstecssscces (7) 
where A, ¢ are arbitrary. The type of motion which this represents may 
be described as a simple-harmonic vibration with amplitude diminishing 
asymptotically to zero, according to the law e~‘/", The time + in which the 
amplitude sinks to 1/e of its original value is called the ‘modulus of decay’ 
of the oscillations. 

If b/2a be small compared with (c/a)*, 63/4ac is a small quantity of the 
second order, and the ‘speed’ o is then practically unaffected by the friction. 
This is the case whenever the time (277) in which the amplitude sinks to 
e~** (= 4.) of its initial value is large compared with the period (27/c). 

When, on the other hand, b? > 4ac, the values of » are real and negative. 
Denoting them by — a, —a2, we have 

q= Aye ay As Ga ee Er Fie te seas (8) 
This represents ‘aperiodic motion’; viz. the system never passes more than 
once through its equilibrium position, towards which it finally creeps 
asymptotically. 

In the critical case b? = 4ac, the two values of \ are equal; we then find 
by usual methods 
ee Ata DT CREM csc caser aprssioceys tase sera) 
which may be similarly interpreted. 

As the frictional coefficient 6 is increased, the two quantities a, a, become 
more and more unequal; viz. one of them (ag, say) tends to the value b/a, 
and the other to the value c/b. The effect of the second term in (8) then 
rapidly disappears, and the residual motion is the same as if the inertia- 
coefficient (a) were zero. 


318. We consider next the effect of a periodic extraneous force. 
Assuming that 


WE SURES, A ee (10) 

the equation (1) gives i pm etliol: AA DAD AD TO GDNHOAD COO UDOOUDODOGE (11) 
2 b ; 

If we put 1- “<=R COS €1, “= Resin Or MO a gids (12) 


where ¢ lies between 0 and 180°, we have 


Peer eee ees esreseesreseeseseees 


Taking real parts, we may say that the force 
Qa CCOS (cE +e)  ..csrccrrercrerrsecsceveees (14) 
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will maintain the oscillation 


q= p 008 (at + ea. Paestusenpianeorer porns (15) 
Sines B=(1 a vay" i. oe Per ee (16) 
it is easily found that if b?< 2ac the amplitude is greatest when 
o=(2)'.(1-32), PE optirn as (17) 
its value then being aay (1 —} eB F EEN Re ren Ey OAR (18) 


In the case of relatively small friction, where b?/4ac may be neglected as 
of the second order, the amplitude is greatest when the period of the 
imposed force coincides with that of the free oscillation (cf. Art. 168). The 
formula (18) then shews that the amplitude when a maximum bears to its 
‘equilibrium-value’ (C/c) the ratio (ac)#/b, which is by hypotihesis large. 


On the other hand, when 6? > 2ac the amplitude continually increases as 
the speed o diminishes, tending ultimately to the ‘equilibrium-value’ C/c. 


It also appears from (15) and (12) that the maximum displacement follows 
the maximum of the force at an interval of phase equal to «1, where 


ob 
c— oa’ 
If the period be longer than the free-period in the absence of friction this 
difference of phase lies between 0 and 90°; in the opposite case it lies 
between 90° and 180°. If the frictional coefficient b be relatively small, the 
interval differs very little from 0 or 180°, as the case may be, unless o be 


very nearly equal to the critical speed (c/a)?. For the critical speed the 
phase-difference is 90°. 


tan ey = 


The rate of dissipation is bg’, the mean value of which is easily found 
to be 


bC? 
$ (ca — clo) +b? Bi ona lava love’avereielevereleratere eveletoretetetetere (20) 


This is greatest when o =(c/a)* exactly. 
As in Art, 168, when. the oscillations are very rapid the formula (11) 
gives 
Norell: nase desta es pene (21) 
approximately; the inertia only of the system being operative. 


On the other hand, when o is small, the displacement has very nearly 
the equilibrium-value 
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319. An interesting example is furnished by the tides in an equatorial 
canal *, 
The equation of motion, as modified by the introduction of a faeional 
term, is 
org OF a OF 
age = ha, te ape eaten rater rss a (1) 
where the notation is as in Art. 181}, a denoting the earth’s radius. 


In the case of free waves, putting X =0, and assuming that 


ed Ae aed BA he me aie ceetahfir (2) 
we find 2+ prA+ kc? =0, 
whence N= — dts ct — 4h p2)F, yo. csenecnesssceebeceess (3) 
If we neglect the square of /ke, this gives, in real form, 
E= Ae cos (kh (ct'+ ad) +e}. Oa. (4) 


The modulus of decay is 2u-1, and the wave-velocity is (to the first order) 
unaffected by the friction. 
To find the forced waves due to the attraction of the moon we write, in 
conformity with Art. 181, 
PAI foc Ths AS len Pa SR RSA a A (5) 
where n is the angular velocity of the moon relative to a fixed point on the 
canal. We find, assuming the same time-factor, 


ps ifa* 2i (nt-+p+e) 
Ser yee TAS CM IRIE OBE. S (6) 
Hence, for the surface-elevation, we have 
0& He? , 
=— CT eked dl Seer 7 
. Coys aod AY: c? — na? + $2una* - ‘ i 


where H =a/f/g, as in Art. 180. 


To put these expressions in real form, we write 


tan 2y =4 mee (8) 
where 0<y< 90°. We thus find that to the tidal disturbing force 
Kemi F Sint 2 (NGA fe)" lucswsisesaresesvneareee (9) 
correspond the horizontal displacement 
2 
Pa rae mare Tanta sin2(nt+Pte—y), wee (10) 
and the surface-elevation 
n= 4 iis cos2(nt+Pte—Y). sever (11) 


{(c a nea?) ae 4 pantat}* 


* Airy, ‘‘ Tides and Waves,’’ Arts. 315.... 
+ In particular, c? now stands for gh, where h is the depth. 
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Since in these expressions nt + @ + measures the hour-angle of the moon 
past the meridian of any point ($) on the canal, it appears that high-water 
will follow the moon’s transit at an interval 4 given by ntj=x. 

If c?<n%a?, or h/a<na/g, we should in the case of infinitesimal friction 
have y= 90°, we. the tides would be inverted (cf. Art. 181). With sensible 
friction, x will lie between 90° and 45°, and the time of high-water is 
accelerated by the time-equivalent of the angle 90° — y. 

On the other hand, when h/a > n?a/g, so that in the absence of friction the 
tides would be direct, the value of y lies between 0° and 45°, and the time of 
high-water is retarded by the time-equivalent of this angle. | 

The figures on the next page shew the two cases. The letters M, M’ 
indicate the positions of the moon and ‘anti-moon’ (see p. 358), supposed 
situate in the plane of the equator, and the curved arrows shew the direction 
of the earth’s rotation. 

It is evident that in each case the attraction of the disturbing system on 
the elevated water is equivalent to a couple tending to diminish the angular 
momentum of the system composed of the earth and sea. 


In the present problem the amount of the couple can be easily calculated. 
We find, from (9) and (11), for the mean tangential force on the elevated 
water, per unit area of the surface, 


seh : 
ae |, pXndp=—$phfsin 2y, ........ccsceeceeeees (12) 


where h is the vertical amplitude. Since the positive direction of X is east- 
wards, this shews that there is on the whole a balance of westward force. 
If we multiply by the area of the water-surface and by the radius a we get 
the amount of the retarding couple. 

The effect of phase-differences in the composition of two tides of slightly 
different speeds has been already mentioned in Art. 224. To apply the 
formulae there given to the present case we must write c=2n, e=2y. 
We find, from (8), above, 


If we have two pleat bodies with very nearly equal periods, this 
expression gives the interval of time at which the spring-tides would follow 
the instant of conjunction (or opposition). The ratio of this value of de/do to 
a day (27/n) cannot exceed 
nq? + ¢? 
Gene]: 
The above investigation is reproduced on account of its theoretic interest, but it has 


only a restricted application to the actual circumstances of the earth. Even in the case of 
a broad equatorial oceanic belt of (say) 11,250 ft. de.oth, the phase-differences which it 


* Cf. Airy, ‘‘ Tides and Waves,’’ Arts. 328.... 
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is capable of explaining appear to be quite insignificant. We have from (8), and from 
Art. 181, 

1 re 
1—311 (Aja) nr 
where r=2/p, the modulus of decay of free oscillations. It seems rational to suppose that 
the modulus of decay in such a case would be a considerable multiple of the lunar day 


(27/n), in which event the change produced by friction in the time of high-water would be 
comparable with 


tan 2y=— — isi x=, 


2m /nr X 22 minutes, 
Hence we cannot account in this way for a phase-acceleration of more than a few minutes. 


There is a similar limit to the amount of lagging of the spring-tides as calculated from 
the formula (13). 


The ¢édal currents in mid-ocean are in fact so slight that their frictional effects are 
unimportant, even from an astronomical standpoint. In shallow water and in narrow seas 
and estuaries, on the other hand, they become enormously exaggerated as a result of the 
inertia of the water and the configuration of the ocean bed and the coasts. It appears now 
to be established* that the total dissipation of energy in such regions, at the expense 
ultimately of the earth’s rotation, is comparable with that which is inferred on astro- 


nomical evidence. See Art. 371. 


320. Returning to the general theory, let 71, q2, ... qn be the co-ordinates 
of a dynamical system, which we will suppose subject to conservative forces 
depending on its configuration, to ‘motional’ forces varying as the velocities, 


* G.I. Taylor, l.c. ante p. 320; H. Jeffreys, Phil, Trans. A, cexxi, 239 (1921). 
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and to given extraneous forces. The equations of small motion of such a 
system, on the most general assumptions we can make, will be of the type 
d of 
dt 04, 
where the kinesic and potential energies J’ V are given by expressions of 
the forms 


OV 
a eLE CN LZR SA Kets WL Oey er ey, 2 (1) 


QT = Ayn ga? + Berge? + -.. + 2dr2Grdat -06) veveeeeveceeees (2) 
2V =crrga? + Coe ga® +... + 261291ga Heese ceceeeveeeeeees (3) 
It is to be remembered that 
gg = Cio MIT Chg = Copa tence tanto te cea eee een (4) 
but we do not assume the equality of B,; and B,,. 

If we now write Dirg Vag oe pects Der), occa steciseataceecceesences (5) 
and Bae Bape TA Ditce Bits) eee eee ee (6) 
the typical equation (1) takes the form 

Sian, t og, toad + Bade + Pte Hh She (7) 

provided QF = Dar Gu? + baa ga? +... + 2b1eGr gat... cceveseeeneeees (8) 
From the equations in this form we derive 

ov) i= 2 0.(set (9) 


The right-hand side expresses the rate at which the extraneous forces are 
doing work. Part of this work goes to increase the total energy 7+V of 
the system ; the remainder is, from the present point of view, dissipated, at 
the rate 27. In the application to natural problems the function F is 
essentially positive ; it is called by Rayleigh*, by whom it was first formally 
employed, the ‘ Dissipation-Function.’ 

The terms in (7) which are due to F may be distinguished as the 
‘frictional terms.’ The remaining terms in 41, ge, ... Gn, with coefficients 
subject to the relation 8,;=— B,,, are of the type we have already met with 


in the general equations of a ‘ gyrostatic’ system (Art. 141); they may there- 
fore be referred to as the ‘gyrostatic terms.’ 


821. When the gyrostatic terms are rt the equation (7) reduces to 
rae eG een a0 
As in Art. 168, we may suppose that e transformation of co-ordinates 
the expressions for 7’ and V are reduced to sums of squares, thus: 
2T = da gu? + Gags? +... + OnGnd, ....ceececececes wast L) 
2 = CG iter CaGate te a hn Qn acca ee (12) 


* “Some General Theorems relating to Vibrations,’ Proc, Lond. Math. Soc. (1) iv. 357 (1878) 
[Papers, i. 170]; Theory of Sound, Art. 81. 
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Tt occasionally, but by no means necessarily, happens that the same trans- 
formation also reduces F to this form, say 


2h = big? + bs 92" a ie Gnas nGonogadddoaocanodadgs (13) 
The typical equation (10) then assumes the simple form 
Ger TUL Gy Cr Gre yk eee Weta no nee es . (14) 


which has been discussed in Art. 317. Each co-ordinate g, now varies 
independently of the rest. 


When F is not reduced by the same transformation as 7' and V, the equations (10) take 
the form 
4, + bugit diega+ wet bingn + an= 1, 
Yo + bo Gi + dooGat ... + Don Gant Codo= Vor) ceccececcceccansccees (15) 


eee eee eee ee eee ee eee eee ee eee eee eee eee eee eer) 


On Gn + ba n = Dy2 G2 “Peet OnnGnt CrQn= Qn, / 
where b,,=),,. 

The motion is now more complicated; for example, in the case of free oscillations about 
stable equilibrium, each particle executes (in any fundamental type) an elliptic-harmonic 
vibration, with the axes of the orbit contracting according to the law e+, 

The question becomes somewhat simpler when the frictional coefficients b,. are small, 
since the modes of motion will then be almost the same as in the case of no friction. Thus 
it appears from (15) that a mode of free motion is possible in which the main variation is 
in one co-ordinate, say g,. The rth equation then reduces to 


pO et Ore Sct Cp. Qi Oe oeredosmausssnieias sacs ssaatsionsahaes (16) 


where we have omitted terms in which the relatively small quantities ¢,, ge, ... Gn (other 
than g,) are multiplied by the small coefficients 5,1, D2, ... bm. We have seen in Art. 317 
that if b,. be small the solution of (16) is of the type 


Gp C COS Cel ©) ssnanraoene a store en tases asen es a7 
where ee oh Dial gtr exe, [ CUNY oP pcan ven dav edirvienechons vdnce (18) 


The relatively small variations of the remaining co-ordinates are then given by the re- 
maining equations of the system (15). For example, with the same approximations, 


Mg Jat Ors Opt 0, a= Onan ret enes tuantensieessosseseas tts (19) 
ob, ; 
whence (apr Agee BIT O Le eas tencseeor me ae aot actors (20) 


Except in the case of approximate quality of period between two fundamental modes, the 
elliptic orbits of the particles will on the present suppositions be very flat. 
If we were to assume that GEO RUBN OLA Ey Gusset nerenns ssussse sii suuacenn ieoa as (21) 


where o has the same value as in the case of no friction, whilst a variés slowly with the 
time, and that the variations of the other co-ordinates are relatively small, we should find 


DEV aS Bop I ef BO ORO y sores opdisarasessascdecsaeenes (22) 
nearly. Again, the dissipation is PY VN) cae 
the mean value of which is ENG OCT COON: rnc) RABEOY BaPrER POR ene. FOC opr (23) 


approximately. Hence equating the rate of decay of the energy to the mean value of 
the dissipation, we get 


da Ghee 
di = 4 me A, cccvecrcrevevcseereccceesesrseevsecssssoes (24) 
ie 
whence VI OPUS > SBIR TOSCO CE DOO REO ener One (25) 


if came AE AI Aiea MARISOL, ND. st, SS TILT (26) 
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as in (18). This method of ascertaining the rate of decay of the oscillations is sometimes 
useful when the complete determination of the character of the motion, as affected 
by friction, would be more difficult (cf. Arts. 348, 355). 


When the frictional coefficients are relatively great, the inertia of the system becomes 
ineffective; and the most appropriate system of co-ordinates is that which reduces F and V 
simultaneously to sums of squares, say 

2M = by Gr? + baga' + ... Bt ess eet en a (27) 
QV =e, Qr2t+Cgqe? +... + Cn Qn 
The equations of free-motion are then of the type 


Op Gn Cr Gp Op an caieusenticeceinesssscasveadtencaseqsags (28) 
whence Ve = Ce Ee eit anew atop a sinwageanasaeWen sen (29) 
if eH Ds lOwee cass Attetoaule tease gdtacevnecedsaevecaases (30) 


322. When gyrostatic as well as frictional terms are present in the 
fundamental equations, the theory is naturally more complicated. It will be 
sufficient here to consider the case of two degrees of freedom, by way of 
further elucidation of a point discussed in Art. 206*. 


The equations of motion are now of the types 


adit bugs + O12 +8) a a aoe Dee (1) 
G2 Jo + (buy — 8) G1 + O20G2+ C2 92= Ve- 
To determine the modes of free motion we put @,;=0, Q2=0, and assume that q, and go 
vary as e*#, This leads to the biquadratic in A: 
hy a A4 $ (hg Dy + ay Bog) AB + (ag Cy + Ay Cg + B? + yy Ba9 — 539") A? 
+ (by, Cg +b 29.01) A+ Cy C=O. ceeeeececeeeseeees (2) 


There is no difficulty in shewing, with the help of criteria given by Routht, that if, as in 
our case, the quantities 

Qy, Ag, by, bog, by bo9 — O12" 
are all positive, the necessary and sufficient conditions that this biquadratic should have 
the real parts of its roots all negative are that c,, c; should both be positive. 


If we neglect terms of the second order in the frictional coefficients, the same conclusion 
may be attained more directly as follows. On this hypothesis the roots of (2) are, approxi- 
mately, 

A= —a +720, —ag,+iog, Deco reece eee reer eeennseesetesece (3) 
where oj, 2 are, to the first order, the same as in the case of no friction, viz. cithey are the 
roots of 


Qy Ag 04 — (A204 + Co + B?) o?+¢,¢,=0, nye/sisieiole aiuieie(oinisie ais \isieiatassislelais (4) 
whilst a;, ag are determined by 
b by , b 
5 pea Oe $4 = a3 (4 +2). Bi Pitrrernver (5) 


It is evident that, if o, and o, are to be real, c,, cp must have the same sign, and that if 
a, a are to be positive, this sign must be +. Conversely, if ¢,, cz are both positive, the 
values of 07, v2 are real and positive, and the quantities ¢,/a;, ¢2/a2 both lie in the interval 
between them. It then easily follows from (5) that a,, a, are both positivet. 


* For a fuller treatment reference may be made to the works-cited ante p. 250. 

+ Advanced Rigid Dynamics, Art. 287. 

} A simple example of the above theory is supplied by the case of a particle in an ellipsoidal 
bowl rotating about a principal axis, which is vertical. If the bowl be frictionless, the equilibrium 
of the particle when at the lowest point will be stable unless the period of the rotation lie 
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If one of the coefficients ¢;, cz (say cz) be zero, one of the values of o (say o2) is zero, 
indicating a free mode of infinitely long period. We then have 


2 41 oe p? = bo9¢y (6) 
ay a4 a5 Qe By By Eg) alal tinal \alnleidle cialale siete iis sto.els eisartte 


O71 


As in Art. 206 we could easily write down the expressions for the forced oscillations in 
the general case where Q,, Q, vary as e’%, but we shall here consider more particularly 
the case where c.=0 and @,=0. The equations (1) then give 

key 07 + 2031) 91+ (Cast 8) Ba Sasedpeveen senate tc (7) 
to (by. — B) G1 + (Carag + oe) Go=0. 


Hence 
— ae Ore enre(8) 
— Gy Agia? — (a2b41 +4, bap) 0? + (A201 + B® + 41 a9 — By") tr +B yg¢, © 
This may also be written N toda + bas Qid SR cger Mees senaecisees s (9) 


© 3 {Go Fay) +017} (Fo Fa) 
Our main object is to examine the case of a disturbing force of long period, for the sake 

of its bearing on Laplace’s argument as to the fortnightly tide (Art. 217). We will there- 

fore suppose that the ratio o,/c, as well as o,/a,, is large. The formula then reduces to 


=a tod + bog toa + boo 
91 Gago}? (to +a) iF Eola). See eereervecscoesoecs (10) 
Everything now turns on the values of the ratios c/a, and oa,/b2,. If o be so small that 
these may be both neglected, we have 
n=%A/Aa, Cee cece cece reer eet ereeveeeseeecereeeseees (11) 


in agreement with the equilibrium theory. The assumption here made is that the period 
of the imposed force is long compared with the modulus of decay. If, on the other hand, 
we assume c/a and oa/b9 to be large, we obtain 


as in Art. 206 (8). 
Viscosity. 


323, We proceed to consider the special kind of resistance which is met 
with in fluids. The methods we shall employ are of necessity the same as 
are applicable to the resistance to distortion, known as ‘elasticity,’ which is 
characteristic of solid bodies. The two classes of phenomena are physically 
distinct, the latter depending on the actual changes of shape produced, 
the former on the rate of change of shape, but the mathematical methods 
appropriate to them are to a great extent identical. 


If we imagine three planes to be drawn through any point P perpen- 
dicular to the axes of a, y, z respectively, the three components of the stress, 


between the periods of the two fundamental modes of oscillation (one in each principal plane) of 
the particle when the bowl is at rest. But if there be friction of motion between the particle and 
the bowl, there will be ‘secular’ stability only so long as the speed of the rotation is less than 
that of the slower of the two modes referred to. If the rotation be more rapid, the particle will 
gradually work its way outwards into a position of relative equilibrium in which it rotates with 
the bowl like the bob of.a conical pendulum. In this state the system made up of the particle 
and the bow] has less energy for the same angular momentum than when the particle was at the 
bottom. Cf, Art. 254. Some further illustrations are given in a paper ‘‘On Kinetic Stability,”’ 


Proc. Roy. Soc. A, lxxx. 168 (1907). 
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per unit area, exerted across the first of these planes may be denoted by 
Pux» Poy, Paz, respectively; those of the stress across the second plane by 
Pyx, Pyy> Pyz; and those of the stress across the third plane by px, Pry, Dzz"- 
If we fix our attention on an element 5xdy6z having its centre at P, we find, 
on taking moments, and dividing by dxéy6z, 


Pye=Pey, Pea= Paz, Pay = Pyx> 
the extraneous forces and the kinetic reactions being omitted, since they are 
of a higher order of small quantities than the surface tractions. These 
equalities, reduce the nine components of stress to six; in the case of a 
viscous fluid they will also follow independently from the expressions for 
Pyz» P2x» Pay io terms of the rates of distortion, to be given presently 
(Art. 325). 


324. It appears from Arts. 1, 2 that in a fluid the deviation of the state 
of stress denoted by psx, Pay, --. from one of pressure uniform in all directions 
depends entirely on the motion of distortion in the neighbourhood of P, we. 
on the six quantities a,b,c, f, g,h by which this distortion was in Art. 30 
shewn to be specified. Before endeavouring to express Pyx, Pay, ++» as 
functions of these quantities, it is convenient to establish certain formulae of 
transformation. 

Let us draw Px’, Py’, Pz’ in the directions of the 
principal axes of distortion at P, and let a’, b’, c’ be the 
rates of extension along these lines. Further let the mutual % h, mm, ™, 
configuration of the two sets of axes a, y, z and 2’, y’, 2’, be y' | Is, me, Ne, 
specified in the usual manner by the annexed scheme of 2 | Ig, ms, ng. 
direction-cosines. We have, then, 


Ou r) r) ou’ Ov’ ow’ 
an = (4 ep sat hay + az oY (aw + Ig’ + lgw’) = 1? Dn a araes ay) + ag 


Hence 
a=lra’ +12b’ +1s%c’, 
b= iy Gems D ce Wig' Coy eee eee tee (1) 
cC=nea +n2b' + nec’, 
the last two relations being written down from symmetry. We notice that 
OD Cm aot boo es cre sectarian cence: (2) 
as we should expect, since either side measures the ‘expansion’ (Art. 7). 


Again 
Tgp Ox (mz r) it 0 0 ‘ , ‘ 
ay be 1a 254) Wy, 1) (nyu + gv + ngw') 


+(x Eran Cee a) ; fy: 
Lan! > Oy! 39," mu + MU + m3w') ; 


* In conformity with the usual practice in the theory of Elasticity, we reckon a tension as 
positive, a pressure as negative. Thus in the case of a frictionless fluid we have 


Prx=Pyy=P22= —P- 
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and this, with the two corresponding formulae, gives 
J =2(mnya’ + mgngb’ + mgnsc’), 
G=2(mla’ + nals’ + nglgc’), p  cerreecreeeeeeeees (3) 
h=2 (lymja’ + lamb’ ae lsmsgc’ ). 

325. From the symmetry of the circumstances it is plain that the 
stresses exerted at P across the planes y’2z’, z’a’, 2'y’ must be wholly perpen- 
dicular to these planes. Let us denote them by pi, pa, ps, respectively. In 
the figure of Art. 2 let A BC now represent a plane drawn perpendicular to , 
infinitely close to P, meeting the axes of a’, y’, 2’ in A, B, C, respectively ; 
and let A denote the area ABC. The areas of the remaining faces of the 
tetrahedron PABC will then be 1,A, J,A, /sA. Resolving parallel to « the 
forces acting on the tetrahedron, we find 

Par d = prl,A.ly + poled. le + palsA. ls, 

the external impressed forces and the resistances to acceleration being 
omitted for the same reason as before. Hence, and by similar reasoning, 

Pua = Prils® + pole? + pols’, 

Puy = prima + pare? + pging?,> vreeerveeeeceeeeeees (1) 

Pez = piny® + pone” + pgns*. 
We notice that 

Daat Dyy + Pz = Pi Pat Ps. oe senrossseccevseves, (2) 
Hence the arithmetic mean of the normal pressures-on any three mutually 
perpendicular planes through the point P is the same. We shall denote this 
mean pressure by p*. 

Again, resolving parallel to y, we obtain the third of the following sym- 

metrical system of equations: 
Pyz = Pr N1 + P2Mgng + PzMgNnz, 
Dex =Prtaly + panels + pgngls, $ crrrrrererrrrrere (3) 
Pay = prlims + poleme + pslsms. 


Pyz= Pz» Pema= Pre, Pay = Pyx> 
as was proved independently in Art. 323. 
If in the same figure we suppose PA, PB, PC to be drawn parallel to 
2, y, 2, respectively, whilst ABC is any plane drawn near P, whose direction- 
cosines are 1, m, n, we find in the same way that the components (paz, Pay, Prz) 
of the stress exerted across this plane are 
Pha = lax + Mpgy + NPzz; 
Pry = ye + Mpyy + MPys, 0 rerrrrrrireseeeeree sees (4) 
Phz = Dox + Mpzy + NPzz-/. 
* The question remains open as to whether, in the case of a gas, the mean pressure is a 
function of the density and temperature only (as in the statical condition to which Boyle’s and 


Dalton’s laws in the first instance relate), or whether it depends also on the rate of expansion at 
the point (x, y, z). See infra Art. 358. 


These shew that 
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326. Now pi, pe, ps differ from — p by quantities depending on the 
motion of distortion, which must therefore be functions of a’, b’, c’, only. 
The simplest hypothesis we can frame on this point is that these functions 
are linear. We write therefore 

p=—ptr(a' +b’ +c’) + Qua’, 

pPro=—pt+r(a'+b'+c’)+ oa 

pa=—ptr(a' +b’ +c’) + 2ye’, 
where X, » are constants depending on the nature of the fluid, and on its 
physical state, this being the most general assumption consistent with the 
above suppositions, and with symmetry. Substituting these values of pi, ps, ps 
in (1) and (8) of Art. 325, and making use of the results of Art. 324, we find 


Paw = —ptrA(at+b+c)+ 2ua, 
Pyy=—ptr(atb+c)+ 2yb, Siglo sieitievelsesieteiesisse (2) 
P2=—ptr(at+b+c) + Que, 
Dyas Ly Dew = Ut Poy piltc lasavtens ccecnstess ee (3) 
The definition of p adopted in Art. 325 implies the relation 
OMSK Zee OA a. cele sien sls. dont en tees cavahns (4) 
whence, finally, introducing the values of a, ‘ ¢, f, g, h from Art. 30, 
Pantie Pie (Se oy we) + Oy se 2,5 
ou , ov. ow Ou 
BE ay sec iene Ek gern a rete 5 
dw, ov. dw ou 
Peo eee Gre ae) 2M 55 
ow dv 
Pum oe (3 + 52) = Pay 
Cn) 
ote en (= 4 a) iS ad NLC y eM R Ep Ra (6) 
Ov . Ou 
Pry = w(e th a) = Pye 


The constant pm is called the ‘coefficient of viscosity.’ Its physical meaning 
may be illustrated by reference to the case of a fluid in what is called 
‘laminar’ motion (Art. 30); ae. the fluid moves in a system of parallel planes, 
the velocity being in direction everywhere the same, and in magnitude 
proportional to the distance from some fixed plane of the system. Each 
stratum of fluid will then exert on the one next to it a tangential traction, 
opposing the relative motion, whose amount per unit area is w times the 
velocity-gradient in the direction perpendicular to the planes. In symbols, 
if u=ay, v=0, w= 0, we have 

Dux = Pyy = Pre = — p, Pred Pew =9, Pay = Moe 
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If M, L, T denote the units of mass, length, and time, the unit of stress 
varies as ML-! T-® and that of the rates of distortion (a, b, c, ...) as T—4, so 
that the dimensions of uw are ML-1 T-, 


The stresses in different fluids, under similar circumstances of motion, will 
be proportional to the corresponding values of »; but if we wish to compare 
their effects in modifying the existing motion we have to take account of 
the ratio of these stresses to the inertia of the fluid. From this point of 
view, the determining quantity is the ratio u/p; it is therefore usual to 
denote this by a special symbol », called by Maxwell the ‘kinematic’ coefficient 
of viscosity. The dimensions of v are L?T-!*, 


It will be noticed that the hypothesis made above that the stresses 
Pxz, Pry, -.. are linear functions of the rates of strain a, b, ¢, ... is of a purely 
tentative character, and that although there is considerable d prior proba- 
bility that it will represent the facts accurately in the case of infinitely small 
motions, we have so far no assurance that it will hold generally. It was 
however pointed out by Reynolds} that this hypothesis has been put toa 
very severe test in the experiments of Poiseuille and others, to be referred to 
presently (Art. 331). Considering the very wide range of values of the rates 
of distortion over which these experiments extend, we can hardly hesitate to 
accept the equations in question as a complete statement of the laws of 
viscosity. In the case of gases we have additional grounds for this assumption 
in the investigations of the kinetic theory by Maxwell}. 


The practical determination of p (or v) is a matter of some difficulty. Without entering 
into the details of experimental methods, we quote a few of the best-established results. 
Poiseuille’s observations, as reduced by Helmholtz§, give for water 


as 01779 
P= 1+ 033684 + -0002209962’ 


in C.G.8. units, where 6 is the temperature on the Centigrade scale. The viscosity, as in the 
case of all liquids as yet investigated, diminishes rapidly as the temperature rises; thus at 
10° CO, the value is y49='0131. The results of more recent experiments are in good agree- 
ment with the above formula||. For mercury Koch found po=-01697, and pyo='01633, 
respectively. It should be added that in the case of some liquids, the mineral oils especi- 
ally, the value of » is considerably increased under pressures of the order of hundreds of 


atmospheres**, 
In gases, the value of » is found to be sensibly independent of the pressure, within very 


* In compressible fluids there may, on a certain view, be a second coefficient of viscosity, 
involved in the expression for the mean pressure p as depending on the physical state and the 
rate of expansion. See Arts. 325, 358. 

+ ‘On the Theory of Lubrication, &c.,’’ Phil. Trans. clxxvii. 157 (1886) [Papers, ii. 228]. 

t¢ ‘‘On the Dynamical Theory of Gases,’’ Phil. Trans, clvii. 49 (1866) [Papers, ii. 26]. 

§ ‘Ueber Reibung tropfbarer Fliissigkeiten,’’ Wien. Siteungsber, xl. 607 (1860) [Wiss. Abh. i. 
218). 

|| Hosking, Phil. Mag. (6) xvii. 502 (1909). 

{ Wied, Ann, xiv. (1881). 

** Hyde, Proc. Roy. Soc. A, xcvii. 240 (1919). 
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wide limits, but to increase somewhat with rise of temperature. An empirical formula* 


for the case of air is 
= '0001702 (1 + 003296 + -00000706?). 


At atmospheric pressure, assuming p= ‘00129, this gives 
vo= "132. 


The value of v varies inversely as the pressure. 


327. We have still to inquire into the dynamical conditions to be 
satisfied at the boundaries. 


At a free surface, or at the surface of contact of two dissimilar fluids, 
the three components of stress across the surface must be continuoust. The 
resulting conditions can easily be written down with the help of Art. 325 (4). 


A more difficult question arises as to the state of things at the surface of 
contact of a fluid with a solid. It appears probable that in all ordinary cases 
there is no motion, relative to the solid, of the fluid immediately in contact 
with it. The contrary supposition would imply an infinitely greater resistance 
to the sliding of one portion of the fluid past another than, to the sliding of 
the fluid over a solidf. 

If however we wish, temporarily, to leave this pom vpen, the most natural supposition 
to make is that the slipping is resisted by a tangential force proportional to the relative 
velocity. If we consider the motion of a small film of fluid, of thickness infinitely small 
compared with its lateral dimensions, in contact with the solid, it is evident that the 
tangential traction on its inner surface must ultimately balance the force exerted on its 
outer surface by the solid. The former force may be calculated from Art. 325 (4); the 
latter is in a direction opposite to the relative velocity, and proportional to it. The 
constant (8, say) which expresses the ratio of the tangential force to the relative velocity 
may be called the ‘coefficient of sliding friction.’ 


328. The equations of motion of a viscous fluid are obtained by consider- 
ing, as in Art. 6, a rectangular element dxady6z having its centre at (a, y, 2). 
Taking, for instance, the resolution parallel to 2, the difference of the normal 
tractions on the two yz-faces gives (0pz,/da) 5a. dydz. The tangential tractions 
on the two za-faces contribute (dpy,/dy) Sy. dz6a, and the two «y-faces give 
in like manner (0p,,/0z) 8z.da6y. Hence, with our usual notation, 


Du te Opis ODex 
Ping ae Xets te Ga 
Dy _ re OPyy Oey 
Pym ek + + Oy. + —— aya? eer eccccccces eae) 


Dw = ODaxz ODyz 4 Pa 
Pye meat ap ano Oz * 


* Grindley and Gibson, Proc. Roy. Soc, A, lxxx. 114 (1907). 
+ This statement requires an obvious modification when capillarity is taken into account. 
Cf. Art. 265. 


t Stokes, ‘‘ On the Theories of the Internal Friction of Fluids in Motion, &e.,’? Camb, Trans. 
vill. 287 (1845) (Papers, i. 75]. 
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Substituting the values of pz,, Pay, ... from Art. 326 (5), (6), we find 


pt =pX - oP 4 oe + wt, 
ppt =e ea teehee) 
Dae pZ Pye  wVtu, 

where go sat oe ee EE ae (3) 


and V? has its usual meaning. 


When the fluid is incompressible, these reduce to 


Du _ Op 

inet Seiad 

Dv OF 

pga PY — 5+ Hv, Bat bn. ieee onrtdld Se (4) 
Dw Op 

rye Naot 2 as Net) 


These dynamical equations were first obtained by Navier* and Poisson + 
on various considerations as to the mutual action of the ultimate molecules 
of fluids. The method above adopted, which does not involve any hypothesis 
of this kind, appears to be due in principle to de Saint-Venantt and Stokes§. 


The equations (4) admit of an interesting interpretation. The first of them, for 


example, may be written be iy 
7 


De aimipiie a eres demahesss meceaaeneastcecesas (5) 
The first two terms on the right-hand side express the rate of variation of u in consequence 
of the external forces and of the instantaneous distribution of pressure, and have the same 
forms as in the case of a frictionless liquid. The remaining term vV?u, due to viscosity, 
gives an additional variation following the same law as that of temperature in Thermal 
Conduction, or of density in the theory of Diffusion. This variation is in fact proportional 
to the (positive or negative) excess of the mean value of w through a small sphere of given 
radius surrounding the point (x, y, z) over its value at that point||._ In connection with 
the thermal analogy it is interesting to note that the value of » for water is of the same 
order of magnitude as that (01249) found by Everett for the thermometric conductivity 


of the Greenwich gravel. 


* «‘Mémoire sur les Lois du Mouvement des Fluides,’’ Mém. de l’ Acad. des Sciences, vi. 389 
(1822). 
+ ‘*Mémoire sur les Equations générales de )’Equilibre et du Mouvement des Corps solides 
élastiques et des Fluides,” Journ. de l’ Ecole Polytechn, xiii. 1 (1829). 

t Comptes Rendus, xvii. 1240 (1843). 

§ ‘‘On the Theories of the Internal Friction of Fluids in Motion, &e.’’ Camb. Trans. viii. 287 
(1845) [Papers, i. 75]. 

|| Maxwell, ‘‘On the Mathematical Classification of Physical Quantities,’’ Proc. Lond. Math. 
Soc. (1) iii. 224 (1871) [Papers, ii. 257]; Electricity and Magnetism, Art. 26. 
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When the forces X, Y, Z have a potential ©, the equations (4) may be written 


Ot 9g 4-209 = EOE 1 vV2u, 


Ox 
ov APE OY 6 
ag Megha RY Vy) csccseessesceceseseeseceseesenene (6) 
Ow .e. oy’ 2 
ae 7 tee = never’ 
where x= ei BOP OE co tece nih hn ets scaswes save rteceaaane canes (7) 


q denoting the resultant velocity, and , 7, ¢ the components of vorticity. If we eliminate 
x’ by cross-differentiation, we find 
ae 
Dt 
Dy. 
Dias 
Dene tng tga tv 


Ou 

oy 
a ow. ,d 

fa +n att Oa vt, b wsseeeessseeeseneeecussne (8) 


_ Ou Ou 3 
=Es + BASE eA S 


The first three terms on the right-hand side of each of these equations express, as in the 
case of Art. 146 (4), the rates at which & n, ¢ vary for a given particle, when the vortex- 
lines move with the fluid, and ‘the strengths of the vortices remain constant. The 
additional variation of these quantities, due to viscosity, is given by the last terms, and 
follows the law of conduction of heat. It is evident from this analogy that vortex-motion 
cannot originate in the interior of a viscous liquid, but must be diffused inwards from 
the boundary. 


328 a. In the two-dimensional case the equat ons (6) of the preceding Art. 
reduce to 


Ou Cv emnOG, 

ot ” 02 Oy’ (1) 
av _ ay! alee ee 
apt ¢ oy + dx 


where the thermal analogy is obvious. 


From (1) we derive a simple expression for the rate of change of the circulation in a 
jixed circuit, Thus 


G | ude vdy)= [ lut-mn) cdety [ as, SRA nee Bee oe (3) 


where (2, m) is the direction of the inward normal. The first term on the right-hand side 
gives the effect of the transport of vortices into the region enclosed by the circuit; the 
second shews the effect of viscosity. 


For instance, in the case of motion in circles about an axis, we have 


og_ 0 (ag 9g 
Bol As (#+2) 9) Relafelsioibroreieis) e/ale) sieieie|sisieivis a/e'eluleieieisisinigrnaisiersis (4) 


or =—=y(~5+-~-+ 
(33 r F) ) © Reece erereeerentesereesreseeeesenees (5) 
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It is sometimes convenient to have at hand the principal formulae in plane polar 
co-ordinates. When we denote by u, v the component velocities along and at right angles to 
the radius vector the kinematical formulae are, as in the Appendix to Chapter vit, 


Ow u. ov 

ee ey a raleseraiaterate’s alesetere aunts ele (aye Cie Tata sloraysis avarerelneieverers (6) 
ov ov ou 

Se gh Sin ay Pee ccccrerecccesececccceccecescenncceccese (7) 


The expressions for the component accelerations are given on p. 158. The equations (1) 
accordingly transform into 
Ou, ow ou ep e_, 
a ede Se PO NEE A wohl Ae it 32 oS (8) 
ov dv ov ww 10 0 
leg Pad PY ee tvs. 
Where &, © denote the radial and transverse components of extraneous force. 
To find the component stresses, we denote by (wu, v,) the velocity referred to fixed 
Cartesian axes Ox,, Oy, so that 


UW =u cos 6—v sin 6, Mit SIN Olt WCOS On coat aces se asec os snseernes (9) 
a) Ge é Ongena é 
Bee ee eke? Gye ee Re ay - dit ecieuien saa vies (10) 


Hence, if after the differentiations we take the axis of x coincident with the instantaneous 
position of the radius vector, putting 6=0, we find 
‘Buy 84 Gen _ eu 
dm, Or’ ody, red 7’. 
am 4 Ou _ ov, Ou 9 
0%, Oy, Or rod r° 
The viscous stresses are accordingly, from Art. 326 (5), 
Ou ov u 
P= —pr2ps, Pom — p+ 2p (ras * “) 
S (= em 4) 
Pro=H\ a + ag 7)" 
If we resolve in the directions of 7 and 6 the stresses on the sides of an element rd0ér, we 
reproduce the equations (8), 

329. To compute the rate of dissipation of energy, due to viscdsity, 
we consider first the portion of fluid which at time ¢ occupies a rectangular 
element dxdy8z having its centre at (a, y, z). Calculating the rates at 
which work is being done by the tractions on the pairs of opposite faces, we 


obtain 


ps re seal 


0 0 
\m (Pex + PayY + Paz) + ay (Pye + PyyY + Pyz) 


+ (peat + Pat + Pao)h baby 8z. Gado (1) 


The terms 
Open , Oya a) (“be Puy Pa) 
Paz OPyz Le) | 2 
+(22 By +7 )w GROY O2 0% ncaseder (2) 
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express, by Art. 328 (1), the rate at which the tractions on the faces are 
doing work on the element as a whole, in increasing its kinetic energy and 
in compensating the work done against the extraneous forces X, Y, Z. The 
remaining terms express the rate at which work is being done in changing 
the volume and shape of the element. They may be written 


(Prr@ a Pyyb aia P2206 == Duet se PzxJ + Day h) d2by Sz, Dielsicicveee (3) 


where a, b,c, f, g,h have the same meanings as in Arts. 30, 324. Substituting 
from Art. 326 (2), (3), we get 


—p(at+b+c) dudydz 
+ {—2u(atb +c)? +p (2a? + 26? + 2c? + f2 + g? +h*)} dxdy dz. ...(4) 
It will be sufficient for the present to consider the case where there is no 
variation of density, so that 


a+b + c= 0. ..0.. agi keer Sees (5) 
The expression (4) then reduces to 
po (2a? + 2b? + 2c? + f2 + G24 h?) Sa Sy Sz, v.eeeseereeeeee (6) 


which accordingly represents the rate at which mechanical energy is disap- 
pearing. On the principles established by Joule, the energy thus apparently 
lost takes the form of heat, developed in the element. 


If we integrate over the whole volume of the liquid, we find, for the total 
rate of dissipation, 


Li [[[D da dy 02a. jens ons quomete Greer (7) 
2 2 2 
where P= p \2 (5) +2 (e) +92 (=) 


ow ov\? (du dw? ov ou? - 
+ (55 +52) + (setae) +(e tae) fo ® 


If we subtract from this the expression 
2 
9 (= ov =) 


which is zero on the present hypothesis, we obtain 


“a dw dv\? Ou Ow? ov ou? 
bans mean + (Ra) } 


Ler (F Ow vow dwou dwodu dudv du =) 


Oy Oz Oz Oy Oz Or Ox 02° Ox dy Oy Ox) (9) 


If we integrate this over a region such that wu, v, w vanish at every point of the 
boundary, as in the case of a liquid filling a closed vessel, on the hypothesis of no slipping, 
the terms due to the second line cancel (after partial integration), and we obtain 


2F'=fl[[edadydz=p fff (E+y2+C) dadydz. ...ccccccccecceceseee (10)t+ 


* Stokes, ‘‘On the Effect of the Internal Friction of Fluids on the Motion of Pendulums,”’ 
Camb, Trans. ix. [8] (1851) [Papers, iii. 1]. 

t Bobyleff, “‘Hinige Betrachtungen tiber die Gleichungen der Hydrodynamik,” Math. Ann. vi. 
72 (1873); Forsyth, ‘On the Motion of a Viscous Incompressible Fluid,” Mess. of Math. ix. (1880). 
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A more immediate proof of this formula is obtained if we note that on the present 
ees the equation of energy, Art. 10 (5), is replaced by 


oe ee. 


-offfloQ-2+0(E-Or-G-B} aa 
=-»|{ EEA AC PASAY OZ aEe case Cs ha canein Poncetseks. tikbeces (11) 


In the general case, where no limitation is made as to the boundary-conditions, the 
formula (9) leads to 


l, m, 


a 1m ¢ 
where, in the former of the two surface- integrals, én denotes an element of the normal, and 


in the latter, 7, m, n are the direction-cosines of the normal, drawn inwards in each case 
from the surface-element 88. 


When the motion considered is irrotational, this formula reduces to 


2 
2F=— 4 {{ 4 i se PAS ae ee aR (13) 


simply. Inthe particular case of a spherical boundary this expression follows independ- 
ently from Art. 44 (5). 


It appears from (6) that /’ cannot vanish unless 
a=b=c=0, and f=g=h=0, 
at every point of the fluid. It follows, on reference to Art. 30, that the only condition 
under which a liquid can be in motion without dissipation of energy by viscosity is that 
there must be nowhere any extension or contraction of linear elements; in other words, 
the motion must consist of a translation and a rotation of the mass as a whole, as in the 
case of a rigid body. 


Problems of Steady Motion. 


330. Proceeding now to the consideration of special problems, it may be 
well to state at the outset that although the equations of motion of viscous 
fluids are well established, the calculations based on them are often subject 
to serious limitations. The reason is partly to be sought in the omission, for 
the sake of mathematical simplicity, of small terms of the second order in 
the Eulerian expressions for the accelerations, which terms are often at least 
as important as those due to viscosity. Another reason is that even when 
the investigations are rigorous the types of motion obtained are often unstable. 
Attention is occasionally called in the sequel to these points, which will be 
discussed more fully in Arts. 365, et seq. 


The first application which we shall consider is to the steady motion 
of liquid, under pressure, between two fixed parallel planes. Let the origin 
be taken in one of these planes, and the axis of z perpendicular to them. 
We assume, in the first instance, that wu is a function of z only, and that 
v, w=0. Since the traction parallel to # on any plane perpendicular to 
z is equal to wdu/dz, the difference of the tractions on the two faces of a 
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stratum of unit area and thickness Sz gives a resultant md?u/dz?.dz. This 
must be balanced by the pressures, which give a resultant —dp/dx per unit 
volume of the stratum. Hence 


Also, since there is no motion parallel to z, 0p/dz must vanish. These results 
also follow immediately from the general equations of Art. 328. 


It follows that the pressure-gradient dp/dx is an absolute constant. Hence 
(1) gives 


Op 
= aa es 
u=A+ Bets (ab ee (2) 
and determining the constants so as to make w=0 for z=0 and z=h, we find 
1 op 
et Ce UN ores 1 SOIR at eee (3) 
h hd h3 op 
Hence i) REL Ty 19h dai ae ee (4) 


When, as in Prof. Hele Shaw’s experiments*, a liquid flows in two dimensions between 
close parallel plates, we may write 
Ou Op Ca) 2, 
a3 oe? 5a pga tanto oy nent arpa (5) 
provided we neglect the rates of variation of uw, v with respect to x, y in comparison with 
their rates of variation with respect to z. Also, assuming that w=0 everywhere, we have 
dp/dz=0, ue. p is a function of w and y only. The conditions of no slipping at the planes 
z=0, z=/ are satisfied if we write 
h 
1 BOR?) wv, se ee NS cee (6) 
The quantities w’, v’ here denote the mean velocities in the stratum, and are assumed to 
be functions of x, y only. Substituting in (5) we find 


Hence w’, v' may be regarded as the components of an irrotational motion of a liquid in 
two dimensions, in which the velocity-potential is 


GAPS GR LOM Ae ee (8) 


The kinematical conditions, when the liquid is forced by pressure past an obstacle 
having the form of a lamina of thickness h placed between the plates, are accordingly 
identical, for the most part, with those relating to the two-dimensional flow of a friction- 
less fluid past a cylinder whose section has the shape of the lamina. The statement is 
made with a slight qualification, since the equations (5) must cease to hold at distances 
from the obstacle comparable with h, owing to the fact that the viscous fluid cannot glide 
past the edge of the obstacle, as a perfect fluid would do. But the configurations of the 
stream-lines in the two problems can be made as nearly the same as we choose by taking 
the plates sufficiently close together +. 


* Referred to in the footnote on p. 86. ' 

+ Stokes, ‘‘Mathematical Proof of the Identity of the Stream-Lines obtained by means of a 
Viscous Film with those of a Perfect Fluid moving in Two Dimensions,”’ Brit. Ass. Rep. 1898, 
p. 143 [Papers, v. 278]. 
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330 a. If the boundary z=0 has a velocity U parallel to «2, we have in 


lace of (3 
! ®) h—z,, z(h—z) dp 


a a U Serie hi) MRL choss shia take (9) 
and the total flux per unit breadth across a plane perpendicular to is 
[ude=pru- 2 2. rr ee (10) 
0 l2uda 


These formulae may be taken as approximately valid even if the interval 
h between the two surfaces is variable, provided the gradient dh/dz is small, 
and even if both surfaces are curved, provided h be everywhere small com- 
pared with the radii of curvature. In the case of cylindrical surfaces « may 
be taken to be the arc measured along the circumference, perpendicular to 
the generating lines. 


The above results, as thus generalized, have an important application in 
the theory of Lubrication, which was initiated by Osborne Reynolds in a 
classical paper*. That two parallel or nearly parallel surfaces can slide one 
over the other with but slight frictional resistance, even under great normal 
pressure, provided a film of viscous fluid is maintained between them, is of 
course familiar. The problem was to explain how in practical cases this 
is effected automatically in spite of the pressure. The arrangement must 
be such that the interval between the two surfaces is of variable thickness, 
and that the tendency of the relative motion must be continually to drag a 
supply of the lubricant from the thicker to the thinner portions. 


A simple typical case is that of a block sliding over a plane surface. Since the relative 
motion alone is important we will suppose that it is the latter surface (z=0) which is in 
motion, whilst the block itself is at rest. For simplicity it is assumed, further, that both 
surfaces are unlimited in the direction of y, so that the motion of the fluid is strictly two- 
dimensional. The lower surface of the block will be supposed to extend from +=0 to x=a. 
Assuming it to be plane, but slightly tilted, we write 

\ RETA MAN Ng SMI, ar cer sesegentcncscsovasienn eects (11) 
where m is small. 


Since the flux across all planes perpendicular to x must be the same we have from (10) 


dp 
ied = 
h hs CU hae Age merevcisccrsivescst. castes aduacesspy (12) 
where hy corresponds to the maximum of p. Hence, 
Fm aR) ae Riis a a her ME Ne (13) 
6nU0 le) 
p= ER (-F45h+0), mars oaibile canine (14) 
Determining fy and C' so that p=0 for h=/, and h=hg, we find 
_ Bhyhe 
Nad iy fe Pee e eee e terres neeeeane es eeeese eee eeenning (15) 
ye A Fi PMR MAD. Sects Sander sete (16) 


* Quoted on p. 575. 
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A general addition of a constant to p will of course make no difference to the essential 
results, 
We see at once that if U is positive, as we will suppose, a positive pressure in the film 
is impossible unless /, >/o; #.¢. the interval must contract in the direction of the velocity U, 
as above stated. 
For the total pressure we find 
a 1 [is 6yU a? 2(k- Dy 17 
a pdx=— hy CE Tie (log k as 7 J tee een eeees ( ) 
where k=h,/ho. The frictional resistance on the moving plane is 
a du pU ['2/4 Bho _ _pUa ( z-8E=—) 18 
= [peda IE G — ie) dh= get (teeta) 08) 


It was found by Reynolds, and confirmed by Rayleigh*, that P, considered as a function 
of k, is a maximum for k=2'2, about. This makes 


Try2 
Paget wrens, 
hg? ag 


The coefficient of friction (F'/P) is of the order h2/a and can therefore be made very small. 


The co-ordinate (%) of the centre of pressure is given by 


he hy 
Pix [" apde= =, [ edie { ja 2 ah 
0 hy 


Ea ~ St}, ” ah 
_ kPa 3p Uae Qk 
=r @ pa (l-aai b*) weseeseesese eiSaisisicie slejsieitiata'vicioiniatelerelsys! (20) 
L 2k k?—1 -2k log & 
or ha ho Ute) log Fa (Be waelnba tice aatede a aot (21)+ 


For the application of (13) to the case of a shaft revolving (slightly eccentrically) in 
a fixed bearing reference may be made to the papers cited below ft. 


When there is flow in the direction of y as well as a, we have in addition 
to (10) 


= h* Op 
[eae = BhVicer agen sion aa ge (22) 
and the equation of continuity is 
Aer F ris , 
fe z+ a[ GY.) Ueanee weanmenc ia eek (23) 
Oc g8P\. 0 ./;.0p ie f) 0 
or 2 (ie 2) 4 my ( =r) Te fe QU) + 5 avy}. era (24) 


This has been applied by Michell to the case of a rectangular block of finite 
dimensions sliding over a plane surface§. 


* “Notes on the Theory of Lubrication,’’ Phil. Mag. (6) xxxv. 1 (1918) [Papers, vi. 523). 

+ Rayleigh, l.c. For k=2-2 this makes 7=-580a. 

t Reynolds, l.c.; Sommerfeld, Zeitschrift f. Math. 1. 97 (1904); Harrison, Camb. Trans. 
xxii. 39 (1913), and xxii, 373 (1920). Also A. G. M. Michell in Mechanical Properties of Fluids, 
London, 1923, p. 134; and Stanton, Friction, London, 1923, p. 93. 


§ Zeitschr. f, Math. liii. 123 (1905). Some account of this very elegant investigation is given 
in the two books just cited. 
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331. We consider next the steady flow of a liquid through a straight 
pipe of uniform circular section. 


If we take the axis of z coincident with the axis of the tube, and assume 
that the velocity is everywhere parallel to z, and a function of the distanee 
(r) from this axis, the tangential stress across a plane perpendicular to r will 
be ~ow/dr. Hence, considering a cylindrical shell of fluid whose bounding 
radi are r and r + 6r, and whose length is J, the difference of the tangential 
tractions on the two curved surfaces gives a retarding force 

0 (u ow 

~ ar Or 
On account of the steady character of the motion, this must be balanced by 
the normal pressures on the plane ends of the shell. Since dw/dz=0, the 
difference of these two normal pressures is equal to 


(pi — pe) 2rrér, 
where #1, pz are the values of p (the mean pressure) at the two ends. Hence 
ay nd 
F (ree) = - BSP. Sooty wal date eta. Pi (1) 

Again, if we resolve along the radius the forces acting on a rectangular 
element, we find dp/dér=0, so that the mean pressure is uniform over each 
section of the pipe. 

The integral of (1) is 


eet Nae | 
at a PAYOR Ft BoM lies ctna's «ayant (2) 


Since the velocity must be finite at the axis, we must have A =0; and if we 
determine B on the hypothesis that there is no slipping at the wall of the 
pipe (r =a, say), we obtain 


.2rrl ) 6r. 


— eT (3) 
This gives, for the flux across any ceva 
4» 
le w. Qardr =F. ay sak cee alain (4) 
Sy 


It has been assumed, for shortness, that the flow takes place under 
pressure only. If we have an extraneous force X acting parallel to the 
length of the pipe, the flux will be 


4 = 
Fe (Pept eX). oeeesteteesssssesesteee (5) 
Sp 


l 
In practice, X is the component of gravity in the direction of the length. 


The formula (4) contains exactly the laws found experimentally by 
Poiseuille* in his researches on the flow of water through capillary tubes ; 


* «Recherches expérimentales sur le mouvement des liquides dans les tubes de trés petits 
diamétres,’’ Comptes Rendus, xi. xii, (1840-1), Mém, des Sav. Etrangers, ix. (1846). 
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viz. that the time of efflux of a given volume of water is directly as the 
length of the tube, inversely as the difference of pressure at the two ends, 
and inversely as the fourth power of the diameter. 

This last result is of importance as furnishing a conclusive proof that there is in these 


experiments no appreciable slipping of the fluid in contact with the wall. If we were to 
assume a slipping-coefficient 8, as explained in Art. 327, the surface-condition would be 


Ow 
le! or =Bu, 
or w=—nr Lt aa td oer abe en nae sumac caemenestesne ees (6) 
if\=p/8. This determines B, in (2), so that 
as ee Sc CORT PIC AVNE Ripods eee bp ERE 7 
w a (GFi— £24 IND) hon vaceangsitas «ager soars (7) 


If \/a be small, this gives sensibly the same law of velocity as in a tube of radius a+), on 
the hypothesis of no slipping. The corresponding value of the flux is 


mat py P2 r i 
oe (1442). NG er eke eee (8) 
If \ were more than a very minute fraction of a in the narrowest tubes employed by 
Poiseuille [a=:0015 cm.] a deviation from the law of the fourth power of the diameter, 
which was found to hold very exactly, would become apparent. This is sufficient to 
exclude the possibility of values of \ such as °235 cm., which were inferred by Helmholtz 
and Piotrowski from their experiments on the torsional oscillations of a metal globe filled 
with water, described in the paper already cited *. 


The assumption of no slipping being thus justified, the comparison of the formula (4) 
with experiment gives a very direct means of determining the value of the coefficient » for 
various fluidst. 

It follows from (3) and (4) that the rate of shear close to the wall of the 
tube is equal to 4wo/a, where wo is the mean velocity over the cross-section. 
As a numerical example, we may take a case given by Poiseuille, where a 
mean velocity of 126°6 cm./sec. was obtained in a tube of (01134 cm. dia- 
meter. This makes 42 /a = 89300, if the unit of time be the second. 


For values of wo exceeding certain limits, depending on the relation be- 
tween the diameter of the pipe and the viscosity, the linear type of flow here 
investigated becomes unstable, at all events for disturbances exceeding a 
certain amplitude; see Art. 365. There are analogous limitations to the results 
of Arts. 330, 331, and indeed to many of the calculations which follow. 


332. Some theoretical results for sections other than circular may be 
noticed. 


1°, The solution for a channel of annular section is readily deduced from equation (2) 
of the preceding Art., with A retained. Thus if the boundary-conditions be that w=0 for 


r=a and r=b, we find pee ae 
ai shed 6 Py ceo, Lama be 8 
Me re {a 9 age (/a) log a 4.) akeestonaeacee wenebiesce chee (1) 


* For a fuller discussion of this point see Whetham, ‘‘ On the alleged Slipping at the Boundary 
of a Liquid in Motion,” Phil. Trans, A, clxxxi. 559 (1890). 
+ Corrections are required in practice owing to the deviation from the theoretical flow near the 
ends of the tube; see Stanton, Friction, p. 15. 
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ne b T Pi-Py (6? — a)? 
giving a flux i w. IRR See {oat eet Vasctreveswstorsteates (2) 
2°. It has been pointed out by Greenhill* that the analytical conditions of the present 
problem are similar to those which determine the motion of a frictionless liquid in a 
rotating prismatic vessel of the same form of section (Art. 72). If the axis of z be parallel 
to the length of the pipe, and if we assume that w is a function of «, y only, then in the 
case of steady motion the equations reduce to 


Op _ 0 
ax ree oy Dp; (3) 
pVw= = - ; 


where V;?=0"/dx? + ?/dy*. Hence, denoting by P the constant pressure-gradient (—dp/dz), 
we have 

Vp at Dae BB ee oie eon cance eebaep eateg ss eaten! (4) 
with the condition that w=0O at the boundary. If we write ~—4o (2*+y?) for w, and 2 
for P/y, we reproduce the conditions of the Art. referred to. This proves the analogy in 
question. 


In the case of an elliptic section of semi-axes a, b, we assume 


ieee 
w=0 (1-5 hi)» con re. Bee (5) 
F : z . | go ed ozs 
which will satisfy (4) provided C= Sari Ga tere ae else renee (6) 
The discharge per second is therefore 
ma? b3 
[ foacay=z Pars pra IPTC Yee ea (7)t 


This bears to the discharge through a circular pipe of the same sectional area the ratio 
2ab/(a?+-67). For small values of the eccentricity (e) this fraction differs from unity by a 
quantity of the order ¢4. Hence considerable variations may exist in the shape of the 
section without seriously affecting the discharge, provided the sectional area be unaltered. 
Even when a : b=8: 7, the discharge is diminished by less than one per cent. 


333. We consider next some simple cases of steady rotatory motion. 


The first is that of two-dimensional rotation about the axis of z, the 
angular velocity being a function of the distance (r) from this axis. Writing 
My St — OY, JEW, wssasbransopanpnsedoas scans (1) 


we find that the rates of extension along and perpendicular to the radius 
vector are zero, whilst the rate of shear in the plane zy is rdw/dr. Hence 
the moment, about the axis, of the tangential forces on a cylindrical surface 
of radius r is, per unit length of the axis, = wrdw/dr.2mrr.r. On account of 
the steady motion, the fluid included between two coaxal cylinders is neither 
gaining nor losing angular momentum, so that the above expression must be 
independent of r. This gives 
FI OBS Sones nor ane re oH eI (2) 


* «On the Flow of a Viscous Liquid in a Pipe or Channel,’ Proc. Lond, Math. Soc. (1) xiii. 


43 (1881). 
+ This, with corresponding results for some other forms of section, appears to have been 


obtained by Boussinesq in 1868: see Hicks. Brit. Ass. Rep. 1882, p. 63. 
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If the fluid extend to infinity, while the internal boundary is that of a solid 
cylinder of radius a, whose angular velocity is w», we have 


G/ Gig = 8 / PANTIE ae Peet etcetera dee can (3) 
The frictional couple on the cylinder is therefore 
isyrr he edgy BE Pa.ns delle eddie pee eee deat (4) 


If the fluid were bounded externally by a fixed coaxal cylindrical surface 
of radius b we should find 


det Joy yes Ls ce ee (5) 
which gives a frictional couple 
a? (6) 
4ar FR gh OO. hotest etsovensct cares (6) 


The formulae will apply to the case where the outer cylinder is maintained 
in rotation whilst the inner one is at rest, if we interchange the meanings of 
a and b. Experiments on this plan have been made by Mallock Tf, Couettef, 
and others, the couple on the inner cylinder being measured by the torsion 
of a suspending wire, or some similar contrivance. The results will be 
referred to later (Art. 366 a)§. 


334, A similar solution to that of the preceding Art., restricted however 
to the case of infinitely small motions, can be obtained for the steady motion 
of a fluid surrounding a solid sphere which is made to rotate uniformly about 
a diameter. Taking the centre as origin, and the axis of rotation as axis of 
z, we assume 


Was WY, FUSS OM” WHO, Tere ccsccececenen es (1) 
where w is a function of the radius vector r, only. If we put 
Piva or dt, AMO Sar ease-c eee (2) 
these equations may be written 
oP oP 
ce oi vise b 26 nO 35 SRS. ERR OS (3) 


and it appears on substitution in Art. 328 (4) that, provided we neglect the 
terms of the second order in the velocities, the equations are satisfied by 


DP ==\COUSG..0 pV +b. Ss CONSUL: at wuran Sree. Seana (4) 
The latter equation may be written 
Gh DCN dw . : 
Aho oreo const., or 7 ee 3a e2 CONSE.) tr... eee (5) 
whence BA 7S eB occa iasad denne nice vlgae seh tee ene (6) 


* This problem was first treated, not quite accurately, by Newton, Principia, Lib. 11, Prop. 51. 
The above results were given substantially by Stokes, ll.cc. ante pp. 577, 580. 

t ‘‘Determination of the Viscosity of Water,’’ Proc. Roy. Soc. xly. 126 (1888); ‘Experiments 
on Fluid Viscosity,’’ Phil. Trans, A, clxxxvii. 41. 

+ «Etudes sur le frottement des liquides,’’ Ann. de chimie et phys. xxi. 433 (1890). 

§ A number of modified problems connected with the rotation of circular cylinders are discussed 
by Jeffery, Proc. Roy. Soc, A, ci. 169 (1922), and Frazer, Phil. Trans. ecxxv. 93 (1925). 
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If the fluid extend to infinity and is at rest there, whilst wo is the 
angular velocity of the rotating sphere (r= a), we have 


If the external boundary be a fixed concentric sphere of radius 6 the 

solution is 
a® §% — 73 
ae aes Oo ae ae (8) 

The retarding couple on the sphere may be calculated directly by means 
of the formulae of Art. 326, or, perhaps more simply, by means of the Dissi- 
pation Function of Art. 329. We find without difficulty that the rate of 
dissipation of energy is 


w[[[ rss (3) dedy de = arp | ré (22) drm Bmp oO oh (9) 


If N denote the couple which must be applied to the sphere to maintain 
the rotation, this expression must be equivalent to Nwo, whence 


By PO Th A ae eR soroaslah)™ 


The neglect of the terms of the second order in this problem involves a 
more serious limitation of its practical value than might be expected. It is 
not difficult to ascertain that the assumption virtually made is that the ratio 
w a*/y is small. If we put v=-018 (water), and a=10, we find that the 
equatorial velocity w9a must be small compared with ‘0018 (c.s.) . 

When the terms of the second order are sensible, steady motion of the above kind is 
impossible. The sphere acts like a centrifugal fan, the motion at a distance from the 
sphere consisting of a flow outwards from the equator and inwards towards the poles, 
superposed on a motion of rotation}. 

In the case to which the formulae (8) and (10) relate the condition for the validity of 
the approximation is that the expression 


should pe small, it being assumed that a and 6 are not very different §. 


* Kirchhoff, Mechanik, c. xxvi. 

+ Cf, Rayleigh, ‘‘On the Flow of Viscous Liquids, especially in two Dimensions,’’ Phil. Mag 
(4) xxxvi. 354 (1893) [Papers, iv. 78]. 

t Stokes, l.c. ante p. 577. 

§ Experiments on the viscosity of air have been made by Zemplén (Ann. der Phys. (4) xxix. 
869 (1909) and xxxviii. 71 (1912)) on this plan, except that the outer sphere was made to rotate, 
the couple N being measured by the torsion of a wire from which the inner sphere was suspended. 
He found that the formula analogous to (10) gives consistent results for a wide range of w,a?/v, 
and remarked that criteria of this kind are to be taken as indicating an_order of magnitude, 
rather than an absolute standard. This must be admitted; but it should be noted that the 
relevant criterion in the present case has rather the form (12). 
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334a. Some simple cases of variable motion can be solved by means of the 
analogy with the Conduction of Heat, noticed in Art. 328*. 


1°. Take for instance the case of ‘laminar’ motion where the flow is in 
parallel planes and uniform over each plane, the direction being everywhere 
the same. With a suitable choice of axes we have v=0, w=0, whilst u is 
a function of z only. The equations (4) of Art. 328 are then satisfied by 
p =const., and 


This is identical in form with the equation of linear motion of heat, so that 
known solutions of the latter problem can be at once transferred to our present 
subject. 

For example, suppose that the fluid extends to infinity in both directions 
of z, and that we have initially w= + U, the upper or lower sign being taken 
according as z is positive or negative. This corresponds to the case of two 
media in contact, initially at different temperatures. Appropriating the known 
solution of this problem we have 


ty a ON es 
== ic eT Pe tes (2) 
where, in the upper limit, 

Ome Si CGV t)e Men ce ces sancscdvossnenases rowers (3) 


It is easily verified that (2) does in fact satisfy (1), and that it makes u>+ U 
for t—>0. 

The function multiplied by U in (2) was tabulated by Encke+. It appears 
that u=4U when 0 =°4769. For water this gives, in seconds and centimetres, 
t= 61°82. The corresponding result for air is t= 832%. These results indicate 
how rapidly a surface of discontinuity in a viscous fluid would be obliterated, 
if indeed it could ever be formed. 

Ou 
dz = (arvt) 
This formula represents the diffusion of vorticity, which was initially con- 
fined to a vortex sheet at z= 0, into the fluid on either side. 


The vorticity is n= Tl ts A ERA ge eg (4) 


2°. Again, suppose that the fluid on both sides ofan infinite plane lamina 
(z= 0) is initially at rest, and that the lamina is suddenly set in motion parallel 
to Ox with a velocity U which is then maintained constant. The result is, for 
z>0, 


u=U{1- =. | eeaot, RE trate: (5) 


* This analogy has been utilized by Rayleigh, Proc. Lond. Math. Soc. (1) xi. 57 (1880) 
[Papers, i. 474], and by several subsequent writers, e.g. G. I, Taylor, Aeronautical Research 
Committee, R. & M. 598 (1918), and K. Terazawa, Japanese Journ. of Phys. i. 7 (1922). 

+ Berl, Astr. Jahrbuch, 1834. The table is reprinted in Kelvin’s Papers, iii. 484, and 
(abbreviated) in the collections of Dale, and Jahnke and Emde. 
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where the upper limit is given by (3). The retarding force on the lamina, per 
unit area, is 


Ou re _24U 
Qu (=). ay (6) 


Next suppose that the lamina is moved in any manner, its velocity at time 
t being U(t). The contribution to the retarding force due to an increment 
8U of the velocity at an antecedent time T is 


2u5U 
V {rv (t—7)}° 
The force at time ¢ is therefore 
Qu [ U’ (rt) dr Qu iF ; dt, 
es a OY (§ — ty). co cececceee 7)* 
Gay RANE ee Gal ek oe Oe 1D 


The determination of the motion of the lamina under given forces is more 
difficult. The question is hardly a practical one, but it has been solved+ for 
the case of a constant force, such as gravity, the plane of the lamina being 
vertical. It appears that there is no ‘terminal velocity,’ the asymptotic value 


being ’ 


t 
@ /(z): LOMA OOF it fog oi (8) 


where a is the mass per unit area of the lamina. The case of a lamina of finite 
breadth in the direction of motion would be quite different. 


3°. Suppose the motion to be in circles about an axis, the velocity being a 
function of the distance r from this axis. 


Taking the axis in question as axis of z, we have obviously D&/Dt =0¢/dt 
and therefore, by Art. 328 (8), 


where V,?=0?/da* + 07/oy. Integrating this over the area of a circle of radius 
r we have 


d [f si ‘ se 
ral €.2arrdr = »|] ViCdady = v ae BIT: poses ohoar es (10) 
Hence, differentiating with respect to 7, 
aGmer oC) 2) 
i’ (aa tz oe EY Oe sane nonce (11) 


which is identical with the equation of radial flow of heat in two dimen- 
sionsf. 

* Stokes, Camb. Trans. ix. (1850) [Papers, iii. 132]. 

+ Boggio, Rend. dell. Accad. d. Lincei, xvi. (1907); Rayleigh, Phil. Mag. (6) xxi. 697 (1911) 


[ Papers, vi. 29]. 
t Carslaw, Conduction of Heat, Cambridge, 1921, p. 113. 
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For instance, suppose we have initially an isolated vortex of strength « 
concentrated in the axis of z. The thermal analogy is the diffusion of heat 
from an instantaneous line-source in an infinite medium*; and the solution is 


That this satisfies (11) is easily verified by differentiation. Moreover it gives, 
for the circulation in a circle of radius 7, the value 


iE Pe Seer Te oa!) eee oe (18) 


the limiting value of which for t->0 is x. The velocity is 
a1) Senet 
d ages (l-e Vie ains thas deers nega catia ees 6 (14) 


As t increases from 0 to o0 this diminishes from «/2r to 0. The vorticity on 
the other hand increases (for r >) from zero to a maximum and then falls 
asymptotically to zero. 


4°, Again, suppose that at the instant t=0 a uniform tangential stress f 
begins to act on the surface of a liquid of depth A which is at rest. 


If the origin be at the bottom the conditions to be satisfied, besides the 
equation (1), are 
u=0 for t>0, poujoz=f for z=h. 
We write wiraifel dh Wish ot deeds. cols. beter... (15) 


where the first term represents the asymptotic condition (t-»0o ), The equa- 
tion (1), and the conditions w’ = 0 for z= 0 and du’/dz = 0 for z =h, are satisfied 
by a series 


Qe 2A py BIN Ls O50" enna eee eee ater LO) 
provided Wel = (299 1) Ge oe can an ccsaicsle sce eee ieae ees (17) 
where s=0, 1, 2, 3, ..... We have to determine the coefficients A,, so that 
fo) in > A Ain Ute 0 ea ete eae (18) 


indentically. We may proceed by the ordinary Fourier method, or we may 
quote at once the known expansion 


4(., i Nese Ve 
g = = {sin @— 5,sin 30 + 5,sin 50—...}, Ae briad: (19) 
which holds from 6 = — 47 to 6 =47, inclusive. The final result is 
_ if \2_.. a pees 
u= Ty sin kee + gg Sin 3kz e -..f, een (20) 


where k =41/h. 
* Carslaw, p. 152. 
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Calculations of this kind have sometimes been designed to illustrate the 
action of wind in producing ocean currents; but if we insert numerical 
values of v and h, the final state would according to the formula be approached 
with extraordinary slowness. For instance, if v =‘018, h = 105, the coefficient 
of sin kz in (20) would be diminished in the ratio 1/e in a time 


t = 1/vk? = 4h?/7?v = 7140 years! 
In reality the conditions are enormously modified by turbulence. A more 


practical interpretation is obtained if we replace w by a ‘coefficient of 
turbulence,’ as to which see Art. 366 b*. 


5°. As a variation of this question, we may examine the steady currents 


which would be produced when account is taken of the earth’s rotation +. 
We take the origin in the free surface, with the axis of z drawn upwards. 
If » be the component of the earth’s angular velocity about the vertical we 
have, on the assumption that the conditions are uniform in respect of # and 
y, and that the motion has become steady, 
a2 
— 2ow = 9 SS, dou = ve ie oh apvtal, exit (21) 


These may be combined into the single equation 


5 gh UO) —— I AO) roa eevee kenainorenisises (22) 

Writing Bes) Shep pp cee a Ce OPES (23) 
and taking the depth to be practically infinite, we have 

TOES Se NS che Oe RR 7 ee Ee REE (24) 


The condition pdu/dz=f, to be satisfied for z=0, gives (1+7) BA =//y, 
whence 


u+tw= Toph onvans, ach szscir ney tin eet 1 (25) 
or “= she e** cos(Bz—47), v= fs e° sin (Bz —47r)....... (26) 


The motion is practically confined to a surface stratum whose depth is of the 
order 81 The direction of the flow at the surface deviates 45° to the right 
(in the northern hemisphere) from that of the force. The total momentum 
per unit area of the surface, on the other hand, is 


¢ ; a 
[p(t w) 229 cia — Qap’ Fiancee 00.0 00060100 
the direction being at right angles to that of the force. 


* The extreme slowness of diffusion in strictly laminar motion was remarked by Helmholtz, 
‘‘ Ueber atmospherische Bewegungen,”’ Sitzb. d. Berl. Akad. 1888, .p. 649 [Wiss. Abh. iii. 292]. 

See also Hough, ‘‘On the influence of Viscosity on Waves and Currents,” Proc. Lond, Math. 
Soc. (1) xxviii. 264 (1896). 

+ Ekman, ‘On the influence of the earth’s rotation on ocean currents,” Arkiv f. matematik..., 
ii. (1905); see also xvii. (1923). These papers contain other important developments. 
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Here again it is to be remarked that the results have a practical value 
only if we replace u by a coefficient of turbulence. With the ordinary value 
of w for water 6-' would be only of the order of 20 cm. 


335. The motion of a viscous incompressible fluid, when the effects of 
inertia are insensible, can be treated in a very general manner, in terms of 
spherical harmonic functions. 


It will be convenient, in the first place, to investigate the general solution 
of the following system of equations: 


V2u'=0, V2o' =0, V2w! =O, ....ccccccccecsccees (1) 
ou’ dv’ Ow’ 
a + ai + are Ue Pape ee Pm AE Spee te (2) 


The functions w’, v’, w’ may be expanded in series of solid harmonics, and 
it is plain that the terms of algebraical degree m in these expansions, say 
Un’, Un, Wn’, aust separately satisfy (2). The equations (1) may therefore be 
put in the forms 


F) es oa F) (ae on) 


oy \ da dy ~Oz\ 02 Om 
Q (OWn On \ 0 (On On’ 
= (te ~ eyes (o 4s a hat, peg (3) 
2 tus! _ tu) 9 Boe _ 2 
Ox Oz da } dy \ oy ae 
OWn On’ _ OXn Un’ Wn’ _OXn On’ OU’ _ OXn 
Hence WM oy) ys Oe Oe ta by tees oy Gee 


where yn is some function of a, y, 2; and it further appears from these 
relations that Vy, =0, so that yn is a solid harmonic of degree n. 


From (4) we also obtain 


0 n 0 OUn’ : , 0 ’ , , 
2p — ye = Ym, tay + Un — 5p (euln + Yn +2Wn ), ...(5) 


oy oy 
with two similar equations. Now it follows from (1) and (2) that 
Vi (atin =e Yn TP Sty ) Oy iceee ce ac sen cs eeae: (6) 
so that we may write Wile rye 2 Wg at, - vseet osonsnonepeneemet (7) 


where ¢,+1 is a solid harmonic of degree n +1. Hence (5) may be written 


1 Obn41 OXn _ OXn 
Ria rst antag y ok SRS (8) 


The factor n+ 1 may be dropped without loss of generality; and we obtain 
as the solution of the proposed system of equations: 
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ae Odn OXn OXn 
wad (So a oy Ee 


pay (Chm, OXn_ OXn 
wf = (Se 4 y Re a Me), 


where the harmonics $y, yn are arbitrary*. 


336. If we neglect the inertia-terms, the equations of motion of a viscous 
liquid reduce, in the absence of extraneous forces, to the forms 


op Op Op 
pit od Pn aw, LE Arnon Us 
pV? u Am? pV2u ay’ pV adr PE (1) 
: Ou ov , ow 
th Be abet a Na 
wi | ap tr ay aS ay Os tea cake Wak se bAse bes «Gan ska apes (2) 
By differentiation we obtain 
hey ao UE RR er re ae ae -(3) 
so that p can be expanded in a series of'solid harmonics, thus 
Ph 4 aah a OO eS eee errr eeene (4) 


The terms of the solution which involve harmonics of different algebraical 
degrees will be independent. To obtain the terms in p, we assume 


“= Art Pa 4. Br2nt8 — Gad te 


ae Da ranti? 
OPn ete a Dn 
v=Ar?- a + Br a, cantd) fo cretctseseesesee (5) 


OPn Nia 0 Pa 
w= Ar? Et a a 


where r?=2?+y?+2% The terms multiplied by B are solid harmonics of 
degree n+ 1, by Arts. 81, 83. Now 


v2 (78 Pe) = nv Pea (er tye te 22) Pe 4 Pa gays 9 (n+ 1) Pe. 


Ox On =n 
Hence the equations (1) are satisfied, provided 
i} 
a a 2(2n +1) p meee reer eee eesnrnseeee (6) 


Also, substituting in (2), we find 
2nA —(n+1)(2n+38) B=0, 


n 
whence Ban PMEctae, isehon cata if 
(w+ 1) Qn+1)(Qn+3)p 2 
* Cf. Borchardt, ‘‘ Untersuchungen iiber die Elasticitat fester Korper unter Berticksichtigung 
der Wirme,’’ Berl. Monatsber. Jan. 9, 1873 [Gesammelte Werke, Berlin, 1888, p. 245]. The in- 
vestigation in the text is from a paper ‘‘On the Oscillations of a Viscous Spheroid,’’ Proc. Lond. 
Math. Soc. (1) xiii. 51 (1881). 
38-2 
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Hence the general solution of the system (1) and (2) is 


1 yr ODn nrents 0 Pn he i 
ae rie (2(2n +1) da + +1) (Qn +1)Qn+3) Oa r2ntt 

1 v2 ODn nrants r) Pn i v’, .. (8) 
= Sloane oy + +1) n+l Qn+3) Ol eth: 

1 CDs mreaee @ Dn haw! 
Chere lene Oz Che 1) (Qn +1) (2n + 8) dz 721 


where u’, v’, w’ have the forms given in (9) of the preceding Art*. 


The formulae (8) make 


nr? 
LU + YY + 20 = i > 


BSS hp Hh ater. | 9 
Z (On + Syn t 2M bn: @) 


Also, if we denote by &, 7, ¢ the components of vorticity, we find 


1 1 Opn _ 7 ohn OXn 
F= 52 aay ve tz OTD 


7 pe (n+l) bz 
Rape ay GL 1S eee 10 
eee le a pr)+E(nt ae eo) 
mee 1 OPn <p) OXn 
fms “Beales -y Pe) 43 (ntl) 2. 
These make LE YN A SOON AT AO’ Vege Mea sasewe sesame see (11) 


The components of stress across the surface of a sphere of radius r are, by 
Art. 325 (4), 


Zz 
Pro= = Pax + * Bay + = Pass LSS coun Rn kone teen eae (12) 
If we substitute the values of Dex, Dry, Paz)--- from Art. 326 (5), (6), we find 


) 0 
Pre — ap + a (r= —1)utys (ou tye + 2w), 
rf) 
ry =—yp+ u(r —1) 0+ ws (ou + yo + ew), re (13) 


ri) a) 
1 Dre = — 2p + ps (r= = L)w+n 5 (wu + yu + 2w). 


These formulae are of course general. In the present case, substituting 
from (8), and making use of the relation 


n OPn 2n41 é Pa 
"Pn= 4 (Pe — pints #:,), i ee (14) 


This solution is derived, with some modifications, from various sources. Of. Thomson 
and Tait, Art. 736; Borchardt, l.c.; Oberbeck, ‘Ueber stationaire Fliissigkeitsbewegungen mit 
Beriicksichtigung der inneren Reibung,”? Crelle, lxxxi.62 (1876). 
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we obtain, after a little reduction, 


= n—1 2%Dn 2n* + 4n +3 Anne (Oh wa | 
Prem 1a az (n+1)(Qn+1)(Qn+3). da ramtt{ 
a) n n 0 n 
+ 2nd (n— 1) FE — wB (n—1) (y Bee Ae), ti (15) 


The corresponding expressions for rp,y and rp,; can be derived by cyclical 
changes of letters. 


337. The results of Arts. 335, 336 can be applied to the solution of a 
number of problems where the boundary-conditions have relation to spherical 
surfaces. The most interesting cases fall under one or other of two classes; 


viz. we have either 
AAO ole BU) me A) ee cisco ass eseate cs asacioe toe (1) 


everywhere, and therefore p, =0, ¢,=0, or 


Bett tere i evtras ceapacaeieesssucutars (2) 
and therefore x, =0. 


le. Let us investigate the steady flow of a liquid past a fixed spherical obstacle. If 
we take the origin at the centre, and the axis of # parallel to the flow, the boundary-con- 
ditions are that w=0, v=0, w=0 for r=a (the wadius), and u=U (say), v=0, w=0 for 
r=. It is obvious that the vortex-lines will be circles about the axis of x, so that the 
relation (2) will be fulfilled. Again, the equation (9) of Art. 336, taken in conjunction with 
the condition to be satisfied at infinity, shews that as regards the functions p, and ¢, we 
are limited to surface-harmonics of orders 0 and 1, and therefore to the cases n=0, n=1, 


n=-—2. Also, we must evidently have p,=0. Assuming, then, 
Zz. z 
p.=A ae, Qi = Ux, .p-2= Bs, oo cece cccecesccccesceecs (8) 
Ar\ 04, 2A 
rs Pan Pmt Sane Se a 2 a (4) 
= (8-3) a 
ype ( Ar 0 x 
a 6p / 02 3 
These make LU+Yv+2u= (v- ae + =) Waa aiaa sede gone eek enone (5) 
i BY. 
Also, from Art. 336 (15), or directly from (13), 
\UEN Oe Al 
Pre = ~5 p+ (4r— z ) pe eer 
ae 


ee 6u 0 x 
Pra= ~2 +(4r-%°) LN 


2A Ad 
espa eine Bees MMO e ee wees se a rasddenerss eanette (7) 


whence A=—Ua, pms OSM ee Metacceeee der steer seteestoe (8) 
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The component tractions on this surface are therefore 


ae Page; z 
Pra= — 5 Pot eps 3 Pry = -2p, Pre gee Siaiaie slelslelsiaxsteietele (9) 


If 88 be an element of the surface, we have 
S[PradS=6rpUa,  S[PryGS=0, ff PreTS=O. wrerreeeserrereees (10) 
The resultant force on the sphere is therefore 6ryaU, in the direction of #-positive. 


The formulae (4) now take the shape 


u= U(1-2) +4000 = 5, 
v= 1Va (ta) 5 5, bbs Gacnbodudnandopopsdueo cd (11) 
w= 10a (rt—at) 2 &, 


The character of the motion is most concisely expressed in terms of Stokes’ stream-function 
(Art. 94), The radial velocity being 


v(1 =e Ne ee “cos 6, Be Soei oak eer sala winaaasi apie (12) 


the flux (2ry) through a circle with Ow as axis, whose radius subtends an angle 6 at 0, is 
given by 


=-30(1- mai eras S) sin? a, Saseusiees serene seaseetent (13) 


If we impress on everything a velocity — U in the direction of x, we get the case of a 
sphere moving steadily through a viscous fluid which is at rest at infinity. The stream- 
function is then 


2 
= Var (1-45) sine. SOP CHET WATE Tare 


The diagram opposite shews the stream-lines y=const., in this case, for a series of 
equidistant values of y. The contrast with the case of a frictionless liquid, delineated on 
p. 128, is remarkable, but it must be remembered that the fundamental assumptions are 
very different. In the former case inertia was predominant, and viscosity neglected; in 
the present problem these circumstances are reversed. 


The configuration of the stream-lines indicates that the existence of an outer rigid 
boundary, even at a distance of many diameters of the sphere, would greatly modify the 
results. The resistance would of course be increased t. 


If P be the extraneous force acting on the sphere in the direction of x-negative, this 
must balance the resistance, whence 
P ms Cap ROU aia epetaveonccagstaceabett evdaeettente: (15) 


It is to be noticed that the formula (14) makes the momentum and the energy of the fluid 
both infinite}. The steady motion here investigated could therefore only be fully estab- 
lished by a constant force acting on the sphere through an infinite distance. 


* This problem was first solved by Stokes, in terms of the stream-function; see Art. 338. 

+ The slow motion of a sphere in the neighbourhood of a plane rigid wall has been investigated 
by Lorentz, Abhandlungen iiber theoretische Physik, Leipzig, 1907, ..., i. 23. The case of a 
concentric spherical boundary is treated by Williams, by the method of Art. 338, below, and 
compared with experiment, in an interesting paper (Phil. Mag. (6) xxix. 526 (1915)). The fall of 
a sphere along the axis of a vertical tube filled with liquid is discussed by Ladenburg, Ann. der 
Phys. xxiii, 447 (1907). 


t Rayleigh, Phil. Mag. (5).xxi. 374 (footnote) (1886) [Papers, ii. 480]. 
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The whole of this investigation is based on the assumption that the inertia-terms 
udu/dx, ... in the fundamental equations (4) of Art. 328 may be neglected in comparison 
with vV?u, .... It easily follows from (11) above that Va must be small compared with »*. 
This condition can always be realized by making U or a sufficiently small, but in the case 
of mobile fluids like water it restricts us to velocities or dimensions which are, from a 
practical point of view, exceedingly minute. Thus even for a sphere of a millimetre radius 
moving through water (v="018), the velocity must be considerably less than ‘18 cm. 


per sec.t+ 
SSS patie t, 


LT 2 


We may employ the tormula (15) to find the ‘terminal velocity’ of a sphere falling 
vertically in a fluidj. The force P is then the excess of the gravity of the sphere over 


its buoyancy, viz. 
renee meh ere) imac se cet test sseaenettsea sa Tade? (16) 
where p denotes the density of the fluid, and p’ the mean density of the sphere. This gives 


U=% prt ee idea eter Oe oe ee (1%) 


* The quantity Ua/v, which is here assumed to be small, is of zero dimensions, and so inde- 
pendent of the fundamental units adopted. It may be called the ‘Reynolds number’ appropriate 
to the present problem; see post Art. 366. 

+ Rayleigh, l.c. ante p. 589. For experimental researches bearing on this point, see Allen, 
‘‘The Motion of a Sphere in a Viscous Fluid,’’ Phil. Mag. (5) 1. 323, 519 (1900); Arnold, Phil. 
Mag: (6) xxii. 755 (1911); and Williams, l.c. 

+ Stokes, J.c. ante p. 580. 
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This will only apply, as already stated, provided Ua/y is small. For a particle of sand 
descending in water, we may put (roughly) 
p' = 2p, y='018, g=981, 
whence it appears that a must be small compared with ‘0114cm. Subject to this condition, 
the terminal velocity is U=12000a?. 
For a globule of water falling through the air, we have 
p=1, p= 00129, p='00017. 
This gives a terminal velocity U=1280000a?, subject to the condition that a is small com- 
pared with :006 cm. 


2°, In the case of a liguid sphere we have to take account of the internal as well as the 
external motion*. We will suppose, in the first place, that the surrounding fluid is free 
from extraneous force, whilst a force —, per unit volume, acts on the substance of the 
sphere. 


The formulae of Art. 336 (1) will apply to the internal space, provided 


DALIT, arcswnboessinasteochie wanton e een (18) 
where p’ is the true pressure. If we further write 
Di Aa Di D Ta ctsecsevoss caqeccsaneaveees tenes eeee (19) 


the formulae (8) of the Art. referred to give for the internal motion 
IN @ @ AGE 


Ue 30 Oa oe) Gilad 
A’'r® Oo 4 
ey oy re) COOH e eee ee rereseeeeserenneseene (20) 
ey ~ Aree 
> 30 dz 73? 
A’r? 
whence vutyo+ew= (557 +B") Dime Gisiante ee OUeeear sore Ceee (21) 
Also, since ; ; : 
A pa © 2 eke ps Sa LE 3 
g=—tr ap pet 8h y= oe 7? uz ar ay pa? treet (22) 
we find ; 
x ; 2 
Pra= — 7 Pot oA = 3K) ri tek, 
; 0x 
Pr=—* pot (fA 3k) re TB) tetttseseseaseeseens (23) 


aa o& 
Pre=—~ Potion —tk) rte nce 


The corresponding formulae for the external space will be as in (4) and(6), above. 


Expressing that the radial velocity vanishes for r=a, we have 


Amn2 Daa. A'a f 
na ee a Ta EU <conddonsndogticodsouctsoucse (24) 
The continuity of the velocity requires further 
Aad A’a? 
6p eran a eeeccereeens Corre e rere ree eeresesescnes (25) 


* This problem was investigated by Rybezynski, Bull. Acad. d. Sciences de Cracovie, 1911, 
p. 40, and independently by Hadamard, Comptes Rendus, clii. 1735 (1911). These references are 
taken from a paper by Smoluchowski, ‘‘On the Practical Applicability of Stokes’ Law of Resist- 
ance...,’’ Proc. of Math. Congress, Cambridge, 1912, ii. 192. 
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Again, on comparison of (6) and (23) it appears that the continuity of stress requires 
B 
Aa Fat Aap Kat, AR ARKO. ocecceesesseessee (26) 


We have thus five equations to determine dA, B, 4’, B’, U when X is given. Solving, 
we find 


Demme meee deme eee senor ersseseescsaues 


pe Qe +3p" 
The total force which must act on the sphere in the direction of #-negative, in order to 
maintain it at rest in the stream, is 


Qu 3p’ 
Sraek = 3 eS hid hbo dbodedbaEnatosdedéqeobeoca. 
$a 6rapU Bu + 3y (28) 
The internal motion is given by the formula 
ie : 
y=-48' (1-4) TUBING O wrest tereecdsoe teas osneacris seat eer (29) 
Ka 
where EB es oe ene ne ee snee tee acisee nists Asodadadseobs 30 


If we put p’= we reproduce the results relating to a solid sphere. 


To adapt the results to the case of motion under gravity (supposed to act in the direction 
of w-negative), we must put 
BG A hace aie pies Oe en ere AEE ee (31) 
where p’ is the internal density. The terminal velocity is then given by (28). If p’<p, 
U is negative, indicating that the globule ascends relatively to the surrounding fluid. In 
the case of a bubble of gas ascending through water we may put, with sufficient accuracy, 
p’=0, p’=0, whence 
ie DO" | Pe utncars itoas sod onastsssantosevosevssca4a0 (32) 
3°, A variation of the problem of the solid sphere is afforded if we allow for the 
possibility of slipping of the fluid over the surface, assuming the empirical law referred to 
in Art. 327. 


The formulae (6) give, for the normal stress on a sphere of radius 7, the expression 


a, 3A 4 +12 S, Bie neti Gael eam (33) 
the three components of which may be written, in virtue of Art. 336 (14), 
IGOR SC ne eR ee sesseseeal94) 
— po ~ ate (4r—762) © —- 


Subtracting these from the expressions in (6) we find, for the components of tangential 
stress, 


r oer rt? Oy 78? “7 Oz r8° 


BAe 4B 2B O x SO eee (35) 


At the surface *=a, the radial velocity must vanish, and the expressions in (4) will 
become components of tangential velocity. We must have, therefore, 


MB _y(p A), MP 4424) 
cela (2- a)? =B( T+ 5) cess (36) 
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where 8 is the coefficient of sliding friction. Hence 

4 
see, Ce eee ee ae (37) 
3u+ Ba 12u+ 48a 


and it appears on reference to (5) that these satisfy the condition of zero radial velocity. 


A=-—3,Ua. 


The resultant force on the sphere is, by (6), 


te ye of 2p +Ba A 
X= | [Pm dS=— Ard =6apa. ete" ae Ranbir, (38) 


For B=, this agrees with (15). If 8 were =0, the resultant would be 4rpUa. 


4°, The problem of a rotating sphere in an infinite mass of liquid is solved by assuming 


wae Hedy Het, ym Kat 9 K-28, w=y Kot 9 Kee, soem (39) 
where Xoo AZo a caccoscucesaesctscesee mace ces socrenastts (40) 
the axis of z being that of rotation. At the surface =a we must have 
uU=— oy, v=o, w=0, 


if w be the angular velocity of the sphere. This gives 4d =a’; cf. Art. 334. 


338. Problems relating to flow about a sphere, in planes through an axis 
of symmetry, have been usually treated, as by Stokes originally, by means of 
the current-function y. It may be useful, therefore, to give a few indications 
of the method. 


Putting y=mcos 9, z=qsin J, and accordingly 


v=vcos 9, w=v sin 4, 1 
£=0, Cp ea ETO fm 008.9, for eetee athens (1) 
oe Ik 2 
pe | ee On Oa : 
we have V4n= la tomts oot aun josing 


: gl lal 
=-sin8| 55+ pat 2 =e 


Om woe ww 


sin $[ 0? 02 1 oO 


cr Ont ae eee Oe TW, cenccccccecerivevcceceinccescece (2) 
re paces @ 18 
and similarly VC= wm Ba® T Bed S Da | TO cree tees ete eet e teens (3) 
In the case of steady motion, we have, from Art. 336 (1), V’7=0, V?¢=0, and therefore 
oF Filet Ogle, 
On? aed S = aan DG) SUD, ial o areielovassicceinrs evovarctersvoiie'e tiaycteetartiets (4) 


or, substituting the value of o from Art. 161 (2), 
oe Ci ay 


Ave) + Sea ae == (ee conshacacnasseeseseuee reer eee (5) 
In questions relating to a spherical boundary we put 
L=r cos 8, Hes IRIN O. Tow conden snc een ne We ee (6) 
: EY woth Fg 0 
Since ag Sin 6 = +008 6, 
: oe sind 0/1 \ eR 
we obtain 5pa oe md ) 28 | NiO, cuccsabatusudrsenadeivee tenet (7) 


the equation given by Stokes. 
* Basset, Hydrodynamics, ii. 271. 


337-338 | Method of Stokes 603 


This is satisfied by aarin O Fa P NR ee Me eed tea ee eGo eee ARRAN (8) 
rovided 

< sete on ae =] EGU eck ES Oe ere (9) 

fiat PPC nD ee) Vere Unitary (10) 

In the case of uniform flow at infinity we must have ~= —4$Ur?sin?6 for r=0, whence 

ian ORME ee MR Ee tot nl (11) 


If we now denote by w the velocity along the radius vector, and by v the velocity at 
right angles to the radius, in a meridian plane, we have 


=~ ag y= 0008-2 (442 cos 6 

es ry (12) 
a ee 
~ 7sin@ or =-vsine- (4-2) sina. | 


The rates of elongation in the directions of r and 6, and at right angles to these two, are 
found by superposition of the amounts due to u and v separately to be 


ou SAB ov ou SAmeB 
= =2(5 + 73) 005 6 mateo ~ (Gti =) 2086, 


eeeesaseas Soe (13) 

u dae ae tl eR 6 

rtand ~~ \ rt t 72) 08% 

and the rate of shear in the plane of r and @ is 
On OU Un OA 
PAT aT ene Pome reece eeneeseceroeesesreecsens (14) 
patie ov. v du 2B sin 6 

The vorticity is a ay oe pet trttaeeaeenerseseeneeeeenens (15) 


The force on the sphere may be calculated directly from the stress-formulae, or may 
be inferred more simply from the rate of dissipation of energy. It follows from (13) and 
(14) that the function @ of Art. 329 (8) takes the form 

3A 


B : 2 A? 2 
=12p ata) C08? 8+ 36 uy BINED, ssscsccssnnessssseente (16) 


To find the total rate of dissipation of energy in the fluid we must multiply this by 
Qrr sin 6rd6dr, and integrate from 6=0 to 6=7, and from r=a tor=o. The result is 


3A2 QYAB Be 
1l6rp (Se + - ae + =): Soc Plasto s aD ano SI GDOGHENIe? Conner ag) 
On the hypothesis of no slipping at the surface r=a we find from (12) 
A= -— 30a‘, LB =U Ci aMnne Ae Mea nii ts sakices sous eoaset (18) 
3 
and therefore vw=-30 ¢ —% “+4 =) PASI? OS” "rescue Stas etapeventin ees (19) 


or, if the sphere be regarded as moving with velocity — U through a liquid which is at rest 
at infinity, 


wasdUar ( oy 4) CLOT Le (20) 


as in Art. 337 (14). 

The force (—P, say) which must be applied-to the sphere to maintain the motion is 
found by equating the rate of dissipation of energy to PU. Substituting in (17) from (18) 
we find 


as before. 
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If there is slipping, with a coefficient 8 of sliding friction, the conditions to be satisfied 
for r=a are 


ov Ou vv 
u=0, Bomn (3+ 535-7)? 


in the original form of the problem where the sphere is regarded as at rest. Substituting 
from (12) and (14) we find 


A=—pUai+ (14%), B=iUa (144) + - (1428). sianiceainas (23) 


There is in this case an additional dissipation of energy by sliding friction at the surface 
of the sphere, of amount @v? per unit area. If we integrate this over the surface, the result 
is, by (22) and (14), 


If we add this to (17), and insert the values of A and B from (23), we find, on equating 
the total dissipation to PU, 

Ba+2p 
Ba+3p’ 


in agreement wlth Basset’s result (Art. 337 (38)). 


P=6rpal. 


339. The problem of the steady translation of an ellipsoid in a viscous 
liquid can be solved in terms of the gravitation-potential of the solid, regarded 
as homogeneous and of unit density. 


The equation of the surface being 


= 1, atesian cinoda w at's ov ctleiwolestenssibeltectaee tetas (1) 
the gravitation-potential is given, at external points, by Dirichlet’s formula* 
Df ae Via 2 dn , 
o=mabe | (antmatan-) A? retteeesssssseesees (2) 
where A={(a?+A) (BP+A) (A+ Nh Mae ee KAI oR (3) 
and the lower limit is the positive root of 
eyed of ge 
ENT BENT BENT he ceteeetsvensswedesenn npc (4) 
: ke) ko} Che) 
This makes ap AT Oe, oy =2rBy, a SDT Yeoueo sees sesasoncacssssecosecce (5) 


Came  _ GBN 2 Gin 
h = ——— = ——_—___ = SS ees, 
where a abe | CES WN B abe | (+n) a’ y abe | CEs oo (6) 


We will also write x=abe | —; ; (7) 
N 


it has been shewn in Art. 114 that this satisfies V2, =0. 


If the fluid be streaming past the ellipsoid, regarded as fixed, with the general velocity 
U in the direction of #, we assume + 


00 Bs Ox 


_ , 2 oy 020 ox 
wad 5g +B(o3X—x) 40, v=Az~—4+ Ba 4 anos? UA seseee(8) 


Be Soy” yt 8 AA Gate 
* Crelle, xxxii. 80 (1846) [Werke, ii. 11]; see also Kirchhoff, Mechanik, c. xviii., and Thomson 
and Tait (2nd ed.), Art. 494 m. 


+ Oberbeck, U.c. ante p. 596. 
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These satisfy the equation of continuity, in virtue of the relations 

V20=0, V2y=0; 
and they evidently make w= U, v=0, w=0 at infinity. Again, they make 

2 02 oe 
Bo) BX on X Dyes A ee 
Vu Bro: Vv Slee V2w 2B Ganiitcnqeaecpnnse (9) 

so that the equations (1) of Art. 336 are satisfied by 

p=2Bu &X 4 const. SeSesdieis gee asada scencleciegecssee sa (10) 


It remains to shew that by a proper choice of A, B we can make wu, v, w=0 at the 
surface (1). The conditions v=0, w=0 require 


da dy A 
9 ae =e —= == => 
[ 24 ar +B a", 0, or Qa pre Oueecascsess seaaainc sre: (11) 
With the help of this relation, the condition w=0 reduces to 
QA ag — BY prt =O Wp Haines sSaeeseliadecce sesume.ceee ss (12) 


where the suffix denotes that the lower limit in the integrals (6) and (7) is to be replaced 


by zero. Hence 
U 
es 2 —| NG) © Sele elelaleiepis-ciele\aielelee'p sidieis'eisicisin sie 
7A $Ba?, B SRNL (138) 
At a great distance 7 from the origin we have 
2= —4srabe/7, x =2abe/r, 


whence it appears, on comparison with the equations (4) of Art. 337, that the disturbance 
is the same as would be produced by a sphere of radius #, determined by 


abe 
#UR=2abcB, or Tait Vededa Meee ecicsasacesascnacianscs (14) 
The resistance experienced by the ellipsoid will therefore be 
OenTO/HOL, —Snenenee jesoBsnaereachuavousaonngpadossdadons (15) 


In the case of a circular disk moving broadside-on, we have a=0, b=c; whence 


a =2, yo= ac, so that 
R=8e/3n ='85e. 


If the disk move edgeways we have 
R=16c/9n ="566c*. 


340. As a variation on the preceding problems we may investigate’ the 
steady motion of a liquid in a given constant field of force. 


Omitting terms of the second order, we have 


1 Op hive 1 Op ne ange ce 
my aap ta tvy “u=0, a by MEL. v=0, ‘ az tat BIO), nonce (1) 
ou dv ow 
Fe HH RHE. cccrccrcccrcvccccsvscrccserersesercsvceoos 2 
and a0 t dy + Oz 2 (2) 
OAL Oe BOZ, 
Hence Se =a + By a (3) 


* Other limiting cases are those of the circular cylinder, and of an infinitely long flat blade, 
either end-on or broadside-on to the stream. These have been examined by A. Berry and 
Miss L. M. Swain, Proc. Roy. Soc. A, cii. 766 (1923). The velocity at infinity does not vanish, 
but is logarithmically infinite. Cf. Art. 343 below. 
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P_ ox" a 182) dav’ dy'de' (4) 
ae = (Gt +a 7° Pee eee reresaeeerscencees 


if yh hoe diay Rise ER WuGBe Gata NOD naO HOE (5) 


If the forces X, Y, Z are confined to a certain region we have, by partial integration, 


7 7 a / 
=z /{[( Ree. std @) 5 Lidiidd 


which is satisfied by 


0 i CG) 
=—— ‘— '—+4+Z' SURO KoFe. — soqgsdbandodq0onc€ 6 
ilies +P S42 5 sm) 5 aeldy/ de ne (6) 
Hence, in the case of a force concentrated at the origin, writing 
P=p [[[X'dwdy'd7/, Q=pff[/¥'dudy'dz, R=p f[jZ'dau'dy'dz’, ......... (7) 
WAG é é\ 1 
ee (pe ee We ee SAR ce Rae meRE NORE 8 
we have p in (Pant Cat 2 5) pt teteseatesesteeseees (8) 


To this we may add any solution of V?=0. 


We now have, except at the origin, 


1 dp ee BG 1 dp 
2y4=- +f 29g 2ap=e— 
V2u ee V2v oa Vw Hee naar sage ot (9) 
If we substitute from (8), the integration comes under Art. 336, with n= —2. Thus 
T2maKO ON. de 
hu=o7 as at mths); Bap? erenestsessaseesene (10) 
with similar formulae for v, w. If we add to (8) terms 
AG DY 4. C2 voce ccteuesnss dh sasnicassuscnperenees aga (11) 


the corresponding terms in pw will be, by Art. 336, with n=1, 


0 0 1 
u 2 
A’ + Ar? — Arh an “(4 pee a—+0 xP se dctsedstnccweraseate (12 


The complete solution is obtained by addition from as and (12) 
Thus if we have a fixed spherical boundary 7=6, we find 


We aor, 
= ae A a 81h? COR Ce Heer eee ease eee eeeesebeenees (13) 
whence 
iz 9r br r3\ 0 C) a 0\ 1 

Sy A ca 2 es je 

6rpu=— (1 a + ip) + (1 fi) ae (Past met 8g) aera (14) 
If we make b=, we get 
o\o1 
a 2 

Green Psi s (Pa +05, + RE) b. Yo.dsern a aifitn (15) 


If we put P= —6rpUa, Y=0, R=0, this is seen to be consistent with the results of Art. 
337 for large values of r/a. 


341. The analogous problem in two dimensions may conveniently be 
treated by means of the stream-function. 


Putting “= _oy ya (1) 


in the equations 
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and eliminating p, we have 


OXn Oy 
4 eee ee 
vVy y= oy On J TERR P Oe eet een rar eeerrnsreeeeneraeeeeees (3) 
where Me SB Grd Gat <cccapoc ocr oeeG Une eee nO (4) 
Ue 
Hence Vey= eee NS a) logrdic’dy' +x, ssssceseeee Rieeseoncsate (5) 
where r=N {(x— a’ wd, Pi eessstatelscvacioaatrorsaneccee des (6) 


and x is a solution of V,2y=0. 


If we suppose the forces X, Y to vanish outside a certain region, we have, by partial 
integration, 


vityv=-5- | {( (a's ¥" go) log rde'dy/ Hy 
; 0 / 
=| {( (x aor’ sys ce Veteceacecmserecscactnesies (7) 
In particular, in the case of a force concentrated on a small area at the origin, writing 
P=p {jx a8 Qari FPP Ge y's Witeet. Saevseeetesss oetts (8) 
we have pet erga on (EY SOU AY ean censant cornet acecee te ttecces (9) 


As an example, suppose that the a is enclosed by a fixed boundary r=a and i: 
subject to a force P at the origin. The appropriate form of (9) is, in polar co-ordinates, 


ey loy 1ey P sin = 
at ae ae 30? Ian =a} A main Osc. cece ekeco ee teens (10) 
Hence, integrating, 


ay ees (TNOL TAI + DP SIN Ce teeeaeeeeeress orc cascerme oct (11) 
4p 
At the boundary we must have y=const., dy/ér=0, whence 
loga+A’a?+B=0, 1+loga+3A’a?+ BHO, ....cccccceseeenees (12) 
or Age i (DP BB = — OG Ot D seaseserncoceheanasae ssaveasas (13) 
Thus, finally, == fog” +4 (1 = “)} SIN, Os arscepmecess suawesitesane (14) 


It will be noticed that this fails to give a definite result fora=o. 
Returning to the general formula (7), and putting 


F=p [[X'logrda'dy, G=pff[P logrdax'dy’, ...cccccccseenes (15) 

1 /oF oG 
we have Sh Goal be, - ra Ir Xs) saisdeeleasisdaiesias “eOPOBONOAD DOA (16) 
Since Veh elm d, Ve GIP), - scrsssessscgeowresageyiucereas CU) 


we find, from (2), 
ye ( =) ex 


Ox Qm ox \Ox a oy Ox? i, 
dp ee as rie ce aU Mansa 
dy In oy\on ay) * dy’ 
where y’ is the function ‘conjugate’ to x, the relations being 
Ra-K Be 19 
Ox a ~ Oy” oy Ox" Pome reece rere reer esses ees ereseeeee ( ) 
OF 0G 
cele oCslolojainis steele tieeisisieisieis fsisielele 20 
Hence dll = (5+ = +y'+const. . (20) 
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There is a remarkable analogy between the theory of the steady motion of a viscous 
liquid in two dimensions and that of the flexure of an elastic plate*. If w be the normal 
displacement in the latter problem, we have t 


RR El pi hea ey 

oc (Oy 
where Z stands for normal force per unit area, and LZ, M are components of impressed 
couple per unit length about lines in the plate parallel to x, y respectively, whilst 4 is a 
constant depending on the elastic properties and the thickness. If we put Z=0 the analogy 
with (3) is complete; the. couples Z, M correspond to the forces X, Y, and the displace- 
ment w to the stream-function , so that the contour-lines of the deformed plate are 
identical with the stream-lines. Since in the hydrodynamical problem we have y=const., 
dy-/én=0 at a fixed boundary, the plate, in the elastic analogue, must be supposed fixed 
and clamped at the edge. Thus the formula (14) corresponds to the case of a circular 
plate clamped at the edge and subject to a couple, concentrated at the centre, in a per- 
pendicular plane. 


The analogy enables us to form a good idea of the general distribution of velocity in 
some cases where the actual calculation would be difficult f. 


We must not delay longer over problems of this type which, for reasons 
already given, have only:a limited application except to fluids of great viscosity. 
We can therefore only advert to the mathematically very elegant investigations 
which have been given of the steady rotation of an ellipsoid§, and of the flow 
through a channel bounded by a hyperboloid of revolution of one sheet]. 


342. The formula of Stokes for the resistance experienced by a slowly 
moving sphere has been employed in physical researches of fundamental 
importance, as a means of estimating the size of minute globules of water, 
and thence the number of globules contained in a cloud of given mass. 
Consequently the conditions of its validity have been much discussed both 
from the experimental ** and from the theoretical side. 


We have seen (Art. 328) that the accurate equations of motion may be 
written 


a , 


where NP he SE ANNE cx adn oes secttd RO ee (2) 


* Rayleigh, ‘‘On the Flow of Viscous Fluids, especially in Two Dimensions,”’ Phil. Mag. (5) 
xxxvi. 354 (1893) [Papers, iv. 78]. The analogy is slightly extended in the text. 

+ Proc. Lond. Math. Soc. xxi. 77. 

{ Some interesting applications are made by Rayleigh in the paper cited. 

§ Edwardes, Quart. Journ. Math. xxvi. 70, 157 (1892); Jeffery, ‘‘On the Steady Rotation of 
a Solid of Revolution in a Viscous Fluid,’’ Proc. Lond. Math. Soc. (2) xiv. 327 (1915). 

|| Sampson, l.c. ante p. 126. 

§] Townsend, Camb. Proc. ix. 244 (1897); J. J. Thomson, Phil. Mag. (5) xlvi. 528 (1898); see 
also the latter author’s Conduction of Electricity through Gases, Cambridge, 1903, p. 120. The 
mutual influence of the globules forming a cloud is considered by Cunningham, Proc. Roy. Soc. 
A, lxxxiii. 357 (1910), and Smoluchowski, l.c. ante p. 600. 

** See the papers by Allen and Arnold cited on p. 599. 
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Hence a distribution of velocity which satisfies the conditions of any given 
problem, when the terms of the second order are neglected, will hold when 
these are retained, provided we introduce constraining forces 
Xi=un-v, Yi=ut-—wk, ZA=vE-—uy, ........ (3) 
and at the same time suppose the pressure to be diminished by $pq2. These 
forces are everywhere perpendicular to the stream-lines and to the vortex- 
lines, and their intensity is 
SPRITE US po, Shin, dea ge A a (4) 
where S is the angle between the direction of the velocity g and the axis of 
the vorticity w*. 
The magnitude of the hypothetical constraining forces, as compared with 
the viscous forces 
CAVES EIA SN SL ra ee (5) 
gives some indication as to the validity of an approximation in which the 
inertia terms are neglected. 


In the case of Stokes’ formulae, Art. 337 (11), for the steady motion past 
a sphere held at rest, we have 


Uaz U 
E=0, 1-8, c=- 33%, ie wollen (6) 
and therefore in the distant parts of the fluid where uw=U, v=0, w=0, 


ultimately, 
U*ay U*az 


X,=0, Y,;=-3 73 A4=-2 ee (7) 
On the other hand, for the viscous forces (5) we find 
o? 1 yal rie a 
Dies ek cle eee 
gvUaaa SAN rar gvUaz Re racine ee (8) 


The ratio of the former to the latter is of the order Ur/v, which increases 
indefinitely with 7, however small U may be. For this reason the formulae 
in question cannot be regarded as valid at points distant from the sphere. 
Since, however, both the constraining forces and the viscous forces are in 
these regions relatively small, it does not necessarily follow that the character 
of the motion in the immediate neighbourhood of the sphere will be seriously 
affected. At points near the sphere the constraining forces tend to vanish, 
whilst the viscous forces are of the order vUa/r*. 


The above criticism is due to Prof. Oseen+ of Upsala, who has made an 
interesting innovation in the treatment of the question by writing U+u 


* Rayleigh, ‘‘On the Flow of Viscous Fluids, especially in Two Dimensions,” Phil. Mag. (5) 


xxxvi. 354 (1893) [Papers, iv. 78]. 

+ ‘Ueber die Stokes’sche Formel, und iiber eine verwandte Aufgabe in der Hydrodynamik,”’ 
Arkiv for matematik, ...,’? Bd. vi. no. 29 (1910). The same remark was made independently by 
F. Noether, ‘‘ Ueber den Giiltigkeitsbereich der Stokes’schen Widerstandsformel,’’ Zeitschr. f. 


Math. u. Phys. Ixii. (1911). 
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for uw, and neglecting terms of the second order in u, v, w only. These latter 
symbols now denote the components of the velocity which would remain if a 
translation — U were superposed on the whole system. The hydrodynamical 
equations accordingly take the forms 


Ou 1 Op ; 
a Re U, 
OD poe als OP 1 oapee A VEER Seen (9) 
Ou pa 
Ow _ 1 Op 
az pa +vV Ww, 
: ou ov dw 
with Sp uidy osu SAA Or rice ee tin Fon ance (10) 


The inertia terms are thus to some extent taken into account, but it is to 
be remarked that although the approximation is undoubtedly improved at 
infinity, where wu, v, w=0, it is in some degree impaired at the surface of 
the sphere where we now have w=—U. This is a matter for subsequent 
examination. 

The solution of the equations (9) and (10) for the purpose in hand can be 
effected very simply*. In the first place we have 


Vi an Qje ctu ace eee ee (11) 


and a particular solution is therefore obtained if we write 


0 
penpUchic. tt uiiuan. coin la (12) 
tas OF ei aed og 
Uu=—- aR ; = dy ew aa Jo Peceseccseccccecee (13) 
where ¢ satisfies Vidi = Ousak actd «ok ceneeget. cose chee eet (14) 
The solution is completed if we write 
= ap : = _ op ig = op , 
mim anit Ue v= ay tt Wirnims olla ) baat (15) 
where w’, v', w’ are solutions of the equations 
0 0 0 
op \r Fe soy cg Wea 97, SV rr 3 
(v 2k =) u’ =0, (v 2k = v’ =0, (9 2k =) w’ =0,...(16) 
du’ dv’ = Ow’ 
and OnLy iacsemin isostaxtrersscuecceeeetrtse (17) 
We have here written, for shortness, 
We 20S acca sos tein sisted aveennh (18) 


* The method, which differs trom that of Prof. Oseen, and the subsequent interpretation, are 
reproduced from a paper ‘‘On the Uniform Motion of a Sphere through a Viscous Fluid,’’ Phil. 
Mag. (6) xxi. 112 (1911). 
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Since the vortex-lines must be circles having the axis of w as a common 


axis, we may assume 


£=0, 7= — x, c= i ee. as, (19) 


where y is a function of x and @ (the distance pa the axis of «) only. It 
follows from (16) that we must have 


(v2 — 2k x= Cent age, Fhe. (20) 
an additive function of # only being obviously irrelevant. Hence 


Ope 2 yay Retell (= ox) OX _ op 9X 
By Oz 


0 oy dy? " dz®) Oat Ox’ 
ape rag -3- Kx. tak: (21) 
ee Sanna -3- st = eX. 
We thus obtain the solution 
Pee Da Re yD of Lie foal 


which is easily verified. 
The equation (20) may be written 
CV a MGA OM aos bap. clegtin nts as eneea ms (23) 


the solution of which is well known, the simplest type being e~” y = Ce-*/r ; 
cf. Art. 289. Adopting this, we have finally 


e 4 


i ten Ob pao 
ja 3 A FHP, nace La Ale (24) 
alia =A i zi a 
where ve a er es Oe (25) 


Since ¢ must obviously involve only zonal harmonics of negative degree, 
we write 


a1 a 1 
o= M24 Ae t Agra beees sees eesssiecnsen (26) 


For small values of kr we have 
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which leads to 


Tah ntl a te her rel duel og aces > 
ae ay} 

1 0x ae. OL ie oe ) 

me =~ 55 ( sy TEE Say toe) pe (28) 
Tey eG ee ea ) 

2h Be = — ol Beet ad ode © 


Hence the relations 
y= = 0 v= 0, wv =90; 


which are to hold for r=a, will be satisfied provided 
C=$Uay Ap= Suen i= — ta eee (29) 


approximately ; and it will be noticed that the condition for the success of the 
approximation is again that ka, or the ‘Reynolds number’ Ua/y, should be small. 


To find the distribution of velocity in the neighbourhood of the sphere 
we may use the formulae (24), (26) and (28), with the values of the constants 
given in (29). The result is identical with Art. 337 (11), if regard be had 
to the altered meaning of wu. The resistance experienced by the sphere has 
therefore the same value (67aU) as on Stokes’ theory. The same results 
follow also from a consideration of the stream-function (y), which takes a 
comparatively simple form. When the sphere is regarded as in motion, and 
the fluid at rest at infinity, the radial velocity is 


= Th ok x00 8, cave spiel Re ase ceeer (30) 
where @ denotes the inclination of the radius vector to the axis of x. Hence 
yar (58 — 5% + 0088) sin O00. eeeesenen (31) 
Substituting from (25), (26), and (29), and performing the integration, we find 
= $va (1 + cos 8) {1 — e~ #7 G—cosé)} _ ae SIN” Cte. baeree (32) 
For small values of kr this becomes 
y=10a(r—45) SIN" Onc. ne eke eee (33) 


in agreement with Art. 337 (14). 


In other respects the motion differs widely from that represented by Stokes’ 
formulae. In the first place, as pointed out by Oseen, the stream-lines are no 
longer symmetrical with respect to the plane «=0, the motion being in fact 
no longer reversible. Again, the vorticity is 


0 
ae “x = 2Ua(1+kr) 5 OS ea! pea lr: (34) 
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and is therefore insensible, on account of the exponential factor alone, except 
within a region bounded more or less vaguely by a paraboloidal surface having 
its focus at O, for which k(r—«) has a moderate constant value. This region 
may here be referred to as the ‘wake,’ although it includes a certain space 
ahead of the sphere. The velocity (u, v, w) relative to the distant parts of 
the fluid tends, for large values of 7, and for points outside the wake, to 
become purely radial, as if due to a source of strength 47rAo, or 62rva, at the 
origin. This is compensated by an inward flow in the wake; thus for points 
along the axis of the wake, to the right, where x =7, we find 
8 
f= — oe ae eretereicisia reisterettets ccieieher sisters (35) 

This indicates a velocity following the sphere (when this is regarded as in 
motion), which ultimately varies inversely as the distance instead of as the 
square of the distance. 

It remains to estimate the degree of approximation which the preceding 
results afford in various parts of the field. For this we have recourse again 
to a comparison of the ‘constraining forces,’ which would be necessary to 
make the solution exact, with the viscous forces. The former are given by 
the formulae (3), with the new meanings of wu, v, w, and the alteration of the 


pressure is 
Hip (UF? PUP) 5 sn Bb sep dace s cc sc ves esses (36) 
This is constant (= 4p U7?) over the surface of the sphere, and so does not affect 
the resultant force on the latter. 
At distant points well outside the wake, the terms in (24) which depend 
on x may be neglected, and we have, ultimately, 


u= $a, v= $a “s, W BVA. ciseccescavene (37) 
Also, from (34), 
£=0, »=3Uka 5 ek, & = — 3Uha Bete—a, A: (38) 
Hence 
X= 20a? eke, Y,=—- 2U%a? 5 eke, J, = — 20%? sed e-kir—a) 
tv (39) 


the resultant of which is 
R, = 2U%0? 7 NPT mets. a8 MaRS, Mee me (40) 


at right angles to the radius vector in a plane through the axis of 2. The 
viscous forces may be found from (24) and (25). If we retain only the terms 
which are most important when r is large, we find 


2 eee 
yvV2u=—vk?C = eka) yV2y = — vkPC stadt 8 et) e-kir—m) 


LAIR ee choi mece Noha ssscs cect (41) 
Vf 
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_ It follows from (29) that the ratio of (39) to (41) is of the order (1/kr) .(a/r). 
The approximation in this part of the field is therefore amply sufficient. 


At points well within the wake, where k(r—~) is small, we find from (82), 
for large values of r/a, 


u=—42, a0) wa0t ee (42) 
and from (34) £=0, n= $Uka 5, =— }Uka 4, Pan (43) 
approximately. These make 
X1=0, Yi=gUthath, Z,—3U kara... (44) 
The viscous forces are found to be 
vV2u = QvkC 5 pV2y = 2wkO%,, vV2w = QvkC at bts (45) 


approximately. The ratio of the magnitudes is of the order ka. 


Near the surface of the sphere we have u=— U, v=0, w=0, nearly, and 
therefore, from (3) and (19), 


A ex Dee 
%1=0, Y=-U5%, A= UM ieee, (46) 
or, by (27) and (29), 
X,=0, ¥,=§U%a 4, Z,= 4005, hee (47) 


These are of the order U*/a. The viscous forces are obtained from (24) and 
(27); thus 


vV2u = $vUa 


8a? — 
5 


r 


is vV2v= qua, Vw = gay, «+ (48) 
giving a resultant of the order vU/a*. The ratio of the magnitudes is there- 
fore Ua/v, which has already been assumed to be small. The approximation, 


though less perfect here than on Stokes’ theory, is seen to be adequate. 


343. If we attempt to find the steady motion produced by the translation 
of a cylinder with constant velocity through an infinite mass of liquid, on the 
basis of the equations (1) of Art. 336, it proves to be impossible to satisfy 
all the conditions*. This was pointed out by Stokes, who gave the following 
explanation: “The pressure of the cylinder on the fluid continually tends to 
increase the quantity of fluid which it carries with it, while the friction of the 
fluid at a distance from the cylinder continually tends to diminish it. In the 
case of a sphere, these two causes eventually counteract each other, and 
the motion becomes uniform. But in the case of a cylinder, the increase in 
the quantity of fluid carried continually gains on the decrease due to the 
friction of the surrounding fluid, and the quantity carried increases indefinitely 
as the cylinder moves ont.” 


* Cf. the remark following equation (14) of Art. 341. 
+ Camb. Trans. ix, (1850) [Papers, iii. 65]. 
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It appears, however, that if the inertia-terms are partially taken into 
account, after the manner of Oseen (Art. 342), the above conclusion is modified, 
and a definite value for the resistance is obtained *. 


The hydrodynamical equations are now satisfied by 


Bet TR ag aC byt Oh By’ Dieesic els veee secs (1) 
0 
and p= puct Paths Sates Moses toons tun disoeurs (2) 
provided WUD es seek sunset teeter at ete (3) 
0 
and (v ~2k =) Ria ho gk Cent een (4) 
The appropriate solution of (4) is 
x = Ce [Perm Me i, ae. pte Tike at nds os (5) 
0 
For the definite integral we have the expansions t 
() apna - k2 2 kA 4 ks 6 
fe e~Hrooshe day = — (y + log bh) To(kr) + “oy +82 55 gat 89 oa gaat + 
Pe AE cote Ae rags Meee 
J (se) ¢ {i Sepa (6) 


the latter form, which is semiconvergent, being suitable for large values of kr. 


For small values of kr we have 


N=— CL tka) (y+ log gr), ..ccccrccccscscscsens (7) 
whence 
10 C 0 0 
BE ex A ay HG- 1 log br) + Plog r blr Sa logr +f, 
TG n eee PU (0: nor 
The Oy F ieL {gylonr— bbe seay er +}. 
Pe GAA eee eee (8) 
Hence if we put ) 
= Aglog r+ Ar loge tesey csscccesssssessseee (9) 
we find that the conditions u=— U, v=0, w=0 will be satisfied for r=a, 
provided 
yereeg 2b al A ate Ay=t Oa}, °2....012.(10) 
4—y-— log ($ka)’ : 2k’ , (eee 


* Prof. Bairstow, applying the more usual approximate theory, finds a definite resistance for 
the case of a circular cylinder in a channel between parallel walls, Proc. Roy. Soc. A, c. 394 (1922). 

+ The proofs are analogous to those of Art. 194; cf. Watson, pp. 80, 202. The definite 
integral is a Bessel’s function of imaginary argument, of the ‘second kind.’ It is tabulated in 
Watson’s treatise, where it is denoted by Ky (kr). 
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approximately. Hengg near the cylinder we have 


(og 
u=hC}y— 4 + log blr +4(r*— a8) 5a log r} ; 
ee 
v=4C(r-a \eaey ogr. 
The vorticity is given by 
ov du i 2 


foo) 
si ee Race ee Oe ae | e—krcosh » ay 
0 


Oa dy oy 


which for large values of kr takes the form 


c=—1K0¥ a (sn) Ege?) ltag aoe. (12) 


The general interpretation would follow the same lines as in the case of the 
sphere (Art. 342). 


To calculate the force exerted by the fluid on the cylinder we have to 
integrate the expression 


ou ov . Ou 
p= (—p+ uae) at u(S + 50)y 


Ou ou ou 
=— pet prt u(o ty) Sia Gocmaonintsanasien (18) 


with respect to the angular co-ordinate (6) from 0 to 27. The products of 
plane harmonics of different orders will disappear in this process. The first 
term of (13) gives, when r is put equal to a, 


nua i Sed ii ea aie ee Pee (14) 
0 


The second term contributes, on substitution from (11), muC. The third 
term gives a zero result, to our order of approximation. The final value for 
the resistance per unit length is therefore 


4aruU 
wig berucins spate meee eee 15 
$= 7— log ha) ‘sie 
The investigation is subject, as in the case of Art. 342, to the condition that 
ka, or Ua/2v, is to be small*. It may be noted that the value of the expression 


in (15) does not vary rapidly with a. Thus for ka =+, we find 4:31, and, 
for ka = x5, 348 uU. 


QaruC = 


343. a. The ‘linearized’ equations of Oseen, Art. 342 (9), have been the 
starting point of a number of further investigations. It is to be noticed that 
even if we accept the equations as adequate the boundary-conditions have 

* The above investigation is taken from the paper by the author cited on p. 610. 


The formula (15) is stated to be in good agreement with experiment for sufficiently small values 
of Ua/v; see Wieselsberger, Phys. Zeitschr. 1921, p. 321. 
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only been approximately satisfied. Oseen, continuing the approximation, 
found for the resistance of a sphere the formula* 

Oy) SON Ce SE ee i et SE (16) 
where R= Ua/v. He has also investigated the case of the ellipsoid +, and 
ascertained a correction to Oberbeck’s result (Art. 339). This problem includes 
the case of the elliptic cylinder, treated independently by Bairstow { and others, 
and by Harrison and Filon§. The formula for the resistance, given by these 
writers, is 


4 & 
- nerd yh 8, es pare (17) 
aah 7% log tek (a+ )} 


per unit length. The cylinder is supposed placed symmetrically, and a denotes 
that semi-axis which is parallel to the stream. If we put b=a, we reproduce 
the result for the circular section. If b= 0 we have the case of a flat blade edge- 
ways on to the stream. The exact solution for the circular cylinder has been 
discussed analytically by Faxén||. The same writer has investigated , on the 
basis of Oseen’s equations, the motion of a sphere along the axis of a tube, or 
parallel to a plane boundary, or between parallel walls, and compared his 
results as far as possible with experiment. 

Some further, more problematical, calculations which have been based on 
the same equations will be referred to later (Art. 371 b). 


344. Some interesting general theorems, relating to the dissipation of 
energy in the steady motion of a liquid under constant extraneous forces, 
have been given by Helmholtz and Korteweg. They involve the assumption 
that the inertia-terms in the dynamical equations may be neglected. 

1°. Considering a given motion in a region bounded by any closed surface 5, let u, v, w 
be the component velocities, and u+w’, v+v’, w+w’ the values of the corresponding com- 
ponents in any other motion which is subject only to the condition that w’, v’, w’ vanish at 
all points of the boundary =. By Art. 329 (3), the dissipation in the altered motion is 

SSS {rae +2 xr) (A+) + oe eee (Pye t+ Pye) (f+f) +... 4+... dadydz, ...... (1) 
where the accent attached to any symbol indicates the value which the function in ques- 
tion assumes when w, v, w are replaced by w’, v', w’. Now the formulae (2), (3) of* Art. 326 
shew that, in the case of an incompressible fluid, 
Pret! + Py? + Pel + Pye + Pa + Pay 
=P! peg A + D yyD+ D cel +P yo f +P sx +P nylty veccreeevece (2) 

* Arkiv f. matemat.... ix. (1913); also Burgess, Amer. J. Math. xxxviii. 81 (1916). The 

approximation is continued in a series of powers of the ‘Reynolds number’ F by Goldstein, Proc. 


Roy. Soc. A, exxiii. 225 (1929). 

+ Arkiv f. math. u. phys. xxiv. (1915). An account of this and of many other researches in 
this connection is given in his Hydrodynamik, Leipzig (1927). 

t L. Bairstow, B. M. Cave, E. D. Lenz, Phil. Trans, A, cexxiii. 383 (1923). The more general 
case of a cylinder of arbitrary section is here discussed. A comparison with experimental results 
so far as these were available is added for the case of the circular section. 

§ Harrison, Camb. Trans. xxiii. 71 (1924); Filon, Proc. Roy. Soc. A, cxiii. 7 (1926) and Phil. 
Trans. A, cexxyii. 93 (1927). || K. Soc. d. Wiss. Upsala (1926). 

{| Dissertation, Upsala, 1921; Ann. d. Physik. (4) lxviii. 89 (1922); Arkiv f. matemat, xvii. 


(1933), xviii (1924), xix (1925). 


618 Viscosity [CHAP. XI 


each side being a symmetric function of a, }, ¢, f, g, hand a’, 0, ¢’, f', g', V’. Hence, and 
by Art. 329, the expression (1) reduces to the form 


fJJddex dy dz-+2 {Sf peat! + Dyyb' + Pal + Pref + PaxJ + Payh') dev dy de + {JJ e'de dy de. 
The second integral may be written 


au’ Ow Ow 
If (ae St Pay Get Pan Get ot ne) dndy de 


and by a partial integration, remembering that w’, v, w’ vanish at the boundary, this 


becomes 
=} | | {u (2 °pe he, +e). Le 1} derdy de 


or If ftw fe so). +... J} deayade. Dapswesewnaneiasevaestorcse (3) 


So far there is no restriction on the values of u, v, w except that they satify the equation 
of continuity. But if they satisfy the equations of motion when the inertia-terms are 
omitted, viz. 


where © is a single-valued potential, the integral (3) vanishes in virtue of the equation of 
continuity, by Art. 42 (4). 


Under these conditions the dissipation in the altered motion is equal to 
ff cdacdly dz + [[[e’dadydz,  ..........cccsscccsessensceescers (5) 


or 2(F+F’"), say. That is, it exceeds the dissipation in the steady motion by the 
essentially positive quantity 27” which represents the dissipation in the motion (w’, v’, w’). 


In other words, provided the inertia-terms may be neglected, the motion of a liquid 
under constant forces having a single-valued potential is characterized by the property 
that the dissipation in any region is less than in any other motion consistent with the 
same values of uw, v, w at the boundary. 


It follows that, with prescribed velocities over the boundary, there is under the same 
condition only one type of steady motion in the region*. 


It has been pointed out by Rayleigh +t that the integral (3) vanishes, and the dissipation 
is accordingly a minimum, under somewhat wider conditions. The integral (3) may be 
replaced by 


—pSff(wV2ut+ V2 v4 w'V2w) da dy dz, ..icccrccssccessseecscenees (6) 
which will vanish whenever 
oH oH 0H 
2 =>=PT 2 => 2 = 
Veu a? V2v a. Vw gD teeesenseeesseeensee sees (7) 


where H is a single-valued function of 2, y, z This condition, which is purely kine- 
matical, implies that 

Vig=07” VIV=O; V8 CO cok. aie ee (8) 
and conversely. Under this head are included the case of steady motion between parallel 


planes, where 
u=A+Bz+ C22, v=0, Wi) Maceo westabaanss acihewenee (9) 


(Art. 330), and that of motion in circles between coaxal cylinders (Art. 333). It is to be 


noticed that there is now no necessity, so far as the truth of the theorem is concerned, that 
the motion represented by u, v, w should be small, or even that it should be dynamically 


* Helmholtz, ‘‘Zur Theorie der stationiren Stréme in reibenden Fliissigkeiten,’’ Verh. d. 
naturhist.-med. Vereins, Oct. 30, 1868 [Wiss. Abh. i. 223). 
+ ‘On the Motion of a Viscous Fluid,’’ Phil. Mag. (6) xxvi. 776 (1913) [Papers, vi. 187]. 
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possible as a steady motion, provided only that the relations (7) and the equation of con- 
tinuity are satisfied. For instance, in any case of motion between concentric spheres 
the dissipation is necessarily greater than was found in Art. 334, and the couple V 
required to maintain the motion must therefore exceed the value there given. 


2°. If u, v, w refer to any motion whatever in the given region, we have 


QP = {fb dordy de=2{f( pert + Pypb + Pad + Pyof + Ped + Payh) de dy de, ......(10) 
since the formula (2) holds when dots take the place of accents. 


The treatment of this integral is the same as before. If we suppose that 2, 3, w 
vanish over the bounding surface 3, we find 


ee . (Opec , Pay , OPrs 
ns ct (+ mee Be) tl dedy de 
= —pff[(wW+ +a) dedyde+p ff{(Xi+ Yo+ Zw) dardydz, cece g,(11) 


in the case of slow motion. 


When the extraneous forces have a single-valued potential the latter integral vanishes, 


so that J 
Fax — pf ff(@2 4-02 + eb) Mardy dz. .......ccrsccanecensescnsceess (12) 


This is essentially negative, so that F continually diminishes, the process ceasing only 
when 7=0, =0, w=0, that is, when the motion has become steady. 


Hence when the velocities over the boundary = are maintained constant, the motion in 
the interior will tend to become steady. The type of steady motion ultimately attained is 
therefore stable, as well as unique*. 

It has been shewn by Rayleight that the above theorem can be extended so as to 
apply to any dynamical system devoid of potential energy, in which the kinetic energy (7) 
and the dissipation-function (/’) can be expressed as quadratic functions of the generalized 
velocities, with constant coefficients. 

If the extraneous forces have not a single-valued potential, or if instead of given 
velocities we have given tractions over the boundary, the theorems require a slight modi- 
fication. The excess of the dissipation over double the rate at which work is being done 
by the extraneous forces (including the tractions on the boundary) tends to a unique 
minimum, which is only attained when the motion is steady f. 


Periodic Motion. 


345. We next examine the influence of viscosity in various problems of 
small oscillations. 

We begin with the case of ‘laminar’ motion, as this will enable us to 
illustrate some points of great importance, without elaborate mathematics. 
If we assume that y=0, w=0, whilst w is a function of y only, the equations 
(4) of Art. 328 require that p =const., and 

Ow Ou 
Fee ee cca stv rciscossoncrccvscccesesces 1 
Ayes AE » 

* Korteweg, ‘‘On a General Theorem of the Stability of the Motion of a Viscous Fluid,’’ Phil. 


Mag. (5) xvi. 112 (1883). 
t lc. p. 618. t Cf. Helmholtz, l.c. p. 618. 
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This has the same form as the equation of linear motion of heat. In the 
case of simple-harmonic motion, assuming a time-factor et (st+) we have 


Cu to 
SA eet PRE ONL er, eater rere 2 
oy? yp U, ( ) 

the solution of which is 
u=Ae t+) Bye Ber Gt by, ata mecinn Dales (3) 
4 

i AO Abd CRs Se Cee Sn eee (4) 

provided B ( =) 


Let us first suppose that the fluid lies on the positive side of the plane az, 
and that the motion is due to a prescribed oscillation 

pss qet (atte) 

of a rigid surface coincident with this plane. If the fluid extend to infinity in 


the direction of y-positive, the first term in (3) is excluded, and, determining 
B by the boundary-condition (5), we have 


Ce Pa SNARE De Bee ash ane ape Ai 7 (6) 
or, taking the real part, 
uae °Y cos (ot— Bye). 2e.ccudeestseeeennmee (7) 
corresponding to a prescribed motion 
=, cos(ote)” ene (8) 


at the boundary *. 


The formula (7) represents a wave of transversal vibrations propagated 
inwards from the boundary with the velocity o/8, but with rapidly diminishing 
amplitude, the falling off within a wave-length being in the ratio e-®, or z4,. 


The linear magnitude 8 is of great importance in all problems of 
oscillatory motion which do not involve changes of density, as indicating the 
extent to which the effects of viscosity penetrate into the fluid. In the case 
of air (v ='13) its value is ‘21 P? centimetres, if P be the period of oscillation 
in seconds. For water the corresponding value is ‘072P#. We shall have 
further illustrations, presently, of the fact that the influence of viscosity 
extends only to a short distance from the surface of a body performing small 
oscillations with sufficient frequency. A similar statement can be made with 
respect to the free surface of a liquid in wave-motion, 


The retarding force on the rigid plane is, per unit area, 


—p | =a = pBa {cos (ot+ e) — sin (ot + e)} 
Loy |y=0 


=pvtctacos(ct+etdrr).  cecccccceesseeeees (9) 
The force has its maxima at intervals of one-eighth of a period before the 
oscillating plane passes through its mean position +. 


* Stokes, l.c. ante p. 580. 


+ For investigations relating to the case where the motion of the lamina is not restricted to be 
simple harmonic see Stokes, J.c.; Basset, Quart. Journ. Math. (1910); and Rayleigh, “On the 
Motion of Solid Bodies through a Viscous Fluid,’’ Phil, Mag. (6) xxi. 697 (1911) [Papers, vi. 
29]. See also Havelock, Phil. Mag. (6) xlii. 620 (1921). : 


345-346 | Problems of Periodic Motion 621 


On the forced oscillation above investigated we may superpose any of the normal modes 
of free motion of which the system is capable. If we assume that 


VCS. Ze COS wd USTWIOU),. danoban eandbigobucecoobepacnoboscdne. (10) 
and substitute in (1), we find ou SPIN Sea WO con Oa CECE OS (11) 


whence we obtain the solution 


w= (A cos my +B sin mye PO ev csncccccaseortnace (12) 


The admissible values of m, and the ratios A: B, are as a rule determined by the 
boundary-conditions.. The arbitrary constants which remain are then to be found in 
terms of the initial conditions, by Fourier’s methods. 

In the case of a fluid extending from y= —o to y=+, all the real values of m are 
admissible. The solution, in terms of the initial conditions, can in this case be immedi- 
ately written down by Fourier’s Theorem (Art. 238 (4)). Thus 


u=z f am | HO eos way Nye AN, ho cccseescccvntss (13) 


0 
if WU lFil(G)) istecovosssie case sosrececouecwscestvascccensecs (14) 
be the arbitrary initial distribution of velocity. 
The integration with respect to m can be effected by the known formula 


fk e-°™ cos pede=3(2) oP, AG ndenceseacetacte asa (15) 
We thus find w= “i | Sit ali PLOY Oe a ee, 
Vie —_—D 


From this we may derive the solution (2) of Art. 334 a. 


346. When the fluid does not extend to infinity, but is bounded by a 
fixed rigid plane y=h, then, in determining the motion due to a forced 
oscillation of the plane y = 0, both terms of (3) are required, and the boundary- 


conditions give 


AD Gp ATO PT Ae BaD PR 0) fe acritmpnaccounee (17) 
ag ht )BA-Y) stotte 
whence ee ao (1 +1) Bh WV ee ee (18) 


as is easily verified. This gives for the retarding force per unit area on the 
oscillating plane 


—p [ze | = p(1 +7) Bacoth (1 +1) Bh. ett9, ......... (19) 
vam 


0 
The real part of this expression may be reduced to the form 
sinh 28h cos (ot + ¢ +47) +sin 28h sin (ot +e +477) 2 
Medea cosh 28h — cos 28h ih 2@) 
When h is moderately large this is equivalent to (9) above; whilst for 
small values of Bh it reduces to 


Ce COR ( Otic €),fenra sb ancleneeieadiaininse 1 (21) 


as might have been foreseen. 
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This example contains the theory of the modification introduced by Maxwell* into 
Coulomb’s method+t of investigating the viscosity of fluids by the rotational oscillation of 
a circular disk in its own (horizontal) plane. The addition of fixed parallel disks at a 
short distance above and below greatly increases the influence of viscosity. 


The free modes of motion are expressed by (12), with the conditions that ~=0 for o=O 
and y=h. This gives A=0 and mh=sm, where s is integral. The corresponding moduli 
of decay are then given by r=1/vm?. 

347. As a further example, let us take the case of a horizontal force 
A suf COS (ObArE)) 22 ..ceseeeeda testa) Oa (1) 
acting uniformly on an infinite mass of water of uniform depth h. 


The equation (1) of Art. 345 is now replaced by 


If the origin be taken in the bottom, the boundary-conditions are u=0 
for y =0, and du/dy =0 for y=h, this latter condition expressing the absence 
of tangential force on the free surface. Replacing (1) by 


Riefisivde 6 Neo. el wee (3) 
‘ = of = cosh ce! ue ) B (A ie Dy i (ot+e) 
we find oot {1 cosh (IEHD)IGh e is Leaauneeen ae (4) 


if 8 =(c/2v), as before. 

When h is large, the expression in { } reduces practically to its first 
term for all points of the fluid whose height above the bottom exceeds a 
moderate multiple of 8-1. Hence, taking the real part, 

w=Z sin Cob A. @). ee eee oe eT (5) 
This shews that the bulk of the fluid, with the exception of a stratum at the 
bottom, oscillates exactly like a free particle, the effect of viscosity being 
insensible. For points near the bottom the formula (4) becomes 


i z (1 — eH A+ipY) gilt (5) 


or, on rejecting the imaginary part, 


ip 


o 


sin (ot + €) — L wy sin (oF — By +). .....s cee eeeee (7) 
This might have been obtained directly, as the solution of (2) satisfying the 
conditions that u=0 for y=0, and 


is 


> . 


U= 


u=*~.sin (ot +) 


for large values of By. 


* Lc. ante p. 575. + Mém. de lV’ Inst. iii. (1800). 
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The curves A, B, C, D, E, F in the accompanying figure represent 
successive forms assumed by the same line of particles at intervals of 
one-tenth of a period. To complete the series it would be necessary to add 
the images of EH, D, C, B with respect to the vertical through O. The whole 
system of curves may be regarded as successive aspects of a properly shaped 
spiral revolving uniformly about a vertical axis through O. The vertical 
range of the diagram is one wave-length (27/8) of the laminar disturbance. 


A B D 


ty 
y 


x 


O x 


As a numerical illustration we note that if y=‘0178, and 27r/o = 12 hours, 
we find 8-1=15°6 centimetres. This indicates how utterly insensible must be 
the direct action of viscosity on oceanic tides. There can be little doubt that 
such dissipation of energy by ‘tidal friction’ as at present takes place is to 
be attributed mainly to the eddying motion produced by the exaggeration of 
tidal currents in narrowing channels and in shallow water. Cf. Art. 365. 


When £h is small the real part of (4) gives 
u= Ly (2h—y).cos (ot +6), BEE BSS (8) 
the velocity being in the same phase with the force, and varying inversely 
as v. 
348. The effect of viscosity on free oscillatory waves on deep water may 
be estimated as follows. 
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When viscosity is neglected we have the solution 


fb = ace’¥ C08 bk (&— Ch). c--csceseecscssrsacecernes (1) 
u=kace’ sink (a—ct), v=—kace’ cosk(@—ct), ......++ (2) 
=O BIDE, (S0-—~ Ch) ue ee ee eee eee (3) 


where 7 is the surface elevation, and c is the wave-velocity. This type of 
motion can persist even with viscosity, provided the requisite surface forces 


Fe ee eG oe Ve OKC, 


CYP ES RE ts BS eee (4) 
p (2 + on) = I uk*ac sin k (a — ct) 
ye Oa” Oy ; 
are applied. The rate at which these do work is 
PyyY + Pyatt = pkac cos k (a — ct) + QwkParc?, ...........005 (5) 


the mean value of which is 2uk3a?c?, This must evidently be the rate at which 
energy is being dissipated in the free motion given by (2), as may be verified 
by calculation from any of the formulae of Art. 329. The kinetic energy per 
unit area is }pka’c?, and the total energy therefore double of this. Hence 
in the absence of surface forces, 


e (S pkcctat) == = Dyker at” Fc. ones ae (6) 
da _ “ \ 
or ah QyktG,.. acest atowss se oo ceaataneccaee (7) 
whence Oh alg One esicataren nae ees cate cere (8) 
The modulus of decay is t = 1/2vk?, or, in terms of the wave-length ()), 
7 At Satin een |, oe ee (9)* 


In the case of water, this gives 
t= °712\? seconds, 


if \ be expressed in centimetres. It follows that capillary waves are very 
rapidly extinguished by viscosity; whilst for a wave- -length of one metre r+ 
would be about 2 hours. 


The above method rests on the assumption that or is moderately large, 
where o(=kc) denotes the ‘speed.’ In mobile fluids such as water this 
condition is fulfilled for all but excessively minute wave-lengths. The method 
fails for another reason when the depth is less than (say) half the wave- 
length. Owing to the practically infinite resistance to slipping at the bottom, 
the dissipation can no longer be calculated as if the motion were irrotational +. 


* Stokes, l.c. ante p. 577, and Papers. iii. 74. (Through an oversight in the original calcula- 
tion the value obtained for 7 was too small by one-half.) 

+ The same point arises in the oscillations of superposed liquids (Art. 231) as investigated by 
Harrison, Proc. Lond. Math. Soc. (2) vi. 396; vii. 107 (1908). The modulus of decay was found 
to vary as v~* instead of as v1. Cf, Art. 364. 
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The calculation can be modified so as to illustrate the generation and 
maintenance of waves by wind. It is not likely that the action of the wind 
even on a simple-harmonic wave-profile could be represented by any simple 
formula*. But, neglecting the tangential action, which seems to be of 
secondary importance, we may imagine the normal pressure to be expressed 
by a Fourier series of sines and cosines of multiples of k(#— ct), and it is 
evident that the only constituent which does a net amount of work in a com- 
plete period has the form 


UN ee COST Cb Ue wages ce sn canoes cceoees (10) 
The equation (6) is replaced by 
: (epketa:) = shen CD il? fats wa caeaicitn. 1. (11) 
da oC 5 
i oaile yllek. APNE 2 
or Ene SUSUR SSR) Mees Sn ae eee Eee ory (12) 
The amplitude will therefore increase or diminish according as 
AARP Ce MES es Ae SMG Hs (18) 


In recent paperst Dr Jeffreys assumes that the pressure of the relative wind on the 
advancing wave-profile may be represented roughly by an expression of the form 


3 
Bp’ (U—c)? es Be See ey, Fe (14) 


where U is the velocity of the wind, p' the density of the air, and 8 a numerical coefficient 
lying between 0 and 1, and probably less than 4. This is equivalent to putting 


C=Bp' (U-c)*ka 
in (13). If we neglect capillarity c?=g/k, and the criterion takes the form 


4vgp 
TRONS Cia ae Tee or esieceenh guaveuaeseseniemeatt 15 
For a given wind this is least when c=4U;; the least wind which could maintain waves is 
therefore, on the present assumption, 


=3(79e\* 
U=3 ( aa ba ie ES ke ee (16) 

If we assume v=0178, g=981, p’/p=-00129, B=°3, we get U=107, A=8'1, in centi- 
metres and seconds. Some observations by Jeffreys agree as to the order of magnitude of 
the least wind-velocity. 


349. The direct calculation of the effect of viscosity on water-waves can 
be conducted as follows. 


If the axis of y be urawn vertically upwards, and if we assume that the 
motion is confined to the dimensions #, y, we have 


Ou 1 dp ; ev 1 dp 
wee teV4u Ee s hd has Sewers 1 
at See ee ee ores 1 (1) 
du dv 
1 pater AVA ais eats oRaieg aS tide a cles sae win’ en aiee 2 
with an ae 0 (2) 


* It is hoped that an account will be published shortly of the experiments on which the late 
Sir T. Stanton had been engaged, relevant to this question. 
+ Proc. Roy. Soc. A, evii. 189 (1924); ex. 241 (1925). 
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These are satisfied by 


__ ob _ oy ees ON 
C= aeMmane ap ae peal emia cits arts (3) 
LG, 
and ; = oe <2 FUE a ace hinacuse sme age una cae se neeet (4) 
provided Vi? > =0, 7 CALA E oh ai RRP ere (5) 
On ee 
where V2= ape + By : 


To determine the ‘normal modes’ which are periodic in respect of # with 
a prescribed wave-length 27/k, we assume a time-factor e™ and a space-factor 
e, The solutions of (5) are then 


b= (Ae + Be) eertat Ape (ley 4 Dey) eter (6) 
with eM gt AS Or) epee ec en (7) 
The boundary-conditions will supply equations which are sufficient to deter- 
mine the nature of the various modes, and the corresponding values of n. 

In the case of infinite depth one of these conditions takes the form that 
the motion must be finite for y=—oo. Excluding for the present the cases 
where m is pure-imaginary, this requires that B = 0, D = 0, provided m denote 
that root of (7) which has its real part positive. Hence 

u=—(tkAe + mCemv) ettetnt, y= —(kAe —ikCemy) etetnt, |. (8) 

If » denote the elevation at the free surface, we must have 0n/ot=v. If 

the origin of y be taken in the undisturbed level, this gives 


n= = (A Sid) hone i (9) 


If 7, denote the surface-tension, the stress-conditions at the surface are 
evidently 
igs 
Pyy = 192? Pay = 9, 006.4) 6 8\w16 60 a side leecs\e.e.e lei 6 (10) 


to the first order, since the inclination of the surface to the horizontal is 
assumed to be infinitely small. 


dv ov du 
Now Pie Bea ee Poy = # (52 + 5) AA soeadono ne (11) 
whence, by (4) and (9) we find, at the surface, 
Puy On _ _ 0d ' dv 
1 
ee {(n? + 2vk?n + gk + Tk?) A — 7 (gh + T'k3 + 2vkmn) OC}, 
shes: (12) 
a =—(2tvh®@A + (n+ 20k) OC}, vecseecceceeeeeees (12) ° 


where 7” = T;/p, the common factor e**+™ being understood. 
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Substituting in (10), and eliminating the ratio A : C, we obtain 
(n+ 2ok*)}? + gle TR SH Aptem, oo. cieces esses es (14) 


If we eliminate m by means of (7), we get a biquadratic in n, but only those 
roots are admissible which give a positive value to the real part of the left- 
hand member of (14), and so make the real part of m positive. 


If we write, for shortness, 


gk+TR=o%, vitde=0, n+khe=e0, «0.0.0.0... (15) 
the biquadratic in question takes the form 
ROO eae OY a. concen cs cacuetee (16) 


It is not difficult to shew that this has always two roots (both complex) 
which violate the restriction just stated, and two admissible roots which may 
be real or complex according to the magnitude of the ratio 6. If % be the 
wave-length, and c(=a/k) the wave-velocity in the absence of friction, we 


have 
pat 19 NA 2 [San ec (17) 


Now, for water, if c,, denote the minimum wave-velocity of Art. 267, we 
find 27rv/c, = 0048 cm., so that except for very minute wave-lengths 6 is a 
small number. Neglecting the square of 6, we have «=+7, and 

JP PAU K EO s. eee sates aes thoeee «seen oehs (18) 


The condition p,,=0 shews that 
C Qivk? Qvk? 
if Thane eS a 
which is, under the same circumstances, very small. Hence the motion is 
approximately irrotational, with a velocity-potential 


Gh = Ag Ht hy ti ert) ieceeeeees (20) 


If we put a=FkA/o, the equation (9) of the free surface becomes, 
approximately, on taking the real part, 
Ome EP COB IE OE). ois ssesecesconses ivtess (21) 
The wave-velocity is o/k, or (g/k + 7’k)%, as in Art. 267, and the law of 
decay is that investigated independently in the preceding Art.* 
To examine more closely the character of the motion, as affected by viscosity, we may 
calculate the vorticity (w) at any point of the fluid. This is given by 
Lt ig Aa iy cl sl Ss a (22) 
v v 


Now, from (7) and (18), we have, approximately, 
m=(1+7)B, where B= (o/2v)?. 
With the same notation as before, we find 
w= F Qokae~ t+ BY cos {hE (TtABY)}. ceesccssecceseseerneeees (23) 


* Similar results were obtained by Basset, Hydrodynamics, ii. Arts. 520-522 (1888), where 
the case of finite depth is also treated. Reference may also be made to Hough, lc. ante p. 593, where 
the case of a spherical sheet of water is considered. 

40-2 
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This diminishes rapidly from the surface downwards, in accordance with the thermal 
analogy pointed out in Art. 328. Owing to the oscillatory character of the motion, the 
sign of the vorticity which is being diffused inwards from the surface is continually 
being reversed, so that beyond a stratum of thickness comparable with 27/8 the effect is 
insensible, just as the fluctuations of temperature at the earth’s surface cease to have 
any sensible influence at a depth of a few yards. 


In the case of a very viscous fluid, such as treacle or pitch, @ may be large 
even when the wave-length is considerable. The admissible roots of (16) are 
then both real. One of them is evidently nearly equal to 20, and continuing 
the approximation we find 


c=20— > Eee 
whence, neglecting capillarity, we have, by (15), 
Dee OLDS Meee eet ccnts. tera tetem en eenae (24) 
The remaining real root is 1090, nearly, which gives 
Mie OL phe ore Ree Sy (25) 


The former root is the more important. It represents a slow creeping of 
the fluid towards a state of equilibrium with a horizontal surface. The rate 
of recovery depends on the relation between the gravity of the fluid (which is 
proportional to gp) and the viscosity (4), the influence of inertia being in- 
sensible. It appears from (7) and (15) that m =k, nearly, so that the motion 
is approximately irrotational*. 


The type of motion corresponding to (25), on the other hand, depends, as 
to its persistence, on the relation between the inertia (p) and the viscosity (,), 
the effect of gravity being unimportant. It dies out very rapidly. 

The above investigation gives the most important of the normal modes, of the prescribed 
wave-length, of which the system is capable. We know @ priori that there must be an 


infinity of others. These correspond to pure-imaginary values of m, and are of a less 
persistent character. If in place of (6) we assume 


p= Act, eketnt, Y=(Ccos m'y + Dsin m'y) ett, cease (26) 
with HE se WB mY 5, Seb sodas senlgabontad enn cipina waneann et (27) 


and carry out the investigation as before, we find 
(n?+ 2vk°n + gh+ T'k§) A -i(gk+ T'k3) 0 —2ivkm'nD =0, 
20k7A + (kh? — m'%) C=0.f 

Any real value of m’ is admissible, these equations determining the ratios A: C: D; 

and the corresponding value of 7 is 
(eet Oars kd bel eA aise SUBSE EAS BRaR ned metoceooaGe (29) 

In any one of these modes the plane zy is divided horizontally and vertically into a series 
of quasi-rectangular compartments, within each of which the.-fluid circulates, gradually 
coming to rest as the original momentum is spent against viscosity. 


By a proper synthesis of the various normal modes it must be possible to represent the 
decay of any arbitrary initial disturbance. 


* Cf. Tait, ‘‘Note on Ripples in a Viscous Liquid,’ Proc. R. S. Edin, xvii. 110 (1890) 
[Scientific Papers, Cambridge, 1898-1900, ii. 313]. 
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850. The equations (12) and (13) of the preceding Art. may be used 
to illustrate more in detail the generation and maintenance of water-waves 
against viscosity, by suitable forces applied to the surface. 


If the external forces p’,,, p’z be given multiples of e**+™t, where k and n 
are prescribed, the equations in question determine A and (, and thence the 
values of 7. Thus we find 


Pwy a (ni? + Qvk?n + a”) A-% (a7 + 2vkmn) C 


gen gk (A —i0) Meee: cane: (1) 
P'ay _ 0 ivk®A + (n+ vk?) C . 
9PN = gk a(t OTR eh ern eee See (2) 


where o? has been written for gk + T’ i? as before. 


Let us first examine the effect of a purely tangential force. Assuming 
P' vy =9, we find 
Pay _ in (n + Qvk?)? + 0? — 4v?k> m 
gen gk n + 2vk* — 2vkm 


i MTGE (3) 


If, as we shall suppose for reasons already indicated, vk?/o and vkm/o are 
small, the elevation will be greatest when n = + 7a, nearly. To find the force 
necessary to maintain a train of waves of given amplitude, travelling in the 


direction of x-positive, we put n =—ioc. This makes 
Pm  4vko ; 
Y= ——, or SE LICO I tens soe scree etre 4 
eS ee P ay = Apcon (4) 


approximately. Hence the force acts forwards on the crests of the waves, 
and backwards at the troughs, changing sign at the nodes. A force having the 
same distribution, but less intensity in proportion to the height of the waves 
than that given by (4), would only retard, without preventing, the decay of 
the waves by viscosity. A force having the opposite sign would accelerate 
this decay. 
The case of purely normal force can be investigated in a similar manner. 
If p’2, =0, we have 
Dy _ (n+ 2vk?? + 0? — 47k? m 
gen gk 
The reader may easily satisfy himself that when there is no viscosity this 
coincides with the result of Art. 242. If we put n=— to, we obtain, with the 
same approximations as before, 


Day ae IMEC Mat da ceene nets anes seo SUT enw (6) 


Hence the wave-system 
TNE SIE OE) nts pee eriw ass sacs avon nices (7) 


would be maintained without increase or decrease by the pressure-distribution 


p =const. + 4ykao cos (kt — at), sssceeereneererees (8) 
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applied to the surface. The requisite pressure is greatest on the rear and 
least on the front slopes of the waves*. 


If we call to mind the phases of the particles, revolving in their circular 
orbits, at different parts of a wave-profile, it is evident that the forces above 
investigated, whether normal or tangential, are on the whole urging the 
surface-particles in the directions in which they are already moving. 


Owing to the irregular, eddying character of a wind blowing over a 
roughened surface, it is not easy to give more than a general explanation 
of the manner in which it generates and maintains waves. It is not difficult 
to see, however, that the action of the wind will tend to produce surface forces 
of the kinds above investigated. When the air is moving in the direction in 
which the wave-form is travelling, but with a greater velocity, there will 
evidently be an excess of pressure on the rear slopes, as well as a tangential 
drag on the exposed crests. The aggregate effect of these forces will be a 
surface drift, and the residual tractions, whether normal or tangential, will 
have on the whole the distribution above postulated. Hence the tendency will 
be to increase the amplitude of the waves to such a point that the dissipation 
balances the work done by the surface forces. In like manner waves travelling 
faster than the wind, or against the wind, will have their amplitude continually 
reduced f. 


It has been shewn (Art. 267) that, under the joint influence of gravity 
and capillarity, there is a minimum wave-velocity of 23:2 cm. per sec., or 
0°45 mile per hour. The velocity of a wind must at all events exceed this 
if it is to maintain waves against viscosityt. Some observations of Scott 
Russell§ may be quoted here. 


“Let [a spectator] begin his observations in a perfect calm, when the surface of the 
water is smooth and reflects like a mirror the images of surrounding objects. This appear- 
ance will not be affected by even a slight motion of the air, and a velocity of less than half 
a mile an hour (8$ in. per sec.) does not sensibly disturb the smoothness of the reflecting 
surface. A gentle zephyr flitting along the surface from point to point, may be observed 
to destroy the perfection of the mirror for a moment, and on departing, the surface remains 
polished as before; if the air have a velocity of about a mile an hour, the surface of the 
water becomes less capable of distinct reflexion, and on observing it in such a condition, it 
is to be noticed that the diminution of this reflecting power is owing to the presence of 
those minute corrugations of the superficial film which form waves of the third order 
[capillary waves]. ... This first stage of disturbance has this distinguishing circumstance, 
that the phenomena on the surface cease almost simultaneously with the intermission of 
the disturbing cause so that a spot which is sheltered from the direct action of the wind 
remains smooth, the waves of the third order being incapable of travelling spontaneously 
to any considerable distance, except when under the continued action of the original dis- 
turbing force. This condition is the indication of present force, not of tnat which is past. 


* This agrees with the result given at the end of Art. 242 where, however, the dissipative 
forces were of a different kind. 

+ Cf. Airy, ‘Tides and Waves,’’ Arts. 265-272; Stokes, Camb. Trans. ix, [62] [Papers, iii. 74]; 
Rayleigh, l.c. ante p. 174, 

t Sir W. Thomson, l.c. ante p. 459. § l.c. ante p. 423, 


¢ 
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While it remains it gives that deep blackness to the water which the sailor is accustomed 
to regard as the index of the presence of wind, and often as the forerunner of more. 


“The second condition of wave motion is to be observed when the velocity of the wind 
acting on the smooth water has increased to two miles an hour. Small waves then begin 
to rise uniformly over the whole surface of the water; these are waves of the second order, 
and cover the water with considerable regularity. Capillary waves disappear from the 
ridges of these waves, but are to be found sheltered in the hollows between them, and on 
the anterior slopes of these waves. The regularity of the distribution of these secondary 
waves over the surface is remarkable; they begin with about an inch of amplitude, and a 
couple of inches long; they enlarge as the velocity or duration of the wave increases ; by 
and by the coterminal waves unite; the ridges increase, and if the wind increase the waves 
become cusped, and are regular waves of the second order [gravity waves]*. They continue 
enlarging their dimensions, and the depth to which they produce the agitation increasing 
simultaneously with their magnitude, the surface becomes extensively covered with waves 
of nearly uniform magnitude.” 


This quotation is retained from previous editions, for the sake of its vivid 
descriptions, but the numerical estimates relating to the first appearance of 
waves may require qualification. In particular, the initial wave-length is 
apparently too great to justify the term ‘capillary.’ 


351. The calming effect of oil on water-waves appears to be due to the 
variations of tension caused by the extensions and contractions of the con- 
taminated surfacet. The surface-tension of pure water is greater than the 
sum of the tensions of the surfaces of separation of oil and air, and oil and 
water, respectively, so that a drop of oil thrown on water is gradually drawn 
out into a thin film. When the film is sufficiently thin, say not more than 
two millionths of a millimetre in thickness, it is found that the tension is no 
longer constant but is increased when the thickness is reduced by stretching, 
and conversely. It is evident at once frum the figure on p. 366 that in 
oscillatory waves the tendency is for any portion of the surface to be alternately 
contracted and extended, according as it is above or below the mean level. 
The consequent variations in tension produce an alternating tangential drag 
on the water, with a consequent increase in the rate of dissipation of energy. 


The preceding formulae enable us to submit this explanation, to a certain extent, to the 
test of calculation. 

It is evident beforehand that the effect of the quasi-elasticity of the oil-film will be 
greater the shorter the wave-length ; and that if the wave-length be sufficiently small the 
surface will be practically inextensible, and the horizontal velocity at the surface will be 
annulled. We will assume this condition to be fulfilled. 

The internal motion of the water will be given by the formulae (8) of Art. 349, but the 
determination of the constants is different. The condition to be satisfied by the normal 
stress is the same as in the Art. cited, and gives 


(a? + Qvk2a + 07) A —1 (07+ Qwhma) C=O, ...seeecreeserenerernercees (1) 


* Scott Russell’s wave of the first order is the ‘solitary wave’ discussed ante Art, 252. 
+ Reynolds, ‘‘On the Effect of Oil in destroying Waves on the Surface of Water,’’ Brit. Ass. 
Rep. 1880 [Papers, i. 409]; Aitken, ‘‘On the Effect of Oil on a Stormy Sea,’’ Proc. Roy. Soc. 


Edin. xii, 56 (1883). 
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where oa ghs- Tek, Aisinseu. dsevien dtnobeg stan seicceacteet aaa (2) 


7" referring now to the total tension of the oil-film. In place of the condition of vanishing 
tangential stress, we have the condition 


THAD) 180) ESO). noayescosdcoocbascbonoconocombasoceabeabor (3) 
which gives CRA A C—O eet ease amte act inscadesscebeneneacacisss: (4) 
Eliminating the ratio A : C, we find 
CER SG SiEa@) occacocosoncncosascagsenbaparsconcnae (5) 
or, on eliminating m by means of the equation 
Wt SE] Vee aaeses sees cac reconsmencesancrseets cece one (6) 
(¢ +H) (ebcvot)iiiatan 0 dali ct A ee ee ee (7) 


This equation has an extraneous root a=0, and other roots are inadmissible as giving, 
when substituted in (5), negative values to the real part of m. If vk/c is small, the 
relevant roots are, to a first approximation, a= +ia, and to a second 


where the correction to the ‘speed’ o of the oscillations is neglected. The modulus of 
decay is therefore 


The ratio of this to the modulus obtained on the hypothesis of constant surface-tension 
(viz. 1/2vk?) is 4,/2 (vk2/a)3, which is by hypothesis small*. 


352. Problems of periodic motion in three dimensions, having special 
relation to spherical surfaces, may be treated in a general manner, as follows. 


We investigate, first, the general solution of the system of equations: 


(V2 +h?) u’ =0, (V2 + h?) v’ =0, CV") h*) 0 = Oe (1) 
Qu’ ov’ Ow’ 
Als ay ay — 0, Peewee ene reere essere rerces (2) 


in terms of spherical harmonics. This is an extension of the problem con- 
sidered in Art. 335. We will consider only, in the first instance, cases where 
u', v', w' are finite at the origin. 


The solutions fall naturally into two distinct classes. If r denote the radius 
vector, the typical solution of the First Class is 


; C) “) 
w= vp (hr) (¥5-- £5) Xn» 
‘ 0 r) 
vf = Wy (hr) (2 -2=) PES woasRnns0 ee. occ (3) 


ae G 7) 
wl = Yn (hr) (5 — 5) Xm 


where y» is a solid harmonic of positive degree n, and vr, is defined as in 
Art. 292 (7). It is easily verified that the above expressions do in fact 
satisfy (1) and (2). 


* The investigation is abbreviated from that given in the second edition of this work. 
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It is to be noticed that*this solution makes 
eta iet Oe GN eticck sec ses ea skp ac BNO (4) 
The typical solution of the Second Class is 


wu! 3 (n =P 1) Wn-1 tiny “be _ MWg (hr ) h?r an+3 d bn 


Ox pent? 
vw = (n+ 1) Wu-a (Ar) = — NW ys (hr) h2v2nt8 - aes vetoes (5) 


w =(n+1) aa (hr) Oe ate — rai (hr) h? ery s Pn 


pent 2 


where ¢, is a solid harmonic of positive degree n. The coefficients of Yp_1 (hr) 
and ¥,.1(hr) in these expressions are solid harmonics of degrees n—1 and 
n+ 1 respectively, so that the equations (1) are satisfied. To verify that (2) 
is also satisfied we need the formulae of reduction 


Mo tans (C) eden ponvn-sonssaiclacece (6) 


Era (OE (BR +1) Va = aa (Oy cececcccecen (1) 
which are repeated from Art. 292. 


The formulae (5) make 
cu + yu’ + zw’ =n (n+1)(2n+1) Wn (hr) bp, ..-- ee. (8) 
the reduction being effected by means of (6) and (7). 


If we write 
e ow’ ov’ , ou’ ow’ , OU | OY 


ay > be’ Ds TE ~ On Oy’ eeveee (9) 
we find, in the solutions of the First Class, 
1 OXn 0 0 Xn 
f= - ee {ov 1) Yana (hr) Bo — pn (in) Hee Me}, 
, i 2 p2n+B OXa9| 
n = - 5 i \(n + 1) Yaa (hr) ” — anys (hr) h?r ay antl if» 5 (10) 
ta — Sn 1) haa (hr) 2X — nabnea (her) herons 2 Xe | 
it ie sr ae 32 Ae dz r2n+t| 
These make we + yn! +26' = —n (N41) vn (RT) Ynw vcreceseeeceees (11) 
In the solutions of the Second Class we have 
fy) 7) 
E' = — (2n +1) h2 ry (hr) (ys, ae oi Das | 
nf = —(2n +1) hry (hr) («2-«2 | das eee nts t au'e (12) 


ff = — (2n + 1) hyn (hr) (a, ~y =) le 
and therefore Bayne mame (ate oes Hains sasiea'bae (18) 
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In the derivation of these results use has beén made of (6), and of the 


formulae : 4 
BET OXp wants % 2) 
X= mre arin)? 
PEIN) (One ana 2 Ay 14 
emery os dy rent iP dl DGOGROOO OU COCK 4 ) 
Wht? ON nie 5 arn ON x.) 
7X0 Onl & ae rn)? 


which hold whatever the form of yn. 


To shew that the aggregate of the solutions of the types (3) and (5), with 
all integral values of n, and all possible forms of the harmonics $n, Xn, con- 
stitutes the complete solution of the proposed system of equations (1) and 
(2), we remark in the first place that the equations in question imply 


(V2 + A?) (au’ + yo! + 2w’) = 0, .cccceesseeererens (15) 
and CV? + h4) (@E + yn 207) = OL ooo. isc ecececaes (16) 


It is evident from Art. 292 that the complete solution of these, subject to the 
condition of finiteness at the origin, is contained in the equations (8) and (11) 
above, if these be generalized by prefixing the sign = ofsummation with respect 
to n. Now when au’ + yo’ + zw’ and «€’ + yn’ +2’ are given throughout any 
space, the values of wu’, v’, w’ are rendered by (2) completely determinate. For 
if there were two sets of values, say w’, v’, w’ and u’’, v’’, w’’, both satisfying 
the prescribed conditions, then, writing 


aio Fae, a”, ne y= v”, W,= oot w"’, 
we should have LU + yy + 2w,= 0, 


x&y +ym+2h =0, 
dus Oy uy 
On Oy 08 


If w, v1, w, be regarded as the component velocities of a liquid, the first of 
these shews that the lines of flow are closed curves lying on a system of con- 
centric spherical surfaces. Hence the ‘circulation’ (Art. 31) in any such line 
has a finite value. On the other hand, the second equation shews, by Art. 32, 
that the circulation in any circuit drawn on one of the above spherical surfaces 
is zero. These conclusions are irreconcileable unless uw, v1, wy, are all zero. 


Hence, in the present problem, whenever the functions ¢, and x, have 
been determined by (8) and (11), the values of wu’, v’, w’ follow uniquely as in 
(3) and (5). 


When the region contemplated is bounded internally by a spherical 
surface, the condition of finiteness when r=0 is no longer imposed, and we 
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have an additional system of solutions in which the functions Wn(f) are 
replaced by WV, (£), in accordance with Art. 292*, 


353. The equations of small motion of an incompressible fluid are, in the 
absence of extraneous forces, 


ou ldp ov lop ow lop 
a an at Pee of hdaat EL Rats 2 Coy 2p 2 
at mee Es myer Ya 5 +vV?w, ...(1) 
: Ou dv. dw 
with ae eee hc tay men ea cate ee bee emt § (2) 
If we assume that u, v, w all vary as e*, the equations (1) may be written 
1 op lop 1 Op 
V2+4A2)y=—— 24 A2) y= —- + V2+h2)w=-s, ... 
(V2 + h?) wu nee (V2+h?)v iim (V2 +h?) w Rae: (3) 
where h?=— = BP OTR ieee cre ec stie ke (4) 
From (2) and (3) we deduce 
Bt x Oe tt ns Des tits achat Sabie wh «depos <s (5) 
Hence a particular solution of (3) and (2) is 
te mb ae ner, 
eee Oo pay’ = Bp oe? cee ccereccee (6) 
and the general solution is 
apt OPA ys Sy Ore py ALWRD ci 
Sate v= jeu dy ”? DOE Sp Ee ceeeee (7) 


where w’, v’, w’ are determined by the conditions of the preceding Art. 


Hence the solutions in spherical harmonics, subject to the condition of 
finiteness at the origin, fall into two classes. 


In the First Class we have 


p= const., 
0 0 
v=valtr) (v2- 22) xe 


v= Yn (hr) (22-02) xo 


0 ) 
w= rn (hr) (« By ae =) Xn 
and therefore Biles Up Nae £8 Oi i otass ars cavneg es 32 ees (9) 


* Advantage is here taken of an improvement introduced by Love, ‘‘The Free and Forced 
Vibrations of an Elastic Spherical Shell containing a given Mass of Liquid,’’ Proc. Lond. Math. 
Soc. xix. 170 (1888). 

The above investigation is taken, with slight changes of notation, from the following 
papers: ‘‘On the Oscillations of a Viscous Spheroid,’’ Proc. Lond. Math. Soc. xiii. 51 (1881); 
‘©On the Vibrations of an Elastic Sphere,’’ Proc. Lond. Math. Soc. xiii. 189 (1882); ‘‘On the 
Motion of a Viscous Fluid. contained in a Spherical Vessel,’’ Proc. Lond. Math, Soc. xvi. 27 (1884). 
The method has since been applied by the author, and by other writers, to a great variety of 
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In the Second Class we have 


P=Pnr 
1 0 n 0 n n 7) n 
u= Tai, on eRe 3 (n+ 1) Waa (hr) a" et — ang (hr) h2r2nts avs sto 
1 Opn O dn pr77(10) 
Os an a fe (n 1+ 1) Wn-1 (ny — 1Vn+1 (hr) hr ae oy Be 
1 i ‘a 0 dn 
w=, Pas (n+ 1) Yor (hry Se — nya (ler) Brem8 = fe, 
and , eae sister nifncin ollack carbines vitesse (11) 


where £, », € denote the component rotations of the fluid at the point 
(2, y, 2). The symbols yn, $n, Pn stand for solid harmonics of the degrees 
indicated. 

The component tractions on the surface of a sphere of radius r are given 
as in Art. 336 by 


0 0 ; 
Pre = — opt e(rg 1) ut nx (ou + yv + zw), 
rPy = — yp + u(r 1) ewe (outyn au), aces (12) 


rea aptu(rd wt eZ (eu + yv + zw). 


In the solutions of the First Class we find without difficulty 


Ie oy 
TPry = — yp + P. (2 OXn ve) Pe een SA RMB ite (13) 
ry n ae ae)? Ane 
s OXn OXn 
Dre = — 2p t+ Pr (2 a -y ne), 
where Pu=p {hr (hr) +(n—-1) a(hr)}. oo. eees nea (14) 


To obtain the corresponding formulae for the solutions of the Second 
Class, we remark first that the terms in p, give 


Le Opn n Opn 
— apn + 7a(? 5-1) Ox Daan Ox 
-? (n—1)_ rT?) Opn 723 0 Dn 
ay he Insel Gee Onl be eH eee (15) 


physical problems. It was long overlooked that substantially the same analysis had been given 
by Clebsch in the paper ‘‘Ueber die Reflexion an einer Kugelfliche,’’ to which reference has 
already been made on pp. 110, 512. The fact that Clebsch failed (confessedly) in the primary 
object of his investigation, which was to treat a problem of Physical Optics independently of the 
assumptions of the ‘geometrical’ theory, perhaps contributed to the unjust neglect into which 
his paper had fallen. The analytical difficulties which he found insuperable, when the wave- 
length is small compared with the circumference of the sphere, are identical with those alluded to 
on p. 521 ante. 
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The remaining terms involve 
0 , f , r) nr 
(r eet 1) ul =(n +1) fhrw'n_a (Ar) + (n — 2) na (Ar)} oe 


y i 
* = 1 {lary nga (ler) + rfnga (ler)} hd xan 2 te, ...(16) 


A (ou! + yl + ew!) = n(n $1) (2n+1)2 a (hr) br 


(m+ 1) {a (er) SE 4 pans (ir) tranes EG) 


0x x pent 


Various reductions have here been effected by means of Art. 352 (6), (7), (14). 
Hence, and by symmetry, we obtain 


Dre = An OPn B,, rn 0 Pn ao) Ofa sony, ant1 2 Gn 


aa dx retin Og Bap 72041? 
Dry = An ane + Br ; ant “# + Dart “a Be -+(18) 
where F 
4a sec), " 1 
2 
ee eee 0 dement (8 pdfhogs 00 ,t  \ciey. 9% (19) 


= (0+ 1) fh’ gaa (hr) +2 (2 —1) Yoana (hr), 
Dy =— pnh?r? {hangar (hr) — ng (hr)}. 


354. The general formulae being once established, the application to 
special problems is easy. 

1°, We may first investigate the decay of the motion of a viscous fluid contained in a 
spherical vessel which is at rest. 


The boundary-conditions are 
u=0, v=0, QD ==) arise salsieciais sie einis pass sess). Sons's see (1) 


for r=a, the radius of the vessel. In the modes of the First Class, represented by 
Art. 353 (8), these conditions are satisfied by 


CMe) wa Os ae it Tosa ca nis bvina tg laPans mo ede oad aero (2) 
The roots of this are all real, and the corresponding values of the modulus of decay (r) are 
given by 
T= Bee ha)=2, Pel ha Moocswontsse reo are corcsmuemest (3) 
a v 


The modes n=1 are of a rotatory character. The equation (2) then takes the form 
Lea JOWN= (005. cobciacesnansk todos conacEODpORS TEE Tacsatmons (4) 
the lowest root of which is ha=4°493. Hence 
r='0495a?/y. 
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In the case of water, we have v=018 c.s., and 


7 =2'75a? seconds, 
if a be expressed in centimetres. 


The modes of the Second Class are given by Art. 353 (10). The surface-conditions may 
be expressed by saying that the following three functions of 4, y, z, viz. 


1 i r) a 
a aa PE (m1) Yuna es) oP ng (ha) Hr So, 

1 0 
=i Satay 1 (ha) EP — yng (ha) Bain aS a Reace (5) 


iz pant? 


must aad a when r=a. Now oe functions, as they stand, are sums of 
solid harmonics, and so satisfy the equations 


Vv2u=0, v?v =0, WA ea OF tbe sdaddeuncbubodonnacedbeddad (6) 


and since they are finite throughout the sphere, and vanish at the boundary, they must 
everywhere vanish, by Art. 40. Hence, forming the equation 


= co +1) bn- 1 (hat) a se = ropa 1 (ha) trans 2 Pn 


ou ov. ow 


were ay oF Cy Fectetascueeeceeewenesus ds shusscnaabedsses (7) 

we find Dont (ea) 0. geass bina ani eee (8) 

Again, since BUF YV HZW HO) oc. cnceenecscssesenseoecescceesaercesn= (9) 
for r=a, we find 

iy Pet (n+) (27 +1) Wp (L&) Pp =O), ...0.02.00-escerrerenssions (10) 


where use has been made of Art. 352 (6), (7). This determines the ratio p, : bx*, 


In the case n=1, the equation (8) becomes 


the lowest root of which is ha=5-764, leading to 
7='0301 a?/y. 
For the method of combining the various solutions so as to represent the decay of any 
arbitrary initial motion we must refer to a paper by the author cited on p. 635. 


2°, We take next the case of a hollow spherical shell containing liquid, and oscillating 
about the vertical diameter t. 


The forced oscillations of the liquid will evidently be of the First Class, with n=1. If 
the axis of z coincide with the vertical diameter of the shell, we find, putting y,=(z in 
Art. 353 (8), 


u=CVp, (hr) y, v= — Cy, (Ar) 2, 00 ANT A ee (12) 
If » denote the angular velocity of the shell, the surface-condition gives 
OW (Na) =. Tarr ccseeaties cccvtntetec tee tee (13) 


It appears that at any instant the particles situate on a spherical surface of radius r 
concentric with the boundary are rotating together with an angular velocity 


vn (hr) 
kayo falar eitimlate arbor 5 (14) 


* Another method of applying the surface-condition’ is indicated in Art. 361. 
+ This was first treated, in a different manner, by Helmholtz, l.c. ante p. 575. 
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If we assume that CET he illo 5 Ane ait Au an EE REE (15) 
and put AS AG, vena) e Os evncetettenceh cotecctotee rome ents (16) 
where, as in Art, 345, (STEIN, Reece Peele Re ae eg (17) 


the expression (14) for the angular velocity may be separated into its real and imaginary 
arts with the help of the formula 
sin cos 
vi (=a - ae BAe tree were rersarseeeeenerserescns (18) 
If the viscosity be so small that Ba is considerable, then, keeping only the most 
important term, we have, for points near the surface, 


1 


Pi Ae lame agg NE sacs cvennsacaneenseooyse-epnag es (19) 
and therefore, for the angular velocity (14), 
2 
RGR Te BSc sssarasesnincsiniassons (20) 
the real part of which is 
2 
as Ple=") 008 {ot +8 (rahe) ee (21) 


As in the case of laminar motion (Art. 345), this represents a system of waves travelling 
inwards from the surface with rapidly diminishing amplitude. 


When, on the other hand, the viscosity is very great, Ba is small, and the formula (14) 


reduces to 
@DCOS (OE+E)s ceseserseeerrrscceeererresseeensteceseeens (22) 


nearly, when the imaginary part is rejected. This shews that the fluid now moves almost 
bodily with the sphere. 


The stress-components at the surface of the sphere are given by Art. 353 (13). In the 
present case the formulae reduce to 
2 ; ; Z 

Pra= — 7 P+pChyy (ha)y, Pry = -2 p—pChyy (ha) ®, — Pre=—— pi «..(28) 

If 5S denote an element of the surface, these give a couple 
: hak (h 

N= = {§ Pry Pre) 4S— Cpe (ha) {f(a +g) dS— Grpat TV) oy (24) 

by (13) and Art. 352 (6). 


In the case of small viscosity, where Ba is large, we find, on reference-to Art. 292 (8), 
putting ha=(1-7) Ba, that 


: d \" & 
Lib, (ha) =(- a) Pa eee (25) 
approximately, where (=(1—7) 8a. This leads to 
WN xe — Gir pa? (1 +1) Bae. .....,.perrerrsrsesrecescorereperens (26) 
If we take account of the time-factor in (15), this is equivalent to 
N= — $mrpa‘ (Ba)—1 s = Faria? (BA) W. ....0scravenssoercvssrosees (27) 


The first term has the effect of a slight addition to the inertia of the sphere; the second 
gives a frictional force varying as the velocity. 


355. The general formulae of Arts. 352, 353. may be further applied to 
discuss the effect of viscosity on the small oscillations of a mass of liquid about 
the spherical form. The principal result of the investigation can, however, be 
obtained more simply by the method of Art. 348. 
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It appears from Art. 262 that when viscosity is neglected, the velocity-potential in 
any fundamental mode is of the form 


Bell 7 Sn cos lat ase) ea ee (1) 


where S, is a surface-harmonic. This gives for twice the kinetic energy included within a 
sphere of radius r the expression 


A | ( $22 r2der=pna C)\s | ‘ Siac 12 poet (a ee ee (2) 
a, 
if ’@ denote an elementary solid angle, and therefore for the total kinetic energy 
T =} pna [f Sn2dax. A? cos? (Of +6). ...-.sereccerssecesereeeereees (3) 
The potential energy must therefore be 
V=tpna ff Sy2da Asin? (ct+e), ..ccccccrsscccoreerseeeesvees (4) 


d the total is 
oe "penance PAV = § pe | (Sg WO Ae, Tonccnssecenevsenas¢senesvarensienas (5) 


Again, the dissipation in a sphere of radius r, calculated on the assumption that the 
motion is irrotational, is, by Art. 329 (12), 


0.9? é 4 
»f [EF eda =pr? =| [ea acmheeeass sdb Gnonseoqodnnage (6) 


C) G 
Now 2 {[eaa=s {fo of dey, she delhe ecaciits cache teasscene (7) 


each side, when multiplied by pdr, being double the kinetic energy of the fluid contained 
between two spherical surfaces of radii r and r+6r. Hence, from (2), 


2n—2 
| [eaw=2 SE (2) i S,2da@ . A? cos* (ct+e). 


Substituting in (6), and putting r=a, we have, for the total dissipation, 
Q2F'=2n (n—1) (2n+ 1B | { Sam. LEXUS (GUO), scedsodSountnouce (8) 
the mean value of which, per unit time, is 


2F'=n (n—1) (Qn+ Ef {sede a poveaeerthhatieeteceaenses (9)° 


If the effect of viscosity be represented by a gradual variation of the coefficient A, we 
must have 


) ns 
aga t Vi) so ot BI, sonst omic enna eee eee ae (10) 
whence, substituting from (5) and (9), 
dA v ; 
I; ae ah (2n +1) = A. aiacplacerojevetalaretuleleieietsielelelateratarcleletelsiavs leis (11) 
This shews that A « e~*/", where 
1 a? 
= —______  __ * 
T CAN ORINI ES a a (12) 


The most remarkable feature of this result is the excessively minute extent to which 
the oscillations of a globe of moderate dimensions are affected by such a degree of viscosity 
as is ordinarily met with in nature. For a globe of the size of the earth, and of the same 
kinematic viscosity as water, we have, on the o.G.8. system, a=6°37 x 108, vy =-0178, and 
the value of r for the gravitational oscillation of longest period (n=2) is therefore 


r=1'44 x 10" years, 


* Proc. Lond. Math. Soc. (1) xiii. 61, 65 (1881). 
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Even with the value found by Darwin* for the viscosity of pitch near the freezing tempera- 
ture, viz. 4=1'3 x 108 x g, we find, taking g = 980, the value 


7+=180 hours, 


for the modulus of decay of the slowest oscillation of a globe of the size of the earth, 
having the density of water and the viscosity of pitch. Since this is still large compared 
with the period of 1h. 34m. found in Art. 262, it appears that such a globe would oscillate 
almost like a perfect fluid. 


The above investigation does not involve any special assumption as to the nature of 
the forces which produce the tendency to the spherical form. The result applies, there- 
fore, equally well to the vibrations of a liquid globule under the surface-tension of the 
bounding film. The modulus of decay of the slowest oscillation of a globule of water is, in 
seconds, r=11-2a?, where the unit of a is the centimetre. 


The same method, applied to the case of a spherical bubble, gives 
ee 
Jacl 
where » is the viscosity of the surrounding liquid. If this be water we have, for n=2, 
T=2'8a?, 

The formula (12) includes of course the case of waves on a plane surface. When 7 is 
very great we find, putting \=27a/n, 


a 


in agreement with Art. 348. 


The above results all postulate that 277 is a considerable multiple of the period. The 
opposite extreme, where the viscosity is so great that the motion is aperiodic, can be 
investigated by the method of Arts. 335, 336, the effects of inertia being disregarded. In 
the case of a highly viscous globe returning asymptotically to the spherical form under 
the influence of gravitation, it appears that 


_2(n+lPtl v (15) 
en gat ecnrtecrisseiessensennnsnansenn 


a result first given by Darwin (/.c.). For a system of equa) parallel corrugations on a plane 
surface we deduce 


TA |g. .....0000 Iacthelicieisisiemtaulceie seins eaeernnese (16) 
Cf. Art. 349 (24). 

356. Problems of periodic motion of a liquid in the space between two 
concentric spheres require for their treatment additional solutions of the 
equations of Art. 353, in which p is of the form p_,4, and the functions 
w, (hr) which occur in the complementary functions uw’, v’, w’ are to be 
replaced by V,, (Ar). 

The question is simplified, when the radius of the second sphere is 
infinite, by the condition that the fluid is at rest at infinity. It was shewn 
in Art. 292 that the functions W,(¢), Y,(¢) are both included in the form 

d ys Aes + Bes 
(coeliac: ache eames 

In the present applications, we have = hr, where h is defined by 

Art. 353 (4), and we will suppose, for petniiencss that that value of h is 


* «On the Bodily Tides of Viscous and Semi-Elastic Spheroids, ...,’” Phil. Trans. clxx. 1 
(1878). 
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adopted which makes the real part of 7h positive. The condition of zero 
motion at infinity then requires that 4 =0, and we have to deal only with 


the function nr ur 
fal) ( a) Fo ooseeensesnneenenannnce (2) 
introduced in Art. 292. It was there pointed out that the formulae of re- 
duction for f,(¢) are exactly the same as for y,(f) and WV, (¢); and the 
general solution of the equations of small periodic motion of a viscous liquid, 
for the space external to a sphere, is therefore given at once by Art. 353 (3) 


(10), with p_,1 written for pr, and f, (hr) for Wn (Ar). 


1°, The rotatory oscillations of a sphere surrounded by an infinite mass of liquid are 
included in the solutions of the First Class, with n=1. As in Art. 354, 2°, we put x,;=Cz, 
and find : 
u= Of, (Ar) y, v= — Cf, (Ar) 2, (ES UR, cooseoceaooaosessackose (3) 


with the condition Ci (2) SS Oye Seoadencanhscosnosqcunbdosbooowonsbancsadec (4) 


a being the radius, and » the angular velocity of the sphere, which we suppose given by 
the formula 
come gel(Ot<), SOE AHIR Mrscnter aesseueres (5) 


Putting A=(1—7) 8, where B=(c/2v)2, we find that the particles on a concentric sphere 

of radius r are rotating together with the angular velocity 
fi(hr) _ aa 1+zthr 
filha)” 7 1+tha 


where the values of 7, (Ar), 7; (Aa) have been substituted from Art. 292 (15). The real part 
of (6) is 


“BUT a) hfe BUR F cc ceceaceee (6) 


a as 
[4 2pap ope e~ Br) [{1 4+ B (a+r) +26%ar} cos {ot —B (r—a) +e} 
—B(r—a) sin {ot—B (r—a)+e}], ....cceeeeee eee 7) 
corresponding to an angular velocity ea 
@= 0008 (ot +e)! sia ..cssscccsseeceerecvetetmomeaene netted (8) 


of the sphere. 
The couple on the sphere is found in the same way as in Art. 354 to be 


h?a2 fy (ha) 3+ 38¢ha— hia? 
N=— Bytes SA aes Pye etek ee 
Srrparo Tia Srparo ERY Su sanagacsoowube +++(9) 
Putting ha=(1—7) Ba, and separating the real and imaginary parts, we find 


=~ grate 0+ 884+ 680? + 26%) + 21802 (1 +8) 


es Ten To mmm TST (10) 
This is equivalent to 
N= — §mrpa> caer oae a Tiscaenes (11) 
The interpretation is similar to that of Art. 354 (27)*. 
When the period (27/c) is infinitely long, this reduces to 
Vx som Bar ph eos Vey ssl sn Seopa vans eae eee (12) 


in agreement with Art. 334 (11). 


2°, In the case of a ball pendulum oscillating in an infinite mass of fluid, which we 


treat as incompressible, we take the origin at the mean position of the centre, and the axis 
of w in the direction of the oscillation. 


* Another treatment of this problem is given by Kirchhoff, Mechanik, c. xxvi. 
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The conditions to be satisfied at the surface are then 
w=; v=0, = Oc rihtaetedsessciethasconasie tees (18) 


for r=a (the radius), where U denotes the velocity of the sphere. It is evident that we 
are concerned only with a solution of the Second Class; and the formulae (10) of Art. 353, 
with the substitution of the functions /, for ~,, make 


rutyv+zw=— Te Pant (M41) On +1) fa (ir) ee ceiene sane (14) 


By comparison with (13), it appears that this must involve surface-harmonics of the first 
order only. We therefore put n=1, and assume 


en — ArT. Pi BG. cauecececmaaca cee nseosssvvaens sessed (15) 
AOogse eeeno te 
Hence Tel ORE wat 2Bfo(hr) - Bfa (hr) hrs =, 
4 oe 2,6 0 2 16 
° Bu Oy 73 — Bf, (hr) h?rs by 7 decc ccc ecccceceeceres ( ) 
A Oa ow 
O= Bu 02 73 — Bf, (hr) h?r® Ee 
The conditions (13) are therefore satisfied if 
A=phia5f, (ha) B, Dio KRG)EB Uy sacs ven vsteee vattoovcne (17) 


The character of the motion, which is evidently symmetrical about the axis of x, can be 
most concisely expressed by means of the stream-function. From (14) or (16) we find 


2A x Oz (ha® 
wutyvo+z= > Wa at 6 Ef, Gr) t= ot EE {or Jo (ha) —3f, (anh, wecees (18) 
or, substituting from Art. 292 (15), 
3 38 (\ a i a 

rutyoteu={(1 a ae) “a +3 (etm i); — e~ h(r— a ERS Beery (19) 

If we put «=r cos 6, this leads, in terms of the stream-function y of Art. 94, to 

37 3 \ a 3 1 : 
ee Spee BA RACE NG Siar See CIN) VAR 

4 Ua? sin® 6 (1 ae oD) 5 suds (‘+;,) a7 th(r a Darian ees (20) 
Writing [ist WOES UE Sacer oak cosine vscasss las vec incap sanexe (21) 


and therefore h=(1—7) 8, where B=(c/2v)%, we find, on rejecting the imaginary part 
of ioe 


= —}aqa? sin? 6 {0 - 3a) 08 (ot+e)+ 5pa mae Hy) 3) sin (ot+)} = 


- 535 {eos {ot-—B (r-a)++(1 +a) sin {ot-—B (r-a)+9} e-P—a1 (82) 


At a sufficient distance from the sphere, the part of the disturbance which is expressed 
by the terms in the first line of this expression is predominant. This part is irrotational, 
and differs only in amplitude and phase from the motion produced by a sphere oscillating 
in a frictionless liquid (Arts. 92, 96). The terms in the second line are of the type we have 
already met with in the case of laminar motion (Art. 345). 

To calculate the resultant force (X) on the sphere, we have recourse to Art. 353 (18). 
Substituting from (15), and rejecting all but the constant terms in p,,, since the surface- 
harmonics of other than zero order will disappear when integrated over the sphere, we find 


t= | fi Pred = 4 (2. a +C,Ba?), pshecaettls i BURR ee (23) 


where B_»= —}a*, Cy a8 ut fg (RG)\ oses..erdanGdeds doses tetees (24) 
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by Art. 353 (19). Hence, by (17), 


QrpUha? .. ., 328 
Say {2fo (ha) = tha fy (ha)}=2rp Uh?a8 (3 ay = Tia) 
3 3 l 
= —Irpas —— }t+>— Sona ‘decasdedaceakendopbenevodecoagadd 25 
ampatot {(3+ 355) # aa, (it ea)} val 
This is equivalent to 

Y= —4rpa eee Ae ao (at we OU sowosemes sissies (26) 

A> 37 p 48a dt p Ba Ba? 6 eee e re eeee 


The first term gives the correction to the inertia of the sphere. This amounts to the 
fraction 


a ie 
of the mass of fluid displaced, instead of 4 as in the case of a frictionless liquid (Art. 92). 
The second term gives a frictional force varying as the velocity*. 
When the period 27/c is made infinitely long, the formula (26) reduces to 
Nai — Girpvd, Us crscsessesseceact cece swces sacitesmececnsees (27) 


in agreement with Art. 337 (15), since B?=0/2». 


357. A few notes may be appended on the two-dimensional problems 
which are analogous to those of Arts. 354, 356. 


Terms of the second order being neglected, the equations are 


ov 1 Op 
pie eb i 2 pg pat 7 42 
i a2 +vV37u, Ai sore Uj eercatec eee (1) 
; ou. dv 
with an oF dy aa 
As in Art. 349, these are satisfied by 
a _ Oy ab , oy 
1) ta ae dy ) I oy Ox yp SOP eererrenreesees (2) 
rs) ‘ 
and p=p -. BREE R se Anon iar ctey: (3) 
provided Vi7¢ = 0, = ae pV Nie voucnser Vere diane nad (4) 


1°. It will be found that the modes of decay of an arbitrary initial motion of a liquid 
enclosed in a fixed circular cylinder are given in polar co-ordinates by 


ve {3 t i aI (A cos 86+ Bssin 68) e-™, oo svcecseecaseeane (5) 


* This problem was first solved, in a different manner, by Stokes, l.c. ante p. 580. For other 
methods of treatment see O. HK. Meyer, ‘‘ Ueber die pendelnde Bewegung einer Kugel unter dem 
Hinflusse der inneren Reibung des umgebenden Mediums,”’ Crelle, Ixxiii. (1871); Kirchhoff, 
Mechanik, xxvi. 

The more general case where the velocity of the sphere is an arbitrary function of the time 
has been discussed by Basset, ‘‘On the Motion of a Sphere in a Viscous Liquid,’’ Phil. Trans. 
elxxix. 43 (1887); Hydrodynamics, c. xxii. The question has been simplified in recent papers by 
Picciati and Boggio; see Basset, Quart. J. of Math. xli. 369 (1910), and Rayleigh, l.c. ante 
p. 591. See also Havelock, Phil. Mag. (6) xlii. 628 (1921). 
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when ¥ now stands for the stream-function of Art. 59. The condition of zero normal 
motion at the boundary (=a) is already satisfied; and the tangential velocity 0¥/dr will 
also vanish there, provided 
kad,’ (ka) - sJ, (ka) =0, 
which is equivalent, by Art. 303 (5), to 
. MBG 259 PSA Sh 1 Rega Het car Oe SR ae ee (6) 
This determines the admissible values of &, and thence the values of the modulus of decay 
(r=1/vh?)*. 
In the case of symmetry we have s=0. The lowest root of J; (ka)=0 is sa=3'832, 
which gives 
r='0681a?/v. 
If we put, for water, v="014 c.a.s., we find r=4'9a? seconds, provided a be expressed in 
centimetres. 
For s=1, the lowest root is sa =5'135, whence 
T='0379a?2/v, 
or, for water, r=2°7a?. 
2°, In the case of periodic motion, with a time-factor e'', we have, from (4), 


tay OM eo rece 


feat ied) Cem R= (Go f2r bi OIL). LA (8) 


The solution of (7) in polar co-ordinates involves Bessel’s Functions with the complex 
argument (1~7z) 87. The selection of suitable functions for the various cases, and the 
working out of results in a practical form, involve some points of delicacyt. In view of 
the length of the necessary investigations, and of the fact that the problems in question 
are inferior in interest to those which relate to a spherical boundary, we content ourselves 
with a reference to the original papers by Stokest. 


provided h? = —ia/v, or (say) 


Viscosity in Gases. 
358. When variations of density have to be taken into account, the most 


general supposition we can make with regard to the ‘mean pressure’ p, 
consistently with our previous assumptions, is, in the case of a ‘perfect’ gas, 


WEP OD wef AOA O Cy) pdinn anh ntasuen- a4 ynrec: (1) 
where @ is the absolute temperature, # is a constant depending on the 
nature of the gas, and wy’ is a second coefficient of viscosity§. There does not 
appear to be any experimental evidence as to the precise value to be attributed 
to w’; but according to the kinetic theory of gases yu’ =0||, and we shall for 
simplicity adopt this hypothesis. If it is desired to retain yp’ in the formulae, 
the necessary corrections can easily be made. 


* This result is from the paper ‘‘On the Motion of a Viscous Fluid contained in a Spherical 
Vessel,’’ cited on p. 635. The case of s=0 was discussed by Stearn, ‘‘On some Cases of the Vary- 
ing Motion of a Viscous Fluid,”’ Quart. Journ. Math. xvii. 90 (1880). 

+ The investigations of Art. 194 require revision when the argument is complex. The 
formulae (4), (5), (6) are valid, provided the real part of the argument be positive (as is secured 
by the choice of h in (8) above); but the derivation of the descending and ascending series (13) 
and (20) presents new points. Incidentally, the results obtained by equating separately real and 
imaginary parts would call for examination. 

{ l.c. ante p. 580. See also Watson, Theory of Bessel Functions, p. 201. 

§ Cf. Kirchhoff, Vorlesungen iiber die Theorie der Warme, Leipzig, 1894, c. xi. ; Stokes, Papers, 
iii. 136. || Maxwell, f.c. ante p. 575. 
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It was shewn in Art. 329 that the work done in time 6¢ by the tractions 
on the faces of an element d525y68z, in changing the volume and shape of the 
element, is 


— p(at+b+c) dedydz. bt + Bdxdybz. St, .... eevee (2) 
where ®=—Zu(at+bt+c)+ wp (2a? + 267+ 2c? + f2+g? +h?) ...... (3) 
Now, by Art. 7 (3), 


where v denotes the volume of unit mass, Hence if # is the intrinsic energy 
per unit mass, and DQ/Dt the rate per unit volume at which a fluid element 
is receiving heat by conduction from adjacent elements, or by radiation, we 
have the equation of energy of unit volume: 


DE Dy DQ 


ppPiaa Ligg lt? tape efalerejetete reclame miaieisietelsiciete (5) 


The rate at which heat must actually be absorbed in order to effect the 
changes of density and temperature is, on thermodynamic principles, 


DO: Dy MODE 


ype pees Dt °° Wiatetel sieiesatela;enelefoisversieiolatelshetsverers (6) 
Comparing, we have 
DY _ DQ 
Det Oe se teeteettitiees (7) 


Hence in addition to the heat gained by conduction, &.,an amount measured 
by ® per unit volume and unit time is generated in the element, at the 
expense (of course) of other forms of energy. 
If we write (3) in the form 
O= $2 (b— 0)" + (G-—0)8 (ab nf * gti hs), cece (8) 
it is seen that ® is essentially positive, and (moreover) that it cannot vanish 
unless 
a=b=c and f=g=h=0, 
2.€., unless the distortion of the fluid element consists of an expansion or con- 
traction which is the same in all directions. The conclusion that there is no 
dissipation of energy in this case rests of course on the assumption that the 
value of w’ in (1) is zero. 


359. We may notice the effect of viscosity on sound-waves. For con- 
sistency it is necessary to take account at the same time of heat-conduction, 
whose influence is of the same order of importance*; but in the first instance 
we follow Stokes+ in examining the effect of viscosity alone. 


* This was first remarked by Kirchhoff, ‘‘ Ueber den Hinfluss der Warmeleitung in einem 
Gase auf die Schallbewegung,’’ Pogg. Ann. cxxxiv. 177 (1868) [Ges. Abh. i. 540]. 
+ lc. ante p. 17 [Papers, i. 100]. 
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In the case of plane waves in a laterally unlimited medium, we have, if 
we take the axis of x in the direction of propagation, and neglect terms of the 
second order in the velocity, 

eG Sr Ca 
Ot i Po = BY Ont D CPP eeeevseeerenerseeevveser (1) 
by Art. 328 (2), (3). If s denote the condensation, the equation of continuity 


is, as in Art. 277, 
Os ou, 


at = Oa i i i ii ic) (2) 
and the physical equation is, if the transfer of heat be neglected, 
gs Diy at Co 98 Osseo nee skeen eon eas noes (3) 


where c is the velocity of sound in the absence of viscosity. Eliminating p 
and s, we have 
ig AGS 
ae =C aut + gy aatat JER GOO DOADODOODOUGHOUOO SOO ( 
To apply this to the case of forced waves, we may suppose that at the 
plane «=0 a given vibration 


4.) 


is kept up. Assuming as the solution of (4) 


COA REE Be Pe ah Seas (6) 

we find MPC Ae GAY) me oss seas nts pegs tae sinen stn. (7) 

whence m= +t = (1 — 41 ZA OE RO eee (8) 
If we neglect the square of va/c?, and take the lower sign, this gives 

m=— e 3 za SAT etc tierietietes (9) 


Substituting in (6), and taking the real part, we get, for the waves propagated 
in the direction of x-positive, 


u = ae-aitcos «(t- =), ‘riper ery erry (10) 


where Nn Toad Soh: oe Pe RT eDTE AE ETE TE Oe (11) 


The amplitude of the waves diminishes exponentially as they proceed, the 
diminution being more rapid the greater the value of o. The wave-velocity 
is, to the first order of va/c®, unaffected by the friction. 

The linear magnitude / measures the distance in which the amplitude 
falls to 1/e of its original value. If X denote the wave-length (27c/c), we 


ake GUC OPEN] OTL, antec adee sees tuene isons sce (12) 


it is assumed in the above calculation that this is a small ratio. 
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In the case of air-waves we have c=3°32 x 104, v=‘132, c.G.8., whence 
volc2?=2rv/Ac=2'50A-!x 10-5, 1=9°56A? x 103, 
if \ be expressed in centimetres. The effect on the amplitude is very slight except for 
sounds of very short wave-length. 
To find the decay of free waves of any prescribed wave-length (27/k), we 


assume 
0G Oe acne th ae ven ete eee ce ore ee (18) 


and, substituting in (4), we obtain 


nde Spl Ke Oy iin aa.g hn cera snaeenaeees (14) 
If we neglect the square of vk/c, this gives 
meme MPIC GICs con secnenan se ness aets sen eeane (15) 
Hence, in real form, 
w= ae!” Cos ke (#4 Cb) 0.0.x toe 100 os etapa eee (16) 
where TG em OL ZVI: We aries sas os su sess cucu tarewenne (17) 


360. When conductivity is to be allowed for, the dynamical equation (1), 
and the equation of continuity (2) are unaffected, but the physical relations 
must be modified. 


The amount of heat required to produce small changes in the volume v 
and (absolute) temperature 0 of unit mass of a gas is , 


8Q = piv + 0,80 = |(y-1) 2 dv +86} Cy, a, (18) 
0 


where C, is the specific heat at constant volume. If we multiply by poéda, 
the mass per unit area of a thin stratum, and divide by ot we get the rate at 
which heat must be supplied to the stratum, Equating this to k0?0/da?. 82, 
where & is the thermal conductivity, we find * 


a+ (=I wae SEES Meee Res san (19) 
where Bee Moe Ce ple acces veea Mea ee ee a (20) 
ae. v’ is the ‘thermometric’ conductivity t. 
The relation between p, p, @ is 
5 = &. rae (21) 
Ifwe put . p=po(1 +s), C= Og Cl a) tee ene (22) 


* The heat generated by internal friction (as explained in Art. 358) is here neglected, a, 
being of the second order of small quantities. 

+ Maxwell, Theory of Heat, c. xviii. If radiation were important, a term proportional to 
6 — 6, would be introduced in (19). Cf. Stokes, Phil. Mag. (5) i. 305 (1851) [Papers, iii. 142]; also 
Rayleigh, Theory of Sound, Art. 247. 
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and neglect terms of the second order in s and 7, the equations (19) and (21) 
may be written 


On ee ha) 
at (y-Ha V Ayan Cede ees cerernernccverees (23) 
and Moser Glace So) ae aa ges icon pee e ee tkten bs (24) 
Substituting this value of p in (1), we have 
Ou _ on o2u 
2 08 12 ENS! 
ia —b = —)d aE + §ux3) Peden. se 009 cae (25) 


where b, = (po/po)?, is the Newtonian velocity of sound (Art. 278). Eliminating 
s by (2), we find 


Ou pg? 14 Om Ou 
ot? Ox2 —b aot $Y a aap Cece ee reccreescens (26) 

On Ou en 

d Sg beeen F 
“a Fria Che Oa ve Ce (27) 


which are two simultaneous equations to determine u and 7. 


If we now assume that w and 7 both vary as 


eet Hine, 
we find 
(a? + mb? + 4ivom?) u — 1amb*?n = 0, (28) 
Fy al OE ON HO RTE 
whence a8 + {ea + ($v + v’) 107} m +0’ (1b? — 400) m4=0, ...... (29) 


writing ¢? for yb? 

We verify that if v=0, v’ =0, we have m=+i/c. Also that if »=0, 
vy’ = x we have m= + ia/b, since the conditions are now practically isothermal. 
Further, that if o is very great, whilst »=0, we have again m= + ta/c, 
independently of the value of v’. Cf. Art, 278, 

According to Maxwell’s kinetic theory of gases 

TEE PR, eee ara La (30) 


but we shall only assume that v’ and v are of the same order of magnitude. 


We have seen that for ordinary sound-waves the ratio va/c? is small. The 
roots of the above quadratic in m* are therefore 


m= — a*/c?, Me 40 CVD ee dy oT] Y joc veserccare (31) 
approximately. A more accurate value of the former root is 
a By jac 
mi=— 31 -lgv4 (1-3) SI, inne Liste (32) 
ameey 
mene ee @ a i): Pe Taser aes (33) 
3 
if ba eee rene NER AR Seed BE LS (34) 
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The complete solution for 2 >0 is found to be, approximately, 
A= aan = 0 


n= a. eittt myx a; wa Ag eratt mee 
Cc 


provided m, mz are chosen so as to have their real parts negative. The arbi- 
trary constants A, Ag enable us to represent the effect of prescribed periodic 
variations of w and » at the plane «=0, For ordinary frequencies the ratio 
mgc/o is large, and the ratio A,/A, as determined by the thermal conditions 
at #=0, is accordingly usually small. The second term in the value of u is 
then unimportant, even near the origin, and in any case it becomes insigni- 
ficant in comparison with the first term for sufficiently great values of x. Its 
use is to represent the purely local effect of a periodic source of heat at the 
origin. 

If we adopt the value (30) of v’, and take c?/b? = y =1°40, we find from 
(34) that the value of J is diminished by the conductivity in the ratio °65. 


The investigation of this Art. is due in principle to Kirchhoff*, who 
further examined the effect on diverging spherical waves and on the pro- 
pagation of sound-waves in a narrow tube. This problem has a bearing on 
the well-known experiments of Kundt. 


360 a. Reference has already been made to the influence of viscosity in 
the theory of sound-waves of permanent type, Art. 284. When viscosity 
alone is allowed for, and thermal conduction ignored, the theory is specially 
simple, and is worth notice for the sake of the application (the only one in 
this book) of the principle of Art. 358. 

The question being treated as one of steady motion, the dynamical equa- 
tion is 

Ow P es 
pu ace = wets Sha Com cceocveceeesceeeseetece (1) 


Putting, as in Art. 284, pw=m, or u=mv, where v is the volume of unit 
mass, this may be written 


ov 
nd = — oP 4 $y mos, ie EE ee (2) 
whence 
p + mv = po + mu + 4 Pet 
Ox 


0 
= prt mn, + $um =, uunen coe eben eee (3) 
since 0v/da# vanishes at the limits of the wave. This replaces (4) of Art. 284, 


* Le. ante p. 646. His investigations are reproduced in Rayleigh’s Theory of Sound, 2nd ed. 
Arts. 348-350. 
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Hence if Q be the heat absorbed by unit mass up to any stage, we have 


0Q. ap. av 
i 0 rate 


i Ov) ov 

=y¥ \Po + m?v9 — mv + um a an 
2 

0 - mo oe 4 4m sat AP sn 4 (4) 


by Art. 284 (12). The rate at which heat is generated by viscosity is, by 
Art. 358, $v (du/dx)? per unit mass. This must be equal to udQ/dx, whence 


0 ov\? 
20 4m (sa) 9) eleletelaiels\(ele isle’ oolcleleieislblsie'ye s/s eleisis-« (5) 
since w= mv. Substituting in (4) we find 
dv Ov 0 (ov 
1 (pot mir) = — (y+ 1)mtv = + gum = (v 52) =0, ae pc (6) 


Integrating between the limits at which 0v/@x = 0, and dividing by 1 — v9, we 
have 


y (po + mr) =F (y+1) M2 (V0 +04). cceccecereeceeees (7) 
Hence (6) may be written 
byt mmtn—) 2+ uF (vn) <0 (8) 
ry 0 1 on 3M ae an + eer weer eeeee 


The integral, adjusted so as to make 0v/dx = 0 for v = %, is 
r) 
$uo = + 3 (y+1)(v— m4) (—0) = 0. ee at 2 tk (9) 
Hence, save for an additive constant, 
8u 
“£>= 3(y +1) m (w—%) {vy log (v a 1) — Vo log (Uo ai v)}, seeeee (10) 
where m is given by (7), There is now no restriction as to the magnitude of 


the ratio v/v *. 


If in (10) we put v=avy+8v,, where a+@=1, the value of « differs only by a constant 


from 
By 0, loga—v% log 8 


3 (y+1)m° %—-Y% 
For example, if we put a="9, B="1, and again a='1, B=°9, the difference between the 
two values of x is 


REPO n teem meee ee eeesenees 


3 (y+ 1) m Vg Vy} 
Thus if 7=2v,, we find from (7), and from the other numerical data at the end of 
Art. 284, m=68°3. Putting »='00018, the expression (12) works out as 1:94 x 10~5cm, 


* The investigation is from Rayleigh’s paper cited on p. 482. 
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360b. The principles of Art. 360 have been applied by Rayleigh* to 
explain the action of porous bodies in absorption of sound. For the purpose of 
a general explanation we may simplify the matter by taking account of 
viscosity alone. 


Referring to Art. 347 (5), we find that in the case of a fluid oscillating 
over a plane wall under a periodic force X the tangential drag on the fluid 1S, 
per unit area, 

-n(=) =-d — 5) BEL irre =-(1 axe aes (1) 
This was obtained on the supposition of incompressibility, but 1t will hold as 
an approximation provided the wave-length be great in comparison with the 
other linear dimensions with which we shall be concerned. Among these is 
the linear magnitude 8-4, = (2v/o)#, which is a measure of the extent to which 
the retarding influence of viscosity penetrates into the fluidf. 


In applying (1) to waves travelling along a tube, or between parallel walls, 
the force X (per unit mass) may be replaced by — dp/podx. Taking the case 
of the tube, and assuming for the present that @-1 is small compared with 
the radius a, we have, calculating the forces on the fluid contained in a 
length é2, 


where wu, p denote the average ie and pressure over the cross-section. 
Since o = 2y6?, this may be written 


j #, 
= ae (1 - : a) e alent ee (2) 
We have also P= pot c*pos, : =— Gil See PRR eR A oh (3) 
t Ox 
where s is the condensation. Hence, eliminating §, 
a2— “. 72— 
san (1- : = aoe Let aeval ae (4) 
It is already assumed that w varies as e’'. Hence, putting 
iy am gee me icce eaten. en eee (5) 
co ice 
we have m= — 2 (1 _ =) : 
or m=+ is (1 + aa wins s/oikonale a Guta wee gee ee (6) 
Cc 28a 


* «*On Porous Bodies in relation to Sound,” Phil. Mag. (5) xvi. 181 (1883) [Papers, ii, 220]; 


Theory of Sound, Art. 351. See also the author’s Dynamical Theory of Sound, London, 1910, 
p. 192. 


+ Taking y=-132, and denoting by N(=c/2m) the frequency, we find Cai -207N—* em 
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on account of the assumed smallness of 1/8a. This may be written 


m=+(S+p), See ee (7) 
where c’=c (a — saa)’ ROTH oh Rae Aor ere ee (8)* 


Hence, taking the lower sign, and writing (5) in real form, 
- : x 
i = Ce-*!" cos o (« . a): hh Oe (9) 
In Art. 360 (34) we found, putting v’ =0, that 1 = 3c3/vo% Hence 
2 
le 2a) Bt 3. (=) 35° find eames (10) 
approximately, where X is the wave-length. The rate of decay of the waves 
as they advance is therefore much greater than in the open, if the wave- 
length is comparable with, or greater than, the circumference of the cross- 
section. 
When the tube is so narrow that the radius a is of the same order of 
magnitude as 8-1 the character of the motion is altered. The friction has 
now a much greater hold on the vibrating mass, and the inertia of the latter 


becomes negligible. The mean velocity u is then related practically to the 
mean pressure-gradient by the formula (4) of Art. 831; thus 


pa eee 


u=— ic) ima caccias aus "pick: (11) 
a ota? 32 
Hence, referring to (3), bs = — a 2 eae (12) 


This is identical in form with the equation of linear conduction of heat. 


Substituting from (5) we have 


sect Gl ete 2) Oy hn ion. Pastel iynlioes kt dae’ (138) 

provided Qo we ava Can se Do" Old Oe Eee eaetn see tunes e (14) 
Hence, in real form, taking the lower sign, 

ESC ETE COS (OL — QU). Gee nance rvciss se eaent (15) 


The phase is repeated whenever « increases by 27/q, but in this interval the 
amplitude is diminished in the ratio e~*", or 535. The ratio of this interval to 
the wave-length \ in the open is 
Vad EDS aH Nat Oe oon le ee eee (16) 
which is on the present suppositions a small fraction. 
When a sound-wave impinges on the surface of a solid which is permeated 
by a large number of narrow channels part of the energy is lost, so far as 


* Formulae equivalent to these were given (without proof) by Helmholtz in 1863; see his 
Wiss. Abh. i. 384. There is an error in the quotation by Kirchhoff. 
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sound is concerned, by dissipation in these channels, in the way above 
explained. The interstices in hangings and carpets act in a similar manner, 
and it is to this cause that the effect of such appliances in deadening echoes 
in a room is te-be ascribed, a certain proportion of the energy being lost at 
each reflection. It is to be observed that it is only through the action of true 
dissipative forces, such as viscosity and thermal conduction, that sound can 
die out in an enclosed space. 


361. In the investigations which follow the thermal processes are neg- 
lected for simplicity. We may infer from the preceding results that this will 
not affect the order of magnitude of the terms which represent the effect of 
dissipative action. 

The general equations of sound-waves as affected by viscosity are, by 
Art. 328 (2), 


Goo meet V2u oy) 
Ty tee tee, alt ol le (1) 
Gn pte tae 

where amt te onan soap emeant say se ceeneneean (2) 


If s denote the condensation we have in addition the equation of con- 
tinuity ) 
Os (du , du , Ow 
~~ (Set ay + Be)” 
and the physical equation 
p=Ppot poc?s, eer cerccrecvcccvereeveecccuneeee (4) 
where ¢ is the velocity of sound in the absence of viscosity. 


Eliminating p and 3, we have 


ou 0\ 0s 
Oo yty —(ot4 gv 2), 


From (5) and (3) we deduce by differentiation 
0°s 0 
aa = (c+ $y =) Ne Sor vee ss vse cceeace ates (6) 
Tf we assume a time-factor e*#, (6) takes the form 
(VE delat OF ature ena tee. oe (7) 
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where 
whilst (5) may be written 
(T+ Ayu = (2 — 1 2, 


(V?+H)v =(F— mee, Yee (9) 


(V2 + HA) w = (bt ht) 22, 


where i APS 1 55 EA ae OR is Saner oe Reem (10) 
and Pe AGS Ce vas cca tne ss ects Soins (11) 
These equations are satisfied by 
ee op _ _% 
hae me v a aden Pa (12) 


where ¢ is any solution of (7). 


In particular, in the case of waves diverging from a spherical surface r=a, where a 
prescribed radial velocity e’% is maintained, we have 


PA fihr eres. senichadenodedepshes oe aseoniccieeen seotise (13) 
with the condition EA Syi(RA SN Bias ardeeceterteck teach Saueusonceeaonees (14) 
kr 
Hence o= - £8 : De  MaRlespsegssbanssicolesaaeinuses esses sens (15) 
i a? et (ot—kr + ka) 
or, in full, Dwi : PF iioedasWoacieas sivaclejvsleniasis set ocuene (16) 


We have seen (Art. 359) that even in the case of acoustical frequencies the ratio vo/c* 
is exceedingly small, so that 


very approximately. The interpretation of (16) as regards the slight effect of viscosity on 
wave-velocity, and its influence in attenuation of the waves as they proceed, is the same 
as in the one-dimensional case of Art. 359. It appears that for distances of very many 
wave-lengths the attenuation due to viscosity is altogether negligible in comparison with 
that due to spherical divergence. 


When the motion is not symmetrical about the origin, the solution of the 
equations (7) and (9) is to be completed by the analysis of Art. 352. Thus, in 
the case of diverging waves, we have solutions of the type 


0 Xn 
wm — 28 + (nt 1) fans (ir) BO fea (er Hotes 2, 


0 Xn 
De ccsagis — fran (hr) Brn = SP «(18) 


w= 4 + (m+ 1) fiy-a (hr) 2 — nfnga (her) hein © _Xn 


0z oz pantl ? 
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where P=PS ACK) dns scoccrscercarcecesscoccereests (19) 
the functions ¢,, yn being solid harmonics of positive degree n™*. 

These formulae make 
au + yo +2w=— {krfel (kr) + 0f'n(kr)} bn + n(n + 1)(2n +1) fn (hr) Xn -»(20) 


and 


0 ry) 
yo — 20 = — fa (ker) (y a dn 


+ (2n +1) hrf! (hr) + (m+ 1) fa (hr)} (y ‘ oh m aa 


0 r) 
zu aw=—fy (kr) (25-22) dn 


es pe eT® 
+(2n +1) {hrfr! (hr) + (n +1) fn (hr)} (ex ri 2) Xn» 


a) 7) 
wv—yu =—Fu(lr)(a 5 —y 5.) bn 


+ (2n +1) {hrfn’ (hr) + (n+ 1) fn (hr)} (2 ay ont i) 3 


where use has been made of the reduction-formulae of Art. 292. 


For a reason already given we may with ample accuracy treat k as real 
and equal to a/c. As regards h we write 


h=(1—1) 8, where 6 =(a/2y), 2c ecnccnseereeee (22) 

as in Art. 345. The terms in (18) which involve y, will therefore contain a 
factor e~*", and will accordingly tend to become negligible at distances r 
which are large compared with the linear magnitude 8-1, whose value for air 
is about ‘21//N cm., if NV be the number of vibrations per sec. (Art. 345). 
The motion at a distance which is a moderate multiple of @-* will therefore 
be practically irrotational, with a velocity-potential given by (19). It is to be 
noticed also that the ratio ka/Sa, being equal to ./(2va/c*) approximately, is 
to be regarded as a small quantity. 


To apply the formulae to the case of a sphere oscillating parallel to 2 with a velocity 


Ua ronson nian sigue Sais cts cleats Neale ene team 
we put 2=1 in (18), and assume te oe 
gi= Aye, SBP. oven) assssyeackieaysasuneaae ae 24 
The conditions ee et aint Si 
w=, v=0, WON) ch tee bearadddenes consent (25) 
to be satisfied at the surface r=a give, by (20) and (21), 
—{kafy' (ka) + f, (ka)} Ay + 67, (ha) Byl, .......cccecceecsesceeee (26) 
=f, (ka) Ay +3 {hafy’ (ha) + 2f, (ha)} By=1, ....cccceesecceecceeeees (27) 
whence 
yeas haf,’ (ha) 
haf, (ha) {kafy' (ka) +f, (ka)} + 2f; (ha) kay’ (ka)’ 
1 TERRI (3) TEAS AS 2 3 2 (28) 
B= ghaf, 1 (ka) 


hafy (ha) {haf (ka) +f, (ka)} + 2f; (ha) kay! (ka)’ 


The solutions of the ‘ First Class’ are of less interest from the present standpoint. 
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Substituting from Art. 292 (15), we find 
.. (3+ 3tha — h?a?) k3a3 etka 
ka? (1+tha) + (24 2ika — ka?) 2a?’ 
GGesks Paha | fe 
Ra? (1+ tha) + (2+ 2ika — Pa®) ha?” 
At distant points the motion is practically irrotational, with the velocity-potential 
(iewt GACT A EAOAUS SAS eR scales soo onasaa ananmeee cence (30) 


From the acoustical point of view the most interesting case is where the radius a of the 
sphere is large compared with 8~1. If we retain only the highest power of ha in (29) we 
find 


A,= 


Ba 


k3q3 etka 

3 2+ 2ka — kat J Mere ccceecccccccceeserenscseceescceeecs 
exactly as if viscosity had been ignored from the outset (Art. 295). This shews that the 
conclusions of Stokes as to the influence of lateral motion in the communication of vibrations 
to a gas are in the main unaffected by viscosity. It is true that the lateral motion of the 
air close to a vibrating surface is modified, and may even be reversed in direction, but 
the effect extends only to a stratum whose thickness is of the order 8~}, and if this is 
small compared with the dimensions of the compartments into which the surface is divided 
by the nodal lines the general argument of Art. 294 still applies. 


Ay 


In the case of very slow oscillations, on the other hand, or obstacles of very small radius, 
where fa is not large, ka is necessarily small, and we have from (29) and (22) 


ae {} ¢ +553) z in (1 : a)} Ta se en dees ERD (32) 


approximately. This is in consonance with Art. 356 (22). At distances * which are small _ 
compared with the wave-length, but moderately large in comparison with 8—!, the motion 
is in fact practically the same as if the fluid were incompressible. 


362. We may further investigate the scattering of plane waves by a 
spherical obstacle. The question is the same as in Art. 297, except that, 
viscosity is now taken into account. It is assumed that the circumference of 
the obstacle is small compared with the wave-length, so that ka is small *. 


By Art. 296 we may write, for the velocity-potential of the incident waves, 
p=er= Py (hr) + Stkr yyy (Er) COS A+ ..., .-..cnserevonsceseccoaneses (1) 
where @ is the usual angular co-ordinate, and the factor e’% or et is understood. It is 


clear from Art. 297 that the terms involving harmonics of higher order than the first may 
be neglected. For small values of kr (1) takes the form 


Tee (os lay ane (2) 


We will first suppose the sphere to be fixed. The velocity at its surface due to (2) alone 
is made up chiefly of a uniform radial velocity $4%a and a uniform velocity — 7k parallel to 
x. Reversing these, the velocity-potential ¢' of the scattered waves at a distance r which 
is large compared with 8~1 is obtained by superposition from Art. 361 (16), (30), with the 
proper coefficients. Thus 


5 ka eke ; 
p=-4 aaa + ika (kr) + (H+7K) fy (hr) kr COS O + 0... ceceeectseceeeeees (3) 
, Ar ke (3+ 3tha — h?a*) thar eke 
where H+ik=iA, GE RIq ae) SIORO ES] Ey aes enna (4) 


* This, with the corresponding problem in two dimensions, was treated by Sewell, “On the 
Extinction of Sound in a Viscous Atmosphere by Small Obstacles...,”’ Phil. Trans. A, ccx, 239 
(1910). I have somewhat modified and condensed the procedure. 


LH 42 
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The main interest of the investigation is to ascertain the rate at which energy is partly 
dissipated by friction, and partly diverted from the train of primary waves, owing to, the 
presence of the obstacle. For this purpose the values of @ and ¢‘ must be expressed in 
real form. This being presupposed, let us write 


_ Op ,_ of 5): 
aaa pe pve sheen eee ener e eee se een ere rss esesesseeeee ( ) 


so that g, g are the inward radial velocities due to the primary and secondary waves, 
respectively, at distances 7 which are large compared with B~!; and let p, p* be the corre- 
sponding pressures, viz. 


a é 
p=po, Pon A ee (6) 


The rate at which work is being done at a spherical surface of large radius 7, on the 
included air, is given by the integral 


0G ONE Che ae ICL hak Srettiee Aerie, montis ete so (7) 
taken over the surface. Since the mechanical energy in the enclosed space is constant, 
the mean value of this integral represents energy dissipated by fluid friction. To this we 
add the work spent in generating scattered waves, viz. 


soil [ig USs S..n obuistawsmedsnho cies sugucale teapemeesnleesien (8) 
Again, the term [ipa i REET Ss Ae Ee, Soe (9) 
represents work dissipated in the primary waves alone when the obstacle is absent. Hence 


the total rate at which energy is withdrawn from the primary waves, in consequence of the 
presence of the obstacle, is equal to the time-average of the integral 


SSCPP AB) US, cereeesscscersesecseenseeseeseseess (10) 
_ taken over the surface of a sphere of very large radius. 

In forming the sum pq'+p'g we need only include products of terms which involve 
spherical harmonics of equal order. Moreover, since / is taken to be real, the final result, 
so far as the harmonics of zevo order are concerned, must be the same as when viscosity 
was neglected. In terms of the energy-flux in the primary waves the result in question is 


BIA OE Tar OF aes oi vn cacecaptis staveuteepenciostecctecents (11) 
by Art. 297 (7), (11). 


We may theretore confine our attention to the harmonics of order 1. Taking the real 
parts of the expressions in (1) and (3), when multiplied by e**', we have, then, 
ms Okryy, (hi) CORO BIN OF inca een oacabeumeasecued saguclel Gaemeneee tavern eae see es (12) 
gp =(H cos ot — K sin ot) kr ¥, (kr) cos 0+(H sin ot + K cos ct) kr; (kr) cos 6, ...(13) 
by Art. 292 (14). These make 


pie apy TRE (KT) COS Oi COMO tam Manco teeter onan ccecee ce mee et ne eee Eon (14) 
p = —poo (Hsin ot+K cos at) kr¥, (kr) cos 6 
; + poo (H cos ot — K sin at) kr, (kr) cos 6, ...... (15) 
OP a Yaa a Cape male Cap MOOSE) sist ited) and ceconSoodocounntsnoandussooscoseSseseascecen (16) 
g =k (H cos ot — K sin ot) {kr ¥,' (kr) + ¥, (kr)} cos 6 
+h (Hsin ot + K cos at) {krypy' (kr) +, (hr)} cos 6. «04... (17) 
Hence 


PY + PY =F pookH ty’ (hr) Wy (kr) — yy (hr) ¥y' (kr)} cos? 4 
+terms in cos 2et, sin Qot. ...... (18) 
Since {f/cos? 6dS=47r, the mean value of that portion of the integral in (10) which is 
due to the harmonies of the first order is 
Qa py oh rt 1 Cc) VY, (hr) — hy (hr) YY! (Ar)} = Qa pocHy, ......sececeees (19) 
the reduction depending on Art. 292 (19). 
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When Qa is large we may expect the influence of viscosity to be negligible. We have 
in fact from (4) 


> 1h3@3 eika 
H+ik= 24 2tka— eat Gy, “auoauoudasauudsEds Holme sisjaleia siotstelels (20) 
Evaluating for small values of sa we tind 
BF rag MOA ae Mrsictoarin gh nts SOnicndtors sinah d aawal den boss (21) 
and the result in (19) becomes, in terms of the primary energy-flux (4 p94%c), 
NICU MOS on ttet atte adsdha.oeschorettedan clases (22) 


Adding to (11), we reproduce the result (12) of Art. 297, there obtained by a much simpler 
process. 


If on the other hand a is comparable with or less than 81, we have, on account of the 
smallness of ka, . 


: : SUS 3k3a3 1 ia 3 
H = sa A is aie 3 f 
+1K=$1 (a : =) Ba “Ba ( +32) 15 (14553): SSGOE (23) 
The loss of energy is then, in terms of the primary flux, 
4nc?’H  3ka 1 
SS — 2 
BE Ba (a +75) BRITT qasecicle sinniese weeseiistsicasonees (24) 


The term (11) is now altogether negligible in conyparison. 
When a is small compared with B—! the result is, approximately, 
2 aT Lenenecs < Miata seers etd oticiteberes lates antes Seaee esos (25) 


The fraction of the incident energy which is lost now varies inversely as the radius of the 
sphere. The total amount lost varies directly as the radius*. For air at 0° C. we have 


6y/ca=2'39 x 10-5 x a-1, 


the unit of a being the centimetre. 


363. The foregoing calculations have some interest in relation to the 
transmission of sound by fog. Owing to its great inertia in comparison with 
that of an equal volume of air, a globule of water in suspension, if not 
too small, may remain practically at rest as the air-waves beat upon it. 
If, however, the radius be diminished, the inertia diminishes as a’, whilst the 
surface on which viscosity acts diminishes as a”, and it is to be expected that 
a stage will at length be reached when the globule will simply drift to and fro 
with the vibrating air, and so causé little or no loss of energy. 

To examine this point a little more closely, we now regard the sphere as perfectly free 
to move. The velocity at its surface, in the scattered waves, will be made up of a radial 


velocity —4#%a, as before, and a velocity 2k+dé/dt, or 7(k+c6), parallel to #, where 
denotes the displacement of the centre from its mean position. Hence in place of Art. 361 


(24) we must write 
d= (k+c&) Aix, x1=1 (k+ c&) By a, a ccccccccovcncccssscevcs (26) 


where A,, B, have the values given by Art. 361 (29). 


The direct calculation of the stresses on, the surface of the sphere is somewhat trouble- 
some, but may be evaded by considerations of momentum. It will be seen that in this 


* Numerical results for a range of values of Ba, based on a closer approximation, are given in 


Sewell’s paper. 
42-2 
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process we, need only take account of the spherical harmonics of unit order. We write, 


aca n+ Bit (or) Coe Oa oe aoe eee (27) 


P=... FU(EAGE) Apri (Ar) COS Op 2.0, seeeeeenecevessnneenees (28) 
for the incident, and the scattered waves at a distance, respectively. 


We calculate the rate of change of momentum of the fluid contained between the sphere 
and a concentric spherical surface whose radius 7 is large compared with 8—'. The primary 
waves contribute the term 


Be | | | ee Tidy diadapsok ene era wee (29) 
As regards the secondary waves, the first part of the value of u in Art. 361 (18) gives 
= io po [Hf¢< dx dy dz=% m poo (E+ c&) A, {73 fy (kr) - arf, (ka)}. aisteiiiarersiais (30) 


The remaining part, involving x1, gives 
—2apy (k-+o€) By | "fo (hr) dnrrtdr = —8mpoo (E+ o€) By {r3f; (hr) — af, (ha)}, ...(31) 
; : 


where the first term in { } may be omitted, as tending ultimately to zero on account of th 
factor e-*r which is involved. The rate of change of momentum of the sphere itself is 


where p; is its density. 
The motion in the neighbourhood of the spherical surface of large radius r may ulti- 
mately be taken to be irrotational, and the resultant pressure on this surface is therefore 
—ff(p+p') cos OdS= — topo [[(p+¢') cos 6dS 
=4rpyckriyy (kr) +4 mpoo (k+c&) Ayr f, (kr)... (33) 
Equating the total rate of change of momentum to the resultant pressure, we have 
pok Wi (ka) +4 po (k+.0€) Ay fy (ha) — 2p (K+ c€) By fi (ha) + 4p cE =0. ...... (34) 
This reduces, in virtue of Art. 361 (26), to 


pokyr, (ka) — 3 po (R4+0€) {1 +hafy' (ka) Ays+4pic&=0, .....ccecceeeee (35) 
_7&_,_ pi — Bpohs (har) 
whence 7 i ep poka ea Se ee (36) 


This formula gives the ratio of the displacement of the sphere to that of the air at tk 
position of its centre when the sphere is absent. 


When viscosity is negligible we have ha=ao. Hence if ka be small, we find 
A,=4 (ka)3, = Kap) (EO) 3 (kB) 8) Vike tiscorcccecusseacts (37) 


approximately. The ratio in question is accordingly 


in agreement with Art. 298-(21). 


On the other hand, when a is comparable with or less than 8-1, we have, from 
Art. 362 (4), 


3 Sa eee 
= ee 393 
a {3 (+55) iga(1+taq)} Bat <7 btn SO (39) 
higher powers of ka being neglected. For small values of Ba this reduces to 
32hFa3 
eee (40) 
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approximately ; and the formula (36) becomes 


o , sl 
— 1 {1-8 =P a} Sd oende amber em huts, (41) 


If 6°a?, though itself small, be large compared with p9/(p;— pp), this expression is small, 
and the sphere remains a at rest, inertia being still predominant. But when Ba? 
is small compared with po/(p,— po), the ratio approximates to unity, the globule now 
moving with the air. : 

Putting po/p;="00129, »='132, the condition for this is that the radius a should be 
small compared with 


TIOS 052% V-tom,, 


where WV is the frequency of the air-waves. Thus for a frequency of 256, a must be at 
most of the order ‘001 mm. 


To calculate the loss of energy we must suppose (28) to be put in the form 


Peart tA, Nich RINCOS Ot-eeey loka tccsacuherscesecueece (42) 
in analogy with (3). The result, so far as the harmonics of unit order are concerned, is then 
2rpo cH’, sis\s/alals[uielsialelai61eieveleinie]sieislertieisisleleisislviciele's/e/elelelaleleiaie (43) 
in place of (19). To find H’ we have the equation 
. . Ay pi — Bpo hy (ka)} tA (p1 — po) 
H'+ik’=i(1+ +3) Ai eee Peer ey | ante? 44 
; P1— po— pokafy’ (ka) A, P1 — pot 8po 41/ku8 oe 
approximately. 
When viscosity is negligible, or Ba large, we have 
Ze eS EG I arcsec dita acelin) Poa BOR (45) 
approximately, and therefore 
2 
H' = 35 (Aa) Picea icon ee tis BO cas Wi Reas i ld, 16 
™ \pit$po . 
In terms of the energy-flux in the primary waves, the energy diverted from these waves is 
la 2. 
$44 ( LEAP YT Hata eessenessstnetstsernect ry 
i! aGesen j SMe ao) 


where the part given by (11), due to the resistance of the sphere to compression, has been 
added. If we put 0,/p»=a we reproduce the resylt of Art. 297 (12). 


When on the other hand fu is small, the approximation becomes troublesome; but it 
is evident that when the radius is so small that the globule simply drifts to and fro with 
the air the dissipation due to the terms of the first order will be negligible, and the total 
dissipation is then given practically by the formula (11) of Art. 362. 


364. To examine the effect of viscosity on the free vibrations of air con- 
tained in a spherical vessel, the functions f, which occur in the formulae (18) 
of Art. 361 must be replaced by y,, on account of the finiteness of the velocity 
at the centre. 

The formulae (20) and (21) of Art. 361 then shew that at the boundary r=a we must 


have 


— {harry (ha) + ny (ka)} pn +7 (M+1) (2041) on (2A) Xn =O, crereeeeeees (1) 

and — Wn (ha) bat (20 +1) {hay (ha) + (2 +1) rn (ha)} Xn=O. cerererernes (2) 
From these we deduce : 

Karn! (ka) y+ (20 +1) hain’ (AA) Xn=O. vecseersseeevereeeeeeees (3) 

EON ie a eV Be bavies Pacis (4) 


Hence ha, (ka) ~~ — hawry’ (ha) 
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Assuming that a is large compared with 8-1 we have to ascertain the correction to be 
applied to the results of Art. 293, 1°, where in the absence of viscosity ka was shewn to 


satisfy the equation 
CW (OC) Arn (C) HO. csccesccsccrssscerscesscersseeecenees (5) 


TRUE ESS sebegancoussosnoocoocnaceeneacneccnpacabsoace (6) 
where ¢ satisfies (5), and e is assumed to be small. The left-hand member of (4) becomes 


bn" (Ott) on © +1) ve OF -_ ont) 


We write accordingly 


a CS mn (6) neta 
by Art. 292 (10). The right-hand member reduces to 
mts tan (ha+}nm), 
: by Art. 292 (8), since the modulus of ha is assumed to be large. Moreover, writing 
ha=(1-17) Ba, 
we have tan (ha+4n7)= —2, 
approximately. Hence 
pA its Sutgeeamie A Tn Oe II (7) 


C—n(n+1)° 2Ba * 
Since the time-factor implied in our formulae is et, it appears that the-real part of 


(7) indicates a slight diminution of the frequency. The imaginary part shews that the 
modulus of decay of the oscillations is 


-G—n(m+1) 2Ba? _ —n(n+1) (7) 


“n(n+lC oe a(n) Je" 
since B=,/(c¢/2va), approximately. 


ve 


In the case of n=1 we have, in the gravest mode of vibration, (= 2-081, and accordingly 


re143 /(&). 
ve 


Assuming c=3'32 x 104, y="132, this gives r= 0173a*. It is to be remembered, however, 
that these numerical estimates must be considerably under the mark, owing to the neglect 
of the thermal processes. 


The foregoing investigation does not apply to the radial vibrations. When n=0 the 
formulae (12) of Art. 361 apply, with 


Ge OW (AT), Ure staicsonaeeessceek «ine tee tea tate ent en: 9 
and the boundary-condition gives i ®) 
Wo (ha) OF OL ARE Oe (10) 
If ka be a root of this, we have, from Art. 361 (17), 
ivk 
o=ke(1+3 7"), eee eee re econ cee eeneseseneecenereeesere (11) 
approximately. The modulus of decay is accordingly 
3a? 2 
ee wR) Actas onic aasoapranlces tae Maden anata (12) 


It is to be noticed that the ratio of (8) to (12) is of the order ./(ac/v), numerical factors 
being omitted. In all cases to which our approximations apply this ratio is large, so that 
the radial vibrations are much more slowly extinguished, so far as viscosity alone is con- 
cerned, than those which correspond to values of 2 greater than 0. This is readily accounted 
for. In the latter modes the condition that there is to be no slipping of the fluid in contact 
with the vessel implies a relatively greater amount of distortion of the fluid elements, and 
consequent dissipation of energy, in the superficial layers of the gas. 
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The method of the dissipation function, which was applied in Art. 348 to the case of 
water waves, might be used to obtain the result (12) for the radial vibrations, but would 
lead to an erroneous result for n> 0, since the underlying assumption that the motion is 
only slightly modified by the friction is violated at the boundary. 


In the gravest radial vibration we have ka= 4-493, whence 
T= '0743a?/p. 
In the case of air at 0° C. this makes r= ‘56a2*. 


Turbulent Motion. 


365. It remains to call attention to the chief outstanding difficulty of 
our subject. 


It has already been remarked that the neglect of the terms of the 
second order (wou/dx, &c.) seriously limits the application of many of the 
preceding results to fluids possessed of ordinary degrees of mobility. Unless 
the velocities, or the linear dimensions involved, be very small the actual 
motion in such cases, so far as it admits of being observed, is found to be 
very different from that represented by our formulae. For example, when 
a solid of ‘easy’ shape moves through a liquid, an irregular eddying motion 
may be produced in a layer of the fluid next to the solid, and a trail of eddies 
left behind, whilst the motion at a distance laterally may be comparatively 
smooth and uniform. 


The mathematical disability above pointed out does not apply to cases 
of rectilinear flow, such as have been discussed in Arts. 330, 331; but 
even here observation shews that the types of motion investigated, though 
theoretically possible, become under certain conditions practically unstable. 


The case of flow through a pipe of circular section was made the subject 
of a careful experimental study by Reynoldst, by means of filaments of 
coloured fluid introduced into the stream. So long as the mean velocity 
(wo) over the cross-section falls below a certain limit depending on the radius 
of the pipe and the nature of the fluid, the flow is smooth and in accordance 
with Poiseuille’s laws; accidental disturbances are rapidly obliterated, and 
the régime appears to be thoroughly stable. As wo is gradually increased 
beyond this limit the flow becomes increasingly sensitive to small disturbances, 
but if care be taken to avoid these the smooth rectilinear character may for 
a while be preserved, until at length a stage is reached beyond which this 
is no longer possible. When the rectilinear régime definitely breaks down 
the motion becomes wildly irregular, and the tube appears to be filled with 


* This Art. is derived with slight alteration from a paper cited on p. 635. 

+ “An Experimental Investigation of the Circumstances which determine whether the 
Motion of Water shall be Direct or Sinuous, and of the Law of Resistance in Parallel Channels.” 
Phil. Trans. clxxiv. 935 (1883) [Papers, ii. 51]. For a historical account of the researches and 
partial anticipations of other writers, see Knibbs, Proc. Roy. Soc. N.S.W. xxxi. 314 (1897). 
Reference is there made in particular to Hagen, Berl. Abh. 1854, p. 17. 


664 Viscosity [CHAP. XI 


interlacing and constantly varying streams, crossing and recrossing the pipe. 
It was inferred by Reynolds, from considerations of dimensions, that the 
‘upper critical velocity,’ ae. the upper limit of smooth rectilinear flow, must 
be proportional to »/D, where D is the diameter of the pipe, and v the kine- 
matic coefficient of viscosity. Since the dimensions of v are L?T-1, this is 
in fact the only combination which is of the dimensions of velocity. As the 
result of his experiments, Reynolds gave for the upper critical velocity the 


formula 
CRE BIR DMO hi cecpeSone renee onan (1) 


where P is the factor which expresses the variation of the viscosity of water 
with temperature (centigrade), as found by Poiseuille, viz. 


P =(1+ 033686 + 00022099 6?) 4, 
and B= 43°79, the unit of length being the metre. 


Reducing to centimetres, putting P=v/vo, and taking the value of v9 
from p. 575, the critical ratio is found accordingly to be 


Wy Dig = 1osDOT eee ee acid OD 


The dependence of the critical velocity on v was tested by varying the 
temperature*. Subsequent observers have obtained considerably higher 
values for the numerical constant in (2); and much seems to depend on the 
success with which disturbing causes have been avoided f. 


366. Simultaneously with the change in the character of the motion 
there is a change in the relation between the pressure-gradient (— dp/dz) and 
the mean velocity wo. So long as the rectilinear character is maintained the 
gradient varies as wo, as found by Poiseuille, but when the irregular, turbulentt, 
mode of flow has set in the gradient increases more rapidly, in many cases 
apparently as w’, more or less approximately. This more rapid increase of 
resistance is no doubt due to the action of the eddies in continually bringing 
fresh fluid, moving with a considerable relative velocity, close up to the 
boundary, and so increasing the distortion-rate (dw/dn) greatly beyond that 
which would obtain in strictly ‘laminar’ motion§. 


It was found by Reynolds that the transition from the linear law of 
resistance to that of turbulent flow took place for a definite value of WoD/v. 
Since disturbing influences are in such experiments hardly to be excluded, 
the corresponding value of wo must be regarded as a ‘lower’ critical 


* The proportionality to » was confirmed by Barnes and Coker, for an extended range of 
temperature, Proc. R. S. lxxiv. 341 (1904). 

+ Cf. Barnes and Coker, l.c. and Ekman, Arkiv for Matem. vi. (1910). Ekman’s experiments 
were made with Reynolds’ original apparatus. 

+ This very descriptive term is due to Lord Kelvin. 

§ Ci. Stokes, Papers, i. 99. 
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velocity, to be distinguished from that referred to in Art, 365, Reynolds’ 
result is equivalent to 

ay i Mare DOBRO. ok Cee a eat ie lols (3) 
The dependence on v was tested as before by varying the temperature*. 


Some indications as to the possible forms of the tangential resistance per 
unit area of the walls of the tube are obtained by consideration of dimensions. 


If we assume that 
DD igioC peu Wo" a’, 
we must have 
ML-1T-2 = (M be ae ( L2 Lae (Lt): LS. 


whence n= 1, s=—N, r=2—n, 


Vv n 
so that PrzF pwWe" — Penne e teen eee rete eee ee een es (4) 


Generalizing this, we have the formula 


Woe 
Dre = puotf (“2°) SOCOM, wastes Pascua (5)f 


If in (4) we put n=1, we have Poiseuille’s law for linear flow. If we 
put n=0 we get the formula frequently adopted by writers on Hydraulics for 
the case of turbulent flow through pipes whose diameter exceeds a certain 
limit, viz. 
Ed OL pe tet asa Wer kone eRe een PERE (6) 
where & is a numerical constant depending on the nature of the surface. As 
a rough average value for the case of water moving over a clean iron surface 
we may take k=-0025{. A more elaborate empirical formula for p,z, taking 
account of the influence of the diameter, was given by Darcy as the result 
of very extensive observations on the flow of water through conduits§. 


It is to be noticed that if the resistance were accurately proportional to 
the square of the velocity it would be independent of the viscosity and of 
the diameter of the pipe. This follows at once from (5)||. 


Reynolds and various other observers have found that a closer representa- 
tion of the facts is obtained if in (4) we give to n a value different from zero. 
The value »=4 has been suggested, whilst Reynolds proposed n='277. The 


* Values of this lower ‘Reynolds number’ in the neighbourhood of 2000 have been obtained 
by various experimenters, ¢.g. Coker and Clement, Phil. Trans. A, cci. 45 (1902). 

+ Rayleigh, ‘‘On the Question of the Stability of the Flow of Fluids,” Phil. Mag. (5) xxxiv. 
59 (1892) [Papers, iii. 575]. 

The formula (5) has been tested experimentally over a wide range of conditions, and with 
fluids so different as water and air. It was verified that the resistance varied as pw,? whenever 
the value of v/w,a is the same. See Stanton and Pannell, ‘‘Similarity of Motion in Relation to 
the Surface Friction of Fluids,’’ Phil. Trans. A, ccxiv. 199 (1913); Blasius, ‘‘Das Aehnlich- 
keitsgesetz bei Reibungsvorgiingen,”’ Zeitschr. d. Ver. deutsch. Ingeniewre, 1912, p. 639. 

+ Rankine, Applied Mechanics, Art. 638; Unwin, Encyc. Britann. 11th ed. Art. ‘‘ Hydraulics,’”’ 

§ Recherches expérimentales rélatives au mouvement de l’eau dans les tuyaux, Paris, 1855, The 
formula is quoted by Rankine and Unwin. || Rayleigh, i.c. 
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most suitable value of the index appears indeed to depend on the degree of 
smoothness of the surface ; and probably no formula of the type (4) has more 
than a limited application. Blasius, from a collation of the best available 
experiments on turbulent flow in smooth tubes, gives a formula for the pressure- 
gradient equivalent to 4Apw,?/D, where = "316 (v/wWo D)*. Since 


this makes 


Rayleigh has pointed out that the form of the function f in (5) might be 
determined by experiments in which p alone is varied. Experiment appears 
to indicate that with increasing values of w)D/v the function f tends to a 
definite limit, so that (6) is a sort of asymptotic law of resistance *. 


If we accept the formula (6) as the expression of observed facts, a 
conclusion of some interest may at once be drawn. Taking the axis of z 
in the general direction of the flow, if W denote the mean velocity (with 
respect to time) at any point of space, we have, at the surface, 


b ee = kpwy’, 
if wo denote the general velocity of the stream, and én an element of the 
normal. If we take a linear magnitude / such that 
Wo OW 
iuanon” 
then / measures the distance between two planes moving with a relative 
velocity wo in the regular ‘laminar’ flow which would give the same tangential 


stress. We find 
Cyt ED] es nee cate Content. eee eran (8) 


For example, putting v = ‘018, wy = 300 [c.s.], k = ‘0025, we obtain J = 024 cm.+ 
The smallness of this result suggests that in the turbulent flow of a fluid 


the value of w falls rapidly to zero within a very minute distance of the 
walls f. 


The distribution of the mean velocity (2) over the cross-section has been 
examined by Stanton§ in some experiments on the flow of air through slightly 
roughened pipes, where the law of resistance proportional to the square of the 
velocity was found to hold. Up to short distance from the walls the velocity 
followed approximately a parabolic law 

2 
= %,(1- 87), Meteora yey (9) 


* Stanton, Friction, London, 1923, p. 55. 

t Cf. Sir W. Thomson, Phil. Mag. (5) xxiv. 277 (1887). 
t This was in fact found experimentally by Darcy, l.c. 
§ Proc. Roy. Soc. A, lxxxy. 366 (1911). 
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where ™, denotes the mean velocity at the axis, and f is a constant. In 
some later experiments* he brings evidence for the view that close to the 
walls there is a region of strictly laminar flow. The depth of this region, in 
the case examined, was a fraction of a millimetre. 


366a. In the experimental arrangement of Mallock and Couette, referred 
to on p. 588, we have another simple type of steady motion, which is more 
amenable to experimental investigation. When the inner cylinder was at 
rest, Mallock concluded that the steady motion represented by Art. 333 (5) 
was stable so long as the angular velocity of the outer cylinder did not 
exceed a certain limit, and definitely unstable when it exceeded a certain 
higher limit. In the intermediate stage there was a susceptibility to 
disturbing influences, much as in the case of the pipet. When on the other 
hand the outer cylinder was fixed, the steady motion was found to be unstable 
for all speeds of revolution of the inner cylinder. These conclusions require 
qualification in the light of subsequent work, but the experiments referred to 
are of interest as the first attempt to study practically a case of turbulent 
motion other than in a pipe. 

The effect of an unsymmetrical, but two-dimensional, disturbance has been 
discussed mathematically by Harrison{, by the methods of Reynolds and Orr 
(Art. 369). He investigates the maximum relative angular velocity of the 
cylinders which is consistent with stability as regards disturbances of the 
above type. 

The problem has recently been studied, both mathematically and experi- 
mentally, by Taylor§, with definite results. Starting with a stable condition 
and gradually increasing the ratio of the angular velocities, he finds that 
instability first manifests itself in the form of a three-dimensional and initially 
steady disturbance which is symmetrical about the axis of rotation, but 
periodic as regards distance parallel to this axis. The lines of flow when 
projected on a meridian plane present the appearance of a system of vortices 
contained in rectangular compartments, and rotating alternately in opposite 
directions. When the cylinders revolve in the same direction, each compart- 
ment extends over the whole radial space between them; in the opposite 
case there is an outer, but much feebler system of vortices. It was ascertained, 
both theoretically and experimentally, that when the inner cylinder was fixed, 
the steady motion was stable for all observed speeds of rotation of the outer 
one. When the outer cylinder was fixed there was stability for sufficiently 
low speeds of the inner one. In all cases the speed at which instability sets 
in was sharply defined. 

* Proc. Roy. Soc. A, xevii. 413 (1920), and Friction, p. 30. . 
+ See a letter by Kelvin, quoted by Rayleigh, Phil. Mag. (6) xxviii. (1914) [Papers, vi. 266]. 


+ Camb. Trans. xxii. 425 (1920), and Proc. Camb. Phil. Soc, xx. 455 (1921). 
§ ‘Stability of a Viscous Liquid contained between Two Rotating Cylinders,” Phil. Trans. A, 


cexxiii. 289 (1922). 
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366b. It has been emphasised repeatedly that unless the velocities involved 
are exceedingly small, or the spatial relations very constricted, calculations 
based on the hypothesis of rectilinear flow, such as those of Art. 330, lead to 
results which are in striking disaccord with experience. For instance, in the 
case considered in Art. 344, 3°, if we attribute to w the usual value for water, 
it would take an enormous time for the effect of the surface forces to penetrate 
beyond a very small depth. What really happens is that eddies are formed, with 
the result that there is an interchange of momentum between adjacent layers 
of fluid. The conception is the same as in Maxwell's theory of gases, except 
that we are now concerned with molar, as distinguished from molecular 
momentum, 7.e. with the momentum of elementary portions of fluid regarded 
as continuous (cf. Art. 369). 


It has been proposed by various writers, from Reynolds * onwards, to allow 
for this process by the introduction of a coefficient @ of ‘molar’ or ‘mechanical’ 
or ‘eddy’ viscosity~in place of u. That is, we assume for instance that the 
tangential stress on a plane perpendicular to Oz is made up of components 

_ Ou oy 

i! Oz > liad dz ) 
where u, 3 are the mean values of wu, v at the point considered, taken over 
a short interval of time. We thus abandon any attempt to follow in detail 
the rapid changes which take place, and concern ourselves only with mean 
effects, in the above sense. 


Naturally, this coefficient 7 is not to be regarded as a physical constant 
characteristic of the fluid; its value will depend on the type and scale of 
motion considered, and will often vary considerably from one part of the fluid 
to another. It is accordingly not known @ priori, though sometimes an 
estimate can be made from analogy, but is to be found by comparison of 
calculation with experiment. Its meaning is rather that it gives a measure 
of the degree of turbulence under the circumstances considered. 


For instance, in Stanton’s experiments, quoted on p. 666, considering the forces on 
unit length of a cylinder of air of radius 7, 


oe 2 rah TTas: aise se Peter sec os eeee Oe (1) 

where dp/dz is the pressure-gradient along the pipe. Also, assuming (6) of Art. 366, 
kpwo?. 20a = - ee SIEGE, mnac cca hae anne eae (2) 
whence ae =- i oNara a Renna MAM aA Hy ECCT len a. | (3) 
Hence = a Este ainteepisetneas -chigtieldaoiye «imme ener sean (4) 


* L.c. ante p. 627. (1886) [Papers, ii. 236]. 
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This makes @ uniform over the section of the pipe, but proportional to the average velocity 
over the cross-section, and the radius, conjointly. If we put* 

@,=1500, w=1125, a=2°5, &k=-0025, B=, 
we get P/p=5°3,- or f="0068. 


Enormously greater values, as may be expected, are found in cases where the motion is 
on a larger scalet. 


366c. The same idea has been applied to the law of variation of wind 
with altitude over the earth’s surface}, the earth’s rotation being taken into 
account as in the analogous problem of Art. 334a, 5°. We assume the axis 
of z to be drawn upwards in the direction opposite to that of apparent gravity, 
and the axes of # and y to revolve with the component (w) about Qz of the 
earth’s angular velocity. Assuming the motion relative to these axes to be 
steady, putting w=0, and neglecting horizontal gradients of wu and v, we have§ 
by Art. 203 (1) 


where ) = f/p. Now assume that the pressure-gradient in the neighbourhood 
of the origin is uniform, say 


op op 
—-— = oa endl EE Le Oe 2 
a2 
Then 7 = (ut iv) — Lio (w+ tv) = Sf, veceeecceseessees (3) 
If we write (iON tad AVA Gite Sa Ra i: ANS (4) 
the solution which is finite for z= is 
IY AY A CORTE? sts Fis tb nd false a5 dedet G) 


At a great height we have w= V, v=0; this is the ‘gradient wind,’ parallel 
to the isobars, which would prevail if there were no friction. 


Suppose that at the ground (z=0) the wind makes an angle @ in the 
positive direction from the axis of «, so that 


Up + Vo = Voe*. Ancol OOOO SUCOC ATOR AAOODONE (6) 
Hence u=V +e {Vo cos We ee sree (7) 
y= e-82 {Vosin (a+ 8z)+V sin Bz}.) 


* The data are of the same order as in one of Stanton’s experiments. 

+ Cf. Jeffreys, ‘‘On Turbulence in the Ocean,’ Phil. Mag. (6) xxxix. 578 (1920). 

+ G. I. Taylor, ‘‘ Eddy Motion in the Atmosphere,” Phil. Trans. A, cexy. 1 (1915). 

§ The marks denoting mean velocities of u, v, and p (with respect to time) are omitted, as 


unnecessary for the moment. 
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We may assume that the tangential stress at the ground has the same 
direction as the velocity there ; or 


Ow ov , 
a tah: = Oat sdnoss Migieeatereeiens 8 
ay ig ie for 2 = 0, (8) 
’ whence, after reduction, 
Vo= V (e608 @ = SUG). sons wee cnaev a ete tee (9) 
Substituting from (9) in (7), we have 
u/V =1 —sin a {cos (a — 8z) + sin (a — Bz)} e~*, (10) 
v/V= sina {cos (a — Bz) —sin (a — Bz)} e**.) 


The heights at which the wind coincides in direction with the gradient 
wind are given by v= 0, or 
tam (a = Oz) LIU Ss sack) 2s. odors (11) 
The equation (9) shews that a must be < }z, so that the first value of z 
which satisfies (11) is 
fm O te Bat Bo) jx ann cid mactieae oe .eoemaene (12) 
Comparisons of the theoretical results with observation have led to deter- 
minations of the kinematic eddy viscosity p of the order of 10° c.a.s. 


367. Although much has been written on the subject, the explanation 
of the practical instability of linear flow under the conditions stated in 
Arts. 365, 366, and of the manner in which the irregular eddies are main- 
tained against viscosity, has yet to be found. We can only attempt here a 
brief account of various attempts which have been made to elucidate the 
question. 


Rayleigh, in a series of papers*, has examined the stability, for infinitely 
small disturbances, of various types of steady motion, such as might be 
produced by viscosity. Although viscosity is, in the disturbed motion, ignored, 
the results may be expected to throw some light on the question, except in 
cases where the influence of a boundary predominates. The exception is, 
however, important. 

As the method is simple, and as the results have an independent interest, we may 
briefly notice the two-dimensional form of the problem. 

Let us suppose that in a slight disturbance of the steady laminar motion 

u= U, MO, w=0, 


where U is a function of y only, we have 


u=O0+u, V=V, WO. ras siemaupianeeaceeeeene eeenears (1) 
The equation of continuity is 
aut , 
Gel apie ak Git ol Gosia Gal (2) 


* Proc. Lond. Math. Soc. x. 4 (1879), xi. 57 (1880), xix. 67 (1887), xxvii. 5 (1895); Phil. 
Mag. (5) xxxiv. 59,177 (1892); (6) xxvi, 1001 (1913) [ Papers, i. 361, 374, iii. 575, 594, iv. 203], 
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_The dynamical equations reduce, by Art. 146 (4), to the condition of persistent vorticity 
D¢/Dt=0, or 


o¢ Nia AAC Goal 
ap t(U+u') apt? at aceon etoosesseacanaceadeden sss (3) 
dv ou’ «6a 
where Sor rea Cece ceccenneeeeegeeeesescvccocsecescce (4) 


Hence, neglecting terms of the second order in w’, v’, 


C) 0\ (ov du’ are 
at lz) (Fae) ~ ya t=O 0 praee ty (5) 


Contemplating now a disturbance which is periodic in respect to 2, we assume that 
u', v' vary as e*=*+tet Hence, from (2) and (5), 


,, ov 
iku a =O} Mackecee ss sac ceewua teneasteaeene rere sarin (6) 
, 2 
and i(o+kU) (she -<) * ap vn noe teen (7) 
Eliminating w’, we find 
dey" ad?U 
Sy gh OG aiid BM 
(o+k0) (5 j v’) ee maa ay va (8) 


which is the fundamental equation. 
If, for any value of y, dU/dy is discontinuous, the equation (8) must be replaced by 


(o+k0) a (2 )—a(42) bw'=o, pare ny 4 URAC) 


where A denotes the difference of the values of the respective quantities on the two sides 
of the plane of discontinuity. This is obtained from (8) by integration with respect to y, 
the discontinuity being regarded as the limit of an infinitely rapid variation. The equation 
may also be obtained as the condition of continuity of pressure, or as the condition that 
there should be no tangential slipping at the (displaced) boundary. 


At a fixed boundary, we must have v’=0. 


1°. Suppose that a layer of fluid of uniform vorticity bounded in the undisturbed state 
by the planes y=+h is interposed between two masses of fluid moving irrotationally, 
the velocity being everywhere continuous. This forms an interesting variation of a problem 
discussed in Art. 234. 

Assuming, then, U=u for y>h, U=uy/h for h>y>—h, and U= —u for y<—h, we 
notice that d? U/dy?=0 except at the surfaces of transition, so that (8) reduces to 


CU Fe 
rede v = ()) eee eee eee ee re (10) 
The appropriate solutions of this are: 
= Ae-™, for y>h; 
of = Be-"v+ Cel, for h>y> —hy Poco (11) 
v' = De, for y< —h. 
The continuity of v' requires 
Ae— == Be-™ + Cet, } (12) 
5 ERY! pape eto a eer aaa 
With the help of these relations, the condition (9) gives 
2 (0 + Ina) Cok — = (Be-™ + Cel) =0, 
sone Cer repent (13) 


2 (¢ — it) Beh (Bek + Ce-*) =0, 
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Eliminating the ratio B: O, we obtain 
u2 
0? = 775 {(2hh —1P—e- ween ceccccccccetsevceerercesceses (14) 


For small values of “A this makes o?= — #?u%, as in the case of absolute discontinuity 
(Art. 234). For large values of £h, on the other hand, «= +/4u, indicating stability. Hence 
the question as to the stability for disturbances of wave-length \ depends on the ratio \/2h. 
The function in { } on the right-hand side of (14) has been tabulated by Rayleigh. It 
appears that there is instability if \/2h>5, about; and that the instability is a maximum 
for \/2h=8. 


2°, In the papers referred to, Rayleigh has further investigated various cases of flow 
between parallel walls, with the view of throwing light on the conditions of stability 
of linear motion in a pipe. The main result is that if d?U/dy? does not change sign, 
in other words, if the curve with y as abscissa and U as ordinate is of one curvature 
throughout, the motion is stable. Since, however, the disturbed motion involves slipping 
at the walls, it remains doubtful how far the conclusions apply to the question at present 
under consideration, in which the condition of no slipping appears to be fundamental. 


3°. The substitution of (10) for (8), when d?U/dy?=0, is equivalent to assuming that 
the vorticity ¢ is the same as in the undisturbed motion; since on this hypothesis we 
have 


which, with (6), leads to the equation in question. 


It is to be observed, however, that when @?U/dy?=0 the equation (8) may be satisfied, 
for a particular value of y, by o+U=0. For example, we may suppose that at the plane 
y=0 a thin layer of (infinitely small) additional vorticity is introduced. We then have, on 
the hypothesis that the fluid is unlimited, 


pics Aor NUE CtL Ee) TN), Cae. a See ee (16) 


the upper or the lower sign being taken according as y is positive or negative. The 
condition (9) is then satisfied by 


dU 
ee a (Gn Pid wR bet (17) 


where U, denotes the value of U for y=0. Since the superposition of a uniform velocity 
in the direction of w does not alter the problem, we may suppose U)=0, and therefore 
a=0. The disturbed motion is steady ; in other words, the original state of flow is (to the 
first order of small quantities) newtral for a disturbance of this kind*, — 


368. Kelvin attacked directly the very difficult problem of determining 
the stability of laminar motion when viscosity is taken into account}. The 
cases specially considered are (i) the flow under pressure between fixed parallel 
planes (see Art. 330), (11) the uniform shearing motion between parallel planes 
one of which has a constant velocity relative to the other, which is fixed, and 
(111) the flow of a stream over an inclined plane bed. His general conclusion 
was that the laminar flow is in all cases stable for infinitely small disturbances, 

* Cf. Sir W. Thomson, ‘‘On a Disturbing Infinity in Lord Rayleigh’s solution for Waves in a 


plane Vortex Stratum,” Brit, Ass. Rep. 1880, p. 492 [Papers, iv. 186], and Rayleigh’s reply, 
Proc. Lond. Math. Soc, xxvii. 5 [Papers, iv. 203]. 


+ ‘‘Rectilinear Motion of Viscous Fluid between two Parallel Planes,’? Phil. Mag. (5) xxiv. 


188 (1887); ‘‘Broad River flowing down an Inclined Plane Bed,” Phil. Mag. (5) xxiv. 272 (1887) 
[Papers, iv. 321}. 
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but that for disturbances exceeding a certain limit the motion becomes unstable, 
these limits of stability being narrower the smaller the viscosity. The investi- 
gation is difficult, and portions of it have been questioned by Rayleigh* and 
Orr, to the latter of whom we are indebted for a detailed examination of the 
whole matter+. Most writers who have attacked the subject are disposed how- 
ever to regard the conclusion as probable, though as yet hardly demonstrated. 
It will be noticed that it is in accordance with the observations of Reynolds 
and others, referred to in Arts. 365, 366. 

In the case of uniform shearing motion between parallel planes y=0, y=/, the former 


of which is at rest, the first steps of the procedure are as follows. We assume, for the 
undisturbed motion, 


u=By, v=0, OSS eo Barre SEC ORS te tIdt da aR terra GOR (1) 
and for the disturbed motion 
0 0 
umby- XY, va, QUO ae ou ganenseek eater sevens duces (2) 
The vorticity is therefore 
Ga Ses Eran _dasnntcdnancateanencen dae ecuee ppp peuceneS (3) 
The third of equations (8) of Art. 328 gives 
EG Soe 
Bah gst} (G iefalsiave/dteretets\siavelalelclelsieisiniefslajalatsisiaretateisieratalcis i (4) 
Substituting from (2), and neglecting terms of the second order in , we have 
C) é 
€ + By sa) AE DEC ial alert raaiaeti Aare amen neal ain (5) 
Assuming a disturbance of the type e*(*+*), we have 
BS (i, i(o+hBy) 
Dyes { aca ein DS sarieDepisis outs sie as overs o esecaa ae (6) 
qe. 
where S=Vpp= ia sm aU arabs arg ee eas sce echiaed Leteel sean eee (7) 


the exponential factor being omitted. 
Since the conditions (1) must hold at the boundaries, we must have dy/dr=0, 
dy /oy=0, or 


for y=0 and for y=h. 
If S be the complete solution of (6), the integration of (7) by the method of ‘variation 
of parameters’ gives 


van {om fet Scly—e-m [ovsayl, Re eneeetnapttononenece: (9) 
whence ~ =; {et [eH Sdy+e-H [err Say} Satinaeinneatene aerbiaees (10) 


The indefinite integrals introduce of course two arbitrary additive constants, in addition 
to the two which are involved in S, 

The conditions (8) are fulfilled for y=0 if we take the lower limit of the integrals to 
be zero. The conditions at y=/ lead to 


h h 
il e—* Sdy=0, it CHES Gi = On aac cles auvent ehdaeaeeee tesa (11) 
0 0 


* Ic, ante p. 670. 
+ “The Stability or Instability of the Steady Motions of a Perfect Liquid and of a Viscous 


Liquid,” Proc. Roy. Irish Acad, xxvii. 9, 69 (1906-7). 


LH 43 
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Hence, if we write SHO, + CySa)  scecrovcccnnccenssererscenencceescenes (12) 
where S,, S, are any two independent solutions of (6), we have, on elimination of the 
arbitrary constants O;, C2, 


h h h 
[oersay.f. eWSydy—[/ e-WSdy. [ GEIS OI =A), comnonnconanc (13) 


an equation given by Orr*, and afterwards independently by Sommerfeldt. This deter- 
mines the values of « when & is given. For stability it is essential that if o=p+zq, 
q should be positive. ; 
} k; i; 
If we put 4 ED) -- (=) My Bose mauiieneeeceneeteestbeesessass (14) 


v 


the equation (6) takes the form 


028 
aa oat eiel0\e10 01010 00's 0.010 010 ce ciceleien eeclaeese cle seiceiselsie (15) 
which is integrable by seriest. Thus 
3 6 9 
iv eigtied 1) os 7 
Sms fl 5.372.5.3.6 Saree re 
ont kl pe oe 7? } ie 
al Ue eat ey BOE Te ee A RCE Mee te eee (16) 


or, aS it may also be written, 
S= By yd J _ 4 (308) + Bond Ty (87%), veeeeeseseeeseeesereeseees (17) 
in the notation of Bessel’s Functions§. 


The further investigation of the problem is difficult. It has been carried forward to 


some extent by Orr, and more recently by Rayleigh||, in whose Depots other references 
will be found. 


In a recent discussion of the question Prof. Southwell, starting from the equation (5) 
assumes, in effect, c=p+7q, so that the time-factor is e~#+*(7t+*), and proceeds to shew 
that if p=0, ze. if the disturbance is non-oscillating, the admissible values of qg are 
necessarily positive, and the shearing motion accordingly, so far, stable. He examines, 
further, the nature of the corresponding modes of decay, and illustrates them by an 
interesting series of diagrams of the relative stream-lines. 


369. Reynolds, in a remarkable paper**, attacked the general question 
from a different point of view. Taking the turbulent motion as already existing, 
he sought to establish a criterion which shall decide whether the turbulent 
character will increase or diminish or be stationary. 


For this purpose the velocity (u, v, w) is resolved in two constituents. We may, for 


instance, write ; 
pe lee sede 2 t+hr “a t+ 
a= | udt, v= | vat, ae Wont PepBcnscaaesnasese (1) 
T J t—}r t-}r tJ t—tr 


* Lc. ante p. 673. + Atti del IV. Congr. intern. dei matematici, Roma, 1909, ii. 116. 

} Cf. Stokes, Camb. Trans. x. 106 (1857) [Papers, iv. 77]. 

§ For the relation between (15) and Riccati’s and Bessel’s equations see Forsyth, Differential 
Equations, Art. 111. 

|| ‘Stability of Viscous Fluid Motion,” Phil. Mag. (6) xxviii. (1914); ‘‘On the Stability of 
the Simple Shearing Motion of a Viscous Incompressible Fluid,’’ Phil. Mag. (6) xxx. 329 (1915) 
[Papers, vi. 266, 341]. 


{| Phil. Trans. A, ccix. 205 (1930). 


** «On the sigpranireel Theory of Incompressible Viscous Fluids and the Determination of the 
Criterion,’ Phil. Trans. A, clxxxvi. 123 (1894) [ Papers, ii, 535]. 
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80 that u, %, W are the mean values of u, v, w at the point (x, y, z), taken over an interval 
of time extending from t—4r to ¢+4r. Again, we might consider the mean values at the 
instant ¢ over a space (e.g. a sphere) surrounding the point (2, y, 2); thus 


a= 5 [[udvayas v= sf [eaeayas, B= 5 [| fwavdyas Se eaenetaease (2) 


Or, again, we might take a double mean, for times ranging over an interval r, and points 
ranging over a space S. The actual velocities are in each cause denoted by 


TI Ein CSTR (RSE Sin See viaR ea RA cae ana BOAT oSERe (3) 


when w’', », w’ may be called the components of the turbulent motion. This implies 
that 
=O FRG — OME U7 = OA asocehenenistsaae gosesiee sven eseseom (4) 


where the bar placed over a symbol denotes the mean value, taken according to the 
particular convention adopted. 


For simplicity we will adopt the definition of mean value which is embodied in the 
formulae (1). 


Reynolds starts from the dynamical pins in the forms 


ou 
Pa =pX+2 7 (Pax pun) (Pye — pur) +2 CDSS TOU, aang) nsec opococuce (5) 
which are seen to be equivalent to Art. 328 (1) in virtue of the equation of continuity 
ou , ov , Ow 
eet aye ae Zl). Bapehabaemaeanceeoctus eaten aeereeerCeone (6) 


These forms are not essential to the argument, but are interesting as an application of the 
method employed by Maxwell* in the kinetic theory of gases. They express the rate 
of variation of the momentum contained in a fixed rectangular space dxdy6dz, as a 
consequence partly of the forces acting on the substance which at the moment occupies 
this space, and partly of the flux of matter across the boundary, carrying its momentum 
with it. Thus the fluxes of z-momentum across unit areas perpendicular to Or, Oy, Oz 
are pu.u, pv.u, and pw.u, respectively; and taking the difference of the fluxes across 
opposite faces of the elementary space 6vdy6z, we obtain a gain of v-momentum equal to 
-£ (pudy.z. w) be (pvdz6a.u) ty 2 (pw dx dy. u) dz 

per unit time. 

We now take the mean value of each member of the equations (5), using the sub- 
stitutions (3). It is assumed that we may, without sensible error, take the mean values of 
Ui, tu’, i’, uw’, ... to be %, 0, 0, 0, ..., respectively. This is not exact, but it is permissible 
provided the fluctuations of u, v, w about their mean values are sufficiently numerous 

. within the time-interval r. It follows that 


W=UU+UU, WH=UHEUT, UWWHUDHEUW, ooo crvccserereees melee) 
In this way we obtain 


ou —— 7 
PoE pX+2 (fa puu— pu) += = (Fix — put — pur’) 


i fe cet eh 
+5 (Bex — pu — pu'w’), seuss oeaa culeee (8) 
whilst the equation of continuity gives 
ou Ov . Ow 
poe amet cacnerses> APP eID RCER A Oa Orne 9 
On 4 oy + oe (9) 


* L.c. ante p. 575. 
43-2 
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These are the equations of mean motion*. It is to be noticed that the dynamical 
equations have the same form af the exact equations (5), provided we introduce additional 


stress-components 
Pays hlt, Pye —pld ye Peg — Pwo, Bade grernetceose (10) 


This recalls the explanation of gaseous viscosity by Maxwell (/.c.). 


The equations (8) may be written, in virtue of (9), 
CG 0 a) — 
(Gtaats ae os ay pu= pX+e (Parce — pad) +2 y (Pv pu'v’) 
+2 Bue piv), Saag RCT esata eee aeneee (11) 


If we multiply these by %, %, # in order, and add, we obtain 
Ces By Gliese a el 
(Grint? 5 +85) 4 @ +02 + w?) 
Sg eee ho | Oe a 
=p (XG4YD+ 20) 40 (E Bee— PVD) +E Bre pO) +5 = (Bux pit) 
0 
+ {gq (Bar pita)+ 2 y Pav pvt) + © (By - pow) 
— 0 _ Fo —_ hod a alan’ 
ee eee 


Let us first suppose that there are no extraneous forces X, Y, Z; and let us apply (12) 
to the case of a region bounded by fixed walls at which w, v, w, and therefore also %, 3, ¥, 
all vanish. If we write 


Ty=tp | / (2+ 2+ DB) dary da, cecccccssescsssscsescnsveeee (13) 


we obtain, after some partial integrations, 


an -[[[erdedyass [[[ vavayas, sciuaiv dees sceeccacsenene (14) 
where 
Ou 00 Ow ow OD ia = a oa 
Dy = Pix an + Pry oy + Dez av + Pye é aP 5) + Pex (= ae i) + Pry (=+ +5) 


Ow Ov Ow? Ow dv ou dw? ov. Ou? 
ain? = a he hes Ret a 
KY (=) +2(z) +2(3) +Gte) (Gta) +(E+R) } 


LSet (15) 
and 
DT apr ld pe re ors) ed) 
VY=p jira So yin +uw (ete) 
—; (Wu , w 7 (00 4 ou ; 
+ wu (+a) ter Get a ane (16) 


The formula (14) gives the rate of variation of the energy of the mean motion (7%, 3, @). 
The first term on the right-hand side represents the dissipation due to the mean motion. 
alone, and is essentially negative. The second term represents the rate at which work is 
being done by the fictitious stresses (10). 


* Or rather ‘mean-mean-motion,’ in the phraseology of Reynolds. He applies the term 
‘mean-motion’ to the system of velocities (u, v, w) to distinguish it from ‘molecular motion.’ 
The turbulent motion (u’, v’, w’) is called by him ‘relative-mean-motion.’ 
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Now if 7 be the true kinetic energy, we may write, in virtue of assumptions already 
made, r sh 
MNEs OE aca tas aakclv cate, shes eccetines (17) 


where T' =tp [ [ [errors dedy a eae ates coeines Sascantne (18) 


we. 7” is the kinetic energy of the eddying motion. By the method of Art. 344 it may be 
shewn that on the present supposition of fixed boundaries at which there is no slipping, the 
total dissipation is, on the average, equal to the sum of the dissipations due to the mean 
motion and the eddying motion respectively. Thus 


an -| | [ eudedyae— [| [Pavayas Riotinecs weasateaten (19)* 
where “_ 


tes au'\2 Ov'\? _ (ow? (dw dv'\? du’ dw \2  /dv’  du’\? 
=n {2 (3) +2 (5) +2(G) +(e + a) + (Ger ae) +t Ht: 
Comparing with (14), we have 


Ta | [[Pacdyae— [| fravayac Lea OR (21) 


The sign of the expression on the right-hand side determines whether the mean energy 
T’ of the eddying motion (w’, v’, w’) will increase or diminish. The first part, which alone 
involves the viscosity p, is essentially negative; the second part depends on the inertia of 
the fluid, and may be positive or negative according to circumstances. 


When there are extraneous forces XY, Y, Z to be taken into account, and when the 
velocities wu, v, w do not necessarily vanish at the boundary of the region considered, the 
equation (14) requires to be amended by the addition of terms which represent partly the 
convection of kinetic energy of mean motion into the region, partly the work done by 
the forces X, Y, Z, and partly the work done at the boundary by the mean stresses 
Px, Pyx, Pox, +--+, and by the fictitious stresses Prz, Pyz, Pax, ++ 


The equation (21), on the other hand, requires only the addition of a term representing 
the convection of the energy of turbulent motion across the boundary. 


The derivation of the remarkable formulae (14) and (21), and of the modifications just 
referred to, appears to be free from objection, on the convections adopted. But, in apply- 
ing these formulae to actual conditions, the restrictions and assumptions which have been 
introduced as to the character of the turbulent motions must be borne in mind. 


One or two consequences of the formula (21) may be notedt. In the first place, the 
relative magnitude of the two terms on the right-hand side is unaffected if we reverse the 
signs of w’, v’, w’, or if we multiply them by any constant factor. The stability of a given 
state of mean motion should not therefore depend on the scale of the disturbance. On the 
other hand, certain combinations of w’, v’, w appear to be more favourable to stability than 
others. Thus, in the case of disturbed laminar motion parallel to Ox, between two rigid 
planes y= +8, the formula (16) reduces to 


* It should be noticed that we are here virtually taking the differential time-element 6¢ to 
be of the order of magnitude of the interval 7 employed in the definitions (1). The procedure in 
the text avoids the use of some very lengthy equations which appear in the original. 

+ Cf. Lorentz, ‘‘Ueber die Entstehung turbulenter Fliissigkeitsbewegungen und tiber den 
Einfluss dieser Bewegungen bei der Stromung durch Roéhren,” Abhandlungen iiber theoretische 
Physik, Leipzig, 1907, i. 43. The paper is a revised form of one published in 1897, 


678 Viscosity (CHAP. XI 


so that the types of disturbance which tend to increase are those in which (for y> 0) 
combinations of w’, v' with the same sign preponderate. This indicates a tendency to 
equalization of the, velocity in the different strata. Again, the relative importance of the 
second term in (21), which alone can contribute to the increase of 7", is greater the greater 
the rates of strain du/dx,... in the mean motion. This suggests a reason why a given 
type of mean motion does not. begin to break down until a certain critical velocity is 
reached. 


If we apply the (modified) formulae to the case of flow in a uniform cylindrical pipe, on 
the supposition that the pressure gradient (—d/dz) is zero, we find 


aT) ae a a 
Gp ex una Qa pote se ne, sas vanseseoaciaapersess (23) 
and le -|f® fab ae 8B I, vaclon savant Somsenaes oo ee eae (24) 
An 2 
where Sy=p (=) ; vapug =. Sain dedlcldwitsiee galeaisiee ek elton (25) 


The region here considered is that contained between two cross-sections (of area ma?) at 
unit distance apart; the axis of # coincides with that of the pipe; and g denotes the 
velocity at right angles to this axis. It is assumed of course that 7=0 and du/dr=0; also 
that the mean state of things is in all respects the same at each section. The conditions 
of steady motion are obtained by equating the right-hand members of (23) and (24) to zero. 

Reynolds discusses in detail the two-dimensional form of the problem, where there is a 
flow parallel to « between two fixed plane walls y= +6. Assuming that u varies as b?—y?, 
in conformity with Art. 330, he seeks to determine a minimum value of the flux consistent 
with the condition d7"/dt=0; but for this we must refer to the original paper. The 
result obtained is that the critical ratio w)b/v, where wt) is the mean value of % between the 
limits y= +6, must exceed 258*. 


Resistance of Fluids. 


370. This subject is important in relation to many practical questions, 
e.g. the propulsion of ships, the flight of projectiles, and the effect of wind on 
structures. Although it has recently been studied with renewed energy, owing 
to its bearing on the problems of artificial flight, our knowledge of it is still 
largely empirical. 

It has been seen that in the case of an isolated body moving in frictionless 
liquid, at a distance from the boundaries (if any), there is no abstraction of 
energy; in particular, if the motion of the fluid has been started from rest, 
and is therefore irrotational and acyclic, its influence can be completely allowed 
for by a modification of the inertia of the solid} (Arts. 92, 117). 


The first attempt to obtain, on exact theoretical lines, a result less opposed 
to ordinary experience is contained in the investigations of Kirchhoff and 


* A different result is obtained by Sharpe, ‘‘On the Stability of the Motion of a Viscous 
Liquid,’’ Trans. Amer. Math. Soc. vi. 496 (1905), where also the case of flow through a cylindrical 
pipe is investigated. These problems, together with that of uniform shearing motion between 
parallel planes, have been treated more fully by Orr, l.c. ante p. 673. The differences in the 
numerical results obtained appear to arise from differences in the types of disturbance con- 
sidered. The last-mentioned problem has also been treated by Lorentz (I.c.). 

+ The absence of resistance, properly so called, in such cases is often referred to by con- 
tinental writers as the ‘paradox of d’Alembert,.’ 
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Rayleigh relating to the two-dimensional form of the problem of the motion 
of a plane lamina (Arts. 76, 77). It is to be noticed that the motion of the 
fluid in such problems is no longer strictly irrotational, a surface of discontinuity 
being equivalent to a vortex-sheet (Art. 151). 


Apart from the fact that viscosity is ignored, this theory is open to the 
objection that the unlimited mass of ‘dead-water’ following the lamina 
implies an infinite kinetic energy, and on this as on other grounds it must 
be recognized that the proper application of the methods of Helmholtz and 
Kirchhoff is to the case of free surfaces, as of a jet*. The calculations of 
Kirchhoff and Rayleigh give, it is true, a resistance varying as the square of 
velocity, as is required, on their assumptions, by the principle of momentum f, 
and is found to hold within some limits in practice, but the distribution of 
pressure over the surfaces of the lamina is found to be widely different. 
There is not merely an excess of pressure on the anterior face, but a defect 
of pressure, or suction, at the rear, both circumstances contributing to the 
total resistance. This is exemplified in the annexed diagramst, where the 


Breadth of Plate 


a=69°85 a=49°85 


Back Surface 


a=29°85 


* Kelvin, Nature, 1. 524 (1894) [Papers, iv. 215). 

+ Cf. Newton, Principia, lib. ii. prop. 33. 

{ From a paper by Fage and Johannsen, ‘‘On the Flow of Air behind an Inclined Flat Plate 
of Infinite Span,’ Aeronautical Research Committee, R. and M. No. 1104 [Proc. Roy, Soc. exvi. 170 
(1927)]. The diagrams are reproduced by permission of the Controller of H.M. Stationery Office. 
For some of the earlier measurements, reference may be made to Stanton, ‘‘On the Resistance of 
Plane Surfaces in a Uniform Currént of Air,’’ Proc. Inst. Civ. Eng. clvi. 78 (1904); Hiffel, La 


Résistance de l Air, Paris, 1910. 
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ordinates indicate the distribution of pressure and suction over the breadth 
of the lamina at various inclinations (@) to the direction of the stream. 

Attempts have been made by various writers to adapt the methods of 
Kirchhoff to the case of a curved lamina*, but for the reasons given they have 
little bearing on the practical problem. 


370 a. The double trail of vortices with opposite rotations following in 
the wake of an elongated lamina or, generally any cylindrical solid, has 
been depicted, sometimes very effectively with the help of photography, by 
various observers}. Beyond a certain very moderate speed vortices appear to 
detach themselves from the solid on the two sides alternately, the genéral 
arrangement being similar to the unsymmetrical type discussed by Karman 
(Art. 156), except that the vortices are ‘not concentrated, as was there assumed 
for simplicity. This has been made the basis of a two-dimensional theory of 
resistance. Assuming that the motion is irrotational except for the concentrated 
vortices, Karman deduces from considerations of momentum the formulat 

2 
eee 8 De aig (1) 


2Q7ra’ 


where U denotes the velocity of the solid relative to the fluid, and the rest 
of the notation is as in Art. 156. In particular V denotes the velocity of the 
train of vortices relatively to the undisturbed fluid. In the stable case we 
found that 
b/a = °281, KS Vo nee ee (2) 

If we substitute these values in (1), the ratio V/U, and the relation of 6 
(or a) to the dimensions of the obstacle, are still unknown, and have to 
be ascertained before (1) becomes a complete formula for the resistance. 
Exact observation is difficult, owing to the diffused nature of actual vortices, 
but has been essayed by Karman for water, and by Fage for air. 


Before leaving this topic it should be mentioned that it is to the formation 
of a double train of vortices that we must look for the explanation of many 
acoustical phenomena. A familiar instance is the sound caused by a wind 
rushing past trees, and on a different scale we have the production under 
suitable conditions of ‘Aeolian tones§.’ In aeronautics we have on different 
scales the singing of aeroplane wires||, and the roar of a propeller. 


* References have been given on p. 106. 

+ For example, Ahlborn, Ueber den Mechanismus des hydrodynamischen Widerstandes, Ham- 
burg, 1902; Bénard, Comptes Rendus, cxlvii. 839 (1908); Karman and Rubach, Phys. Zeitschr. 
1913, p. 49; Prandtl, ‘‘ The generation of vortices...,’’ London, 1927; Rosenhead, Proc. Roy. Soc. 
A, exxix. 115 (1930). 

+ An independent calculation by Prof. Synge, Proc. Roy. Irish 4cad. xxxvii. A, 95 (1929), as- 
suming only a ‘semi-infinite’ trail of vortices, leads to an equivalent result. The corresponding 
formula when the fluid is confined by parallel walls is obtained by Rosenhead, and (approximately) 
by Glauert, ll.c, ante p. 229. 

§ Rayleigh, Phil. Mag, (6) vi. 29 (1915) (Papers, vi. 315). 

| Relf, Phil. Mag, (6) xlii. 173 (1921). 
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Rayleigh remarks that, from dimensional considerations, the frequency NV of 
the note produced by air rushing past a cylindrical wire of diameter D must 
satisfy a formula of the type 


U v 
N=5/ Cr) re Sa (3) 
The empirical formula which he constructed as a good representation of some 
observations of Strouhal is 
Lae 20-1y 
Tp = 195 (1 oi a) (deetaeagteces (4) 


We may compare with this some observations of Karman on the frequency 
with which vortices are detached from a circular cylinder in a stream of water. 
His results for two different speeds are equivalent to 

N=:207U/D, and -198U/D. 

Fage, experimenting in air, found that for a considerable range of speeds 
the frequency of the vortices detached from one edge of a flat blade broadside- 
on was given with great consistency by the formula 

N = 146 U/D, 
where D is the breadth of the blade. Similar experiments by Karman in 
water indicate a numerical factor ranging from ‘139 to ‘145. 


370 b. The only case in which the action of a uniform * frictionless stream 
on an immersed solid has a resultant is that of the two-dimensional cylinder 
with circulation round it. There is then a ‘lift’ at right angles to the stream, 
of amount 

Pam KA er is the se doe oleae tree tees sheet as Chyt 
per unit length, where U is the velocity of the stream and « the circulation. 
This theorem, which is independent of the shape and dimensions of the cross- 
section, forms the basis of the modern theory of the lift of an aerofoil f. 
A proof has already been given incidentally in Art. 72, but the importance 
of the matter may warrant the insertion of the following demonstration, which 
is of a less artificial character. 

If (uw, v) be the fluid velocity, vanishing at infinity, the formula for the pressure is 


P= const, Se LG me ey Me AVS rosa roag ances agaber Gods sn dan (2) 


since the motion relative to the body is steady. Hence if 7, m be the direction-cosines of 
the outward normal to an element 6s of the contour of the cross-section, the resultant 


pressure on the solid parallel to x is 
‘ Ou , dv 
X =p [oet+emtas—po | ulds=—p [{(+as +0 =) da dy — pU [eutas 


a -p | { (us +05) deedy—pU | ulds=p | (u+m»)udspU | ude aso) 


* The necessity for this qualification is illustrated in Arts. 72 b, 143. 
+ Kutta, l.c. ante p. 79; the theorem was given in an unpublished dissertation of date 1902. 


A prior publication is attributed to Joukowski (1906). 
{ Lanchester, Aerodynamics, London, 1907; Prandtl, Gétt. Nachr. math. phys. Classe, 1918, 1919. 
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We have here omitted two line-integrals taken round an infinite enclosing contour; these 
vanish since the velocity at infinity is of the order 1/7, where 7 denotes distance from the 
origin. In the same way we find 


Yap [ (u+moyeds—pU [umds A eee Heb or ace NRA Be ann (4) 

At the surface of the cylinder we have 
UOC SUALO pire on eencboncabncp acc usbancecoosdsaoss goncce (5) 
whence Y=0, and Yip v| SAWN NOT aU Beet saadnonnosouen scekoenczinoatccace (6) 


The case of an elliptic cylinder, which includes as an extreme form that of a plane 
lamina, may be examined on the basis of the formula given at the end of Art. 72. With 
the notation there adopted, the fluid pressures on an elliptic cylinder of semi-axes a, 6 
reduce (when «=0) to a force 

Xi==i=— ar pV el = TPR Maecna ct en cosa tateemgel arena att (7) 


and a couple Dish tr OWE (ESO) on esanoapneceapesanoose acon Jooes0DGGco08 (8) 


371. It is remarkable that the empirical formula 
Tig eteate waver reirsmahs Rnlers path cate 8 (1) 

for the tangential resistance per unit area (Art. 366 (6)), with about the same 
value of the coefficient k, is found to hold over a wide range of cases of turbulent 
flow over extended surfaces. It applies for instance to the friction of the wind 
blowing over level ground*, and to the resistance of the ocean bed to the 
flow of tidal streams. Taylor, in a remarkable papert, has calculated on this 
basis, from the known velocities of the streams, the rate of dissipation of 
energy in the Irish Sea. This rate can also be calculated in an independent 
way, viz. from the velocities and heights at the N. and S. entrances, of the 
ingoing and outgoing tidal streams, and the work done by the lunar attraction. 
The result obtained in either way was of the order of 3 x 10!” ergs per second. 
An estimate, on the same principle, of the tidal dissipation in the whole ocean 
has been made by H. Jeffreyst, the figure arrived at being 2:2 x 10 The 
dissipation required to account for the acceleration of the moon’s mean motion 
is reckoned at 1:41 x 101. 

As regards the total resistance to the translation through a liquid (or 
a gas whenever the compression is unimportant) of similar bodies, of any shape, 
in corresponding directions, we are led by consideration of dimensions to a 


formula of the type 
Ul 
P= pusiny (2) oh Stan VRey Malina ie (2) 


where J is any length defining the scale of the body (e.g. the radius, in the 

case of a sphere). The approximate proportionality to U? which is found in 

many cases indicates that the function f is then nearly constant, and that the 

resistance is accordingly almost independent of the viscosity. As in former 

cases this does not mean that viscosity is without influence ; it plays its part, 
* G.I. Taylor, Proc. Roy. Soc. A, xcii. 196 (1915). 


tT l.c. ante p. 567, and Monthly Notices R.A.S. xxx. 308 (1920). 
{ Phil. Trans. A, ccxxi. 239 (1920). 
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along with the resistance to slipping over the surface of the solid, in bringing 
about the régime which is finally established. 


The formula (2) is the basis of the method by which the forces on an air- 
ship or an aerofoil are estimated from model experiments in a wind-channel. 
The factor f (Ul/v) is in fact what is determined as the ‘drag-coefficient.’ If 
the value of the ‘Reynolds number’ U1/v could be made the same in the case 
of a model as on the full scale, the forces should be proportional to the 
corresponding values of pU?/*, The relative smallness of the linear dimension 1 
in the model may be compensated to some extent by an increase in the 
velocity U or, as in a ‘high-speed’ wind-channel, by using highly compressed 
air, since for a gas at a given temperature the value of v varies inversely as 
the density. 

As the variable increases from zero the drag-coefficient is found to diminish 
at first, and afterwards to increase, tending apparently to a constant value. 


The form of least resistance can only be found empirically. In the usual 
design of an air-ship, having a profile blunt at the nose and tapering 
towards the tail, the central stream-line follows the profile closely throughout, 
turbulence being sensible only in a thin stratum near the surface, and in the 
wake. A similar ‘stream-line form,’ as it is called, is adopted for the sections 
of aeroplane struts and wires. 

The ‘dimensional’ argument which has been used above and in Arts. 365, 
366 may be put in another form*. Taking any one of the dynamical equations 
of motion of an incompressible fluid, say 


let us imagine another state of motion, of the same or ar.other fluid, which 
differs only in the scales of length and time. That is, distinguishing the 
symbols relating to it by accents, we assume that a, y’, 2 are in a constant 
ratio to a, y, Z, respectively, and ¢’ in a constant ratio to t. The terms in the 
equation corresponding to (3) will differ only by the same factor throughout, 
provided the following equalities of ratios subsist, viz. 

wu _u? wp pp _vul vu (4) 

tt wa pa’ px a’ oP’ Peer er meee eesaeres 


These are equivalent to 
Lae Si, a! 
Ui Ua ¢ 
The equation of continuity will also obviously be satisfied by the new variables. 
We infer that the modified state of motion will also be dynamically possible 
provided the value of the Reynolds number Ul/y is the same, where U and 1 


a f 4,12 2. 
2 ar :p=puU~:pu ny AGOnnmUOOUL 
£7 Pp P P P ) y v 


* Cf. Helmholtz, Berl. Ber. June 26, 1873 [Wiss. Abh. i. 158], where a number of interesting 
applications of the principles of dynamical similarity are given. 
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are a typical velocity and a typical length respectively. Also that the stresses 
at corresponding points will be proportional to pU?, and the forces on corre- 
sponding surfaces to pU?/?. 


The Boundary Layer. 


871a. It is plain that any rational theory of resistance must take account 
of the absolute resistance which a solid opposes to the sliding of a fluid 
over its surface. On the other hand, the slightest observation is enough to 
shew that the transition from the velocity of the surface to that of the fluid 
abreast of it is often effected within a very short space. In fact, when a solid 
of fair easy shape, such as a sphere, or a cylinder, or an aerofoil, moves through 
a mobile fluid such as water with a velocity definitely greater than that 
contemplated in such investigations as those of Arts. 337-343, the vorticity 
appears to be confined almost to a narrow band along the anterior portion of 
the surface, and to the wake. It is to the study, both dynamical and experi- 
mental, of this transition region that the efforts of many investigators have 
for some time been directed. It is not to be supposed, of course, that there 
is a definite surface of separation between the layer and the adjacent fluid, 
for the transition is necessarily continuous, but it is usually possible to assign 
a limit, and often a very narrow one, within which it is practically complete. 


In what follows it is convenient to think of the solid as at rest, and the 
fluid as streaming past it with a velocity (U), uniform except so far as it is 
disturbed by the presence of the solid. 

The conditions are simplest in the two-dimensional case of a plane 
lamina, or plate, placed edgeways to the stream. The boundary layer here 
begins at or near the leading edge, and gradually widens with increase of 
distance (#) from this. So long as the local Reynolds number Uz/v is below 
a certain limit (apparently of the order 10°) the motion within the layer is 
steady, and is often described as ‘laminar, in the sense that the stream-lines 
run nearly parallel to the surface. When the limit is exceeded, the layer 
becomes turbulent and its thickness increases more rapidly. 

The laminar flow has been studied mathematically by various writers. The 
exact equations of steady motion, viz. 


ty ta OP wed OO IO OOo OO Oat (1) 
oz Oy poy’ vVyv,; 
with Ou 400 ©, ee 
Ox oy }  C.Sielalesejeve) vie. e)e vl) vieleeis/ucsieisielelelelsieletarels 


are hardly tractable, but various simplifications are possible. 


We take the origin in the leading edge, and the axis of w along the lamina 
in the direction of the stream. Since v is relatively small, the second equation 
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shews that p is practically independent of y. Consequently we neglect dp/da, 
since this vanishes for large values of y where the stream is unaffected by 
the presence of the lamina. Also, since w and du/dx vanish at the lamina, the 
value of G?u/da? within the boundary layer may be neglected in comparison 
with that of 0?u/dy2, The equations thus reduce to 

Ow, du Pu 


with of course (2). This forms the starting-point of the work of Prandtl 
and Blasius*. The approximations are explained in greater detail by Blasius; 
they may be justified in the last resort by comparison with the results 
deduced. The boundary conditions to be satisfied are u=0, v =0, for y =0, 
and u=U fory>o. 

After a rather intricate calculation, Blasius arrives at a result for the 
tangential drag on the lamina which may be written 


(Pay)y-0 = 3832p U? a (Tr ) Esra elena Th) (4) 


It is assumed of course that the condition for laminar motion is fulfilled, 
viz. that the value of Ux/v does not exceed the limit already referred to. If this 
proviso holds over the whole breadth (/) of the lamina, the total drag on one 


side is 
i; ] ‘664 ue / Vv (5) 
ae vy (zi) FREDO DOnOOCnOOOnOOOnr £9) 


and varies therefore as U?. 

The question is approached in a different way by Karman. He calculates 
the flux of momentum parallel to x out of the space included between the 
lamina (y= 0), two adjacent ordinates of a curve 

Aimee] (il), tar tack pana toedel: ae sticlacabinass Hiaeh (6) 
which is taken to represent the limit of the boundary layer, and the con- 
necting arc of the curve. ; 

In the annexed figure 

QQ’ =se, PQ=n, P'Q'=7+6n. ie 
The flux of momentum across P’Q’ exceeds that across i 
PQ by ia 
Ae {° purdy . dx. 


Again, the flux of matter across P’Q’ exceeds that 
across PQ by 


al pudy. om, 


0 
* Prandtl, ‘‘ Ueber Fliissigkeitsbewegung mit kleiner Reibung’’ ( 1904) reprinted in Vier Abhand- 
lungen zur Hydrodynamik,.., Gottingen, 1927; Blasius ‘‘Grenzschichten in Fliissigkeiten mit 
kleiner Reibung’”’ (Dissertation), Leipzig, 1907. For an interesting independent treatment, see 
R. v. Mises, Zeitschr. f. angew. Math. u. Mech, vii. 425 (1927). 
+ Abh. des aerodynamischen Instituts, Aachen, 1921. 
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and this must therefore be the amount which in unit time crosses PP’ 
inwards, where the velocity is sensibly U, parallel to w. The total flux of 
momentum out of the aforesaid region is therefore 


d {7 d (7 
la [; emdy- 7g, J, pudy Bo 


This is to be equated to the forces which act parallel to # on the matter which 
for the moment occupies the region. These consist of the pressure-com- 
ponent 

sep 


dx 


exerted by the lamina. Hence 


n q 
5 [way ve udy = - Po (SY sas he oe (7) 
which is Karman’s ‘integral equation*.’ It is to be observed that, so far, 
the curve (6) may be drawn anywhere within the region where the transition 
from the zero velocity at the lamina to the velocity U of the stream is 
practically complete. The equation therefore can tell us nothing as to the 
‘thickness’ of the boundary layer, or its mode of variation with 2. For this, 
we must make some more or less plausible assumption as to the distribution 
of the velocity wu within the range from 0 to 7, and the result will necessarily 
depend to some extent on the particular assumption made. The conditions 
to be satisfied are w= U and du/dy=0 for y= y, and u=0, 6?u/dy? =0 for y=0, 
the latter condition being required by (3). These are satisfied, for example, by 


Nox 
and the drag 


u=Usin ae OR eee (8) 


Substituting in (7), with the omission of dp/dz, we find 


and thence 


* It may be derived from (1) by integration with respect to y between the limits 0 and 7, taking 
account of the equation of continuity. Thus 


Nf Ow dw _ [1, au 7 1 dv 19 (u?) 
Pugteg) =f wa dy + [ur] ~ [use ay = [20 dy + Uvy 


- ("3 asi ere of ee oe ae =["3 © (u2— Vu) dy. 


This is equivalent to the left-hand side of (7). 
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on the assumption that the boundary layer begins at the keading edge. Hence 


U / 
(Peyy-0= 5 = 328pU? eel (F) ae yianes (11) 


a near approximation to Blasius’ result (4). 


The particular assumption (8) makes 


whence tas ip ain — =(1 — cos a). Bese erat (12) 
a |n a si: ” 


371b. When a non-turbulent stream encounters a solid of continuous 
curvature, the motion in the regions up-stream, as well as abreast at all events 
of the anterior portion of the surface, remains apparently irrotational, and has 
thesame general configuration as in the diagrams of Arts.68, 96*. In particular 
thereisacentral stream-line abutting on the solid at the front ‘stagnation point,’ 
characterized by zero velocity. The boundary layer, starting here and at first 
laminar, follows the surface tor some distance on either side; in the case of a 
cylinder for instance as far even as 70° or 80° from the stagnation point. In 
the case of an aerofoil it.may extend almost to the trailing edge. The circum- 
stances vary of course with the shape of the body, and also with the 
velocity U of the stream. Usually a point is reached at which the layer 
becomes turbulent and breaks away from the surface, leaving between it and 
the solid a region of turbulence on a larger scale, with a back-flow along the 
surface. 


The two-dimensional case has been treated theoretically by Blasius and 
others, using, as curvilinear co-ordinates, the arc s of the profile and the 
normal n drawn from the surface towards the fluid. The equations adopted 
for the boundary layer are then 


ou du Mp Ou 
— —=-—~ mt Pita rict” CORPSE ALE al 
4 35 + on pas *” on®? yee 
dou ov 
IE, ee Pon ee rere 14 
per a Ale (14) 


the effect of the curvature being neglected+. We neglect dp/dn, but dp/ds no 
longer vanishes, as was assumed in the case of the plane plate. In the irrota- 
tional region near the surface we have Bernoulli’s equation 


ae dU? ee OCT Hea, gin annnsiyts 3+ 2he0ess% (15) 


* An elaborate experimental comparison of the normal pressures at various points of a prolate 
ellipsoid of revolution with the theoretical values calculated from Arts. 104, 105 has been carried 
out by R. Jones, Phil. Trans. A, ccxxvi. 231 (1927). When the ellipsoid was end-on to the stream 
the agreement was very close over almost the whole length. 

+ Cf. the effect of making r > in the polar equations of Art. 328 a. 
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and thence —-- += 


The point on the surface at which the ‘break-away’ occurs is determined 
by the condition du/dn =. 

Blasius, in the paper cited, has applied these equatians to the case of a 
cylinder (of any form of section) placed symmetrically to the stream, and 
then proceeds to deal specially with the case of the circular section. In the 
steady régime the break-away is found to occur somewhere about 90° from 
the forward stagnation point. On the other hand if the cylinder starts from 
rest, either suddenly, or with a constant acceleration, the break begins at 
180° and then travels forward. In the latter case he deduces formulae for the 
resistance, as depending partly on the normal pressure, and partly on the 
tangential stress *. 


The calculations are remarkable for their analytical skill, but the results 
need some qualification, owing to the assumption that the velocity U outside 
the boundary layer is the same as if the fluid had been free to slip over the 
surface. Minute accuracy is indeed not claimed for them. Subsequent writers 
have assumed for U algebraical expressions in terms of the arc s of the profile, 
which can be adapted to fit experimental values of pt. 


In the former investigations of Arts. 337, 342, etc. it was assumed that the 
Reynolds number (R = Ul/v) did not exceed a very small numerical value. 
In such cases as are now under consideration, on the other hand, the value of 
R may be very great, owing to the linear dimensions involved and the small 
kinematic viscosity of ordinary fluids. A very interesting question has been 
raised by Oseen: what would be the limiting character of the fluid motion, in 
any given case, for v-> 0, or R-> ©? That it should be identical with the 
result obtained by assuming v = 0 ab initio is of course not to be expected. 


The question is a difficult one, and almost hopeless, apparently, from the 
standpoint of the exact equations of hydrodynamics. Oseen adopts as his basis 
the linearized equations of Art. 342 (6), but here we are met by the & priori 
difficulty that these equations ignore certain quadratic terms which are only 
known to be negligible in cases where the Reynolds number involved is very 
small. They can hardly be accepted without misgiving as a foundation for 
ascertaining what happens in the case of a real fluid when R is increased in- 
definitely. 


Apart from this point, Oseen’s investigations have considerable mathe- 
matical interest. They cannot be reproduced heret, but the general conclusions 


* Similar calculations for the three-dimensional case of a solid of revolution, with its axis in 
the direction of the stream, have been carried out by Boltze, Géttingen, 1908 (Dissertation). 
A detailed application is made to the sphere. 

+ Pohlhausen, Abh. d. aerodynam. Inst. Aachen, 1921; Goldstein, Camb. Proc. xxvi. 1 (1930). 

} A full account is given, with references, in the treatise referred to on p. 617, ante. 


371 b-371 ¢ | Oseen’s Problem 689 


may be briefly stated. Taking for example the steady translation of a body 
through an infinite mass of liquid, he finds that the solution will have different 
analytical characters in the cylindrical region which has been traversed by 
the solid (which we may for the moment call the ‘ wake’) and in the rest of 
infinite space. Throughout this latter region the. motion is irrotational, and 
the fluid accordingly glides smoothly over the anterior face of the solid. In 
the wake, on the other hand, there is no slipping at the rear surface, and the 
motion is rotational (but not really ‘turbulent’), Over the cylindrical surface 
where the two regions meet there is continuity of normal velocity, but a dis- 
continuity in the tangential component, with an inadmissible discontinuity 
of pressure. The analytical solution, on these lines, has been worked out by 
Zeilon* for the special cases of a circular cylinder, a circular disk, and a 
hemisphere advancing with either the curved surface, or the flat base, in front. 
Some adjustments are proposed with a view to avoiding the awkward dis- 
continuity referred to. It is claimed that the results give a fairly adequate 
‘picture of what takes place in actual cases. In particular, stress is laid on the 
fact that the theoretical distribution of pressure over the front portion of the 
cylinder is in general agreement with experimental tests. This would follow 
indeed from almost any reasonable configuration of irrotational motion in 
the adjacent region (cf. Art. 371 a). But the point at which the wake breaks 
away from the body, its definite boundary, and its internal constitution 
are quite different from what is observed. Still higher divergences would 
doubtless be revealed if the method could be applied to an air-ship or an 
aerofoil F. 


371¢c. When we pass to the consideration of turbulent flow over a solid the 
symbols u, » have to be understood in some statistical sense, as (for instance) 
time-averages over a very short interval. If as in Art. 369 we mark the 
changed meaning by bars placed over the respective letters, the equation (7) 
of Art. 371a gives 
ehh A tlle 1 op Ou 
| atdy — Uz gs ee td ol ghee (1) 
where it-may be noticed that the mean (w*) of the square of the velocity is 
not identical with the square of the mean velocity (uw). This distinction, 
whatever its practical importance, has not been observed by writers on the 
present question. It may be noted, however, that when the velocity of a 
turbulent stream is investigated by means of a combination of Pitot and 
static-pressure tubes (Art. 24), it is rather the velocity of ‘mean square’ 
which is indicated. 


* «On potential problems in the theory of fluid resistance,” Stockholm, 1924. See also the 


appendix (by Zeilon) to Oseen’s treatise quoted on p. 617 ante. 
+ I find that similar criticisms, but in greater detail, are made by F. Noether, Handb. d. phys. 


wu. techn. Mechanik, Leipzig, 1928..., v. 792. 
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Some attempts have been made to investigate cases of turbulent flow on 
the basis of equation (1), but necessarily require a supplementary hypothesis 
as to the distribution of mean velocity within the boundary layer, or some 
equivalent assumption. Formulae of the type 


have been proposed, but need some qualification since they make du/dy either 
zero or infinite when y -> 0, except in the inadmissible case of n= 1*. 


Weare here at the limits of theory. Further knowledge on this part of the 
subject has to be derived from experiment, and recourse must be had to the 
publications of the various aeronautical laboratories. The literature is ex- 
tensive, and constantly increasing in volume; it cannot be condensed or 
summarized here. 


A note may be added on the question of the lift of an aerofoil, already 
referred to. The nature of the flow of a frictionless fluid past an aerofoil is 
indicated in the annexed figure A. The central stream-line, only, is shewn, 


but an idea of the complete configuration may be gained from the diagram on 
p. 86. A real fluid cannot flow like this, owing to the resistance to slipping, 
and the infinite velocity and consequent infinite negative pressure involved at 
the sharp trailing edge. The hypothesis of a thin boundary layer to smooth 
off the infinities does not greatly improve the picture; the influence of 
viscosity, and consequent generation of vorticity, near the edge are too great 
to be ignored. 


But if on the irrrotational motion of figure A we superpose a clockwise 
circulation, it is possible to adjust this so that the velocity at the trailing 
edge shall be finitet. The elementary streams on the two sides then meet, and 
move smoothly from the edge, without discontinuity. The result is indicated 


* A formula free from this difficulty, viz. 


(Fi) 
where a=| = ; 
oy /y>0 


has been employed by Hegge van der Zijnen (with n=7), Publications of the Delft aeronautical 
laboratory, No. 6, 1924. 


+ This is exemplified in Art. 70, in the case of the circular are. 
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in figure B; and it is now possible to understand how, by the introduction of a 
thin boundary layer and a narrow wake, the behaviour of an actual-fluid can 
be mentally pictured. 


B 


It is still not altogether easy, in spite of the attempts that have been 
made, to trace out deductively the stages by which the result is established 
when the relative flow is started*. Fortunately, some beautiful experiments+ 
with small-scale models in a tank come to our help. A vortex with counter- 
clockwise sense is first formed, and detached from the edge, and then passes 
down the stream, leaving a complementary circulation round the aerofoil in 
the opposite sense. The boundary layers on the two sides creep along the 
surface, and contribute opposite vortices to the wake, which gradually diffuse 
and annul one another. 


Influence of Compressibility. 
371d. The flow of a compressible fluid past an obstacle seems to have 
been first treated mathematically by Rayleight. Assuming the adiabatic 


law we have 

(os p y-1 

ee (2) D ee eee a (1) 
Co Po 

where c denotes the velocity of sound corresponding to the local value of p, and 

the zero suffix relates to the undisturbed part of the stream. If, further, the 

motion is irrotational, we have from Art. 244 


2, 
2 aye 2 = a 2 a 2 oereeorerees 
g—-U veal (Gin SOP) Rains ars septeys (2) 
d Le) 1 
Hence 7 = mel 2 se 22 d (q?). Cece e rere venvcesvoens (3) 
The equation of continuity, Art. 7, thus becomes, in steady motion, 
1 (dp 0(q?) , 06 0(g") | OH A oa 
26 =— 4 a le cat re RCO 4 
eat oie Brat synoynaem boas? ) 


where c is given in terms of q by (2). 
In polar co-ordinates the two-dimensional form of this equation is 


Pd 106, 1p _ 1 (0H 0(q*) , 0H el AB) 
or? ror 12062 Qclor Or rod rddj’? ~~" 
j Op 2 Op \2 
j 2— reat a “Rp | © se eee eeee ee eeeeeeeroeeeaee 
alan q = (5) # (4 le rug eee (6) 
* Reference must however be made to the discussion by Jeffreys, Proc. Roy. Soc. A, cxxviii. 
376 (1930). 


+ Prandtl, J.c. ante p. 680; Walker, Aeronautical Research Comm., R. and M. 1402 (1932). 
(A report on experiments under the direction of Prof. B. M. Jones and W. S. Farren.) 
+ Phil. Mag. (6) xxxii. 1 (1916) [Papers, vi. 402]. 
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This was applied by Rayleigh to the flow past a circular cylinder. He first 
substitutes on the right-hand side the values of ¢ and q appropriate to the 
case of incompressibility, and then integrates. It appears that to a first 
approximation there is no resultant drag on the cylinder, and it is easily seen 
that this would hold however far the process were continued, the values of ¢? 
being always symmetrical with respect to the plane through the axis of the 
cylinder at right angles to the stream. 

The conclusion is however conditional gn the convergence of the successive 
results obtained, and there is evidence of more than one kind that this is 
not the case for values of U/co exceeding a certain limit. Leaving this question 
for a moment, it is easy to adapt Rayleigh’s process to the case of a cylinder 
of any form of cross-section, and also to include the effect of circulation *. If c¢ 
were infinite the value of ¢ at a distance would tend to the form 


dr=— Ur cod +X, Ret ie te Sipe) 2 (7) 


where the origin of r is taken in the immediate neighbourhood of the obstacle, 
and the initial line of @ parallel to the general direction of the stream. We 
adopt this asa first approximation, and substitute on the right-hand side 
of (5). We may also, for consistency, in the next approximation, replace ¢ by 
its constant value (co) at infinity. From (7) we have 


q@= UF+ tnd Pls CRS CR i he <5 (8) 
0(q:") ddr _, 0 (q:") ai an 26, 


dr or | rod roo 
retaining only those terms which it is necessary to ssPeaaee when r is increased 
indefinitely. Substituting in (5), integrating, and having regard to the 
conditions at infinity, we have, in the distant regions, 
xU? 
87rCo 
The ‘complementary’ terms, here omitted, would involve only negative 
powers of 7, and would not affect the subsequent calculation of the forces. 
Hence, with sufficient approximation, the radial and transverse velocities are 


p=— Urcos6+ Mo - peng SII AU. aac eecueset eee (10) 


Op _ Op _ : K KU? 
— 5, = U cos 8, yy rel ore ee ante cos 26, ...(11) 
KU Ue 
whence g= U?+ +5 (1- 54.3 COS 26) Stl 0. Mie teue cscanes (12) 


The velocities parallel and at right angles to the stream are 
3 : 
u= 0+ —— Es (1 - 9,808 26) sin 6, 


K Ua : 
Us ge (1 — 2008 26) sin 0. 


* Aeronautical Research Comm., R. and M. 1156 (1928). 
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The forces on the obstacle can now be inferred from the modified flow at 
infinity, as in the original proofs of the Kutta-Joukowski theorem. The 
mass of fluid enclosed at any instant within a circle of large radius r is 
gaining momentum in the direction at right angles to the stream at the rate 


27 Od eae U2 
} |. (-=2) purd® =—dxpoU (1 - 73) Cyrs (14) 
by (10) and (13). Again, from (3), 
Day PAR I: 
log & = if yok Saas pee a (15) 
and therefore 
prawn eg 
ead Galan (16) 


with consistent approximation. Hence, since for large values of 7 the density 
tends to po, we may put 


Pp = pot Co? (p — po) = po— “P27 (1 + 5 c05 26) sin 6 Ales (17) 


The resultant pressure at right angles to the stream on the aforesaid mass of 
fluid is therefore 


-{" psin 6 rd@=4xpoU (1475): Shah RR ts (18) 


Comparing with (14), the ‘lift’ at right angles to the stream is given by the 


familiar Joukowski formula 
pL Bex, Np Bases gags tes bh wah arash ate (19) 


with (at most) a proportional error of the order (U/cy)*. Still more easily it 
may be shewn that subject to the same approximation the drag 1s zero. 

The formula (19) was first extended to the case of a compressible fluid by 
Glauert*. His investigation involves no explicit limitation to the magni- 
tude of the ratio U/cy, so long as it does not exceed unity. His formulae 
for the motion at infinity are equivalent to 


K Me 
¢=—Urcos +5 tan {,/(1- =) tan gh, AAS (20) 


0 


which may be compared with (10). 


371e. To examine under what limitation steady flow of a compressible 
fluid is possible past an obstacle of given shape, Prof. G. I. Taylor has had 
recourse to an electrical method which differs from that of Art. 60a in that 
the thickness of the conducting sheet is variable. 

The kinematical conditions of irrotational steady flow in two dimensions 
are comprised in the equation 


* Proc. Roy. Soc. A, exviii. 113 (1927). 
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The equations of electric flow in a current-sheet of variable thickness h are 


oV aV ow ow 
¢ BS [aah 


where (f, g) is the current density, o is the specific resistance, V is the 
electric potential, and W the current function. The two sets of formulae 
become identical if we put 


b=V, p=W, w=of, v=cg, pu=hf, pv=hg, ...... (3) 
which involve h= po; or, again, if we make 
6=W, vp=-V, u=—hg, v=hf, pu=—og, pu=daf,...... (4) 


which require h=a/p. So far the correspondence is merely kinematical, and 
the condition (2) of Art. 371d has to be satisfied. Hence in the first form of 
the analogy we must have 


1 
Lele On 1 (f- oe = 
prep oes T? i G wisle alele’s oi srete viele statere (Sve 


the zero suffix relating to the regions where the flow is sensibly undisturbed. 
The value of U/co being fixed, the distribution of the values of q/U is first 
inferred electrically in an experiment with uniform depth. These being 
substituted in (5) give an amended value of h, and when the tank has been 
modified so as to have this variable depth, the process is repeated ; and so on. 
For fuller details we must refer to the original papers *. 


In the case of flow past a circular cylinder, Prof. Taylor found that the 
successive configurations converged rather rapidly for values of U/cp less than 
‘45, but ceased to converge after this limit. 


The second analogy was employed in the case of an aerofoil section, with 
circulation adjusted so as to avoid infinite velocity at the trailing edge. Here 
the limit of convergence was found to be U/c) = ‘58. 


371%. Another form of the equation of motion of compressible fluids is to 
be noticed. If we assume only that the motion is steady, and not necessarily 
irrotational, then in two dimensions we have (Art. 165) 


ON a-ON 6 
U oe +4 ay = 0, sie lela¥nielis/ ata:s) sca] Phafaleleieislelelsrele ols ielereve (1) 
dp 2 
where xX, = ee + 4q ©  — PMH e oe ereeresresreereneresene (2) 
ldp (op, %p 0(q?) _ _0(4*) 
Hence as (u apie =) = (u creer ay ) = 0. tia (3) 


* Taylor and Shearman, Proc, Roy. Soc. A, cxxi. 194 (1928); Taylor, Journal of the Lond. 
Math, Soc. v. 224 (1930). 
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Writing dp/dp =c?, and referring to the equation of continuity, we have 


du | dv a(g) , (9°) 
Ny (eee ee es a eave 
. Alas (uw ae Tek ay) =o kart Sern (4) 
or, in full, 
u\ du uv/dv du v2) dv 
@ B) ae ae tay) t alae siateae wales eaTs (5) 
In the case of irrotational motion this becomes 
w\Pd uv v\ 2p 
(1-5)53-33 snot bralap F she hci (6) 
\ 


. - . . \ 
which is equivalent to Rayleigh’s equation (5). 


The equation (6) is converted into a linear equation if we have recourse 
to the ‘principle of duality*,’ and adopt u, v as the independent variables. 
Assuming 


Ds UE TY — OD, . ovuecnagh s6Gsiees ah (7) 
we find 
v\ Db uv o2O u2\ 02@ 
€ -*,) ouz + C2 dudv ( -*) Ove = (0) 01g: 6 wb! e 6 ol eieiejerel als (8) 


Some interesting comments on the nature of the problems presented by 
this equation are made by Bateman ft. 


371g. When compressibility has to be allowed for the formula (2) of 
Art. 371 requires modification. If « denote the elasticity, the method of 
dimensions leads easily to the assumption 


F=puref (=, er). S18) Hiiw, bents (1) 


K 


If U is small compared with the velocity of sound in the gas, viz. /(x/p), 
this approximates to the form 


F=prnf(—, 0), he, eee (2) 


already considered. 


The law of resistance varying as the square of the velocity is found tg hold 
fairly well in the case of a projectile moving through air up to velocities of 
about 800 ft. per sec. When the velocity approaches or exceeds that of sound 
the law changes, as we should expect. We have then a wave-making resistance, 
analogous to that discussed in Art. 249, in addition to the frictional type. 


When U> co, the ordinary velocity of sound, a wave of (approximate) dis- 
continuity is formed, as appears from the photographs of Mach, Boys{, and 
others. The formulae of Rankine (Art. 284) appropriate to such a case have 

* Forsyth, Differential Equations, Art, 242. 


+ Proc. Roy. Soc. A, exxv. 598 (1929). 
t Nature, xlvii. 440 (1893). 
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been applied by Rayleigh* to calculate the pressure at the nose of the 
projectile. 

The problem being reduced to one of steady motion, we consider the 
motion in the line of symmetry. There are two stages to be considered. 
Denoting the relative velocity of the air by g, we have in front of the wave 
qg = U, and p=», p=po (say). We denote the corresponding quantities Just 
behind the wave by qi, 1, p1. Hence, writing m= gqp in the equations (14) 
and (15) of Art. 284, 


pr1gr® =F (y — 1) Dr $$ (YF) Po, c-ceeeereveeerseeees (3) 
poU2 =F (yt 1) pr th (y—1) Po. cvececcseceesreeeeens (4) 
Since co? = ypo/po, the latter equation gives 
pit Bl OO 1 


co} ee aes eae rir te Pie 5 
emeraaaps) sii (5) 


thus determining p1/po. 


Again, the velocity of the air, in its passage from the rear of the wave 
to the nose falls continuously from q; to 0. Hence by Art. 25 (1) 


ae 
2y ee ey 2y Pr \(2) Y 
ee ee re aay LS. oced fuss (6 
ey — Np pi) y— lea ps 
where pe, pe refer to the nose. Substituting for p1q1?/p1 from (3) we find 
y-1 

ei. 2 aie 

(2) ” ig i a BM LOPLI HM (7) 
Pr Ary ay Pi 


Combined with (5) this gives the required value of pe. 
Taking y=1-'41 we have 
P2/p9 = 1°90, ‘5°67, 11°7, 20-7 
in the cases Ulo= 1, 2, 8, 4, respectively. 


Conversely, the theory can be applied to the measurement of air velocities 
exceeding that of sound. The ratio pe/po is obtained from the readings of a 
Pitot tube whose nozzle points up the stream, and of a ‘static pressure’ tube. 
The equation (7) then determines the value of p;/po, whence U is found by (5). 
In this way Stanton has measured velocities of two or three times that of 


sound, and found them to agree closely with independent, but more elaborate, 
experimental determinations +. 


* Le. ante p. 482. 
+ Rep. of the Nat. Phys. Lab. for 1921, p. 146. 


CHAPTER XII 
ROTATING MASSES OF LIQUID 


372. THIs subject had its origin in the investigations on the theory of 
the Earth’s Figure which began with Newton and Maclaurin, and were con- 
tinued by the great French school of mathematicians which flourished near 
the end of the eighteenth and the beginning of the nineteenth century. It 
has in recent times undergone great development, at the hands, notably, of 
Thomson and Tait, Poincaré, Darwin, and Jeans. 


The problem is to ascertain the possible forms of relative equilibrium of a 
homogeneous gravitating mass of liquid, when rotating about a fixed axis with 
constant angular velocity, and to determine the stability or instability of such 
forms. 

We take the axis of rotation as axis of z, and the mass-centre, which must 
evidently lie on the axis, as origin. If w be the angular velocity of rotation 
the component accelerations at (#, y, z) are — w*x, — w*y, — wz, and the 
dynamical equations therefore reduce to 


Be cpr. = 58 0) Gp W990 4,0 Ap. BO!or 6 
eiep On? Pat Pim Oy uae Bicp 02 eriden, 
where {2 is the potential energy per unit mass. Hence 
on Re tet) ee OicteOst. 9) cs okt. Meet ani donne (2) 


At the free surface we have p = const. 

Some general properties of forms of equilibrium have been proved by 
Poincaré and Lichtenstein. 

In the first place there is for a given fluid an upper limit to the angular 
velocity, if the external pressure is zero*. Considering any internal region 
we have by Art. 42 (3) 


([2 dS=-— [[|¥*pdeayde = 2p (2771p — w?) [|Jacdyas seeeee (3) 


where dp/dn denotes the inward gradient of p, and p is expressed in ‘astro- 
nomical’ measure+. Applying this to any small spherical region we learn 
that the pressure cannot be a minimum at an internal point if w® < 27p, 
and cannot be a maximum if w* > 27p. If it vanishes over the boundary it 
cannot therefore be a negative anywhere in the interior in the former case, or 


* It will be shewn presently that this proviso is unnecessary. 
+ This involves of course a special unit of pressure. 
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positive in the latter. In the intervening case of w= 2p we have V*p = 0 
throughout the interior, and p =0 at the boundary, and therefore p = 0 
everywhere (Art. 40). 

Hence in a fluid unable to sustain tensile stress there is an upper limit, 
viz. V(2mp), to the angular velocity*. If the density be the earth’s mean 
density, viz. p = 47rga, the limiting value of w is given in terms of the earth’s 
angular velocity (wo) by 

ed es Age 
ao 2a : 
The shortest possible period is accordingly 1 h. 7 m. 

Again, an equilibrium form is necessarily symmetrical with respect to the 
plane through the mass-centre at right angles to the axist. We conceive the 
fluid mass as made up of columnar portions of infinitesimal section having 
their lengths parallel to Oz. The centres of these columns will lie on a certain 
surface (which may consist however of several detached portions). Unless this 
surface is plane there will be some point M on it at which z isa maximum; let 
PQ be that line drawn in‘the fluid, parallel to Oz and terminated both ways 
at the boundary, which is bisected at M, and suppose that zp>zg. It easily 
follows from the theory of the attraction of a straight line of matter that the 
potential (energy) per unit mass, due to any one of the elementary columns, 
cannot be less at P than it is at Q, and will as arule be greater. Hence, on 
the whole, Op > Qg and therefore by (2) pp < pe, contrary to the hypothesis. 

The points P and Q have so far been assumed to be distinct. If they co- 
incide we find in a similar manner that in the absence of a plane of symmetry 
we should have 00/dz > 0, and therefore dp/dz < 0, at M, which is now a point of 
the free surface. But if the tangent plane at M is parallel to Oz we must have 
op/dz = 0 there, whilst if M were a singular point on the surface all the space- 
derivatives of p would vanish. 


Incidentally we may note, as a result of the preceding argument, that if 
there is no rotation every plane through the mass-centre must be a plane of 
symmetry. We have thus a simple proof of the proposition that the only form 
of equilibrium of a mass of homogeneous liquid under its own attraction is a 
sphere t. 

We conclude that the middle points of all chords of the free surface drawn 
parallel to the axis lie in a plane normal to this axis, which we may call the 
equatorial plane. Hence no straight line parallel to the axis can meet the 
surface in more than two points. It follows that the z-component of the 
attraction at any internal or external point not on the plane of symmetry 
will be directed towards this plane. For the theory of the attraction of a 


* Poincaré, Bull. Astr. 1885; Figures d’Equilibre, Paris, 1902, p- 11. The proof is modified. 

+ Lichtenstein, Berl. Ber. 1918, p. 1120. The argument is slightly simplified. 

t Carleman, Math. Zeitschrift, iii. 1 (1918). A proof that the sphere is the only stable form, 
due to Liapounoff, is given by Poincaré, Figures d’ Equilibre, c. ii. 
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uniform straight line, already appealed to, shews that this is true as regards 
each of the elementary columns into which we have supposed the mass to be 
divided. Hence 0/dz > 0, and therefore dp/dz < 0, at all points on the 
positive side of the plane of symmetry. It follows that dp/én >0 at all 
points of the free surface, and that p >0 at all internal points. The former 
of these statements is inconsistent with (3) if o? > 2p. The limitation 
w </(27p) is therefore imposed quite apart from any question of internal 
tension. 

A narrower limit has been investigated by Crudeli*. His argument, slightly 
modified, is as follows. The theory of Attractions shews that a function whose 
value is p — po (where po is the surface pressure) throughout the fluid, and 
zero outside, can be regarded as the gravitation-potential of a suitable distribu- 
tion of (positive or negative) matter, viz. with a surface density 


iL 
ae Ig (2 — o") 
throughout the interior. Hence 
dp dS dadydz 
4 (p — pr) =— |[ 2S + 2 (2rp — at) |[[U, Laie (4) 


But at internal points 


[|| Aes -- 9-28-40" (a? + y”) + const., 


r 
and thence 


2 
=P = 4p) — {|Z ae w* (Qrrp — w*) (a + y*) + const. ...... (5) 


Now consider a tangent plane normal to the axis of rotation, and such 
that the region occupied by the fluid lies wholly on one side of it, and let P 
be a point of contact+. Let us form the derivatives in the direction of the in- 
ward normal at P, of the two equal sides of (5). Since we have seen that dp/dn 
must be positive at all points of the boundary, it follows from the theory of 
Attractions and from the supposition just made that the normal derivative of 


Ome e ee weer eee ee eeeerseorrrees 


or w*< mp. This alters the least possible period of rotation of a fluid mass 
having the Earth’s mean density to 1h. 35 m. 


* Accad. d. Lincei (5) xix. 666 (1910). 
+ Crudeli appears to assume that the boundary is everywhere convex. From the argument as 
given above this seems to be unnecessary. For instance a ring-shaped figure is not excluded. 
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373. Proceeding now to the consideration of special forms, we begin with 
the case where the exterrlal boundary is ellipsoidal. We write down, in the 
first place, some formulae relating to the attraction of ellipsoids. 


The gravitation-potential, at internal points, of a uniform mass enclosed 
by the surface 


a? 2. ge 
= + © Pata ainkigaainss (1) 
3 o/h 48 yp ot ) dn 
18 21 = mpabe [. (anxteotamn! A Sawa (2) 
where A ={(a2® +2) (BREA) (CAEAIP cose eeeeeereceeeevees (3) 
This may be written 
=p (ax + Boy? + yo?” — Xo)» pecviceeivesesvienciocece (4) 
where, as in Art. 114, 
oN LE 8S ez dn 
a = abe | (@+a)Q’ Bo = abe | (+n) A’ yo= abe | Cae 
oe (5 
Ord 
and Xo = abe [, ALO rrreenee een (6) 
The potential energy of the mass is given by 
Vie df[Opdndy dz ar ets.csa mee ee ee (7) 


where the integrations extend over the volume. Substituting from (4) we find 
V = 2r*pabe {i (a a? + Bob? + yoc*) — xo} 


- a? b? c dx 
BEE Sy ey ty YS 1 bac 
Boat te I AiGssn reer ey A 


minpevre |” fpna(!) 1} -—aeatoravra [PO 0 
This expression is negative because the zero of reckoning corresponds to a 
state of infinite diffusion of the mass. If we adopt as zero of potential energy 
that of the mass when collected into a sphere of radius R, = (abc), we must 
add the term 
t§ 7 pe? 

If the ellipsoid be of revolution, the integrals reduce. If it be of the 

planetary form we may put, in the notation of Art. 107, 


. 2 4 
a= pS tie 6 psciy ahi eee (10) 
and obtain t Gy = Bo = (£2 +1) Ccot? €— &2 : 
yo = 2(67 4+ Dye! das ace tee e eee ese eveee ¢ 1) 
.1\4 
Va ig? Re {1 : (FH *) Scot ch ¥. Nanton (12) 


* For references see p. 604. The sign of 2 has been changed from the more usual convention. 
+ Most simply by writing c?+)= (a? — 2) u®. The results are expressed by Thomson and Tait 
(Art. 771) and other writers in terms of a quantity f, the reciprocal of ¢. 
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provided the zero of V correspond to the spherical form. If e be the 
eccentricity of the meridian, we have 


Cc 1 
ae ere Beh Bate Maas deseo rain: (13) 
and the formulae may be written 
aes a} 
a pe ty 
SNE ie SEI lade aided (14) 
yee le 
V= arp Re en —(1-eyt eyes “{h. Late bya (15) 
For an ovary ellipsoid we put (Art. 103) 
ee] \s 
mi he ee, MOE arb Fe Sellen at (16) 
and obtain @ = Bo= F?— (67-1) Fcoth 2 ¢, 17 
nea Fen Gaon HA (17) 
g—1yt 
V = 4902p? RS . AES = ¢ coth} a he (18) 


The case of an infinitely long elliptic cylinder may also be noticed. Putting 
c= oo in (5), we find 
2b 
a+b’ 
The potential energy per unit length of the cylinder is 
ie + b)* 
4ab 


ao = 


Bo= Roem O,. Weenes Saneenren scot (19) 


frat 


Vy = fg tr? prath* log ose ese dececen oe veees (20) 


Maclaurin’s Eliipsoids. 


374, Now suppose the ellipsoid to rotate in relative equilibrium about the 
axis of z, with angular velocity w. Since 


Ea bot (att y)— OR const sy itv alae Maat (1) 
the surfaces of equal pressure are given by 


@ \ 2 A 
(co = =) a+ (2 = 53) Yy? + 7927 = CONSE... .eeeeerere (2) 


In order that one of these may coincide with the external surface 


a y? a 
Sgt at a cena tte tees teseeseereerteee (3) 
w" w* 
we must have (eo 2). phe (2 - 2) De Ty (cet ext PCOS PROOLS (4) 
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In the case of an ellipsoid of revolution (a =6), these conditions reduce to 
one, Viz. 


(« — ~) GP SEG CT! acti ktae evens e nenieon (5) 
9 2Qarp 


Since a?/(a? +X) is greater or less than c?/(c? +), according as a is greater or 
less than c, it follows from the forms of a, yo given in Art. 373 (5) that the 
above condition can be fulfilled by a suitable value of w for any assigned 
planetry ellipsoid, but not for the ovary form. This important result is due 
to Maclaurin*. 


If we substitute from Art. 373 (11), the condition (5) takes the form 


=(Soht Bicotr ty — bt eee ae (6) 


or, in the notation of Art. 107, 
eo Dre ome C09 (Ce) otccens wean eeu ney Soa tinaae (7) 


It will be noticed that the value of w corresponding to any prescribed 
ellipticity depends on the density p, and not on the actual size of the ellipsoid. 
It is easily seen that this is in accordance with the theory of ‘dimensions.’ 


If M be the total mass, H its angular momentum about the axis of 
rotation, we have 


M=4rpa*c, ET ee GU Goren snc ox esa ee (8) 
H2 2 R 
hence apo (: Ht *) Yorean1) root eae (9) 


The formula (6) has been discussed, under different forms, by Simpson, 
d’Alembert, and (more fully) by Laplace+. It is easily proved that the right- 
hand side of (6) vanishes for €=0 and (= o, but it is otherwise finite and 
positive; consequently that it has a greatest value for some intermediate 
value of ¢ There is thus, for given density p, an upper limit to the angular 
velocities for which an ellipsoid of revolution is a possible form of relative 
equilibrium. A more detailed investigation is required to shew that there is 
only one maximum, and consequently no minimum, value of the function on 
the right-hand side of (6) or (7). 


Laplace also examined, from the same point of view, the formula for the 
angular momentum. It appears that the right-hand side of (9) increases con- 
tinually from 0 to o as ¢ decreases from « to 0. Hence for a given volume 
of given fluid there is one, and only one, form of Maclaurin’s ellipsoid having 
a prescribed angular momentum. 


* L.c. ante p. 307. 


+ Mécanique Céleste, Livre 3™°, c. iii. For other references see Todhunter, History of the 
Theories of Attraction..., London, 1873, cc. x, xvi. 
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These questions may also be investigated by actual computation of the 
functions on the right-hand sides of (6) and (9). The table below giving 
numerical details of a series of Maclaurin’s ellipsoids, is adapted from 
Thomson and Tait *. The unit of angular momentum in the last column is 
M?# R}, where ‘astronomical’ units are of course implied. 


The maximum value of w?/27p is ‘2247, corresponding to ¢ = ‘9299, 
a/c = 2°7198. For any smaller value of w*/27p there are two possible 
ellipsoids of revolution, the eccentricity being in one case less and in the 
other greater than ‘9299. 


In the case of a homogeneous liquid mass of density equal to the mean density of the 
earth, we have 
4mph=980, R=6:37 x 108, : 
if the units of length and time be the centimetre and the second, whence it is found 
that the fastest rotation consistent with an ellipsoidal form of revolution has a period of 
2h. 25 m. 


Angular 
4 aie ay ited maomogtamn 
0) 1:0000 1°0000 0) 10) 
Al 1:0016 “9967 0027 *0255 
2 1°0068 *9865 *0107 0514 
3 1°0159 9691 0243 ‘0787 
“4 1°0295 "9435 0436 *1085 
a) 1°0491 "9086 “0690 *1417 
6 1:0772 *8618 ‘1007 “1804 
oH 171188 *7990 1387 *2283 
8 1°1856 *7114 "1816 "2934 
°8127 1:1973 *6976 ‘1868 *3035 
9 1°3189 "5749 *2203 *4000 
91 1°341 *5560 *2225 *4156 
"92 1°367 5355 "2241 *4330 
"93 1°396 °5131 °2247 "4525 
94 1°431 "4883 "2239 "4748 
95 1°474 “4603 2213 *5008 
“96 1°529 *4280 2160 “5319 
Fh 1°602 *3895 "2063 5692 
“98 1°713 *3409 *1890 6249 
“99 1°921 *2710 "1551 ‘7121 
1°00 co 0 6) 00 


When ¢ is great, the right-hand side of (7) reduces to ;4,¢—? approximately. Hence in 
the case of a planetary ellipsoid differing infinitely little from a sphere we have, for the 
ellipticity, 5 

COD toot ad PE 
Saget 
If g denote the value of gravity at the surface of a sphere of radius a, of the same density, 
we have g=4mpa, whence 


e= 


wa 
e=$ —., 
i g 


Putting 2a/g= 1,, we find that a homogeneous liquid globe of the same size and mass as 


the earth, rotating in the same period, would have an ellipticity of 547. 


* Natural Philosophy, Art. 772. 
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Jacobi’s Ellipsords. 


375. To ascertain whether an ellipsoid with three unequal axes is a possible 
form of relative equilibrium, we return to the conditions (4) of Art. 374. These 
are equivalent to 


(ag — Bo) 8 b2 4 ygc* (a? — U8) Oa sein cone seen e es (1) 
wo — aa? — Bob? 
and Dare ee | ee (2) 
If we substitute from Art. 373, the condition (1) may be written 
os Ape Cae ak 
2_ p2 = YU pEL Sate ee eee 3 
ce |. Gr Oa a5 A e: ) 


The first factor, equated to zero, gives Maclaurin’s ellipsoids, discussed in the 
preceding Art. The second factor gives 


[° ae -@+P rye oe 
0 


ap Ogee ones eae (4) 


which may be regarded as an equation determining c in terms of a, b. When 
c?=0, every element of the integral is positive, and when 


c2 = a®b?/(a? + b?) 
every element is negative. Hence there is some value of c, less than the 
smaller of the two semi-axes a, b, for which the integral vanishes. 


The corresponding value of w is given by (2), which takes the form 
on ie | oe rAdr (5) 
2arp >. 0 (a? a r) (b? + r) A CW ORCI OF Te at it WCF ACEC 


so that @ is real. It will be observed that the ratio w?/27p depends as before 
only on the shape of the ellipsoid, and not on its absolute size *. 


The equations (4) and (5) were carefully discussed by C. O. Meyert, who 
shewed that when a, b are given there is only one value of c satisfying (4), 
and that, further, a maximum value (viz. -1871)t of w?/2ap occurs for 
a =b=1°'7161 c. The Jacobian ellipsoid then coincides with one of Maclaurin’s 
forms. This limiting form, which is shewn on the opposite page, may be 
determined by putting 


a=b, @+rA=(A—c8)v &=(a?+0%) 2, 
in the second factor of (8). We find 


| : \(j - Sap = oI : — dpi, ot) ner eate (6) 


* The possibility of an ellipsoidal form with three unequal axes was first asserted by Jacobi, 
“Ueber die Figur des Gleichgewichts,’’ Pogg. Ann. xxxiii, 229 (1834) [Werke, ii. 17]; see also 
Liouville, ‘‘Sur la figure d’une masse fluide homogéne, en équilibre, et douée d’un mouvement 
de rotation,” Journ. del’ Ecole Polytechn. xiv. 290 (1834). 

+ ‘(De aequilibrii formis ellipsoidicis,’’ Crelle, xxiy. (1842). 

{ According to Thomson and Tait this should be *1868. See the table on the preceding page. 


aD) Jacobi’s Ellipsoids aie 
138f4 38 . 
3+ 14074 34 SMEs ieraieteveleis ois !aiezs ieieveroiesiea torent (7) 


There is only one finite root, viz. £=-7171; this gives, for the eccentricity of 
the meridian, e = °8127. 


whence cot-!¢= 


-698 


Since, in the general case, the two ratios a:b:c are subject to the con- 
dition (4), there is virtually only one variable parameter, and the Jacobian 
ellipsoids form what may be called a ‘linear’ series. The sequence of figures 
in the series is illustrated by the following table, computed by Darwin+. As 


Axes a | 
iG Angular 
a/R b/R | ¢/R 2p momentum | 
1 | 
1-197 1°197 698 1871 304 
1°216 PAT9 *698 187 "304 
1:279 1-123 “696 186 *306 
1°383 1-045 “692 181 313 
1601 *924 677 “166 341 
1°899 “811 “649 "141 *392 
2°346 *702 “607 LO 7 *481 
3°136 *586 *545 067 644 
5°04 °45 °44 026 1°016 
ee) 8) 0 0 oo 


w*/27p diminishes from its upper limit ‘1871, the ratio of one equatorial axis 
of the ellipsoid to the polar axis increases, whilst that of the other diminishes, 
the asymptotic form being that of an infinitely long circular cylinder rotating 
about an axis perpendicular to its length (a=, b=c). The figures on 
page 706 shew two intermediate forms, the unit of length being the radius (2) 
of the sphere of equal volume. 

It may be noticed that an infinitely long elliptic cylinder may rotate in 
relative equilibrium about its longitudinal axis. It is easily proved, with the 
help of the formulae (19) of Art. 373, that the angular velocity is given by 

2 


Ore 2ab (8)t 
Dap (a+ by § doondonhen oecuuogUDOSoDODDtDGe 

* Thomson and Tait, Art. 778’. 

+ ‘On Jacobi’s Figure of Equilibrium for a Rotating Mass of Fluid,’’ Proc. Roy. Soc. xli. 
319 (1886) [Papers, iii. 119}. 

+ Matthiessen, ‘‘Neue Untersuchungen iiber frei rotirende Flissigkeiten,’”’ Schriften der 
Univ. zu Kiel, vi. (1859). This paper contains a very complete list of previous writings on the 
subject. 
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Other Special Forms. 


376, The problem of relative equilibrium, of which Maclaurin’s and Jacobi’s 
ellipsoids are particular cases, has been the subject of many remarkable in- 
vestigations, to which only slight reference can here be made. 


The case of the annulus was first treated by Laplace*, with special reference 
to the theory of Saturn’s rings. 


The annulus is supposed to be a figure of revolution about the axis of z, 
and the origin is taken at the intersection of this axis with the equatorial 
plane of symmetry which we know must exist (Art. 372), Further, the cross- 
section is taken to be an ellipse whose semi-axes parallel to Ox and Oz are a 
and ¢ respectively. If C be the centre of this section, we write OC =D; and 
it is assumed that the ratios a/D, c/D are both small. 


Under these conditions, the component attractions at any point in the 
substance of the ring are, to a first approximation, the same as if the radius 
D were infinite, so that we may write, in accordance with Art. 373 (19), 


OD = arp (Gg a* 4 792") COMBE, ......006.eccecesscecees (1) 
2c 2a 
= Ee oh airs Laren te aceee 2 
where Qo Ir Pe arses (2) 


provided the origin of x be now transferred to C. The pressure-equation is, 
accordingly, for points of the cross-section, 

S 
{(D + «) + 27} 


where S denotes the mass of the central attracting body at O. This may be 
expanded in the form 


ee x 
. $0*(D+2) OO, 


S 2a — 2” 
pa het (Dat 2Da + x*) — mp (a 47 + yor?) + (1 -5 + ee —. ) 
ae (4) 
If p is to be approximately constant over the circumference of the section 
es o2 
a ce = if Pee eee meee ree erererereeeeresesrae (5) 


the terms in x must cancel, and the coefficients of a? and z? must be in the 
ratio of c? to a2, Hence 


(Bl Bs Usp AN Ali. - AAR ENE OES REE (6) 
3 2 2 
and a? ( - 32) = (+5): Peeper 1 cS (7) 


* «‘ Mémoire sur la théorie de l’anneau de Saturne,’’ Mém. de U’ Acad, des Sciences, 1789 [1787] 
[Mécanique Céleste, Livre 3™°, c. vil]. 
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The former of these equations shews that the period of revolution of the ring 
must be that proper to a satellite at the same distance; and the latter may 


be written 
w* 2ac (a—c) (8) 


Qrp (Ba®+c%)(a+c)’ eevee seereeereresseserseese 


whence it appears that the equatorial diameter of the section must be the 
greater. 


The expression on the right-hand side of (8) has a maximum value ‘1086, 
corresponding to a/¢=2°594, Hence for a fluid ring at a given distance D 
from the central body there is an inferior limit to the destiny. 


Laplace points out that a ring such as we have imagined would be 
unstable even if rigid, and must @ fortiori be unstable when fluid. It is now 
generally held that the constitution of the Saturnian rings is meteoric. 


When the central body is absent, or its mass relatively small, the attraction of the 
ring at points of its substance must be calculated to a higher degree of approximation. 
It easily appears that the cross-section must be nearly circular, and that the angular 
velocity must be much less than in the previous case. It is found that when S=0 


2 2 
So = Foe - 2), go ET aie (9) 


nearly, provided a/D be small. 


This formula may be verified as follows. In cylindrical co-ordinates, with the origin 
at the centre of the ring, the potential at external points satisfies an equation of the type 
(1) of Art. 100, viz. 

@o do 1 do 


fa53i + Cae = a= SPTTererer errr ere eee ee eee eed (10) 
If we introduce polar co-ordinates in the plane of a cross-section, writing 
z=rsin 6, W= DET COBO, canecsdeceeetsaeveensuereetes (11) 
this becomes 
CO lca 1 020 1 0Q i key. 
Sa apt od a8 + Der aon ( Gr 08 97 ay 80) =0. Saeeeeeee (12) 


To obtain a solution which shall be valid for values of r which are small compared 
with D, we take, as a first approximation, Q2=Q), where Qp satisfies 


027Q) , 1 OQ) 
at too te ee gs ceshn eee (13) 
Thus Qo = At BOS NT siceeccetuashosseeeee racers eer (14) 
For a second approximation we put 
QD = Oo +0), COS On nm asccecue seasenaesenearcee cena (15) 


Substituting we find 


whence Q,= Or+ Cc wee 
r 


* A slightly different result was given by Matthiessen, J.c, The formula (9) was obtained by 
Mme Sophie Kowalewsky, Astr. Nachr. cxi. 37 (1885); Poincaré, l.c. infra; Dyson, l.c. ante 
p. 156. See also Basset, Amer. Journ. Math, xi. (1888). 
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At distances r which, though small compared with D, are large compared with the 
radius @ of the section, the result thus obtained must approximate to the potential of a 
circular line of matter, of radius D, and line-density rpa®. This is given by 


2a d 4rpa?D 
Q=~—rpa2D prea SAT ice Bere SEP 
Hg | 0 V(r? cos? $y +7? sin? x) 9 


where, as in Art. 161, 71, 7, denote the least and greatest distances of the point con- 
sidered from the circumference, and the modulus & of the elliptic integral is given by 


ESS, REO (18) 


2 
ree pe 
B=1 pht recteteessesrsereeeeeseeneeneeeeenenees (19) 
Since this is nearly equal to unity, we have* 
475 3 
F, @)=log 74375 (log 72-1) +..., ee oe. (20) 
ry rT? "1 


of which the first term will suffice for our purpose. 


To accord with the present notation, we put 


m=r, T,=/(4D?2+4rD cos 6472) =2D (1 + 5 cos 6) 5 (bijeanie te rslec (21) 
approximately. Hence 
8D rcosé, 8D_ rcosé 
= — 2 —— ame 
Q 2Qrpa (tog - aD log > + aD ) SB aLebeogabAeEnAsC (22) 


The result contained in (15), (14), and (17) will tend to coincide with (22) as r 
increases, while still remaining small compared with D, provided 


2 
B=2npa?, c= CEES WWE, oe eee pe (23) 


We therefore adopt, as the value of the external potential of the fluid annulus, at points 
near its surface, the expression 


a meeehine (24) 


Q= — 2mpa? flog = — (tog =? 1) "eel eee 


To find the potential at internal points, we must replace the right-hand member of 
(12) by 4p. By the same process of approximation as before we find, having regard 
to the condition of finiteness for 7=0, 


apr? 
Q=const. + rpr?+ Cr cos 6 — ap °° GAN ee oe ateneasceceinen ses (25) 
The vatues of © and of 0Q/dr derived from (24) and (25) must be continuous for 7=a. 
This gives 
Til i IR se Pale ul Ie 
C" EE (log ‘ip td al ans Pee (26) 
The condition for a free surface requires that the expression 
POS) AAW ot) Ba ever gee repe ots ents se- ses sharer (27) 
should be constant for r=a. Neglecting the square of r/D we find 
ip = 02 Fe 28) 
o*D=C 7) eR (28) 


Substituting the value of C” from (26), we obtain the result (9). 


It has been shewn by Dyson that a ring of the above kind would be unstable for types 
of disturbance in which the sectional area varies with the longitude, and for such types 
only. Its tendency would therefore be to break up into detached masses. 


* Cayley, Elliptic Functions, p. 54. 
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Darwin has investigated * in great detail the case of two detached masses 
of liquid rotating in relative equilibrium about their common centre of 
gravity like the components of a double star. When the distance between 
the masses is large compared with the dimensions of either, the series of 
spherical harmonics in which the solution is expressed are rapidly convergent ; 
but in other cases the approximations become very laborioust. The specially 
interesting case where one mass is much smaller than the other appears to 
have been first. discussed by Roche in 1847]. 


General Problem of Relative Equilibrium. 


377. The question as to the possible configurations of relative equilibrium 
of a rotating homogeneous liquid was taken up from a more general point of 
view by Poincaré, in a celebrated paper§. 

Consider in the first place an ordinary dynamical system of n degrees of 
freedom, whose constitution depends on a variable parameter A, the potential 
energy V being accordingly a function of the n generalized co-ordinates 
1, G2, --» Qn and of ». The possible configurations of equilibrium corre- 
sponding to a prescribed value of \ are determined by n equations of the type 

aV 


and by varying X we get one or more ‘linear series’ of equilibrium con- 
figurations. Such a series may be represented by a curve in an n-dimensional 
space, of which qi, gz, --- Yn are the Cartesian co-ordinates. 

Again considering small deviations from any equilibrium configuration, we 
have 


V = 041 8a? + Coa dqa? + 0. + 2crgdqi Set 21, cececsececeeees (2) 

where C1, Co2, C12, -.. are ‘coefficients of stability’ (Art. 168) defined by 
fu alpine A a 

ar reL a gragist i ae ae lentes 


By a linear transformation of the variations 691, dge, ... dgn, the ex- 
pression (2) can be reduced, in an infinite number of ways, to a sum of 
squares; but whatever mode of reduction be adopted, the number of positive 
as well as of negative coefficients is, by a theorem due to Sylvester, invariable. 


* «On Figures of Equilibrium of Rotating Masses of Fluid,’’ Phil. Trans. A, elxxviii. 379 
(1887) [Papers, iii. 135}. 

+ For a fuller investigation of the problems of Arts. 374-376 reference may be made to 
Tisserand, Traité de Mécanique Céleste, Paris, 1889-1896, ii. 

{ See Darwin, ‘‘On the Figure and Stability of a Liquid Satellite,’ Phil. Trans. A, cevi. 161 
(1906) [Papers, iii. 486]. For the application of Poincaré’s methods to this problem reference 
may be made to Schwarzschild, ‘‘Die Poincaré’sche Theorie des Gleichgewichts...,’? Ann. d. 
Miinch. Sternwarte, iii. 233 (1897), and Jeans, Problems of Cosmogony..., Cambridge, 1919. 

§ ‘‘Sur léquilibre d’une masse fluide animée d’un mouvement de rotation,’’ Acta Math. vii. 
259 (1885). See also his Figures d’équilibre. For an account of the earlier researches and partial 
anticipations by Liapounoff, see Lichtenstein, Math. Zeitschrift, i. 228 (1918). 
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The coefficients in the transformed expression may be called principal co- 
efficients of stability. In order that the configuration in question may be stable 
it is necessary and sufficient that these should all be positive. 

As we vary X, the several linear series will remain distinct so long as the 
discriminant A of the quadratic form (2) does not vanish, 2.2. so long as no 
principal coefficient of stability vanishes. But if, as we follow a linear series, 
A vanishes and changes sign for a particular value of X, it appears that the 
configuration in question is a ‘form of bifurcation,’ 2.e. it is (as it were) the 
meeting point with another linear series. The case may also arise where, as 
» passes through a particular value, two linear series coalesce and then become 
imaginary. If the configuration in question does not belong to any other linear 
series, we have what is called a ‘limiting form’ of equilibrium, and it may be 
shewn that A has different signs in the two series, in the neighbourhood of 
the junction. A specially important case is where two series coalesce and 
afterwards become imaginary, whilst a third series passes continuously through 
the common point. 


The foregoing statements may be illustrated by the case of a system of one degree 
of freedom. The positions of equilibrium are given by 
BD OG=S patleWn cere caters atdanpersstctssstead ween seets dee (4) 
which determines one or more values of qg in terms of X. If we differentiate with respect 


to A, we obtain dg eV 


oq? Tk aie agar as) sw We Sata: a/aiateladtaiaieltustarctolstaleie ate taeamaneeate: (5) 
This gives, for each linear series, a unique value of dg/dyX, and so determines the succes- 
sion of equilibrium configurations, unless 0? V/ég?=0, The several series therefore remain 
distinct so long as the coefficient of stability does not vanish; but if 6?V/dg?=0, dq/dh is 
infinite or indeterminate according as 0?V/cq0A is or is not different from zero. In the 
former case, two series in general coalesce. 


Writing ONVPOG—G(N, 1) kiivenccdach.tocceasctsdat.titcsadiita tones (6) 
let us consider the surface GOEDNDEY Me ccusstteseberert tase tecncmtust dsbreeees Tees (7) 


the parts of the plane zy for which z is positive from those for which z is negative, repre- 
sents the various linear series of equilibrium forms. Also the parts of the curve for which 
the gradient dz/dy is positive correspond to stable, and those for which 02/dy is negative 
to unstable configurations. 
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The critical points (@2V/dqg?=0) correspond to dz/@¢y=0; the tangent-line to the curve 
is then parallel to y, or else the point in question is a singular point on the curve. In 
the former case, if no other branch of the curve goes through the point of contact, we have 
a ‘limiting form’; and it is evident that there is a change from stability to instability at 
this point. This case is represented in the preceding figure (p. 711), where the two series 
PA and QA coalesce in the limiting form A. If the upper signs in the figure refer to the 
values of z in the corresponding regions, the series PA is unstable and QA stable. If the 
lower signs obtain, these statements must be reversed. 


If however we have also 02V/éqg0A=0, or 0z/dv=0, we have a singular point. The case 
where two series (PA and @4A) coalesce and become imaginary, whilst a third series (HAX) 
passes through the common point and remains real, is shewn below. In the latter series 
we have a transition from stability to instability, or vice versd, whilst the other series 
are both stable or both unstable in the neighbourhood of A *. 


When there are n degrees of freedom, the equations of equilibrium are 


OV OV oV 
091 .) 393? eeey dn tReet e wee ee eres neeeeseeserene (8) 
We may utilize the n—1 equations following the first to determine qo, ... g, in terms 


of g; and X.. Let us denote the result of substituting these values in the general expression 
for V by (q,, A). We have then, 


ees ariacel de oy ne 9 
Bg; 7 oq ai Ogi toi {said Cg) GACoTL ce ea (9) 
by (8), so that the remaining condition of equilibrium may be written 
ov 
Soe ciacacdniacsiagg ousasueaelcciseisacssan caltenereene (10) 
; : Oy d 02 
From this we derive aot at aon cist Gita tie te Sali ae a nals we toaideel arse eMaeS (11) 


which shews.that the sequence of equilibrium configurations is unique unless 0%y-/dq,2=0. 
The rest of the argument is then as before, with y substituted for V. It is easily proved 
that the condition 6*y-/dq,7=0 is analytically equivalent to A=Ot. 


* As a simple example, take the case of a particle free to move in a smooth curvilinear tube 
(having points of inflexion) in a vertical plane, the tube being capable of being set in different 
positions by rotation about an axis perpendicular to this plane. Other examples are furnished by 
investigations as to the positions of equilibrium of a floating log, as depending on the density, 
and their respective stabilities. The case of a log of square section is discussed in the author’s 
Statics, Cambridge, 1912, pp. 221, 234. The case of a simple crossing between two series, both 
of which are real on either side of the intersection, may be illustrated in a similar manner. 

+ The argument is taken, with little alteration, from Poincaré’s treatise. 
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_ 378. The bearing of these considerations on the theory of relative equi- 
ibrium of a rotating system will be apparent. 


In the case of equilibrium relative to a rigid frame which is constrained 
to rotate with constant angular velocity w about a fixed axis, the conditions 
are most conveniently considered under the type 


a 
sg. LV ~ Ta) = 05 veecerseeeeeeee tt tntenecsen (1) 


where V is the potential energy, and 7) is the kinetic energy of the system 
when rotating as rigid in any assigned configuration (q1, gs, --» Gn); ef. 
Art. 205. By varying we get the various linear series of equilibrium 
configurations. Moreover, if the system be subject to dissipative forces 
affecting all relative motions, the condition of secular stability is that V— 7 
should be a minimum. 

When, on the other hand, the system is free, the case comes under the 
general theory of gyrostatic systems, and the more appropriate form of the 
conditions is 


0 

ial TEE US dary Meeatire tiestiy duarrerat die Sergi (2) 
where KX is the kinetic energy of the system when rotating, as rigid, in the 
configuration (q1, 92, --- Yn) with the component momenta corresponding to 


the ignored co-ordinates unaltered (Art. 254); and the condition of secular 
stability is that V+K should be a minimum. From the present point of 
view the only ignored co-ordinate which we need consider is an angular 
co-ordinate specifying the position in space of a plane of reference in the 
system, passing through the axis of rotation and therefore also through the 
centre of inertia. The corresponding component of momentum is the angular 
momentum about the axis; we shall denote this by «. By varying « we get 
the various linear series of equilibrium configurations. 


In the case of a rotating liquid, the generalized co-ordinates qj, gz, ... are 
infinite in number, but the theory is otherwise unaltered. Let us suppose, for 
a moment, that we have a liquid covering a rigid rotating nucleus. If the 
nucleus be constrained to rotate with constant angular velocity, or (what comes 
to the same thing) if it be of preponderant inertia, we have the first form of 
the problem; whereas if the nucleus be free, the second form applies. The 
distinction between the two forms disappears when we confine ourselves to 
disturbances which do not affect the moment of inertia of the system with 
respect to the axis of rotation. 


The second form of the problem is from the present point of view the more 
important. We pass to the case of a homogeneous rotating liquid by imagining 
the nucleus to become infinitely small. In this case the solution of the problem 
of relative equilibrium is partially known. We have, first, the linear series of 
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Maclaurin’s ellipsoids in which, as « ranges from 0 to 0, a/R ranges from 1 
to © (Art. 374). Again, we have the two* series of Jacobian ellipsoids in 
which, as « ranges from °304/ ?R? to 0, a/b ranges in one case from 1 to «, 
and in the other from 1 to 0, where a, b denote the two equatorial semi-axes 
(Art. 375). When «= ‘304M? R2, we have a form of bifurcation, and accord- 
ingly a change in the character of the stability. 


379. As a simple application of the preceding theory we may examine 
the secular stability of Maclaurin’s ellipsoid for those types of ellipsoidal 
disturbance in which the axis of rotation remains a principal axist. 


Let be the angular velocity in the state of equilibrium, and « the angular momentum. 
If denote the moment of inertia of the disturbed system, the angular velocity, if this were 
to rotate, as rigid, would be «/Z. Hence 


2 2 
V4 he v+32(5) a Vb S.A eee (1) 


and the condition of secular stability is that this expression should be a minimum. We 
will suppose for definiteness that the zero of reckoning of V corresponds to the state of 
infinite diffusion. Then in any other configuration V will be negative. 


In our previous notation we have 


T=} (QP EDN socscseu. cs. uidecie donee eee (2) 


¢ being the axis of rotation. Since abe= A*, we may write 


K2 
V+s e+e! b), bak: be wiels's hie Settee Sete wie larerete elelenetetoletstetcid (3) 


where f(a, 6) is a symmetric function of the two independent variables a, b. If we 
consider the surface whose ordinate is f(a, 6), where a, 6 are regarded as rectangular co- 
ordinates of a point in a horizontal plane, the configurations of relative equilibrium will 
correspond to points whose altitude is stationary, whilst for secular stability the altitude 
must further be a minimum. 


For a=, or b=, we have f(a, 6)=0. For a=0, we have V=0, and f(a, 6) « 1/0, 
and similarly for 6=0. For a=0, b=0, simultaneously, we have f(a, b)=o. It is 
known that, whatever the value of x, there is always one and only one possible form of 
Maclaurin’s ellipsoid. Hence as we follow the section of the above-mentioned surface by 
the plane of symmetry (a=6), the ordinate varies from o to 0, having one‘and only one 
stationary value in the interval. It is evident that this value is negative, and a minimum t. 
Hence the altitude at this point of the surface cannot be a maximum, Moreover, since 
there is a limit to the negative value of V, viz. when the eltipsoid becomes a sphere, there 
is always at least one finite point of minimum (and negative) altitude on the surface. 


Now it appears, on reference to the table on p. 705, that when « < 304M? R3, 
there is one and only one ellipsoidal form of equilibrium, viz. one of revolution. The 
preceding considerations shew that this corresponds to a point of minimum altitude, and 
is therefore secularly stable (for symmetrical ellipsoidal disturbances). 


* The two series include the same succession of geometrical forms, but are from the present 
point of view to be regarded as analytically distinct. 

+ Poincaré, 1.c. For a more analytical investigation see Basset, ‘‘On the Stability of 
Maclaurin’s Liquid Spheroid,” Proc. Camb. Phil. Soc. viii. 23 (1892). 

t It follows that Maclaurin’s ellipsoid is always stable for a deformation such that the 
surface remains an ellipsoid of revolution, 
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When «> '304M? R3, there are three points of stationary altitude, viz. one in the plane 
of symmetry, corresponding to a Maclaurin’s ellipsoid, and two others symmetrically 
situated on opposite sides of this plane, corresponding to Jacobian forms. It is evident 
from topographical considerations that the altitude must be a minimum at the two 
last-named points, and neither maximum nor minimum at the former. Any other 
arrangement would involve the existence of additional points of stationary altitude. 


The result of the investigation is that Maclaurin’s ellipsoid is secularly 
stable or unstable, for ellipsoidal disturbances, according as the eccentricity 
e is less or greater than ‘8127, the eccentricity of the ellipsoid of revolution 
which is the starting point of Jacobi’s series; whilst the Jacobian ellipsoids 
are all stable for such disturbances*. 


The further discussion of the stability of Maclaurin’s ellipsoid would carry 
us too far. It was shewn by Poincaré that the equilibrium is secularly stable 
for deformations of all types so long as e falls below the above-mentioned 
limit. This is established by shewing that there is no form of bifurcation for 
any ellipsoid of revolution of smaller eccentricity. It follows, from the con- 
sideration of ‘exchange of stabilities, that Jacobi’s series begin by being 
thoroughly stable. 


380. Poincaré has further examined the coefficients of stability of the series 
of Maclaurin’s and Jacobr’s ellipsoids, by the method of Lamé’s functions, with 
the view of ascertaining what members are forms of bifurcation. He finds that 
there are an infinite number of such forms, and consequently an infinite 
number of other linear series of equilibrium configurations. In each case it is 
possible to assign the form of the members of the new series in the neighbour- 
hood of the bifurcation. The question has been further discussed by Darwin f, 
and by Poincaré himself in a subsequent papert. 


The case which has attracted most interest is the first bifurcation which 
occurs in the series of Jacobi’s ellipsoids. According to Darwin‘, the critical 
ellipsoid is that for which a/R = 1°8858, b/R =°8150, c/R=°6507. After this 
point Jacobi’s ellipsoids are unstable. 


In the figure§ on p. 716, in which the ratios a/c and b/c are taken as 
co-ordinates, the straight line HAK represents the series of Maclaurin’s 
ellipsoids corresponding to different values of «; whilst the branches AR, 
AS represent those of the Jacobian figures. The point H corresponds to 
the case of the sphere, when «=0; and the Maclaurin series is stable from 


* This result, like the preceding, was stated, without proof, by Thomson and Tait, Natural 


Philosophy (2nd ed.), Art. 778”. ate ; 
+ ‘On the Pear-shaped Figure of Equilibrium of a Rotating Mass of Liquid,” Phil. Trans. A, 


exevili. 301 (1901) [Papers, iii. 288}. ; * ve 
t ‘Sur la Stabilité des Figures Pyriformes affectées par une Masse Fluide en Rotation, 


Phil. Trans. A, cxeviii. 333 (1901). ap he ; 
§ The diagram is constructed from the tables on pp. 703,705. A sketch is given in Poincaré’s 


treatise. 
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H to A, and afterwards unstable. The points P, @ indicate the stage at which 
the Jacobian ellipsoids become unstable. At these points new series branch 
off. The difficult question as to the stability of these has been discussed by 


Oo 


Darwin, Poincaré, and Jeans*. The latter writer concludes definitely that 
they are in the first instance unstable. The first members of these new series 
have the ‘pear-shaped’ form shewn in the annexed diagrams, which are taken 
from the paper by Darwin just referred to. 


a@=1'8858 


The corresponding two-dimensional problem has been discussed by Jeans, 
by a special method. 
* Poincaré, l.c.; Darwin, ‘The Stability of the Pear-shaped Figure of Equilibrium,” Phil. 


Trans. A, cc. 251 (1902) (Papers, iii. 317]; Jeans, l.c. ante p. 710. 
+ ‘On the Equilibrium of Rotating Liquid Cylinders,” Phil. Trans. A, cc. 67 (1902). 


380-381 | The Pear-shaped Figure TA, 


Small Oscillations. 


381. The small oscillations of a rotating ellipsoid mass have been discussed 
by various writers. 


The simplest types of disturbance which we can consider are those in which 
the surface remains ellipsoidal, with the axis of revolution as a principal axis. 
In the case of Maclaurin’s ellipsoid, there are two distinct types of this character; 
in one of these the surface remains an ellipsoid of revolution, whilst in the 
other the equatorial axes become unequal, one increasing and the other de- 
creasing, whilst the polar axis is unchanged. It was shewn by Riemann * that 
the latter type is unstable when the eccentricity (e) of the meridian section 
exceeds ‘9529. In this investigation frictional forces are not contemplated, 
and the criterion is one of ‘ordinary’ stability. We have seen (Art. 379) that 
practically the equilibrium is unstable when e exceeds ‘8127. The periods of 
Riemann’s two types of oscillation (when e< 9529) have been calculated by 
Love+, who has also discussed the two-dimensional oscillations (of elliptic 
type) of a rotating elliptic cylindert. 

The problem of small oscillations was treated in a more general manner 
by Poincaré§. It appears from Art. 207 that the equations of small motion 
relative to rotating axes may be written 


du ea BOA ov nga s Ow _ soo 
Pla uialahiGa Ute WHCE PaaiOep GET Wegite SAL: (1) 
where Marg SVS OG! (oe Ot Tele ey Pee (2) 


if Q denote the gravitation potential of the liquid mass. From these, and 
from the equation of continuity 


ou ov. Ow 
ett tig mA), UY, ete a cet ert ecte crete 3 

cae oy + 3s 0, (3) 
92 92 

we deduce ap Ve + he? on SIs veclatentes ter eee ete (4) 

If we assume that u, v, w vary as e’*, we find 
Ov ov Len Aa 
to a + 20 a 2w Ae ae ab re 
Sg rag eres care oe a 


* «Beitrag zu den Untersuchungen tiber die Bewegung eines fliissigen gleichartigen Ellip- 
soides,” Gétt. Abh. ix. 3 (1860) (Werke, p. 192]. See also Basset, Hydrodynamics, Art. 367, 
Riemann also shews that Jacobi’s ellipsoids are stable (in the above restricted sense) for ellipsoidal 
disturbances. : 

+ ‘On the Oscillations of a Rotating Liquid Spheroid, and the Genesis of the Moon,” Phil. 
Mag. (5) xxvii. 254 (1889). The symmetrical type is easily treated by means of the equation (23) 
of Art. 382, below. 

t ‘On the Motion of a Liquid Elliptic Cylinder under its own Attraction,” Quart. Journ. 
Math. xxiii. 153 (1888). 

§ l.c. ante p. 710. 
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and therefore from (3), or immediately from (4), 


Ow Op Aio?\ Op _ 6 
Tat t Hy +(1- alarne Werib dee bat (6) 
2 
If we write 1- “a o8 I PRE Py PE oh (7) 
2 2 2 
this takes the form oe + ; hes are st(),, octet sicesnwaegs oath etn (8) 


a2 * Oy? + 5 
If the equation of the undisturbed ellipsoid be 


Ze 


2 
Natt Bed leer eet testeecenees (9) 


the appropriate solutions of “ are those which involve the ellipsoidal 
harmonics corresponding to the surface 


we 


which is obtained from (9) by homogeneous strain *. 


At the surface (9) we must have p =const., and therefore 


dia O — det Glee pee a (11) 


The potential © of the disturbed form depends on the normal displacement 
(€) at the surface; this is connected with w by a relation of the form 


lu+ my +nw = = iat Jt GLOeRS eee (12) 


where the surface values of u, v, w are to be taken from (5). 


The procedure is then as follows. Assuming that ¢ is an ellipsoidal 
surface-harmonic relative to (9), the surface-value of Q is calculated, and 
substituted in (11). The resulting surface-value of Wy is then expressed in 
terms of harmonics relative to the auxiliary surface (10); the corresponding 
expression of y in the interior can then be written down in ellipsoidal solid 
harmonics. The condition (12) then gives an equation to determine o; it 
appears that this equation is always algebraic. 


In the case of Maclaurin’s ellipsoid the process is somewhat simplified, 
the harmonics involved being of the types studied in Arts. 104, 107. This 
problem has been fully worked out by Bryan+, who has in particular com- 
pleted Riemann’s investigation by shewing that the equilibrium is ‘ordinarily’ 
stable for all types of disturbance so long as the eccentricity of the meridian 
is less than 9529. 


* It appears that for some types of free oscillation r is imaginary, and the surface (9) con- 
sequently a hyperboloid, 


} ‘*The Waves on a Rotating Liquid Spheroid of Finite Ellipticity,” Phil. Trans. A, clxxx. 
187 (1888). 
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Dirichlet’s Ellipsoids. 


382. The motion of a liquid mass under its own gravitation, with a 
varying ellipsoidal surface, was first studied by Dirichlet*. Adopting the 
Lagrangian method of Art. 13, he proposed as the subject of investigation 
the whole class of motions in which the displacements are linear functions of 
the co-ordinates. This was carried further, on the same lines, by Dedekind + 
and Riemann. More recently, it has been shewn by Greenhill§ and others 
that some branches of the problem can be treated very successfully by the 
Eulerian method. 


We will take first the case where the ellipsoid does not change the 
directions of its axes, and the internal motion is irrotational. This is in- 
teresting as an example of finite oscillation of a liquid mass about the spherical 
form. 


The expression for the velocity-potential has been given in Art. 110; viz. 
we have 


pana (fared yee tas), NS ht onsen gs (1) 
with the condition of constant volume 
ayy Etc oe) holed (2) 
The pressure is then given by 
B_ 2-0-4 + Fo, silo RiP. bhunebi asia ie (3) 


by Art. 20 (4); and substituting the value of 0 from Art. 373 we find 
; =— 4 (* a+ yf + = 2) = Hf (ax? + Boy?” + ro 2") + F(t). (A) 


The conditions that the pressure may be uniform over the external 


surface 


Rent; 4 
atest acl ms ema Ea; (5) 

are therefore ; 
(C _ 2n-pe) Ga (5 + 2n-pB) 7 = (- + mpc bee (6) 


* «Untersuchungen iiber ein Problem der Hydrodynamik,” Gétt. Abh. viii. 3 (1860); Crelle, 
lviii. 181 [Werke, ii. 263]. The paper was posthumous, and was edited and amplified by 
Dedekind. 

+ Crelle, lviii. 217 (1861). 


t Lc. ante p. 717. a 
§ “On the Rotation of a Liquid Ellipsoid about its Mean Axis, » Proc. Camb. Phil. Soc. ili. 


233 (1879); “On the general Motion of a liquid Ellipsoid under the Gravitation of its own parts,” 
Proc. Camb. Phil. Soc. iv. 4 (1880). 
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These equations, with (2), determine the variations of a, b, c. If we multiply 
the three terms of (2) by the three equal magnitudes in (6), we obtain 


adi + bb + 68 + Qorp (aad + Bobb + yoct) =O. .eeeeeeeeeeeees (7) 
If we substitute the values of @, 8, yo from Art. 373, this has the integral 


a? + b+ 6 — 4ap abe |” a == const! 2... Sveaeteneiaes (8) 
0 
It has already been proved (Art. 373) that the potential energy is 
V = const. — #5777 p?a?b? o| mess 5) escadyeenesanceaee (9) 
0 
and it easily follows from (1) that the kinetic energy is 
T = 3% mpabe (G2 + b2 + 6). .eccsececcccssseeeeeees (10) 
Hence (8) is recognized as the equation of energy 
Tc V2 CONS ean, bo, meee conte eee (11) 


When the ellipsoid is of revolution (a = 6), the equation (8), with a?c = R%, 
is sufficient to determine the motion. We find 


3 
tmp (1 + = 6? + V= const. chaleler eta lete el aces tetaterecare (1 2) 


2c® 

The character of the motion depends on the total energy. If this be less 
than the potential energy in the state of infinite diffusion, the ellipsoid will 
oscillate regularly between the prolate and oblate forms, with a period 
depending on the amplitude; whilst if the energy exceed this limit it will 
not oscillate, but will tend to one or other of two extreme forms, viz. an 
infinite line of matter coinciding with the axis of z, or an infinite film 
coincident with the plane of xy*. 


Tf, in the case of an ellipsoid of revolution, we superpose on the irrotational motion 
given by (1) a uniform rotation » about the axis of z, the component velocities (parallel 
to fixed axes) are j 


_a Be. é ; 
U=— «wy, v= yton, aie gatesscieess (18) 


The Eulerian equations (Art. 6 (2)) then reduce to 


@ 5 ey Gere aes tod OP) 00 
a me a oy ot = Age REY 
meat irae a Siete awh a ong a (14) 
a a poy oy’ 
ve aie 
c poz 2° 


* Dirichlet, 1.c. When the amplitude of oscillation is small, the period must coincide with 
that obtained by putting n=2 in the formula (10) of Art. 262. This has been verified by Hicks, 
Proc. Camb. Phil. Soc. iv. 309 (1883). 
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The first two equations give, by cross-differentiation, 


or COEF O hm Sera th we cl th te tell (16) 


which is simply the expression of von Helmholtz’ theorem that the ‘strength’ of a vortex 
is constant (Art. 146). In virtue of (15), the equations (14) have the integral 


ae ~3 (5-0) (2?-+y")—$" 22-9 + const. Bae aicgae AES (17) 


Introducing the value of from Art. 373 (4), we find that the pressure will be constant 
over the surface 

gi+y? 2 

a eo 


provided (E+ cones o*) Ae, (: + 2npy) OPA eis (19) 


In virtue of the relation (15), and of the condition of constancy of volume 


pe AOS cond oN iy IN eet (20) 
this may be put in the form 
244 +¢éé+2 (wad + wa") + 4rpayad+ Impyycé=0, Terre Rorcoocesee (21) 
whence 2a? + 6? +20? a? — 4rparc | pan ce =S@OUE  cnascosedtnoteo (22) 
0 (a?+r) (c2+A)2 


This, again, may be identified as the equation of energy. 


In terms of ¢ as dependent variable, (22) may be written 
~. mph? {(.+5 + ae sa)? gry eo to" ch + Vez 0onst. 2 cccensin. conan (23) 


If the initial circumstances be favourable, the surface will oscillate regularly between 
two extreme forms. Since, for a prolate ellipsoid, V increases with c¢, it is evident that, 
whatever the initial conditions, there is a limit to the elongation in the direction of 
the axis which the rotating ellipsoid can attain. On the other hand, we may have an 
indefinite spreading out in the equatorial plane*. 


If we write 
Gate TOO h Onn Cr Minnesenureticn espe ras uaecissessseeesnee? (24) 


the condition of relative equilibrium, as obtained from (23), is 
d 
ag ¥ + 4)=9, Hates: Seca dae ociks cepommeec ence te tases (25) 


in accordance with Art. 378 (2). The small oscillations (of symmetrical type) about 
equilibrium may be investigated by writing c=c,+c’, where ¢ is the solution of (25), 
and treating c’ as small. 


383. The study of the motion of a fluid mass bounded by a varying 
ellipsoidal surface was carried further by Riemann in the paper already 
quoted. The problem has since become the subject of an extensive literature, 
some references to which are given below}. The case where the ellipsoidal 

* Dirichlet, l.c. 


+ Brioschi, ‘‘Développements rélatifs au § 8 des Recherches de Dirichlet sur un probléme 
d’Hydrodynamique,” Crelle, lix. 63 (1861); Lipschitz, ‘Reduction der Bewegung eines fliissigen 


LH 46 
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boundary is invariable in form, but rotates about a principal axis (Oz), can be 
treated very simply*. 


If u, v, w denote the apparent velocities relative to axes x, y rotating in their own 
plane with constant angular velocity o, the equations of motion are, by Art. 207t, 


Du A ldp 02 
Te ee 
20 Se RUE L Op CO aR. sina ake ven ria (1) 
Den 0 say By 
Dw __1l@ 00 
Dt = p 02 Oz 


If the fluid have a uniform vorticity ¢ whose axis is parallel to z, the actual velocities parallel 
to the instantaneous positions of the axes will be 


a? —b2 
u— ay = Taga (@— 8) YY — BY, 
GBT 
V+ w= aa (@— BC) w+ Rem, 
w =(0) 


since the conditions are evidently satisfied by the superposition of the irrotational motion 
which would be produced by the revolution of a rigid ellipsoidal envelope with angular 
velocity # -$¢ on the uniform rotation $¢ (cf. Art. 110). Hence 


Qa? 2b? 
are wren oes 19) Ct arg eA 1D 2 =O Mesaiest sesieeutse (3) 
Substituting in (1), and integrating, we find 
Qa2b? : 2 (bi? + ata? 
5 =Gam — $0)? (a? +47) +40? (a? +y?) — ee w(@—$¢)—-Q-+ const. ...(4) 
Hence the conditions for a free surface are 
Qa? b? 2b? 
{carom (o- 30)? ae go" ia? +b @ (@— $¢) = pao} a? 
Qa? b? 2a? 
= {Garp pep OHO + Bo? a, @ (a —40)— apo} O° 
== PY Ca eeaihe eee Meee tees at oeah tacwsaessnsonessoenGtbe Mecca ere ee ace (5) 


This includes a number of interesting cases. 
1°. If we put o=4¢, we get the conditions of Jacobi’s ellipsoid (Art. 374 (5)). 


. 2°, If we put o=0, so that the external boundary is stationary in space, we get 
a 62 a v f) A 1@ 
{a5 aarp} a= | mpBo~ sare FR a b? = mrpyoc. oeevecececes (6) 


homogenen Ellipsoids auf das Variations-problem eines einfachen Integrals, ...,” Crelle, lxxviii. 
245 (1874); Greenhill, J.c. ante p. 719; Basset, ‘‘On the Motion of a Liquid Ellipsoid under the 
Influence of its own Attraction,” Proc. Lond. Math. Soc. xvii. 255 (1886) [Hydrodynamics, 
c. xv.]; Tedone, Il moto di un ellissoide fluido secondo Vipotesi di Dirichlet, Pisa, 1894; Stekloff, 
‘*Probléme du mouvement d’une masse fiuide incompressible de la forme ellipsoidale...,” Ann. de 
Vécole normale (3), xxvi. (1909); Hargreaves, Camb. Trans. xxii. 61 (1914). 

* Greenhill, J. c. 

+ We might also employ the equations of Art. 12, regard being had to the different meaning 
of the symbols uw, v, w. 
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These conditions are equivalent to 


(Gig = Bp) G20 yc? (G2 = G7) =O, Wo, iene sotesveossadbanesels (7) 
and CF _(@+0)? aPay— bBo 
ee a Me 8) 


It is evident, on comparison with Art. 375, that c must be the least axis of the ellipsoid 
and that the value (8) of ¢2/2mp is positive. 


The paths of the particles are determined by 


sh = et Sl Bice , 

amr eS cy, 7~ 24h CE ZO Caen smesecercrvcecseouctios (9) 
whence az=ka cos (ct +e), y=kb sin (ot+e), ZONES destace see seeet (10) 
: ab 
if o- ate neaigaotonodnGacsadacdeqesudsOsuGndgEsecu nub (11) 


and &, e are arbitrary constants. 


These results are due to Dedekind*. It is remarked by Love that as regards the 
external forms the series of Dedekind’s and of Jacobi’s ellipsoids are identical. 


3°. Let ¢=0, so that the motion is irrotational. The conditions (5) reduce to 


a?— 2 24 352 wo? 62 — a?) (3 24 52 2 
oie csra ame alas aan con a ee 


These may be replaced by 


fag (3a? + b2) + Bo (302 + a2)} 2b? — yo (a4 -+ 6a2b2+ Of) =O, secscesceeseens (13) 
me 7 (a2-+2)2 a2 — By b? 
and Imp = at + 6026? + bf . ao 1 5 Be © Pccererscccsscccccccecsosecees (14) 


The equation (13) determines ¢ in terms of a, 6. Let us suppose that a>b. Then 
the left-hand side is easily seen to be negative for c=a, and positive for c=b. Hence 
there is some real value of c, between a and 6, for which the condition is satisfied; and 
the value of w given by (14) is then real, for the same reason as in Art. 375. 


4°, In the case of an elliptic cylinder rotating about its axis the conditions (5) reduce, 


by Art. 373 (19), to fe : 
4a 4ar pa 
ot apple) = ype: Pere reese eee en eeenseeeres (15)+ 


If we put o=4¢, we get the case of Art. 375 (8). 


If #=0, so that the external boundary is stationary, we have 


eae ey 16 
C?=4rp EN ah cet (16) 
If ¢=0, ze. the motion is irrotational, we have 
a ee ee a ily 
o*=4rp Puck Cag Ore by. ore (17) 
* Lc. ante p. 719. See also Love, ‘‘On Dedekind’s Theorem, ...” Phil. Mag. (5) xxv. 40 


(1888). 
+ Greenhill, Proc. Camb. Phil. Soc. iii. 233 (1879). 
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384. The oscillations of a rotating ellipsoidal mass of liquid contained in 
a rigid envelope have been discussed by several writers*. We follow at first 
(with some amplifications) the very elegant treatment adopted by Poincaré. 

It is assumed that the mass-centre and the principal axes of inertia of the envelope 
coincide with those of the fluid, and that the vorticity of the fluid is uniform. 


Superposing a uniform rotation (p, g, 7) on the formulae (13) of Art. 146, where the 
envelope was supposed fixed, we have, with a slight change in the notation, 


a a 
me ee ty Wes 

b b 
VSS MM KPyZH PE Phy ererevreeersveersereererreraenens (1) 


c c 
W=7 PY 7 He + PY — Qe. 


The components of vorticity are accordingly 


cred aC ba 
g=2p+(5 +5) pu n=2q+(E +5) 91) cmare (C+ 5) tt onstin cele e (2) 
The kinetic energy of the whole system is given by 
2T=Ap?+ Bg + Cr? + Appt Byqi?t Cire +2Fppit+2Gqqi+2Hrr,  ...06 (3) 


where A, B, C denote the principal moments of inertia of the whole system, whilst 
A,, Bi, O,, F, G, H refer to the fluid alone; thus 


b2 2 
A; =32 (mz?) + ji > (my*)=43 (m) (6? +7), etc., etc, .....2..2.0000 (4) 


b 
iy 3 (me?) +5 3 (my?) =33 (my)ibes etc -etC.,0 A ecisecancsseresnee (5) 
the summations extending over the mass of the fluid. The principal moments of the 


envelope will be 
Ay=A-A,, Bo=B- B,, CoH C= Cy. Rs. tices. Meee (6) 


The angular momentum of the system about Oz is 
Ye - 
Aop+2m yo—20)—Aup+ (p45 pr) 3(my2)+(p-+2m1) 3 (me) 


oT 
SNA AEH Dy = a— 5. ashes weno nok osseneoce rere ee erence eee 
pt+Fp.= 5, (7) 


The dynamical equations relating to the moving axes are therefore 
Gof, of of 


dt op aq + & ao 
GR CHE GNM aaa 
peep ares pe SE ON. ensetwertits dottniccsccwslesnteeeeee 8 
dt 0g ar +” Sp Et ®) 
d 

EUAN CH a. 


di or Top *P ag 
where LZ, iM, NV are the moments of the external forces. 


Greenhill, l.c. ante p. 11; Hough, “The Oscillations of a Rotating Ellipsoidal Shell con- 
taining Fluid,” Phil. Trans. A, clxxxvi. 469 (1895); Poincaré, ‘‘Sur la précession des corps 
déformables,’’ Bull, Astr. 1910; Basset, Quart, J. of Math. xlv. 223 (1914). The application to 
precessiona] problems seems to have been first made by Kelvin [Papers, iii. 322, and iv. 129]; the 
explicit solution is due to Hough and Poincare. 
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The equations of Helmholtz (Art. 146 (4)) when adapted to moving axes become 


Dé ou, Ou ,du 
Di tenes trata CuI) GAShy P SocngpeaBooonansecaae (9) 


whence, on substitution from (1) and (2), 


BF aac orn, Cl MOLCU NE te eee (10) 
the symbol of total differentiation (d/dt) being used, since by hypothesis £, y, ¢ are 
functions of ¢ only. 

Now from (2) we have 
£3 (m) bet= Fp+ Aspe, Presa c eerste Seeeocronce (11) 


and the Helmholtz equations accordingly take the forms 


e a on ape ono 

dt Op, dr," "43q,~” 

d oT oT oT 

Bete Dateien 7 pel eee 12 

dt oq, 1 Op,” G} 

Celgene are 

dt Or, ”18q," 2 ap, 
If we substitute from (3) in (8) and (12) we obtain the following two systems of 

equations : 


0. 


d 
gy Ap + Pps) — 1 (Bat Gq) +9 (Cr+ Hn) =L, 


¢ (Bq+ Gq) —p (Cr+ Hr,) +7 (Ap+ Fp) =U, pov eaeaiee (13) 
as 
aort Hr,)- q(Ap+ Fp) + p(Ba+Gn)=%, 
d 
ae PP + Arps) +11 (9g + Bign) — 1 (Ar + Cir) = 0, 
(14) 


d 
Hart Bin) tr (Ar + O,7;) —7,(Fp + Ap1)=0, po 


d 
pet ann (Fp + Ayp1) — pi (Gq + Big) =0. 


In the case of symmetry about the axis of z, to which we now confine ourselves*, 
we have 
a=b, A=B, A,=8,, (=H, Blas Fe saepetias senna (15) 
Hence if (as we shall suppose) the external forces have zero moment about the axis of 


symmetry, we have 
ee? dr dr, 


= a = a) Sie ters atlas cis omiseinos cetesite’s 16 
OFtG qth (en Prd) 0, ( ) 
dr ar 
C, (+B) +P en-r9)=0. Pocccccccrscccstsecsenecccseee (17) 
It follows that dr/dt=0, as is otherwise dynamically obvious. Hence 
r=const., =P pi Dy nocboos nn dOddOHOb HON ANcOsBEOSeIHOGN (18) 
and C, oh 4 Fp p.g)=0. eee ececcccccccnccecerccsececenes (19) 


* The free oscillations of an ellipsoid with three unequal axes are discussed by Hough (1.c.), 


the ellipticities being assumed to be small. ' 
49-3 
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In the case of a slight disturbance from a state of steady motion n which the fluid and 
solid rotate together as one mass about the axis of symmetry, p, Po Nh will (initially at 
all events) be small quantities. If we neglect their products, 7 will be constant, by (19), 
and may be taken to be small, since it may be assumed to vanish in the steady motion. 
With these simplifications the remaining equations of the systems (13) and (14) reduce to 


APs PB (C- A)oq-Fon=L, 


eae sat MN cea ca Ray Seelam Ps pss (20) 
dq dy ec my YG 
Ast EC A)op+ Fop; 5 
dp 4 Wr 
ae — =0. 
Fgh die! ead | ee (21) 
dq 4 4% ie 
fe + Aly + C,op;=0. 
As a typical representation of astronomical disturbing forces we may put 
L=k cos at, BM KC SIGOES ccoarenjseinclos ose stisesensse=s (22) 
Hence, writing PHUQ=D, —— Py HU y HD, orercevceecenceeecerereeeeeeeeees (23) 
we have A Se eA OD 4-0 EC] = KOS guises cases seanceee secre (24) 
da da, ° = 25 
Bat Ai Gp tiem =0 niisje sie(ere,elere mleialé wieiela/ein atelststecerelateiereleieln ( ) 
Hence, for the forced oscillation, 2 
= Ag tM » riot 26 
Rite Ot aie a'caisuieegle sane sasscan seems (26) 
— Fo. tot o7 
Q= x (c) UKE”) vecccccccecceccccseccesreccnceccevesseves ( ) 
where A(o)=| 4c-(C— A) a, Pa @))" 1). casscoscensenssemecsent (28) 
fo, A,o+Cio 
The free oscillations are determined by 
A (GON sdgehe onthe eee (29) 


We have chiefly in view the case where the ellipticity of the cavity is slight. If the 
cavity were exactly spherical we should have, by (4) and (5), 


Ay = C1 =a fi! Thee amen meee owen eee a teens eee eeeeeeen eens (30) 

and therefore A (a) =C, (ao +e) {Ago —(Co— Ao) @}. srcceccsecceccrscesceneenes (31) 
Hence for the free oscillations (relative to the rotating axes) we should have 

oc=-o, and c= os Qad evecoaenideoniece sem elaeaentee (32) 


0 

The former root would make p=0, g=0, by (25), and corresponds to a slight permanent 
shift (in space) of the axis of vorticity of the fluid. The second root corresponds to the 
free ‘Eulerian nutation’ of the shell, now unaffected by the presence of the fluid. The 
forced oscillations of the shell would also be independent of the fluid. 


In the general case the formula (28) may be put in the form 
A(o)=4; (7 +) {dpa —(C— A) 0} 


+(Ay?— FY) o? + {(0,— Ay) Apt O, Ay — F?} wo —(C,— Ay)(C— A) @% oo. (33) 
Ww . C,- A, a— 
e write iain. Palais are Cee (34) 


This is assumed to be a small quantity, in which case it coincides with the ellipticity of the 
cavity according to the usual definition. We have also, from (4) and (5), 

O,4,-F? A?-F? 

easy ie ae eas Pee e ee eee ree eerererereeeeeens (35) 
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As a first approximation to the free oscillations we have from (33) 
o=-—o, and pre! Oepncsncr ea sencectivaseastorsen rete (36) 


the latter root ee that the period of the free Eulerian nutation is shorter than if 
the whole mass had been solid, in the ratio 49/4, as we should expect. The approximation 
may be continued, but does not present much interest. The effect of a small ellipticity 
is in any case ight: 


The case is different with the forced oscillations, especially those.of long period. If the 
distribution of the disturbing forces were invariable in space, it would have relatively 
to the moving axes an angular velocity —. Putting a= —w in (26) and (28), we find 


SEE Ew Ore ee (37) 


This may be compared with the formula for the slow precession of a top, which may be 
regarded as a special case. The result is exactly the same as if the mass had been solid 
throughout. This conclusion, it is to be noticed, is independent of the smallness of e. 


If, however, the distribution of disturbing forces varies slowly in space, the time-factor 


being e’", we must write c= —w+2, whence 
. (Q,-A, Jo+din. ent 
=— AOR EN, olen n sancalestneeMaaseees 
pt+ig Roo ee (38) 


The denominator may be written 
A(-o+n)=(4o 41+ Ay?— F?) n? 
—{CQ)A,—A (C,— Ay) + C, Ay — F?} no — C(O, — Ay) @% rece eeceeecceeeee (39) 
It appears, then, on reference to (34) and (35), that if the ratio m/w be not only small, but 
small compared with e, the formula (38) reduces to 


Ry ye 
ptiq= a e~te-mit, AS RAGED gS RE Ee (40) 


approximately, the same, again, as if the fluid had been solidified. The assumed condition 
is that the ratio of the (absolute) period 27/n of the disturbing force to the period 27/o 
of the rotation should be large compared with 1/e. 


It follows that a very slight degree of ellipticity of the cavity would suffice to make the 
forced oscillations of long period practically the same as if the whole mass were rigid. If 
the earth consisted of a rigid crust surrounding a liquid mass having an ellipticity of the 
same order (x35) as that of the external surface, the condition would of course be 
abundantly fulfilled in the case of the luni-solar precession, whose period is 26,000 years. 
On the other hand, the lunar nineteen-yearly nutation would be appreciably, and the 
solar and lunar nutations of semi-annual and fortnightly periods (respectively) would be 
seriously, modified by the internal fluidity *. 

It should be added that the results (36) as to the free oscillations are based on the 
assumption that the mass of the envelope is comparable with that of the fluid. In the 
extreme case where the mass of the shell is negligible we have 


A (a) =(Aj?— F?) o (46 +@)— C(O, — Ay) 2 eccecceceeecseeeeees (41) 
The equation to determine the free periods is therefore 
(cm) (co) — 2A EERO, Soo erenrssursescsoinencostvsnsee (42) 


It appears that the periods are real if c<u, or >3a, but imaginary if a<c< 3a. 
This is in accordance with Kelvin’s observation+ that a liquid gyrostat whose envelope is 
a slightly prolate ellipsoid of revolution is unstable, whilst the oblate form is stable. 


* These propositions were enunciated by Kelvin in 1876 [Papers, iii, 322]. The mathematical 
investigation on which they were based was not published. 
+ Papers, iv. 129, 183. The more precise criterion of stability was given by Greenhill; 


also Hough, l.c. 
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385. The precession of a liquid ellipsoid with a free swrface has also been 
discussed by Poincaré, who has verified a prevision of Kelvin that if the period 
of the disturbing forces i¢ sufficiently long the precession will be practically 
the same as if the mass were solid. The question is more difficult than the 
former one in that the disturbing forces give rise to tidal oscillations, so 
that it is necessary to disentangle the precession from the deformation involved 
in the latter. 


Poincaré has recourse to the Lagrangian method of Dirichlet, referred to 
in Art. 382; but there is some advantage, as well as interest, in pursuing 
(with the proper modifications) the method of the preceding Art. The pro- 
cedure is in any case somewhat indirect. We imagine in the first instance 
that the boundary of the fluid is constrained (if necessary) by suitable pressures 
to remain ellipsoidal, although its dimension may vary. In the end it appears 
that the constraining forces are unnecessary (cf. Art. 382). 


The equations (1) are now replaced by 


a a a 
dere feta Rms Sib ryt Te, 


b b b 

Os aa = Pig = Peay a Pee e eer eercecececeseenesees (43) 
c c é 

W=E PY net py get — 2, 


in accordance with Art. 110 (5), the variations of the axes being connected by the condition 
of incompressibility 


iho Mola 
Aiba avatajavaraisiote:ayetesotale'd talsiete etstetelale oteteioeiele ate eietetatne (44) 


The formula (3) for the kinetic energy is therefore modified by the addition of a term 


LE (a) (PEO PA EN ree ee (45) 


The suffixes in the symbols A,, B,, C,, defined as in (4), may now be omitted, since 
Ao, Bo, Co=0. 


The components of angular momentum are expressed as in (7), and the dynamical 
equations (13) will accordingly still hold, provided it be remembered that the coefficients 
A, B, C, F, G, H are no longer constants, since they involve the variables a, b, c. The 


symbols L, M, NV must of course include the moments (if any) of the constraining pressures 
on the surface. 


The components of vorticity being still given by (2), the formula (11) is unaltered; but 
in place of (10) we have 


ad& a@, a a 
a é ae nt- 57% CLO.5) OUC, sc ostinseaanashanstsee neem (46) 


Hence, having regard to (44), 


d 
a, (bc£) =abgqy¢ — carjn,) ‘ete... et0. ocd... sAsocctheeeneeeel (47) 


The Helmholtz equations accordingly retain the form (12), but the coefficients in the form 
(14) are of course variable. 
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The component accelerations at any point of the fluid may be derived from the formulae 
of Art. 12; for example, the acceleration parallel to x is 


du Daz , du Dy du Dz 


Ou 
mp Tet uta Di by Dit Be DE) Ti tttteneeesees (48) 
where 
Ee ee 
Dr ae eh 5: 
Dy 6b b 
Dine bo lia tt = he ACUOGOUDOOOUNDODUSCOUOCOUCOOUOS (49) 
PE i aes 
Dio * + pPy-gnm 


The accelerations are therefore linear functions of x, y, z, with coefficients which are functions 
of ¢. The conditions of integrability of the hydrodynamical equations shew at once that 
these functions must reduce to the forms 


axr+hy +z, ABBY A fe, — JHAJY AYR. veeeccernoeesscncrens (50) 


This may be verified, with a little trouble, by means of the Helmholtz equations (14), 
which are in fact the conditions of integrability referred to. The hydrodynamical equa- 
tions are accordingly of the forms 


SL, + 402 0a! 

p om a a ee 

1aP ao, 30’ 51) 
—-—=hArt+ saith at SS | fp nosapoaddogasopenoccson ( 
p oy ae oy oy 

LoP 62 , ca’ 


a ag Get hytyta +a 


where P is the pressure, Q is the potential of the ellipsoidal mass itself, and 0’ is that of 
disturbing bodies at a distance. 
In the notation of Art. 373 we have 
QD = rp (a9 ¥®+ Boy? Ay022—Ho)-  eeceeecscescrsccscensesveeeas (52) 
The disturbing potential 0’ can be expanded, for points in the neighbourhood of the 
origin, in a series of solid spherical harmonics of positive degree. The terms of the first order 
are without influence on the motion relative to the centre of mass, whilst terms of higher 
order than the second are usually negligible. We write, therefore, 
=F (Ae? + BY + OPH QF yo+ LG 2H + QVH' LY), veccscsevevesvvees (53) 
the coefficients, which are known functions of the time, being subject to the relation 
A’+ B’+C’=0, in virtue of the equation v?0’=0, 


The equations (51) are therefore satisfied by 


P=r(1-5-$-5), (oh eR re Mer (54) 

provided 
a+2mpay+A'=—, B+2npB+B'=>, y+2mpytC =, eer (55) 
and S+F =0, g+G'=0, (ictal SQ), -Grotenodsaoeupigneoccons (56) 


In the equations (14), (44), (55), (56) we have a system of ten equations connecting the 
ten dependent variables a, b, c, p, 9,7; Pi) Vis 71, A With the time. 

It is to be noticed that the equations (56) are precisely the equations which would 
be derived from (51) and (53) by expressing that the rates of increase of the angular 
momenta with respect to fixed axes coincident with the instantaneous positions of the 
axes of the ellipsoid are equal to the respective moments of the external forces. They are 
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in fact equivalent to the system (13), where Z, I, V may now be taken to refer to the 
disturbing forces alone, since the pressure-distribution given by (54) has zero moments 
about the axes. The direct identification of (56) with (13) is also not difficult. 


Although it is not essential to our purpose, we may substitute the values of a, 8, y 
obtained from (48) in (55). Eliminating A, we get 
at — a2 (g2 +72 +912 + 712) — Qcaqgqy — Qabrrr, + 2rparay+A’a? 
= bb-B (+p? +72 +p,2) — 2abrr, — 2bepp, +27 pb? By + Bb? 
= co — 0 (p? +424 pi? + gy?) — 2beppy — 2eaggy + Wr peryo t+ C'C% ....cseeees (57) 
These, together with (13), (14), and (44), may be taken to be our fundamental system of 
equations. 

So far there is no approximation, and the equations would be applicable, for instance, 
to the finite oscillations of a Jacobian ellipsoid under a disturbing potential of the type 
(53). In the case, however, of a slight disturbance from a state of steady rotation about 
the axis of z, the quantities p, g, p1, G1, 7 Will be small, whilst r will be approximately 
constant. It follows that, if we neglect small quantities of the second order in the first 
two of equations (13) and the first two of (14), the coefficients may be treated as constants. 
The changes in the instantaneous axis are therefore independent of the tidal deformation, 
and are the saine as if the fluid had been enclosed by a rigid envelope of negligible mass. 


The tidal oscillations of the free surface, on the other hand, are determined by the 
equations (57), together with (44) and the third equations of the systems (13) and (14), 
respectively. These latter, it may be noted, take the forms 


S (Cr+ Hh = N. £ (Hr fOr) a0). ee (58) 


When the undisturbed ellipsoid is one of revolution about the axis of z, the precessional 
equations reduce as before to the forms (20) and (21). Moreover, in the astronomical 
application, that part of the disturbing potential which is effective as regards precession 
consists of terms of the form 


O'= = kr? sin 600s 6 cos (ct+), .....c0.cecesseeseraceeveonees (59) 


where o is very nearly equal to w; cf. Art. 219 (1) and p. 361. In Cartesian co-ordinates 
we have 


Of = he (Y BIN CL—F COB Ot). sccssccsssccecctescoosseesavenes (60) 

This makes 
L=-—k(C-A)sinot, =—k(C—A)cosat, W=eQs: A ccuee (61) 
Thus Et ee 16 (OC — A ie, eo oncensuueguasssas eee (62) 


The argument, leading to the conclusion that the precession is, under a certain condition, 
the same as if the mass had been solid, then takes the same course as in the preceding 
Art. 


When the disturbing function has the form (59), the oscillations in the semi-axes 
a and ¢ correspond to diurnal tides in the case of the earth. 
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general, 492 
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due to a local disturbance, 502 
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transmission of sound-waves through, 518 
Atmospheric oscillations, 541, 547, 551, 556, 
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Bubble, collapse of a, 122 
vibrations of a, 475 


Canal, ‘long’ waves in, 254, 278, 445 
effect of variation of section, 262 
waves of finite amplitude in, 262, 278, 280 
Canal-theory of the tides, 267 
effect of friction, 565 
Capillarity, 455 
Capillary waves, 456, 458 
Cauchy-Poisson wave-problem, 384, 387 
Cavity, expanding, 122 
Circular sheet of water, tidal oscillations in, 
284 
case of variable depth, 291 
influence of rotation, 320, 326 
Circulation defined, 33 
constancy of, in moving circuit, 36, 203 
Clebsch’s transformation of the hydrodynamical 
equations, 248 
Coaxal circles, flow in, 70 
Collapse of a bubble, 122 
Communication of vibrations to a gas, 508 


Complex variable, 67 
Conduction of heat, effect on sound-waves, 487, 
646 
Confocal conics, flow in, 73: 
Conformal representation, 68 
Continuity, equation of (Eulerian), 5 
Lagrangian, 13, 15 
in cylindrical co-ordinates, 158 
in spherical co-ordinates, 112 
in general orthogonal co-ordinates, 148, 156 
in ellipsoidal co-ordinates, 150 
Convective equilibrium, vibrations of atmo- 
sphere in, 549, 557 
Critical velocity in turbulent motion, 664 
Currents, action of wind on, 593 
Curved stratum of liquid, irrotational fiow in, 
108 
Curvilinear co-ordinates, 148, 156 
Cyclic constants, 51, 180, 193 
Cyclic motion in multiply-connected spaces, 
51, 69 
Cylinder (circular), moving in frictionless 
liquid, without and with, circulation 
round it, 76, 79, 187 
in viscous fluid, 615 
(elliptic), moving in frictionless liquid, 
translation and rotation, 84, 88 
steady motion of a, with circulation, 78 
Cylindrical co-ordinates, 157 
harmonics, 134 
expansions in terms of, 135 


Dedekind’s ellipsoid, 723 
Determinateness, conditions of, 41, 42, 207, 
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Diffraction of sound-waves, 517, 529, 531, 533, 
537, 538 
Diffusion of vorticity, 578 
Dimensions, theory of, 682 
Dirichlet’s ellipsoids, 719 
Discontinuities at wave-fronts, 522 
Discontinuous motions, 105 
instability of, 373 
Disk ee moving in frictionless liquid, 
144 
steady motion of, in viscous liquid, 605 
(elliptic), in frictionless liquid, 154 
Dissipation of energy by viscosity, 579 
a minimum in slow steady motion, 617 
Dissipation-Function, 580 
Dissipative systems, vibrations of, 562 
Distortion of a fluid element, 32 
Divergence of a vector-field, 5, 45 
Diverging waves, on water, 293, 296 
in air, 489, 496, 654 


Eddy viscosity, 593 
Edge-waves, 446 
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of gases, 27 
Elasticity of gases, 6 
Electric analogies, 65, 210 
Electromagnetic rotation of a liquid, 30 
Ellipsoid, Maclaurin’s, 701 
Jacobi’s, 704 
Dirichlet’s, 719 
Dedekind’s, 723 
Ellipsoid moving in frictionless liquid, 152, 154 
in a viscous liquid, 604 
Ellipsoidal co-ordinates, 139, 149 
harmonics, 139, 142 
Ellipsoidal mass of liquid rotating under its 
own gravitation, precession of, 728 
Ellipsoidal shell, irrotational motion of a 
liquid in, 147 
motion of a liquid of uniform vorticity in, 
containing liquid, precession of, 727 
Elliptic basin, tidal oscillations in, 290, 293 
Elliptic co-ordinates, 84 
Elliptic cylinder in frictionless liquid, circula- 
tion round, 74 
motion due to an, 84, 87 
Energy, equation of, 8, 21, 167 
aie irrotationally moving liquid, 46, 56, 
of long waves, 260 
of vortex systems, 216 
of surface-waves, 369 
of capillary waves, 457, 460 
of air-waves, 479, 495 
Equation of continuity, see Continuity 
Equations of motion, of frictionless’ fiuid, 2, 
12, 156 
of viscous fluid, 576 
of a gas, 476 
of solids in a frictionless liquid, 168, 180, 
184, 187, 192 
Equilibrium (relative), of a rotating system, 
311 
Equilibrium theory of tides, 358 
Eulerian form of the hydrodynamical equa- 
tions, 2 
Exchange of stabilities, 712 


‘Expansion defined, 5 


and vorticity, velocities expressed in terms 
of, 208 
Expansion, waves of, see Air-waves 


Figures of equilibrium of rotating liquid, 707 
Finite amplitude, waves of, on water, 262, 278, 
417, 421, 426 
in air, 483, 484, 650 
Finite oscillations of a liquid globe about the 
spherical form, 719 
Fish-line problem, 468 
Flapping of sails and flags, 374 
Flow, defined, 33 
Flux, defined, 38, 62 
Forced oscillations about equilibrium, 252 
of a rotating system, 316 
Fourier’s theorem, 384 
Free oscillations, 250, 562 
of a rotating system, 310, 570 
Free stream-lines, 94 
Friction, effect of, on tides, 565 
fluid, see Viscosity 
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Gases, elasticity of, 6 
viscosity of, 645 
Generalized co-ordinates, 187, 194 
Gerstner’s waves, 421 
Globe, oscillations of a liquid, 450, 719 
Globule, vibrations of a, 473 
Grating, flow of a liquid through a, 533 
reflection and transmission of sound-waves 
by a, 536 
Green’s theorem, 43 
Kelvyin’s extension to cyclic regions, 54 
Helmholtz’ extension to sound-vibrations, 
498 
Group-velocity (of waves), 380, 393, 460 
Gyrostat, stability of a liquid, 724 
Gyrostatic systems, equations of motion of, 
195 
small oscillations of, 310 
with friction, 570 


Hamiltonian principle, 187 
Harmonic analysis of tidal observations, 361 
Harmonics, spherical, 110 
cylindrical, 134 
ellipsoidal, 139, 142 
Helicoidal solid moving in frictionless liquid, 
179 
Heterogeneous liquid, waves on, 378 
Highest waves on water, 418 
Hydrokinetic symmetry, 172 


Ignoration of co-ordinates, 195 
Image, of a source in a cylinder, 71 
in a sphere, 129 
of a double source in a sphere, 129 
of a vortex-ring, 243 
Impulse, of a solid moving in a frictionless 
liquid, 161, 162 
of a vortex-system, 214 
Impulsive generation of-motion, 10 
Inertia-coefficients, of a circular cylinder, 77 
of an elliptic cylinder, 85, 88 
of a sphere, 124 
of an ellipsoid, 153, 155 
general, 166 
in cases of symmetry, 172 
Instability, of surfaces of discontinuity, 373 
of linear flow of a liquid in a pipe, 663 
Trreducible circuits, 49 
Trrotational motion, general theory of, 35 
in cyclic spaces, 50 : 
in two dimensions, 62 
in three dimensions, 110 
of a liquid ellipsoid, 723 


Jacobi’s ellipsoids, 704 
Jets, theory of, in two dimensions, 97, 98, 374 
capillary phenomena of, 471, 472 


Karman’s ‘vortex-street,’ 225, 680 
Kelvin’s theorem of minimum energy, 47 
Kinematic coefficient of viscosity, 575 
Kinetic energy, of an irrotationally moving 
liquid, 46, 56 
of a solid moving through a liquid, 166, 181, 
185 
of a vortex-system, 216 
See also Energy 
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Kinetic stability, 311, 570 

Kineto-statics, 197 

Kirchhoff’s integral of the general equation of 
sound, 501 


Lagrangian equations in generalized co-ordi- 
nates, 187, 190 
Lagrangian form of the hydrodynamical equa- 
tions, 12 
Lamina, impact of a frictionless stream on a 
lamina, 100, 102 
Laminar motion, 32 
in viscous liquids, 581 
stability of, 663 
Laplace’s dynamical theory of the tides, 330 
Lift due to circulation, 79, 92, 681, 690 
Limiting forms of relative equilibrium of a 
rotating liquid, 620 
Limiting velocity, 22 
Lines of motion, see Stream-lines 
Long waves in canals, 254, 278, 445 
Lubrication, theory of, 583 


Maclaurin’s ellipsoid, 701 
Mean value of potential over a spherical surface, 
39, 496 
Minimum dissipation, Korteweg’s theorem of, 
617 
Minimum energy, Kelvin’s theorem of, 47 
Minimum velocity of water-waves, 459 
Modulus of decay, 563 
of water-waves, 624 
of air-waves, 648 
Momentum, transfer of, 10 
Moving axes, 12, 20 
motion of a solid referred to, 161 
Multiply-connected regions, 49 


Newtonian velocity of sound, 477 
Normal modes of oscillation, 251 
of water in rectangular and circular basins, 
284, 320, 326, 329 
in a channel of uniform section, 264, 445 
of air in a spherical or cylindrical envelope, 
506 
of an ocean of uniform depth, 348, 349, 350 


Obstacles, scattering of sound-waves by, 513, 
517 

Oil, effect of a thin film of, on water-waves, 
631° 

Orbits of particles in water-waves, 367 

Ordinary and secular stability, 311, 571 

Orthogonal co-ordinates, 148, 156 

Oscillating plane in viscous fluid, 620 

Oscillations, see Small oscillations and Waves 


Pear-shaped figure of equilibrium of a rotating 
liquid, 716 
Pendulum, in air, 510 
impact ‘of air-waves on, 515 
in viscous fluid, 642 
Periodic motion of a viscous fluid, 619, 632 
Periphractic regions, 40 
Permanent type, waves of, on water, 417, 421, 
423, 427 
in air, 483, 484, 650 
Physical equations, 6 
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Pipe, flow of viscous liquid in a, 585 
turbulent motion in a, 663 
Pitot tube, 25 
Poiseuille’s experiments, theory of, 585 
Polar co-ordinates, 15, 158, 579 
Porous bodies, absorption of sound by, 652 
Precession of an ellipsoidal shell containing 
liquid, 725 
of a liquid ellipsoid, 728 
Pressure-equation, 19, 21 
Pressures on solids moving through frictionless 
liquid, 168, 184 
Prismatic vessel, irrotational motion of a 
liquid in rotating, 87 
Progressive waves, tidal, 256 
on deep water, 366, 375 
in air, 476 


Reflection, of waves, 262 
and transmission of air-waves by a grating, 
536 
Relative equilibrium, condition for, 311 
linear series of configurations of, 710 
Resistance, of fluids, 678, 680 
influence of compressibility, 691, 693, 695 
due to waves, 415, 438 
in a viscous fluid, 682 
Retardation and acceleration of tides by inertia, 
355 
by friction, 566 
Revolution, solid of, moving in frictionless 
liquid, 174 
Ring moving in frictionless liquid, 183 
Ring-shaped figure of equilibrium, 707 
Ripples and waves, 459, 466 
Rotating dynamical system, small oscillations 
of, 307, 313 
Rotating liquid, 320 
approximate calculation of periods of vibra- 
tion, 326 
Rotating sheet of water, tides on, 307, 320, 326 
Rotation of a fluid element, 32 
Rotation of a liquid mass under its own 
gravitation, 697 
Rotational motion, 202 
Rotationally moving liquid, motion of a solid 
in, 233 


Scattering of air-waves by spherical and other 
obstacles, 513, 517 
pepueh method of conformal representation, 
5 
Secular stability, 311, 355, 571 
Semi-infinite screen, diffraction of sound by, 
538 
Shallow-water tides, 280 
Ship-waves, 438 
Simple source, 57, 64 
of sound, 491 
Simply- connected regions, 37 
Skin-resistance, 682, 684 
Slipping, resistance to, at the surface of a 
solid, 576 
Small oscillations, 250 
of a gyrostatic system, 307 
of a dissipative system, 562 
of a liquid ellipsoid, 717 
Smoke-rings, 242 
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Solid of revolution, motion of a, 174 
Solids moving in frictionless liquid, 160 
with cyclosis, 180, 187 
Solitary wave, Scott Russell’s, 423 
Sound, velocity of, 477 
Sound-waves, see Air-wayves 
Sources and sinks, 57, 71 
Sources of sound, simple and double, 496, 497 
Speed of an oscillation defined, 251 
Sphere moying in frictionless liquid, 92 
inertia-coefficient of, 93 
in viscous fluid, steady motion, 598 
oscillatory motion, 642 
Spheres, motion of two, in frictionless liquid, 
130, 133 
Spherical harmonies, 110 
zonal, 113 
tesseral and sectorial, 117 
conjugate property of, 118 
expansions in terms of, 118 
application to sound-wayes, 503 
to steady and periodic motions of a viscous 
fluid, 594, 632 
Spherical mass of liquid, free and forced 
oscillations, 450 
influence of viscosity, 639 
Spherical sheet of water, tidal oscillations of, 
301, 304 
Spherical vessel, decay of motion in, 637 
Spherical vortex, Hill’s, 245 
Stability, ordinary and secular, 311 
of a solid moving in frictionless liquid, 177 
of vortex-systems, 225 
of a cylindrical vortex, 230 
of a jet, 472 
of the ocean, 355, 455 
of a rotating mass of liquid, 710 
of a rotating annulus, 708 
of Maclaurin’s and Jacobi’s ellipsoids, 714, 
715 
Standing waves on water, 364, 440 
See also Normal modes 
Stationary phase, principle of, 395 
Steady motion of a frictionless liquid, 20 
with a free surface, 94 
general conditions for, 243 
of a viscous fluid, 581 
Steady motion of a solid in frictionless liquid 
(possible types), 169, 170 
stability of, 170, 177 
of a solid of revolution, 178 
Stokes’ theorem, 35 
Stream-function, Lagrange’s, 62 
Stokes’, 125 
Stream-lines, 18 
in two dimensions, 63 
of a circular cylinder, 76, 78, 79 
of an elliptic cylinder (translation and 
rotation), 84, 88 
of a sphere, 128 
of a circular disk, 145 
of a vortex-pair, 221 
of a row of vortices, 225 
of a vortex-ring, 238 
of a spherical vortex, 246 
of standing waves on deep water, 366 
of.a liquid globe, 452 
of a sphere in viscous liquid, 599 


Stresses in a viscous fluid, 574 
Superposed liquids, oscillations of, 370 
Surface-conditions, 6 
Surface-distributions of sources, 59 
oe of a stream, 398, 403, 406, 
65 
Surface-energy and surface-tension, 455 
Surface-waves, 363 
due to a local disturbance, 384, 387, 429, 
432 
Weise a travelling disturbance, 413, 433, 
BY/ 
due to a submerged cylinder, 410 
of finite height, 426 
Surfaces of discontinuity, see Discontinuous 
motions 
Symmetry, hydrokinetic, 172 


Tangential stress, 564 
Tension, surface-, see Capillarity and Surface- 
energy 
Terminal velocity, of a sphere, 599 
of a cylinder, 616 
Tidal waves, defined, 250 
in uniform canal, 254 
in canal of variable section, 262 
on open sheets of water, 282 
on a spherical ocean, 301, 302 
on a rotating sheet of water, 307, 320, 326 
on a rotating globe, 330 
of finite height, 262, 278 
Tide-generating forces, 358 
Tides, diurnal, 341, 351 
semi-diurnal, 342, 343, 351 
of long period, 338 
spring- and neap-, 354 
of second order, 280 
equilibrium theory of, 358 
correction to, 360 
Laplace’s theory, 330 
Hough’s theory, 347 
effect of friction on, 567 
Torricelli’s theorem, 23 
Torsional oscillations, of a spherical shell con- 
taining viscous liquid, 638 
of a sphere surrounded by liquid, 642 
Travelling disturbance, waves due to a, 398, 
413, 433, 466 
Trochoidal waves, 421 
Tube, flow of viscous fluid in a, 585 
critical velocity in a, 664 
Tubes of flow, 38 
Turbulence in atmosphere, 669 
Turbulent motion, 663 


Velocity-potential, defined, 17 
kinematical property of, 18 
persistence of, in frictionless fluids, 17 
mean value of, over a spherical surface, 39 
in simply and multiply-connected spaces 
41, 50 
of an isolated vortex, 211 
Vena contracta, 24, 99 
Viscosity, 571 
stresses due to, 574 
coefficient of, 575 
of gases, 645 
effect on sound-waves, 646 
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Viscous fluid, equations of motion of, 576 


steady motion of, 581 
periodic motion of, 619 


flow between parallel plates, 581 
through narrow tubes, 585 
steady motions of a sphere and of an ellip- 


soid in, 598, 604 


pendulum oscillating in, 642 
Vortex-lines and filaments, 202 


vortex-sheet, 212 
vortex-pair, 221 
Vortex-rings, 236 


mutual influence of, 242 
Vortex-system, impulse of, 214 


energy of, 216 


Vortices, motion due to isolated, 210 
persistence in frictionless liquid, 203 


rectilinear, 219 


cylindrical, 219, 230 


elliptic, 232 
circular, 236 
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Vortices, 219, 236 
spherical, 245 
Vorticity, defined, 32 

diffusion of, 578 


Water-waves, effect of viscosity on, 624, 625 
effect of oil on, 631 
See also Capillary waves, Surface-waves, 
Tidal waves 


Wave-patterns due to a travelling disturbance, — 


433, 439 

Wave-propagation in one, two, and three dimen- 
sions, 525 

Wave-resistance, 415, 438 

Wave-velocities, 368 

Waves, see Air-waves, Tidal-waves, and Water- 
waves 


Weber’s transformation of the hydrodynamical 


equations, 14 
Wind, action of, in generating water-waves, 
625, 629 
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